
DRAFT

Vesiculation pathways in clathrin-mediated
endocytosis
Xinran Wanga,b, Julien Berroc,d,e,1, and Rui Maa,b,1

aDepartment of Physics, Xiamen University, Xiamen 361005, China; bFujian Provincial Key Lab for Soft Functional Materials Research, Xiamen University, 361005, China;
cDepartment of Molecular Biophysics and Biochemistry, Yale University, New Haven, CT 06520, USA; dNanobiology Institute, Yale University, West Haven, CT 06516, USA;
eDepartment of Cell Biology, Yale University School of Medicine, New Haven, CT 06520, USA

This manuscript was compiled on August 13, 2024

During clathrin-mediated endocytosis, a patch of flat plasma mem-
brane is internalized to form a vesicle. In mammalian cells, how the
clathrin coat deforms the membrane into a vesicle remains unclear
and two main hypotheses have been debated. The “constant area”
hypothesis assumes that clathrin molecules initially form a flat lat-
tice on the membrane and deform the membrane by changing its
intrinsic curvature while keeping the coating area constant. The al-
ternative “constant curvature” hypothesis assumes that the intrinsic
curvature of the clathrin lattice remains constant during the forma-
tion of a vesicle while the surface area it covers increases. Previ-
ous experimental studies were unable to unambiguously determine
which hypothesis is correct. In this paper, we show that these two
hypotheses are only two extreme cases of a continuum of vesicu-
lation pathways if we account for the free energies associated with
clathrin assembly and curvature generation. By tracing the nega-
tive gradient of the free energy, we define vesiculation pathways in
the phase space of the coating area and the intrinsic curvature of
clathrin coat. Our results show that, overall, the differences in mea-
surable membrane morphologies between the different models are
not as big as expected, and the main differences are most salient at
the early stage of endocytosis. Furthermore, the best fitting pathway
to experimental data is not compatible with the constant-curvature
model and resembles to a constant-area-like pathway where the coat-
ing area initially expands with minor changes in the intrinsic curva-
ture, later followed by a dramatic increase in the intrinsic curvature
and minor change in the coating area. Our results also suggest that
experimental measurement of the tip radius and the projected area
of the clathrin coat will be the key to distinguish between models.
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C lathrin-mediated endocytosis (CME) is a fundamental cel-1

lular process to transport lipids, membrane proteins and2
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been suggested to contribute a flattening force that prevents 20

curvature generation. Release of the flattening force therefore 21

could induce curvature of the clathrin coat with preloaded 22

pentagons (18). The alternative constant curvature model 23

asserts that the intrinsic curvature of the elements of the lat- 24

tice is kept constant during the assembly and expansion of the 25

lattice, therefore curvature generation occurs from the very 26

beginning of clathrin assembly (Fig. 1b). 27

In order to distinguish between the two models, the dynam- 28

ics of clathrin assembly and the geometry of membrane shapes 29

are needed. Fluorescence microscopy, including light sheet 30

and MINFLUX, has revealed the assembly dynamics of the 31

clathrin coat (19, 20), as well as other proteins that participate 32

in endocytosis (21–27), while electron tomography has been 33

able to resolve membrane shapes during endocytosis (7, 28). 34

However, neither of the methods can capture both spatial 35

and temporal information at the same time. Under conven- 36

tional fluorescence microscopy, the clathrin-coated pits appear 37

as diffraction-limited spots due to their small size (typically 38

∼ 30−150nm in mammals (1) and yeast (28)) and shape infor- 39

mation of the membrane is completely lost (21, 29–32). On the 40

other hand, super-resolution fluorescence microscopy has been 41

able to reveal the protein organization at the endocytic pit 42

(29, 33, 34) and to reconstruct the shape of the clathrin coat 43

(16, 35, 36) from averaging over ensembles of endocytic sites. 44

Correlative light and electron microscopy (CLEM) method 45

has exploited the fluorescence of fiducial markers to locate 46

endocytic sites while resolving membrane shapes using elec- 47
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extracellular cargo molecules into the cell (1–6). In mammalian 
cells, a small patch of flat p lasma membrane i s shaped into 
a spherical vesicle when CME occurs (7). Clathrin molecules 
are essential for the membrane remodelling process. They are 
made of three subunits that form a triskelion, which further 
assemble into a cage-like structure in vitro (8, 9). The mini-
mum cages contain 16 polygons (10) and the most commonly 
observed ones are semi-regular icosahedral cages (11–13). Two 
main hypotheses are under debate regarding how the clathrin 
coat scaffolds the flat membrane i nto a  s pherical vesicle in 
vivo (4, 7, 14–16). The constant area model asserts that 
the clathrin molecules initially polymerize into a flat lattice 
with a regularly arranged hexagonal structure, and later re-
organization of the bonds between adjacent clathrins results 
in formation of pentagons in the hexagonal lattice, which in 
turn leads to curvature generation of the clahtrin coat (10, 17)
(Fig. 1a). Adhesion of clathrin molecules with the substrate has
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tron tomography. However, both super-resolution and CLEM48

