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Abstract

Defects in axonal transport may partly underpin the differences between the observed
pathophysiology of Alzheimer’s disease (AD) and that of other non-amyloidogenic tauopa-
thies. Particularly, pathological tau variants may have molecular properties that dysregulate
motor proteins responsible for the anterograde-directed transport of tau in a disease-specific
fashion. Here we develop the first computational model of tau-modified axonal transport that
produces directional biases in the spread of tau pathology. We simulated the spatiotemporal
profiles of soluble and insoluble tau species in a multicompartment, two-neuron system
using biologically plausible parameters and time scales. Changes in the balance of tau
transport feedback parameters can elicit anterograde and retrograde biases in the distribu-
tions of soluble and insoluble tau between compartments in the system. Aggregation and
fragmentation parameters can also perturb this balance, suggesting a complex interplay
between these distinct molecular processes. Critically, we show that the model faithfully rec-
reates the characteristic network spread biases in both AD-like and non-AD-like mouse
tauopathy models. Tau transport feedback may therefore help link microscopic differences
in tau conformational states and the resulting variety in clinical presentations.

Author Summary

The misfolding and spread of the axonal protein tau is a hallmark of the pathology of
many neurodegenerative disorders, including Alzheimer’s disease and frontotemporal
lobar dementia. How tau misfolding causes disorders with distinct neuropathology and
clinical presentations is the subject of ongoing research. Although current evidence sug-
gests that the specific conformations tau adopts affect where it spreads throughout the
brain, a mechanistic explanation has remained elusive. Here we propose that the
conformer-specific dysregulation of axonal transport can lead to directionally biased
spread, and we employ a mathematical model to explore how tau spreads between neu-
rons in the context of this transport feedback mechanism. We find that conformation-spe-
cific feedback is flexible enough to explain bias in either direction and thoroughly explore
how this bias emerges as a function of the model’s key parameters. Further, the model
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degenerative diseases is linked to aberrant protein misfolding and aggregation. Indeed, in Alz-
heimer’s disease (AD) [1], frontotemporal lobar degeneration (FTLD) [2], Parkinson’s disease
[3], Huntington disease [4], and in amyotrophic lateral sclerosis [5], there are one or more pro-
teinaceous species that appear to spread throughout the brain and induce neuronal dysfunc-
tion and death. Both in vitro experiments with cultured neurons [6-10] and in vivo work with
animal models of neurodegeneration [11-13] have confirmed that these prion-like assemblies
can spread directly between neurons by traveling within axonal fibers and traversing the syn-
apse. Although the mechanisms by which these misfolded protein agents arise, propagate, and
contribute to pathology remain incompletely understood, they do play a central role in the
progression of neurodegenerative diseases [14, 15].

Tauopathy, the pathological accumulation and spread of misfolded aggregates of microtu-
bule-associated protein tau, is among the most common types of proteinopathies implicated in
neurodegenerative disease, including AD, FTLD, Pick’s disease, and others. The recent discov-
ery that there are phosphoepitopes of tau that distinguish AD from FTLD-type disorders sug-
gests a direct link between the specific conformer of misfolded tau and disease diagnosis [16-
18]. Heterogeneity in tau hyperphosphorylation and misfolding also exists between AD
patients, giving rise to distinct clinical phenotypes [19]. An appealing hypothesis for explaining
how specific tau conformations lead to distinct patterns of neurodegeneration is that although
these tau species can all spread between connected brain regions via white matter tracts, their
propensities to travel in the anterograde (i.e. from presynaptic to postsynaptic cell) or retro-
grade (i.e. postsynaptic to presynaptic) directions may not be equal. Recent work by our group
has lent further support for this hypothesis, wherein we found that mouse tauopathy models
with tau species that developed in the presence of amyloid-f showed a marked preference to
migrate in the retrograde direction, while no consensus directional bias emerged among amy-
loid-negative models [20]. However, there are no models to date that explore how this direc-
tional bias arises.

