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Abstract

predetermined true values.

because of its mathematical accuracy.

Background: Polyethylene wear is one of the major concerns of orthopedic surgeons. However, there is no stand-
ardized calculation method for the wear rate following radiographic measurement. The purpose of this study was to
propose a novel method of wear calculation and to compare its accuracy with a representative conventional method.

Methods: Relative position of the center of the femoral head to that of the cup progresses in one direction following
arthroplasty surgery because of bedding-in and wear. We predetermined the amount of bedding-in, wear rate, and
random error in measuring the head center position in a 2-dimensional plane. We calculated the wear rate using the
head center coordinates over a certain number of measurement periods using a representative conventional method
and our novel method. The conventional method consisted of transforming vector data into scalars and conducting
a least-squares method. The least-squares method was directly applied to each component of the vector in the novel
method. We evaluated the accuracy of these methods by comparing the expected value for the wear rate with their

Results: [f the error were limited to being random, the novel method could provide the predetermined wear rate as
the calculation result. However, the conventional method could not.

Conclusion: We recommend using the novel method for the wear calculation rather than the conventional method

Introduction

Progress of polyethylene wear significantly influences
the long-term durability of the total hip prosthesis [1,
2]. In vivo wear can be observed as the femoral head
penetration on postoperative radiographs, and numer-
ous papers of wear analysis have been published [3-7].
There are several techniques to measure the penetration
of the femoral head on radiographs after total hip arthro-
plasty, such as Livermore’s, the dual circle technique, and
radiostereometric analysis [8, 9]. Modern measurement
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applications, such as Hip Analysis Suite (University of
Chicago Medical Center, Chicago, II, USA) and PolyWare
(Draftware Developers, Vevay, IN, USA), measure the
relative position of head center to that of cup center on
radiographs [10, 11]. They then provide the head center
penetration data in a scalar format, after transformation
from vector (Fig. 1).

Relative position of the center of the femoral head to that
of the cup is considered to progress in one direction after
the arthroplasty surgery as result of bedding-in and wear.
The bedding-in is considered to occur during the first sev-
eral years after the operation as the result of the creep
deformation of polyethylene, and the wear continues at a
steady pace throughout the postoperative period as a result
of friction between the head and liner [8]. Random and
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Fig. 1 Summary of the conventional method to calculate penetration. a Radiographs taken immediately following the operation and at the
follow-up period. b Detection of circular edges of the cup and head and calculation of their center positions (circle and cross) are
semi-automatically performed by the measurement application. ¢ Relative positions of the head center to the cup center are calculated for each
radiograph (l—/_)o and ﬁl)‘ d The head penetration during the follow-up period can be calculated as‘/—(_)k - ﬁg ‘ or—‘ﬁz — WS(

systematic errors are inevitable in measuring the position
of the head and cup center [12—16]. Therefore, it is com-
mon in wear calculations to apply the least-squares method
to multiple measured values of penetration after the bed-
ding-in period [17]. Although the head penetration theo-
retically directs upward, measured penetration sometimes
directs downward, due to measurement error. In this case,
measurement applications provide the measurement result

of penetration as —‘Hk — Hp|, and such penetration is

called negative wear. However, how the negative wear
should be treated in the following wear calculations has not
been standardized. There are several options for treating
the negative wear, as used in previous papers: using it
intact, ignoring, and assuming zero [18-21]. However, no
study has yet evaluated the validity of each option or rec-
ommended which option is to be used.

This study had two purposes. The first was to evaluate
the accuracy of the conventional method of the wear cal-
culation. The second was to propose a new method for the
wear calculation and evaluate its accuracy.

Methods

Predetermined conditions and notations about the head
and cup center measurement

For the purpose of evaluating the accuracy of the
wear calculations, a set of generalized data of the wear

measurement of a single hip was prepared in this study.
It was assumed that the head center penetrated postop-
eratively in accordance with the principle of polyethylene
wear.

The horizontal and vertical lines were defined as the
x- and y-axes, respectively, and the coordinates of the
head center relative to the cup center immediately after
surgery was defined as (0, 0). The medial and proximal
directions were defined as positive, and the lateral and
distal directions as negative. Bedding-in was defined as
b = (bx, by) and presumed to occur until the first post-
operative follow-up (¢;). Wear was defined to progress
steadily after surgery at a rate of W= (wx, wy) per year
(_b) and W were parallel, and b, > 0, w, > 0). According
to these definitions, the coordinates of the head center at
postoperative period ¢, (year) could be calculated as

(%0 k) = b+ te W = (by + tiws, by + twy), (1)

where measurements of the head center positions
are presumed to be performed n+1 times in this study
(k=0,1,2, ..., n, t,=0) (Fig. 2).