requires sample fixation, therefore, one can identify multiple49

endocytic sites at the same time and perform the average, yet50

unable to trace a single endocytic site over time. The temporal51

information is nevertheless lost. As a result of the incomplete52

information obtained by existing experimental methods, both53

hypotheses have experimental support. Experiments that ap-54

ply electron microscopy to resolve the membrane shapes of55

endocytic pits favor the constant area model (7, 18, 37, 38).56

However, super-resolution imaging combined with analysis57

of the fluorescence intensity of the clathrin coat is inclined58

towards the constant curvature model (39). In addition, it59

was argued that the energetic cost of bond reorganization in a60

regular hexagonal lattice in the constant area model may be61

too large to be fulfilled (15, 40, 41).62

Extensive theoretical efforts have been dedicated to model63

membrane morphology during endocytosis (42), of which64

molecular dynamics simulations (43) and continuum mechan-65

ics (44–48) are two common approaches. Hybrid models were66

also broadly applied to gain higher resolution than contin-67

uum mechanics and lower computing expense than molecular68

dynamics (49, 50). However, most theoretical investigations69

have focused on how mechanical properties, such as membrane70

tension and bending rigidity of the clathrin coat, influence the71

membrane morphology. The process of curvature generation is72

either neglected or taken for granted. Only few of them have73

addressed the difference between the constant area model and74

the constant curvature model.75

In fact, the constant curvature and constant area models76

are only two extreme models for clathrin assembly during77

endocytosis and any change in area or curvature are possible78

at any time point during endocytosis. In this paper, we79

extend the classic Helfrich theory for membrane deformation80

to incorporate energy terms associated with clathrin assembly81

and curvature generation, and compare geometric features82

calculated by theory with that extracted from experimental83

data. The negative gradient of the total free energy defines84

a pathway that neither fits the constant area model nor the85

constant curvature model. We find that a pathway that is86

close to the constant area model fits electron tomograms of87

the endocytic pits the best. Our study also offers experimental88

suggestions to distinguish between the two main hypotheses.89

Models and methods90

We model the membrane patch of the CCP (clathrin-coated91

pit) as a surface which is rotationally symmetric with respect92

to the z-axis. The shape of the membrane is parameterized93

with the meridional curve {r(s), z(s)}, where s denotes the arc94

length along the curve. The bending energy of the membrane95

(together with the clathrin coat) assumes the Helfrich model96

(51)97

Eb =
∫

κ

2 (C1 + C2 − C0)2da, [1]98

where κ denotes the bending rigidity of the CCP, C1 and C299

denote the principal curvatures of the surface, C0 denotes the100

intrinsic curvature of the membrane induced by the clathrin101

coat. To model a finite area of the clathrin coat, we assume102

the intrinsic curvature C0 spatially varies as103

C0(a) = 1
2c0(1− tanh[α(a− a0)]), [2]104

where a denotes positions on the membrane. Here we choose a 105

to be the surface area calculated from the tip of the membrane, 106

and C0 equals c0 for area a < a0, and rapidly drops to zero 107

when a > a0. The parameter α controls the sharpness of 108

the drop. In the constant area model, we vary the intrinsic 109

curvature c0 but keep the coating area a0 constant, while in 110

the constant curvature model, we vary the coating area a0 111

but keep the intrinsic curvature c0 constant. As a result of 112

clathrin coat, the bending rigidity κ also varies as 113

κ(a) = 1
2(κcoat − κbare)(1− tanh[α(a− a0)]) + κbare, [3] 114

where κcoat and κbare denotes the bending rigidity of the 115

clathrin-coated membrane and bare membrane, respectively. 116

Besides the bending energy, the membrane tension contributes 117

to the free energy in the form of 118

Et = σeA, [4] 119

where σe denotes the membrane tension at the base and A 120

denotes the surface area of the membrane patch within a 121

fixed radius of Rb. The membrane tension σe and bending 122

rigidity κ defines a characteristic length L0 =
√
κbare/(2σe) 123

(52). The total free energy Etot = Eb + Et is a functional 124

of the membrane shape. Given a coating area a0 and an 125

intrinsic curvature c0, we numerically solve the variational 126

equations of the energy functional to obtain membrane shapes 127

that minimizes Etot. More detailed descriptions of the model 128

can be found in SI Appendix: detailed formula derivation. 129

Results 130

Difference between the constant area model and the constant 131

curvature model in terms of membrane morphology. Vesicula- 132

tion requires assembly of a clathrin coat on the membrane, as 133

well as curvature generation from the clathrin coat. A vesic- 134

ulation process defines a pathway in the phase space (a0, c0) 135

of the clathrin coat area a0 and the intrinsic curvature c0 of 136

the coat. The constant area model and the constant curvature 137

model are pathways that are made of a vertical line and a 138

horizontal line. Besides these two extreme cases, there is a 139

continuum spectrum of pathways with simultaneously increas- 140

ing coating area a0 and intrinsic curvature c0 that could lead 141

to vesiculation. Along the pathway, the membrane evolves 142

from a flat shape to a dimple shape, and finally to an Ω-shape, 143

as shown in Fig. 2. Hereafter we use the maximal tangential 144

angle ψmax of the membrane as an indicator of the progres- 145

sion of vesiculation - when the membrane is flat, ψmax = 0◦, 146

and when the membrane becomes spherical, ψmax = 180◦. In 147

our simulation, the neck becomes extremely narrow before 148

max = 180◦. Therefore, we consider vesiculation occurs when 149

max reaches 150◦ (Fig. 2a). 150

First, we analyze the difference between the two models in 151

terms of membrane morphology evolution along their pathways. 152

We fit a circle around the membrane tip and use the radius 153

Rt of the circle to characterize the curvature of the membrane 154

at the tip. When Rt is plotted against the maximal angle 155

max, both models show that Rt decreases with increasing 156

max (Fig. 2b and c). We stress that even though the intrinsic 157

curvature c0 is fixed in the constant curvature model, it does 158

not imply the tip radius along the vesiculation pathway is 159

a constant. When the coating area is small, the geometric 160

curvature at the membrane tip remains small and differs from 161
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the intrinsic curvature. Tip radius in the constant curvature162