Mechanistically, conformer-specific dysregulation of active transport could explain differ-
ential biases in the direction of tau spread between diseases. In healthy neurons, energy-driven
active transport within the axon is governed by the complex interplay of motor proteins, their
cargoes, and the microtubules along which they travel [21, 22]. Early in AD, hyperphosphory-
lated tau misfolds and aggregates in the axon; as the disease progresses, it causes the break-
down of the axon initial segment barrier and enters the somatodendritic compartment [23-
25]. In vitro experiments provide direct evidence that active transport is regulated by axonal
tau concentration: a primary anterograde-directed motor protein, kinesin-1, is physically
obstructed by microtubule-bound tau, while the retrograde-directed motor protein, dynein,
remains mostly unaffected except at aphysiological concentrations [26, 27]. Disease-mimick-
ing tau variants limit this endogenous ability to inhibit kinesin-1 [28-30], while neurofibrillary
tangles (NFTs) knock down kinesin-1 [31]. Since anterograde-directed and retrograde-
directed motor proteins are in a constant state of “tug-of-war” whose outcome ultimately gov-
erns the direction and rate of cargo transport, including that of tau itself [27, 29, 32], the
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pathological effects of tau on kinesin-1 specifically provide an underexplored basis for the
conformer-specific spatial patterns of NFT's observed in vivo and clinically. Using a computa-
tional model to simulate the effects of kinesin regulation by tau on its spatial deposition pat-
terns, therefore, could provide the needed conceptual link between the biochemical properties
of specific tau conformers and the observed directional spread bias. While detailed models of
tau axonal transport exist [33], there have been no explorations to date of the consequences of
pathological tau feedback on axonal transport.

In the present work, we model two distinct species of pathological tau in a closed two-neu-
ron system under biologically plausible conditions, demonstrating the impact of transport
feedback has on their spatial concentration profiles over time. This model yields the following
insights: (i) The balance of transport feedback parameters alone is sufficient to develop strong
directional biases in both the anterograde and retrograde directions. (ii) The rates of aggrega-
tion and fragmentation in the model exert a dramatic effect on the steady-state configuration
of the system as well, indicating that processes of interconversion between soluble and insolu-
ble tau species are inextricably linked to how transport feedback influences the system. (iii)
This nonlinear system converges to a steady state over a wide range of initial conditions. (iv)
Despite its simplicity, the transport feedback model produces biases that quantitatively match
those that develop at the network level both in AD-like and non-AD-like mouse tauopathy
models [20]. Taken together, these results demonstrate that a simple transport feedback mech-
anism can explain how different tau conformers, which have unique molecular properties, can
develop distinct directional biases and propagate differentially across the brain.

2 Results
2.1 Model scope

We construct a system of partial differential equations (PDEs) to model the concentration pro-
files along a single spatial axis of two biophysically distinct species of pathological tau: soluble
tau, such as misfolded monomers and small oligomers, and insoluble tau, such as larger fila-
ments and tangles. See Fig 1 for a full schematic of the system. The dynamics of each species
depend upon the biological compartment in which it resides: the presynaptic and postsynaptic
somatodendritic (SD) compartments, the axon, the axon initial segment (AIS), and the synap-
tic cleft (SC) are modeled distinctly. These two tau species can interconvert through the oppos-
ing processes of fragmentation and aggregation (Eq 5). For both biophysical and mathematical
(see for instance the work of Kuznetsov and Kuznetsov [35]) reasons, we model the effective
transport of the mobile, soluble species as two component processes: diffusion and active
transport, the latter of which only occurs within the axonal compartment. The effective veloc-
ity of active transport within the axon, v (Eq 1), is a function of the local concentrations of the
soluble and insoluble species, because each can perturb the effective anterograde transport rate
of kinesin [28, 29, 31]. Specifically, we allow soluble tau to increase effective anterograde trans-
port velocity through the parameter 6§ and insoluble tau to decrease it through the parameter e
(Table 1). Since the effective retrograde transport velocity is unaffected by pathological tau [26,
27], directional bias of tau transport is governed by the balance of  and € acting upon antero-
grade transport rate. Diffusion between the SD and axonal compartments is hindered by the
physical barriers of the AIS and SC, leading to slow, concentration-gradient-dependent mix-
ing. We thoroughly explore the dependence of model behavior on these two transport-specific
parameters below; see Methods: Model Description for a complete explanation of the develop-
ment and implementation of our model and Table 2 for a summary of the processes modeled
in each biological compartment.
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Fig 1. Model System. Schematized version of the one-dimensional system that we simulate. We model two distinct species of pathological tau, soluble
(red) and insoluble (blue), across within a multi-compartment model mimicking the two-neuron system shown in the top panel. The main biological
phenomena captured in this model are diffusion (blue box), active transport (green box), species interconversion through fragmentation and
aggregation (purple box), and a diffusion-based barrier to inter-compartmental spread (brown dashed lines).