Errors in measuring (x,yx) were defined as (x},}).
Then, (xk + X Yk + y}<) could be used as the coordinates
measured at postoperative period t;. For accurate evalu-
ation of the following wear calculations, the systematic
error was presumed to be eliminated from (x}(, y}<) Then
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Fig. 2 Mathematical notations about the true positions of the femoral head center. Head center coord_ir)wates relative to the cup center immediately
after the operation were defined as (xo, yo) = (0,0). Penetration of the head center by the bedding-in b = (bX, by) starts immediately after the
operation and was presumed not to end until the first measurement period (t;). Penetration by wear starts immediately after the operation and
continues at a steady pace throughout the follow-up period: W= (WX, vvy) per year

(%},¥,) represent random errors in measuring (xg,yx), values of the calculated results using (X, Y) (k=0, 1,

and 2, ..., n). The calculation method could be claimed as
accurate when they were consistent [22].

E(') =E(Q ) =0, (2) Meanwhile, the best-fit line for multiple points (z, vx)

(k=1,2,...,n)is y =ax + b, a and b can be calculated

where E is the expected value. The bedding-in and as follows using the least-squares method [17, 23].

steady-state wear rate were calculated using the con-
ventional and novel methods based on these definitions. n SR =St g SR vk

. . a = C
Both calculation methods start after the penetration vec- S ) S S v ST g
tor, and the measurement errors at each follow-up period b= == —c -
were provided (Fig. 3). (C = nZZ:l(uk)2 — (Zzzluk)z)
_ ’ ’ / ’
X Yio) = (% + &'k = &0, 56+ = ¥o) 3) These formulae can be represented more simply as
follows:
a =3 g Mvk (4)

Accuracy evaluation of the wear calculations using
the predetermined measurement values

The accuracy of the wear calculation method was evalu- b =3 k1 Ncvk (5)
ated by comparing the predetermined true values of the
bedding-in ( ) and wear rate (W) with their expected

5 n 2_ n
where M; = %J\fk _ 2= ) Cuk D Ly
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Fig. 3 Mathematical notations about the head center positions with measurement errors. Measurement errors at postoperative period t, were
defined as (xﬁyé) (k=0,1,...,n), then the measured coordinates of the head center at postoperative period t, were (xk + X/Q,yk + yL) Penetration
vector during t, years was notated as (X, Y), which were calculated as (xk + X, = XYk + Y — yé)

Conventional method

Conventional wear calculations start by transforming the
penetration vectors with measurement errors into sca-
lar. Negative wear was used intact in this study because it
seemed the most popular option in previous studies [18—
21]. Therefore, the penetration at ¢, years (p;) was calcu-
lated as:

Py = sgn(Y)/ (X)* + ()%, (6)

where sgn(Yy) =1 when Y; >0, and sgn(Yy) = —1
when Y; < 0. Using the least-squares method for linear
regression (Egs. (4) and (5)), the steady-state wear rate and
bedding-in (W, and B,) were calculated as follows (Fig. 4).

W, = Z}Z:l MkPk
Be =) g1 NiPk

Vltk—zn: t
My = —— ===,

N = 2= &> =t >y
k - C »

C =S4 6% — (Shote)?)

Therefore, we were able to conclude that the conven-
tional method was accurate when the following equations
were satisfied.

E(ZzlekPk) = ZZ:leE(Pk) = |7V>| (7)

E(XfoiNkPr) = Yk NkE(Py) = ‘7‘ (8)

When all measurements were performed without an
. - — 2 2
error, that is, Pr = | b +tw| =1/ (x)” + (yk) , the
calculated results were consistent with the true values
%
(WC = ’W) 1BC = ‘ b ‘). Thus,