model decays more steeply with ψmax than in the constant163

area model. This difference becomes obvious when one plots164

the ratio of the tip radius at ψmax = 150◦ and ψmax = 30◦
165

(Fig. 2b and c insets). For the constant area model, the166

ratio approximately equals to a constant 0.268 regardless of167

the coating area a0, which agrees well with the analytical168

result (See SI Appendix: model fitting), while for the constant169

curvature model, the ratio stays above 0.6 and approaches 1170

at a certain c0 value.171

Another difference between the two models is the evolution172

of the projected area of the clathrin coat on the substrate.173

We use the maximal radius Rcoat of the membrane within174

the clathrin-coated area as the indicator of the projected area175

(Fig. 2a). In the constant area model, Rcoat decreases with176

increasing ψmax, while in the constant curvature model, Rcoat177

increases with ψmax and reaches a plateau (Fig. 2d and e). The178

ratio Rcoat(150◦)/Rcoat(90◦) is about 0.732 in the constant179

area model and around 1 in the constant curvature model180

(Fig. 2d and e, insets). The analytical curves of Rt and Rcoat181

against ψmax also fit perfectly with numerical solutions in182

the constant area model (Fig. 2b and d, compare dotted and183

solid curves). Our calculations therefore demonstrate that184

the two models exhibit clear differences in the evolution of Rt185

and Rcoat at the beginning of endocytosis (i.e. when ψmax is186

small) which can be determined from shapes of endocytic pits187

obtained experimentally.188

To demonstrate how the coating area a0 and the intrin-189

sic curvature c0 of the clathrin coat influence the membrane190

morphology, for each pair of (a0, c0), we calculate the corre-191

sponding membrane shapes and plot the contour lines for ψmax192

which indicate the stage of endocytosis (Fig. 2f). The contour193

line with ψmax = 150◦ represents the critical line where vesic-194

ulation occurs. The line can be well fitted by the analytical195

expression ā0c̄
2
0 = 8 (Fig. 2f, thick black line, see SI Appendix:196

critical vesiculation curve). It implies that a small intrinsic197

curvature of the clathrin coat is able to induce vesiculation of198

the membrane with a large clathrin coat. We find that the199

distances between contour lines for higher values of ψmax is200

smaller than those for lower values of ψmax. It means that at201

the late stage of endocytosis, a small change in a0 and c0 could202

result in a more dramatic change in the membrane shape than203

that at the early stage. This trend is demonstrated clearly204

from the orange dots in Fig. 2f, which correspond to shapes205

in Fig. 2a.206

Note that in order to produce the diagram in Fig. 2f, it207

requires that the bending rigidity of the clathrin coated area208

κcoat is significantly larger than κbare in the uncoated area.209

If κcoat is comparable with κbare, there exists a region in the210

phase diagram in which a single (a0, c0) corresponds to three211

possible membrane shapes (See Fig. S1 a-d). Physically, it212

implies a discontinuous transition in the membrane shape213

along a path that passes through this region, and a gap in the214

maximal angle ψmax would appear. Because in experiments,215

a wide spectrum of ψmax are observed and no gap in ψmax216

is found (7), we keep κcoat much greater than κbare for the217

rest of the paper. In this regime, the membrane shapes evolve218

continuously along any pathway that connects the origin (0, 0)219

with a point on the critical vesiculation curve.220

Vesiculation needs free energy sources to drive clathrin as-221

sembly and curvature generation. In the previous section, we222

take curvature generation in the constant area model and 223

clathrin assembly in the constant curvature model for granted, 224

so that the coating area a0 and the intrinsic curvature c0 225

are imposed, such that the physical forces behind clathrin 226

assembly and curvature generation are ignored. However, the 227

bending energy Eb and the tension energy Et typically in- 228

crease with a0 and c0 along a vesiculation pathway. Therefore, 229

vesiculation will be energetically unfavorable if no additional 230

free energy sources are provided. In this section, we extend 231

the model to include free energy terms for the assembly of the 232

clathrin coat and its reorganization for curvature generation. 233

To describe the assembly of the clathrin coat in the constant 234

curvature model, we introduce 235

Ea = −µa0, [5] 236

where µ denotes the effective surface binding energy density of 237

clathrin molecules with the membrane. This term reduces the 238

free energy with increasing a0, therefore, driving the growth 239

of a0, i.e., clathrin assembly. We can identify three types of 240

free energy curves for different assembly strength µ: (1) When 241

µ is small, the total free energy Etot = Eb + Et + Ea as a 242

function of the coating area a0 has two local minima, with the 243

lowest one at a small a0 and the other one at the maximum a0 244

where vesiculation occurs (Fig. 3a, red curve). The minima are 245

separated by an energy barrier that is significantly higher than 246

the thermal energy kBT and the clathrin coat would assemble 247

to a small area and halt. (2) With increasing µ, the lowest 248

free energy minimum is shifted to the vesiculation point, but 249

the energy barrier still exists and the clathrin coat remains 250

small (Fig. 3a, orange curve). (3) Vesiculation could happen 251

for large enough µ such that the energy barrier vanishes and 252

the free energy Etot monotonically decreases with a0 (Fig. 3a, 253

green). Based on the above analysis of the energy landscape 254

we construct the phase diagram of the constant curvature 255

model with clathrin assembly in the phase space of (c0, µ) and 256

classify the points into four types. Besides the three types 257

mentioned above, when the intrinsic curvature c0 is small, 258

increasing a0 to its maximum value (105nm2) cannot produce 259

vesiculation. (Fig. 3b, gray region). The critical assembly 260

energy density µ at which the energy barrier vanishes is found 261

to increase with the intrinsic curvature c0 (Fig. 3b, interface 262

between the green region and the orange region), which implies 263

that a larger assembly strength of clathrin coat µ is needed to 264

complete vesiculation if the clathrin coat has a higher intrinsic 265

curvature c0. When comparing the contour lines of the energy 266

barrier ∆Etot = 1kBT and ∆Etot = 10kBT (Fig. 3b, dotted 267

curve and dash-dotted curve), the gap between them increases 268

with c0, which means that the energy efficiency is reduced 269

with c0 in the sense that, for larger c0, a larger increase in µ 270

is needed to reduce the same amount of free energy. 271

We next consider curvature generation in the constant area 272

model. As the molecular mechanisms of curvature generation 273

of the clathrin coat remains debated, we introduce a phe- 274

nomenological model in which the free energy has the general 275

form, 276

Ec = −νam
0 c

n
0 , [6] 277

where ν denotes the strength of curvature generation, m and n 278

are two positive numbers that are associated with the molecu- 279

lar mechanisms of curvature generation. The free energy Ec in 280

Eq. (6) decreases with increasing c0, therefore, driving curva- 281

ture generation. We set m = 1 such that Ec is proportional to 282

Wang et al.  3

.CC-BY-NC 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted August 13, 2024. ; https://doi.org/10.1101/2024.08.13.607731doi: bioRxiv preprint 

https://doi.org/10.1101/2024.08.13.607731
http://creativecommons.org/licenses/by-nc/4.0/