https://doi.org/10.1371/journal.pcbi.1009258.g001

2.2 Model regimes

We first explored how the balance of § and ¢ affected the dynamics of tau in three distinct
regimes. For each instance, we initiated the model with a uniform concentration of soluble tau
n in the axonal compartment only and zero insoluble tau m anywhere. See S1 Table for a full
list of the parameters used for each condition.

2.2.1 Anterograde-biased regime. Fig 2a and S1 Video show the simulation results for
our two-species model with § >> ¢, which emulates a condition where soluble tau exerts a
strong effect on enhancing kinesin processivity but insoluble tau has a minimal effect on inhib-
iting it. We depict the concentrations of n and m, as well as the calculated concentration flux
of 1, jne: (obtained by numerically evaluating Eq 4 post hoc), at five time points between model
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Table 1. Glossary of symbols used throughout the text. Values marked with an asterisk were estimated by Konzack
et al. [34] in cultured rodent neurons. Ant. = anterograde, ret. = retrograde, conc. = concentration, vel. = velocity.

Symbol

€

Description

Space

Time

Soluble tau (conc.)

Insoluble tau (conc.)

Theoretical diffusivity of n
Diffusing fraction of n

Native ant. transport velocity of n
Native ret. transport velocity of n
Fragmentation rate of m
Aggregation rate

Ant. vel. enhancement factor

Ret. vel. enhancement factor

https://doi.org/10.1371/journal.pcbi.1009258.t001

Remark

X € [0, Liotal], Where Ly, is the total size of the system in ym

t € [0, T], where T is the time to reach steady state in s

Number of monomeric units per volume within the fiber in uM
Number of monomeric units per volume within the fiber in uM
Estimated to be 12 ym?*/s*

Estimated to be 0.92*

Estimated to be 0.7 ym/s*

Estimated to be 0.7 ym/s*

Unimolecular process by which m — n

Bimolecular process by which n — m

Effect modulated by n

Effect modulated by m

initialization and the point at which steady-state distributions are established, which typically
takes a matter of months in model time with this parameterization (S1 Table). Although at
these long time scales it is unlikely that the assumption of mass conservation made in our

model holds, the steady-state behavior of this system is of theoretical and practical importance
and explicitly modeling pathological tau recruitment would hinder the model’s interpretabil-
ity. At t =0 (first column), the relatively high constant value of n yields axonal . values that
are strongly positive except at the boundary between the axon proper and the AIS, where the
strong concentration gradient forces flow to the left. Within the first few hours of model time
(second column), the combined effects of diffusion and biased transport lead to the develop-
ment of a pronounced concentration gradient within the axon proper, with a greater buildup
of soluble tau towards the axon terminal due to the transport feedback. Over a period of days
(third column), overall soluble tau concentrations decrease as it converts to insoluble tau
through aggregation, but remain asymmetrically distributed; insoluble tau builds up within
the axon proper with a concentration profile mimicking that observed for soluble tau at previ-
ous time points. At much longer time scales, aggregation causes insoluble tau to dominate,
and although the anterograde-biased concentration gradient within the axon persists, that
between the axon and the SD compartments becomes zero (fifth column). Although insoluble
tau is strictly immobile, there is an apparent migration of insoluble tau at these later time
points due to transient concentration gradients of soluble tau across between the axon and SD
compartments, which emerge from the dynamic equilibrium between aggregation and frag-
mentation. Overall, after a period of several months, this system reaches a stable asymmetric
distribution of pathological tau, with a greater buildup in the postsynaptic neuron reflecting
the strong anterograde-biased transport feedback.

Table 2. Table indicating which processes are modeled in each biological compartment. See Methods: Model Description for more details.