Sor_ Miy) 0 + (i) = ||

ZZ:INk\/m = ’_l;‘

Because M, and Ny could take any real values depend-

ing on the measurement period
2
E(Po) =/ @0)? + (3k) 9)

was necessary and sufficient for Eqgs. (7) and (8) to be
satisfied.
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Fig. 4 The conventional method to calculate the bedding-in and wear rate. P, was calculated for each postoperative period (t,) using Eq. (6). The
best-fit line for multiple penetration data (t,, P,) was identified using the least-squares method. The wear rate and bedding-in were indicated by the

Novel method

We propose a novel calculation method in which penetra-
tion vectors are used without the transformation before the
linear regression. In this method, the x and y components
of the wear rate and bedding-in (W,, B,, W), and B,) were
calculated separately. Best-fit lines for (¢, Xx) and (£, Yx)
(k=1, 2, ..., n) were respectively defined as

y = Wyx + By
y = Wyx + By,

where W, By, Wy, and By could be calculated using Eqs.
(4) and (5), as follows (Fig. 5).

Wy = > i1 M Xk (10)
B, = ZZ:lNka (11)
Wy =3k MY (12)
By = S0 Ny Yi (13)

nty — Y1t
My = 7?1 =,

DY RGN DY AL
C )

C = nY_ (t0)* — (Xr_yte)d

Their expected values were as follows.

Ny

E(Wy) = Y 1 ME(Xp). (14)
E(By) = Y4 NkE(X). (15)
E(Wy) = S ko MkE(Yp). (16)
E(By) = > k1 NkE(Yp). (17)

Therefore, we could conclude that the novel method
was accurate when these expected values were consist-
ent with the predetermined true values, w,, b,, W, and by,
respectively.

Results
Conventional method
Because 1/(x,)’ + (v,)° cannot be directly presented by a for-

mula using \/(x.)* + (%)* [4], we used the Taylor expansion to
find the relationship between them. When fwas defined as
f(%,5) = \/x% + ¥, it could be Taylor-expanded around
xy and yi 88

0 0
S X Yi) = f (% 9k) + [(x/k —x o)a + (¥ —J’/o)@
1 2 92
f(xk,yk) + 5 |:(x’k _x/O) @
/ / / 32
+2(xx —«0) (¥ = ¥o) ox0y
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Fig. 5 The novel method to calculate the bedding-in and wear rate. The x and y components of the penetration vector (X, and Y,) were
independently calculated for each postoperative period (t). Best-fit lines for (z,, x,)and (g, v,) were identified separately using the least-squares
method (lower left and upper right). The x and y components of the wear rate and bedding-in were indicated by the slope (W,, W,) and y-intercept
B, By) of the lines, respectively

When the expected values were considered, 5 5 5 5
E< X+ (Yr) ) ~ A\ x)* + ()
+E<z[("k‘“) a2t 0=70) ayz}

0 0
+ E([(x/k - x/o)a + (y/k - y/o) ay}f(a%)’k)) £ (®00))-
+ E(; [(x/k — x/o)Z;—; +2(xx — o) Because the variance of #; and could be considered

equivalent ((ox/ =oy =oe), where 4 denotes the
9 VAT s dard deviation),
(y/k _ J/o) o + (y P 0) 0y ]f (xk,yk)> standard deviation),

+ E(Ry). E( (Xk)2+(Yk)2)= @)+ ()’

When Eq. (2) was assigned, x and ¥} were independ- ) ) 2,
ent and E(R,) was approximated as zero: N [U(x’k—x’o)} (yk) + |:O.(y’k—y’0)i| (%)

3 (18)
24/ (x0)* + (yk)2
2
= e + ) +

@0+ (%)’
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(See Additional file 1: Appendix (1).)
Because E (sgn(Y; k)) can vary between 0 and 1 according
to the Value of yk, yk, and J’o E(Py) could vary between

0 and /(%) + (%) . Therefore, Eq. (9) could not
always be satlsﬁed

("k) (3

Novel method
According to the definitions of X} and Y} (Eq. (3)),

E(Xy) = E(xx + &' — x/0) = xp

E(Y) =E(yk +x —¥o) = 9k

Therefore, Eqs. (14)—(17) could be transformed into
E(Wy) = > g1 M. (19)
E(Bx) = ) j—1Nixx- (20)
E(Wy) = Y koM. (21)
E(By) = > k1 Niyk- (22)

From the combination of Egs. (19) and (20), we know
that the best-fit line for points (g, x;) (k=1, 2, ..., n) is.

y = E(Wy)x + E(By).
When Eq. (1) is taken into account,

E(Wy) = wy

E(By) = by.