DRAFT

the coating area. Note that m cannot be zero, otherwise, Ec283

only depends on the intrinsic curvature c0 and can be nonzero284

even when the coating area is zero. As for the power n of the285

intrinsic curvature c0, we set n = 1 or 2 (called Model(1,1) and286

Model(1,2), respectively). Physically, Model(1,2) implies coop-287

erativity in the curvature generation such that the reduction of288

free energy per increase of unit curvature is proportional to the289

current curvature, i.e., ∆Ec ∝ −c0∆c0, while in Model(1,1),290

the reduction of free energy per increase of unit curvature is291

independent of current curvature. For Model(1,1), when ν is292

small, the total free energy Etot = Eb +Et +Ec as a function293

of the intrinsic curvature c0 has two minima, the lowest one294

at a small positive c0 and the other one at the maximum295

c0 where vesiculation occurs (Fig. 3c, red curve). Further296

curvature generation is strictly limited by the high energy bar-297

rier (sometimes more than 100kBT ) between the two minima.298

With increasing ν, the lowest minimum shifts to the vesicu-299

lation point, but the energy barrier still prevents curvature300

generation (Fig. 3c, orange line). For a large enough ν, the301

free energy monotonically decreases with c0 and the curvature302

generation proceeds until vesiculation occurs (Fig. 3c, green303

curve). When the coating area a0 is very small, vesiculation304

fails to occur even when the intrinsic curvature is increased to305

its maximum value (0.125nm−1) (Fig. 3c, gray region). In the306

phase space of (a0, ν), the critical value of ν where the energy307

barrier vanishes increases with the coating area a0 (Fig. 3d,308

interface between the orange region and the green region),309

which implies that a larger clathrin coat needs a stronger310

strength of curvature generation to complete vesiculation.311

Model(1,2) has similar free energy landscape as Model(1,1)312

(Compare Fig. 3c and e, d and f). However, in Model(1,2),313

for very small ν, the lowest free energy minimum is strictly314

pinned at c0 = 0, which implies no spontaneous curvature315

generation. In contrast, the minimum is at a small positive c0316

in Model(1,1), which indicates slight curvature generation.317

Determination of the vesiculation pathway from the energy318

landscape. In this section, we combine the assembly energy319

Eq. (5) and the curvature generation energy Eq. (6) together320

and calculate the total free energy Etot(a0, c0) = Eb + Et +321

Ea + Ec as a function of both the coating area a0 and the322

intrinsic curvature c0. A pathway from the origin can be323

constructed by the descent along the negative gradient of the324

free energy landscape −∇Etot. In Fig. 4a we show the free325

energy landscape for a fixed assembly strength (µ̄ = 0.6) and326

varied reorganization strength (ν̄) for model(1,2). When ν327

is small, the energy contour lines near the origin are kinked,328

which represents an energy barrier that prevents the path from329

going up, i.e. from generating curvature. The path extends330

horizontally and terminates on the a0 − axis (Fig. 4a, first331

column, red curve). With increasing ν, the kinked contour332

lines shift towards larger a0 and the path can be lifted up333

to c̄0 > 0.1 in the middle and drops to the a0 − axis in the334

end (Fig. 4a, second column, orange curve). Beyond a critical335

ν, the energy barrier vanishes and the path bends up and336

337

338

339

340

341

342

343

(green), partial vesiculation (orange) and no vesiculation (red), 344

respectively (Fig. 4c). 345

The free energy landscapes of Model(1,1) dramatically dif- 346

fers from Model(1,2). When ν is small, the energy gradient 347

is strongly biased towards the horizontal direction, and the 348

path extends horizontally with little or no curvature genera- 349

tion (Fig. 4b, first column). For an intermediate ν, the path 350