Compartment Transport Diffusion Interconversion
Somatodendritic No
Axon
Axon Initial Segment No Yes (Slow)
Synaptic Cleft No Yes (Slow) No

https://doi.org/10.1371/journal.pcbi.1009258.1002
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Fig 2. Model regimes are determined by tau transport feedback parameters d and e. (a) Simulation results where § = 1 and € = 0.01, which leads to a
strong anterograde bias that emerges within hours and persists even at longer time scales. (b) Simulation results where 6 = 0.01 and € = 1, which leads to
a strong retrograde bias that only emerges at intermediate-to-late time scales. (c) Simulation results where § = 1 and € = 0.35, which leads to an initial
anterograde bias that is counteracted at intermediate time scales, leading to a uniform distribution of tau deposition at steady state.

https://doi.org/10.1371/journal.pcbi.1009258.9002

2.2.2 Retrograde-biased regime. We then simulated the condition where transport feed-
back is strongly biased in the opposite direction (e > &; Fig 2b and S2 Video). Unlike the pre-
vious condition, the lack of strong anterograde feedback parameter causes simple diffusion to
dominate over the first few hours, leading to a largely symmetric concentration profile of solu-
ble tau (second column). It is only when appreciable aggregation occurs at an intermediate
time scale (third column) that an asymmetric profile is allowed to develop, as the buildup of
insoluble tau leads to a net negative active transport velocity and leftward migration of soluble
tau. The net deposition in the presynpatic SD compartment only grows more pronounced
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over time (fourth and fifth columns), leading to an overall retrograde-biased concentration
profile at steady state. Taken together with the results from the previous simulation, it is appar-
ent that the 6 and € feedback parameters independently and consequentially impact how path-
ological tau is distributed throughout this two-neuron system.

2.2.3 Net-unbiased regime. We further explored how these two modes of transport feed-
back can interact by setting both & and € values to be significantly greater than 0 (Fig 2c and S3
Video). Initially, as in the anterograde-dominant condition (Fig 2a), there is a pronounced
asymmetric profile of soluble tau biased towards the axon terminal due to the strong positive
kinesin feedback (second column). This bias persists even at longer time scales as aggregation
allows insoluble tau to accumulate (third and fourth columns); however, the presence of insol-
uble tau begins to counteract the initial anterograde transport bias. At steady state (fifth col-
umn), the net balance between & and € leads to a nearly flat concentration profile across all
compartments and roughly equal deposition between the presynaptic and postsynaptic SD
compartments.

2.3 Somatodendritic tau deposition over time

We summarize the results of the three parameter regimes described above by plotting the
mean pathological tau concentrations in each of the SD compartments across all time points of
the simulation (Fig 3). Initially there is no tau of either species in the presynaptic or postsynap-
tic SD compartment, but at early model times (¢ < 1 day), diffusion allows soluble tau to
migrate into both. In the anterograde-biased parameter regime (Fig 3a, left panel), soluble tau
accumulates faster in the postsynaptic SD compartment relative to the presynaptic, which at
longer time scales is converted to a persistent net accumulation of insoluble tau. Conversely,
soluble tau concentrations stay at similar levels in both SD compartments up to a period of
around 1 day of model time in the retrograde-biased regime (Fig 3a, center panel), where the
accumulation of insoluble tau in the axonal compartment biases transport towards to the pre-
synaptic SD compartment. Presynaptic accumulation of insoluble tau steadily increases at lon-
ger time scales while postsynaptic insoluble tau stays roughly flat, as active transport continues
to push soluble tau in the retrograde direction that then forms insoluble tau through aggrega-
tion. In the net unbiased regime (Fig 3a, right panel), the resulting distributions match that of
the anterograde biased regime through a period of around 1 day, until the accumulation of
insoluble tau inside the axon produces a counteracting retrograde bias that leads to roughly
equal concentrations of both species in each compartment. These results can be summarized
by the a single “bias” metric, which we define as the difference between total postsynaptic tau
and total presynaptic tau divided by total somatodendritic tau (Fig 3b, magenta dotted lines);
by this convention, zero bias indicates equal deposition between SD compartments, with posi-
tive values indicating anterograde bias and negative values indicating retrograde bias. The
steady-state configurations of each parameter regime are schematized in Fig 3¢, exemplifying
how the & and e transport parameters alone strongly influence how tau is distributed between
presynaptic and postsynaptic neurons.