From the combination of Egs. (21) and (22), we know
that the best-fit line for points (tk,yk) (k=1,2, ..., n)is.

y =E(W,)x + E(By).

Similarly,
E (Wy) =Wy
E(B,) = b,

These results demonstrate the accuracy of the novel
method.

Discussion

This study mathematically demonstrates both the
insufficient accuracy of the conventional method
and the sufficient accuracy of the novel method for
wear calculation. Insufficient accuracy of the con-
ventional method was proved by the fact that Eq. (9)
was not always satisfied. Given the same reason, the
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conventional calculation could not be sufficiently
accurate even if the other option to treat the negative
wear (assuming zero or neglecting) was adopted. Dis-
crepancy between the average vector (v/(x)*+ (%)*) and
the average scalar (Eg (x)? + (v)?)) was also discussed
in other fields of study. Ranacher et al. demonstrated
that the distance between two points recorded with the
Global Positioning System (GPS) is, on average, larger
than the true distance [24]. This discrepancy is due in
part to the uncertainty in location measurement by the
GPS and results in a difference between the average
vector and scalar lengths. Similar findings have been
reported in the field of wind speed measurement [25].
Thus, transformation of vector measurement data into
scalar before averaging has a potential to lead to wrong
calculation results.

The latest measurement techniques, such as dual circle
and radiostereometric analysis, provides penetration data
in vector format, but they have been then usually trans-
formed into scalar by wear measurement applications
for the purpose of applying the conventional calculation
method. However, we demonstrated more accuracy with
the novel method, which uses vector penetration data
intact. We recommend wear researchers to adopt the
novel method in the wear analysis, and, simultaneously,
manufacturers of the wear measurement application to
provide the penetration data in the vector format as the
result of measurement.

The accuracy of the novel method was evaluated in the
situation of wear calculation of a single hip. Practically,
we can use spreadsheet software, such as Excel (Microsoft
Corp., Redmond, WA, USA), for the calculation using the
novel method. There are several ways to perform the calcu-
lation on Excel after collecting all head center penetration
vector data throughout the postoperative period. We can
enter the formulae (Egs. (10)—(13)) into a spreadsheet for
direct calculations, generate an approximate straight line in
a scatterplot, or use “Solver” functions to calculate (Bx, By)
and (Wx, W;). For better comprehending the novel method,
an example for calculating the bedding-in and wear rate are
presented in Additional file 1: Appendix (2). Furthermore,
we can use the mean and standard deviation of each com-
ponent to statistically summarize the data of a group of
hips as: (Bx & 03, By £ 05,) and (Wx £ ow,, Wy £ 0w, ).
Regarding the clinical significance of wear data, using aver-

age penetration (W)Z +(Wy)2¢ (WH("L;: E*)l o) (Addi-

tional file 1: Appendix (3) [26]) may also be suitable to
compare between groups.

When the linear wear rate was provided in the vector
format, how should the volumetric wear rate be calcu-
lated? There are several popular methods for the volu-
metric wear approximate calculation [27, 28]. Wear
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depth (d) and wear angle (f) are unexceptionally nec-
essary for them, and the former is a scalar value trans-
formed from the penetration vector. Therefore, it
should be avoided to average or apply the least-squares
method to values of the volumetric wear if possible.
We consider that it is more accurate to calculate the
volumetric wear rate of a single hip using the linear
wear rate vector obtained by the novel method than by
applying the least-squares method to multiple values
of the volumetric wear obtained for each follow-up
period. We also consider that to use the average wear
vector to calculate the average volumetric wear of a
group of hips would be more accurate than to average
values of volumetric wear obtained for multiple cases.
When Wx and W'y were defined as the components of
the wear vector calibrated by the cup inclination angle,

(V2 + (5)° (= /(W) + ()" can be used

PR W’
for average d. When W, > 0, tan_lvy, can be used for

x

S, and when W <0, tan! % + 7 can be used [29].

There is a limitation to this study. The wear progresses
3-dimensionally in vivo, although this study evaluated
the accuracy of only 2-dimensional wear calculations.
We consider that the conventional method would also
be less accurate, and the novel method would be more
accurate when they were applied to 3-dimensional wear
calculations because a z component could be added to
the formulae without impairing solvability. These were
simply testified in Additional file 1: Appendix (4).
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