first goes towards the top right direction until c̄0 > 0.1 and 351

then slowly bends down and extends towards large coating 352

area along a valley formed in the energy landscape, which 353

corresponds to membrane shapes with a small dimple (Fig. 4b, 354

second column). For large enough ν, the path shoots nearly 355

straightly towards the top right direction before it reaches the 356

vesiculation line (Fig. 4b, third column). Further increasing ν 357

makes the path more straight and terminates at a smaller coat- 358

ing area (Fig. 4b, fourth column). The (µ, ν) phase diagram 359

shows the parameter regions that lead to complete, partial or 360

no vesiculation for Model(1,1) (Fig. 4d). 361

Comparison between different models with the experimental 362

data. The constant area model and the constant curvature 363

model represent two extreme pathways of membrane vesicula- 364

tion. We have found constant-area-like pathways in Model(1,2) 365

and straight-line-like pathways in Model(1,1). In order to 366

understand which model is the most plausible, we compare 367

membrane shapes predicted by the models with the membrane 368

profiles obtained by electron microscopy in (7). The fitting 369

error ε of a vesiculation path reflects the relative difference 370

between the model-predicted geometric features along the path 371

and the rolling median of the corresponding experimental data 372

(Fig. 5a, see SI Appendix: rolling median calculation and 373

error calculation). The fitting geometric features include neck 374

width, tip radius and invagination depth (Fig. 5c). We draw 375

the corresponding optimum energy paths that minimize the 376

fitting error (Fig. 5b), and compare the best model-predicted 377

shapes with the experimental ones (Fig. 5d). 378

For Model(1,2) and Model(1,1), the fitting parameters in- 379

clude the polymerization strength µ̄ and the reorganization 380

strength ν̄ which together determine the vesiculation pathway, 381

as well as the characteristic length L0 which scales the size 382

of the membrane. For Model(1,2), the best fits are obtained 383

for µ̄ = 0.36, ν̄ = 0.54 and L0 = 30nm (Fig. 5a). The re- 384

sulting path moves horizontally at first and then bents up 385

vertically (Fig. 5b), which resembles the behavior of the con- 386

stant area model. For Model(1,1), the best fitting parameters 387

are µ̄ = 0.12, ν̄ = 1.00 and L0 = 40nm (Fig. 5a). The fitting 388

path is almost a straight line towards the vesiculation line 389

(Fig. 5b). The optimum fitting error of Model(1,2) (ε = 0.14) 390

is slightly better than that of Model(1,1) (ε = 0.17). 391

We also perform the fitting procedure to the constant area 392

model and find the optimum parameters are a0 = 1.69 × 393

104nm2 and L0 = 30nm. For the constant curvature model, the 394

best fitting parameters are c0 = 0.043nm−1 and L0 = 50nm. 395

The minimum fitting error of the constant curvature model 396

(ε = 0.28) is exactly twice as large as that of the constant area 397

model (ε = 0.14) (Fig.5a and b). So considering the fitting 398

error and the pathway in (a0, c0) phase diagram, we raise the 399

conclusion that the experimental vesiculation process probably 400

favors constant-area-like pathways. 401

When comparing the model-predicted geometric features 402

with the rolling median of the experimental data, we find 403

that the four models fit almost equally well the experimental 404

terminates on the vesiculation curve (Fig. 4a, third column, 
green curve). Further increasing µ leads to the path lifting 
up at a smaller coating area a0 (Fig. 4a, fourth column, green 
curve). The path goes horizontally first and i s later l ifted up, 
which resembles the path of the constant area model. The three 
types of pathways are classified into three colored regions in the 
phase diagram of (µ, ν), which represent complete vesiculation
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data for the neck width(Fig. 5c left). Model(1,2) and the405