2.4 Aggregation and fragmentation rates perturb transport feedback

We more thoroughly explored the parameter dependence of the steady state by calculating the
SD bias as defined above across a broad range of transport bias parameter values, keeping all
other conditions the same as the previous simulations (Fig 4a and S1 Table). We found a linear
manifold separating (J, €) pairs that result in a net postsynaptic accumulation of tau (red) from
those resulting in presynaptic accumulation (blue), indicating that it is the ratio of these two
parameters that ultimately governs the end state of the system. However, we also wanted to
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Fig 3. Temporal profiles of somatodendritic tau deposition. (a) Time course of mean soluble (red) and insoluble (blue) tau deposition in the
presynaptic (solid lines) and postsynaptic (dashed lines) SD compartments for each of the previous simulation conditions. (b) Total presynaptic (purple
solid line) and postsynaptic (purple dashed line) tau can be used to calculate a net bias at each time point (magenta dotted line; Eq 15). The balance
between transport parameters d and e determines the compartment in which tau preferentially accumulates and if there is a net bias over time. (c)
Schematized versions of the end configurations of the system for each parameter regime.

https://doi.org/10.1371/journal.pcbi.1009258.9003

explore how the interconversion parameters for aggregation (y) and fragmentation (f) influ-
ence steady-state bias, so we repeated this analysis for different values of each (Fig 4b and 4c,
and S2 Fig). When y is doubled (Fig 4b), there is still a linear manifold of zero bias, although
the slope of the line is roughly twice that of the original y value (Fig 4a); similarly, the slope of
the zero-bias manifold is roughly halved when y is halved (Fig 4c). We observed a similar effect
when we perturb S, albeit in the opposite direction (S2 Fig). Conversely, we found that the
parameter governing the fraction of diffusing soluble tau, f (Eq 4), does not affect the position
of the zero-bias manifold, although it is inversely related to the intensity of the bias for any
given (8, €) pair not on the manifold (S3 Fig). An explanation for this model behavior is that
the interconversion parameters influence the equilibrium between insoluble and soluble tau,
and therefore undergird the relative impact of § and € on the effective transport velocity, v
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Fig 4. Steady-state bias analysis as a function of aggregation rate. (a) Steady-state bias (postsynaptic SD tau—presynaptic SD tau / total SD tau)
across a range of & and e parameter values where all other parameter values are identical to those of the previous simulations. There is a zero-bias linear
manifold that emerges, whose best-fit line has a slope of approximately 2.8. (b) Steady-state bias for the same range of § and € parameter values where
aggregation rate (y) is doubled. The linear zero-bias manifold has a slope of ~ 5.8, roughly twice that of the original aggregation rate. (c) Steady-state
bias for the same range of § and e parameter values where y is halved. Here the slope of the linear manifold is ~ 1.4, or approximately half that of the
original aggregation rate.

https://doi.org/10.1371/journal.pchi.1009258.g004

(Eq 1). For example, when aggregation rate is increased and there is comparatively more insol-
uble than soluble tau in the system, the € value required to achieve the same value of v is
reduced, which ultimately determines how pathological tau is apportioned between SD com-
partments. The diffusing fraction parameter (f), by contrast, changes the extent to which axo-
nal transport, as opposed to diffusion, influences the overall distribution of tau in the system
and therefore affects the strength of € and J to the same extent. We conclude that, although the
time course of SD tau deposition is a complex function of the interconversion and transport
parameters (Fig 3), the steady state can be characterized in terms of a linear combination of
these parameters.