constant area model predict very similar results such that the406

curves almost overlap with each other (Fig. 5c, red curve and407

orange curve). The predictions of these two models match the408

rolling median of the experimental data best. The constant409

curvature model strongly deviates from the rolling median of410

the experimental tip radius, particularly in the early stage of411

vesiculation when ψmax < 90◦.412

To compare the axisymmetric membrane shapes predicted413

by the models with the non-axisymmetric membrane profiles414

obtained with electron microscopy, we symmetrize the exper-415

imental data with a procedure (See SI Appendix: Fig. S3,416

symmetrization algorithm). Then, we average the symmetrized417

profile within an interval of ψmax ∈ [ψ0 − 10◦, ψ0 + 10◦] and418

overlay the averaged profile with model-predicted shapes for419

max = ψ0 (Fig. 5d). At the early stage when the membrane420

exhibits a dimple shape (0◦ < ψmax < 60◦), the membrane421

morphology predicted by the constant curvature model is dis-422

tinguishable from the other three models, particularly when423

looking at the tip radius. At the late stage when the membrane424

exhibits an Ω-shape, i.e., ψmax > 90◦, the difference in shape425

between models is mainly manifested in the invagination depth.426

The constant curvature model and Model(1,1) mainly predict a427

deeper invagination depth than the symmetrized experimental428

profile, while the constant area model and Model(1,2) usually429

give much better fitting.430

Discussion431

Three types of clathrin coats. In this paper, we have con-432

structed a physical model to describe how curvature generation433

and clathrin assembly are interrelated during the vesiculation434

process in CME. Previous experiments have reported three435

groups of clathrin coated pits, which are plaques, abortive pits436

and pits that lead to vesiculation, according to their structural437

and dynamic properties (30, 53–57). In Fig. 4, we show that438

depending on the clathrin assembly strength µ and its reor-439

ganization strength ν, the pathway might end up with three440

possible final shapes: (i) a flat membrane with no curvature441

generation, (ii) a nearly flat membrane with small curvature442

generation, (iii) a spherical cap that leads to vesiculation. They443

essentially correspond to the three types of clathrin-coated444

pits found in experiments. Based on the phase diagram of445

Model(1,2) (Fig. 4c), the difference between the three groups446

comes from the difference in the assembly and reorganization447

strengths of clathrin molecules. Furthermore, Model(1, 2) pre-448

dicts that at the boundary between the type (iii) region and449

the type (ii) region, the reorganization strength ν increases450

with the assembly strength. This result has important impli-451

cations to explain why large plaques are commonly observed452

in experiments. The large area of the plaques are due to the453

strong assembly strength µ. However, for these plaques to go454

to vesiculation, a strong reorganization energy ν is also needed.455

Therefore, the combination of a strong µ and weak ν leads456

to the formation of large plaques. Model(1,2) predicts that a457

plaque or an abortive pit can be transformed into a vesicle by458

either increasing the reorganization strength or reducing the459

assembly strength (Fig. 6). The former ends up with a large460

vesicle and the latter ends up with a small vesicle. This can461

be used as a test of our theory with experiments to modify the462

binding affinity of clathrin molecules with adaptor proteins463

on the membrane. Weakening the affinity might increase the464

portion of vesicles and reduce the portion of plaques, though 465

the vesicles would become smaller. 466

Cooperativity in the curvature generation process. In Fig. 5, 467

we show the best fitting results for all the four models and find 468

that Model(1,2) produces better fits than Model(1,1), which 469

suggests the existence of cooperativity in the curvature genera- 470

tion process. In particular, if curvature generation is driven by 471

breaking bonds in the hexagonal lattice, cooperativity implies 472

that the number of newly broken bonds is proportional to the 473

number of already broken bonds. Because of this cooperativity, 474

at the early stage of endocytosis bonds are broken slowly and 475

clathrin assembly dominates over curvature generation. At 476

the late stage of endocytosis, an increasing number of bonds 477

are broken and curvature generation could happen rapidly and 478

dominate over clathrin assembly. Altogether, this cooperativ- 479

ity leads to a constant-area-like behavior. Similar effect have 480

been reported in (36). 481

The difference in membrane morphology between the differ- 482

ent models is most salient at the early stage of endocytosis. 483

When we compare the model predictions, we find that the 484

difference in membrane morphology between models is not as 485

big as expected, which might explain why it has been difficult 486

to distinguish between the constant area and the constant 487

curvature models for so long. For instance, the neck width 488

vs. ψmax and the invagination depth vs. ψmax are similar for 489

all the four models (Fig. 5c, left and right). The best fitting 490

error of the four models calculated from the geometric features 491

are relatively close, except for the constant curvature model, 492

which gives the worst fit (Fig. 5 a). The models are mainly 493

distinguishable from the tip radius vs. ψmax plot at the early 494

stage of endocytosis when the membrane is nearly flat (Fig. 5c, 495

middle), i.e. for shapes with small ψmax. However, published 496

experimental shape at early stages of endocytosis are sparse. 497

Our result hints that in order to distinguish between the mod- 498

els, collecting membrane shapes at the early stage is necessary 499

and the relation of tip radius vs. ψmax is the key geometric 500

feature to tell the models apart. 501

The projected area of clathrin coat in the plane of the plasma 502

membrane could distinguish between the two models. In 503

Fig. 2d and e we have shown that the coat radius Rcoat, 504

which represents the projected area of the clathrin coat in the 505

plane of the plasma membrane, as a function of ψmax exhibit 506

opposite trends for the constant curvature model and the con- 507

stant area model. The results suggest that in experiments 508

the projected area for the constant area model would first in- 509

crease and then decrease over time, finally reaching a plateau. 510

However, for the constant curvature model, the projected area 511

would increase over time and finally reach a plateau without 512

a decreasing phase. This result suggests another method to 513

distinguish between the two models via the projected area 514

measurement. The idea has been used in a study where the 515

clathrin-coated pit was imaged with platinum replica and cryo- 516

electron microscopy and tomography (18). The results support 517

a constant-area-like model, consistent with the prediction of 518

our Model(1,2), in which the dome structures have a slightly 519

larger coating area than flat structures. On the other hand, 520

another study has used the super-resolved live cell fluorescence 521

imaging with TIRF to measure the growth of the clathrin 522

coat over time (39). The authors found a smooth drop in the 523
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(b) Constant curvature model

(a) Constant area model

Fig. 1. Schematic illustrations of the constant area model (a) and the constant
curvature model (b) for CME. Blue: plasma membrane, yellow: clathrin coat, black
dashed line: curvature of the clathrin coat

projected area of clathrin coat over time. However, based on524

a computer simulation of clathrin assembly, they concluded525

that the smooth drop of the projected area was the result of526

a constant-curvature-like model because a constant-area-like527

model would produce a sharp drop. We attribute the difference528

between their model and our model to the fact that they model529

the clathrin coat as a discrete lattice while we use a continuum530

mechanics method. More importantly, in their model, the531

moment at which curvature generation occurs was arbitrarily532

imposed at 80% of clathrin triskelions. If the transition were533

chosen to occur with fewer triskelions, e.g. 40%, the sharp534

drop in the project area might not happen in the constant-535

area-like model. Furthermore, the authors used the number536

of triskelions to monitor the progress of endocytosis which537

terminates when the triskelions reach the maximum number.538

This choice might bias towards the constant-curvature-like539

model because the vesiculation may not happen at all when540

the clathrin numbers reaches its maximum.541

The bending rigidity of the coated area should be much larger542

than the uncoated area. Comparison of our model to experi-543

mental data demonstrates that the relative bending rigidities544

of the coat and the membrane are constrained. Indeed, if545

κcoat/κbare < 50, the model predicts an abrupt change (or546

a gap) in ψmax at the end of vesiculation (See SI Appendix,547

Fig. S1, gap of the maximum angle), i.e., a snap-through548

transition reported in (44). If a gap in ψmax existed, we549

would expect that the distribution of experimental shapes to550

be discontinuous, with no or very few data corresponding to a551

certain range of ψ. However, in the experiments from (7), the552

endocytic pits shapes are continuously distributed across the553

max spectrum, indicating the ergodicity of ψmax during the554

endocytic process. Our calculation suggests that the clathrin555

coat is about 50 times stiffer than the membrane.556
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Table 1. List of default parameters in the model.

Symbols Meaning Value Unit

κbare Bending rigidity of uncoated area 20 kBT

κcoat Bending rigidity of coated area 1000 kBT

σe Membrane tension at the base 0.025 pN · nm−1

Rb Boundary radius 5 L0

α Sharpness of the step function 10 (2πL2
0)−1
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Constant area model Constant curvature model
(b)

(d) (e)

(c)(a)

(f)

Fig. 2. Evolution of membrane morphology and phase diagram of vesiculation in the (a0, c0) parameter space. (a) Membrane shapes at different stages of invagination
and definition of some variables used in this paper. We define the distance from the axisymmetric axis to the edge of the coating area as Rcoat, the radius of the tangential
curvature circle at the tip of the shape as Rt, and the distance from axisymmetric axis to the boundary as Rb. The maximum tangential angle of the cross section contour is

max. (b,c) Tip radius Rt vs. maximal angle ψmax for the constant area model in (b) and for the constant curvature model in (c). Dotted lines in (b) denote the analytical
solutions. Insets show the ratio of the tip radii Rt at ψmax = 150◦ and ψmax = 30◦. The inset dark dots denotes the numerical results and the red line is the analytical
solution (See SI Appendix: model fitting). (d,e) Coat radius Rcoat vs. maximal angle ψmax for the constant area model in (d) and for the constant curvature model in (e).
Dotted lines in (d) denote the analytical solutions. Insets show the ratio of the coat radius Rcoat at ψmax = 150◦ and ψmax = 90◦. The inset dark dots denotes the
numerical results and the red lines are the analytical ones (See SI Appendix: model fitting). (f) Vesiculation diagram in the phase space of (a0, c0). Each horizontal line
represents a path of the constant curvature model and each vertical line represents a path of the constant area model. Each path terminates when ψmax = 150◦. The solid
grey lines represent contours of ψmax = 30◦, 60◦, 90◦, 120◦, 150◦, respectively. The solid black line is the analytical results for the vesiculation line ā0c̄

2
0 = 8 (See SI

Appendix: critical vesiculation curve). The dashed black line is a random-picked straight line connecting the origin and the vesiculation boundary. The intersections of the
dashed black line and the gray lines are plotted in orange dots and they are the coordinates of (a0, c0) where the five shapes in (a) are located. Shapes are arranged in an
increasing order of ψmax in (a). (b-e) Parameters with a bar over them (left vertical axes) are normalized to be dimensionless, and the dimensional parameters (right vertical
axes) are calculated by one of the typical fitting values L0 = 40nm (Fig. 5)
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(a)

(b)

(c)

(d)

(e)

(f)

Modified const. area (type 1) Modified const. area (type 2)Modified const. curv.