2.5 Robustness to initial conditions

The previous simulations were initiated with a constant concentration of soluble pathological
tau inside the axonal compartment. To explore model dependence on initial conditions, we re-
ran the model with the same parameters as above but “seeded” either the postsynaptic or pre-
synaptic SD compartment with a high constant concentration of insoluble tau (anterograde-
biased, retrograde-biased, and net-unbiased parameter regimes shown in S4, S5 and S6 Figs,
respectively); this partly mimics in vitro experiments where two connected neurons are kept
microfluidically isolated [10]. Because only soluble tau can diffuse or be transported, the initial
dose of insoluble tau must first undergo the relatively slow process of fragmentation before tau
of either species can migrate to neighboring compartments, and so it takes a period of days
before tau begins to build up in the opposite SD compartment. However, once steady state is
established, the spatial concentration profiles of both species are indistinguishable from those
yielded under the constant axonal soluble tau initial conditions (Fig 2). To more thoroughly
explore the robustness of this apparent convergence to a single fixed point, we simulated 100
random initial conditions with the same total tau mass (i.e. the same spatial integral of n plus
m) as in Fig 2 and plotted the relative pairwise error between model instances as a function of
time (Fig 5). In all three parameter regimes, convergence to the same fixed point is assured,
despite the initial conditions themselves being quite divergent from each other. While we
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Fig 5. Perturbation of initial conditions does not affect steady state. We plot the relative pairwise error between model instances with randomly
generated initial conditions using (a) the anterograde, (b) the retrograde, or (c) the net unbiased parameterizations (gray lines are representative sample
traces). There is universal convergence at long time scales, suggesting that for these parameter values the model has a single fixed point.

https://doi.org/10.1371/journal.pcbi.1009258.9005

cannot conclude from these simulations that this system of PDEs does not exhibit multistabil-
ity at other sets of parameter values, it does suggest that with these biologically plausible condi-
tions, there is a single steady state that is strictly dictated by model parameterization, not initial
conditions.

2.6 Comparison to mouse tauopathy models

Although our transport feedback model is robust enough to explain a wide range of apparent
directional biases in this two-neuron system, a lingering question is how applicable it is to in
vivo models of tauopathy. We therefore parameterized our model such that the bias in SD tau
deposition over time could match the apparent directionality bias observed within mouse
models of tauopathy at the network level [20]. In this study, network bias was parameterized as
the extent to which the spread of tau over the brain network is biased along retrograde-
directed or anterograde-directed connections and its value was fit at each experimental time
point using regional tau deposition data from a wide variety of mouse tauopathy models. Fig 6
shows the apparent directionality bias in several mouse models [11, 13, 36, 37] (gray data
points) alongside the temporal evolution of SD bias starting from a uniform axonal concentra-
tion of soluble tau (magenta dotted lines), where we have separated mouse models based on
whether tau conformers were formed in the presence of AR (AD-like, panel a) or not (non-
AD-like, panel b). In both cases, we see good concordance (R* > 0.4) between transport model
bias and network bias over the same time scale (S7 Fig). The tendency for an increasingly
strong retrograde bias in tau propagation over time is captured by a high value of the kinesin
inhibition parameter €. The early anterograde bias present in the non-AD-like studies also
requires a high value of the kinesin rate enhancement parameter ¢ in contrast to the AD-like
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Fig 6. Tau transport feedback recaptures the directionality of mouse tauopathy models. (a) The AD-like mouse models explored by [20] exhibit a
strong retrograde bias that becomes more pronounced over time, which can be replicated in the two-neuron system with weak anterograde-directed
transport feedback (low 6 relative to €). (b) The non-AD-like mouse models similarly have a trend towards increasing retrograde bias, although to a
lesser extent than the AD-like studies and there is evidence of early anterograde bias, which is captured by fixing both & and ¢ at high values. For all
studies, we first linearly transform the bias parameter, s, used by [20] onto the [-1, 1] scale of our SD bias estimates before plotting. Refer to S2 Table for
a full parameterization of both simulations and Methods: Analysis. Studies included: [11, 13, 36, 37].
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studies. This suggests a weaker interaction between the soluble tau assemblies formed in the
presence of amyloid with kinesin than those formed in its absence. There is also a higher
aggregation to fragmentation rate ratio for the AD-like studies, which similarly induces stron-
ger and earlier retrograde biases. Given the relative paucity of data against which we compare
the transport model, we cannot claim that these parameterizations uniquely fit each set of
tauopathy models. Rather, our model highlights two biophysical mechanisms—aggregation to
fragmentation rate ratio and differential interactions between soluble tau and kinesin—that
can explain the differences between the network biases that develop in AD-like and non-AD-
like mouse models. Together, these results support axonal transport feedback as a plausible
mechanistic link between differences in tau conformation and the resulting divergence in
whole-brain networked spread patterns.