Fig. 3. Free energy evolution in the constant curvature and constant area models when accounting for one of either the polymerization energy term Ea = −µa0 or the
curvature generation energy term Ec = −νa0c0 (type 1) and Ec = −νa0c

2
0 (type 2). (a,b) Free energy landscape of the modified constant curvature model where c̄0 = 2

with polymerization energy Ea = −µa0 in (a) and the corresponding phase diagram in the phase space of (c0, µ) in (b). The rightmost endpoint of each curve is the
vesiculation point where ψmax = 150◦. The red line in (a) and red dots in (b) correspond to pathways with minimum free energy Etot appearing at a point other than the
vesiculation point on the Etot − ā0 curve. The orange line in (a) and the orange dots in (b) correpsond to pathways where the vesiculation point is the minimum free energy
point, but an energy barrier still exists. The green line in (a) and green dots in (b) correspond to vesiculation pathways without an energy barrier. The energy barrier ∆Etot
is defined as the energy difference between the maximum point and the first minimum point before the maximum. ∆Etot of the orange curve is shown in (a) as a typical
example. The gray dots in the left-hand side of (b) correspond to pathways that numerically fail to reach the vesiculation point when ā0 reaches its upper limit 10. (c,d) Free
energy landscape of the modified constant area model where ā0 = 2 with curvature generation energy Ec = −νa0c0 in (c) as a function of the intrinsic curvature c0 and
the corresponding phase diagram in the phase space of (a0, ν) in (d). The gray dots in the left-hand side of (d) correspond to pathways that numerically fail to reach the
vesiculation point when c̄0 reaches its upper limit 5. (e,f) Free energy landscape of the modified constant area model where ā0 = 2 with Ec = −νa0c

2
0 in (e) and the

corresponding phase diagram in the phase space of (a0, ν) in (f). The gray dots in the left-hand side of (f) correspond to pathways that numerically fail to reach the vesiculation
point when c̄0 reaches its upper limit 5. (a-f) The parameters with a bar over them are normalized to be dimensionless, and the dimensional parameters are calculated using
one of the typical fitting values L0 = 40nm (Fig. 5). (b,d,f) The black line separates the region wiht gray dots (which did not numerically reach vesicultion) from the other
regions. The dotted, dash-dotted and solid gray lines respectively represent the paths where ∆Etot = 1kBT,∆Etot = 10kBT,∆Etot = 100kBT .
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Fig. 4. Vesiculation phase diagram when accounting for both the polymerization energy µ and the reorganization energy ν. (a,b) Free energy landscape for Model(1,2) (i.e.
with reorganization energy Ec = −νa1

0c
2
0) in (a) and Model(1,1) (i.e. with reorganization energy Ec = −νa1

0c
1
0) in (b). Thick black lines are the analytical solutions for

the vesiculation boundary. Thin rainbow-colored lines visually represent the energy landscape (values of the color bar are for the dimensionless free energy scale). Thick
colored-lines represent pathways that stream along the negative gradient of the free energy landscape in the phase space starting from the origin (i.e. no clathrin assembled
and no curvatuve). Our model shows that only a subset of suitable (µ, ν) values create pathways that lead to vesiculation, i.e. that reach the thick black line (thick green lines
in the third and fourth panels). The orange and red curves are pathways that fail to reach vesiculation. The red curve does not produce any curvature, while the orange curve
generates a small curvature but never leads to vesiculation. (c,d) Phase diagrams for Model(1,2) in (c) and Model(1,1) in (d) show the relationship between pathway types and
the (µ, ν) values. The colors of the dots correspond to the same types of pathways as represented by thick colored lines in (a,b). Our results show that larger µ or ν values
lead to an easier vesiculation. Parameters with a bar over them are normalized to be dimensionless, and the dimensional parameters are calculated using one of the typical
fitting values L0 = 40nm (Fig. 5).
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(a)

(c)

(d)

(b)

Fig. 5. Comparison between our theory and experimental data from mammalian cells. (a) Parameter fit of the best of the four models (constant curvature model, constant area
model, Model(1,1), Model(1,2)) to obtain the minimum error ε. Fitting procedure of Model(1,1) and Model(1,2) consider the total free energy Etot = Eb + Et + Ea + Ec,
while the fitting of the constant area model and the constant curvature model consider Etot = Eb + Et. The optimized parameters are ā0 ∈ [0, 10] for the constant area
model, c̄0 ∈ [0, 5] for the constant curvature model, µ̄ ∈ [0, 1] and ν̄ ∈ [0, 1] for model(m,n), and L0 ∈ [10nm, 100nm] within an interval of 10nm in the four models.
We only assign fitting errora to the parameter sets that lead to vesiculation and only plot the error figure for the best L0. (b) Vesiculation pathways with minimum fitting error in
the four models. In each model, we use the best L0 value from (a) to obtain the dimensional scale of the (a0, c0) phase space. (c) Comparison of model fits and experimental
data for three geometric features: neck width, tip radius (Rt) and invagination depth. Neck width is calculated as the distance between the left and right parts of the shape
for ψmax = 90◦, and the invagination depth is measured as the height from the base to the tip of the invagination. (d) Comparison between the model-predicted shapes
and the experimental shapes. Experimental membrane shapes for mammalian cells are grouped according to their maximum angle as a proxy for the different stages of
CME. The number of experimental shapes falling in a certain ψmax range is defined as n. The black lines are the average experimental shapes after symmetrization. The
model-predicted shapes are calculated by the midpoint value of each ψmax interval. (c,d) The curves predicted by theory are shown with colored lines, and experimental data
is shown with gray dots and black lines. Parameters with a bar over them are non-dimensionalized. The detailed procedure to treat the experimental data can be found in the
supplement: symmetrization algorithm, rolling median calculation and error calculation.
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No vesiculation

Vesiculation

Fig. 6. Tip radius of vesiculaion shapes (Rves) in Model(1,2). The colored region
shows the (µ, ν) sets that lead to vesiculation, and brighter colors correspond to
larger Rves. Decreasing assembly strength µ or increasing reorganization strength
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used in the calculation.
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