3 Discussion
3.1 Transport bias as a mechanism for explaining directional bias

The present work demonstrates, for the first time, how directional bias can emerge on a micro-
scopic level as a consequence of active transport feedback by pathological tau species. The cen-
tral finding is that the model’s free parameters, which include aggregation rate, fragmentation
rate, and the transport feedback modifiers (Fig 1), strongly determine the spatial segregation
of pathological tau over time and at steady state, with enough inherent robustness to explain
both anterograde-biased spread and retrograde-biased spread. At model initiation, a combina-
tion of diffusion and anterograde-biased transport (assuming sufficiently high 6) determines
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how soluble tau is distributed at early time points (Fig 2, first two columns). At intermediate
and late time points, where aggregation has allowed sufficient concentrations of insoluble tau
to accumulate in the axon, negative feedback proportional to the value of € drives tau back
towards the presynaptic SD compartment (Fig 2, final three columns). Indeed, the temporal
evolution of SD tau concentrations exhibits three phases of behavior for all three parameter
regimes: (i) an initial rise in soluble tau (bias between compartments influenced by positive
transport feedback); (ii) a fall in SD soluble tau coupled with a rise in SD insoluble tau as aggre-
gation occurs; (iii) final re-equilibration (Fig 3a). These phases are a direct consequence of
phenomena operating under dramatically different time scales, with transport and diffusion
being faster processes than interconversion and inter-compartmental spread. Despite minor
differences in trajectories over time, this system of coupled nonlinear PDEs has a single fixed
point over a broad range of initial conditions and parameter regimes (Fig 5), which suggests
that steady-state bias can be characterized, as suggested by Fig 4, S2 and S3 Figs, as a well-
behaved function of the internal parameters. Our results indicate that even a relatively simple,
concentration-dependent feedback mechanism (Eq 1) is sufficient to drive a wide range of
model behaviors.

3.2 Comparison with in vivo mouse models

Our model behavior shows good agreement (R* > 0.4) with in vivo models of tauopathic dis-
ease at the regional level: for both AD-like and non-AD-like mouse models, we can parameter-
ize our transport feedback model to produce biases in somatodendritic tau deposition that
match the longitudinal trends in network spread bias (Fig 6 and S7 Fig) [20]. Specifically, we
show that a parameter regime with high € relative to 6 can reproduce directional bias trends in
AD-like mouse models, while for the non-AD-like models we better capture bias with higher §
(S2 Table). The model regimes chosen also exhibit different balances of aggregation and frag-
mentation parameters, with a relatively higher aggregation rate in AD-like mouse models; this
tends to further strengthen the bias imposed by e relative to & (Fig 4 and S2 Fig). These two
effects act in concert to produce retrograde directional biases in AD-like tau models that are
stronger and have earlier onsets than those observed in non-AD-like models. Therefore, we
suggest that an amyloidogenic microenvironment may produce tau conformers that have
higher rates of aggregation relative to fragmentation and/or differential interactivity with kine-
sin. amyloid-f has long been considered to be the best biomarker available for distinguishing
AD from other dementias, and more recently positive amyloid status has been shown to be
strongly related to the presence of the p181 tau phosphoepitope in patients [16, 18]. Although
the indirect and direct interactions between amyloid-p and tau are complex and the subject of
intense scrutiny, our work suggests that tau conformers cultured in the presence of amyloid-f
may have specific properties impacting axonal transport that merit further exploration.

3.3 Limitations

There are several important limitations to the present work. Most notably, due to the paucity
of data measuring intra-axonal tau in the disease state, it is challenging to directly fit our
model parameters or validate our findings. Although in vitro time-lapse microscopy studies of
tau transport kinetics have been conducted with both tau in its native conformation and pseu-
dophosphorylated variants [28, 29], there have been no investigations of pathological tau
dynamics that determine concentration profiles over time in single neurons. We also note
that, because there are few studies for which direct regional quantification of mouse tau
pathology is available and each study reports at most four time points, our comparison
between model bias and network directional bias suffers from limited statistical power. Our
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model’s single spatial dimension does not represent the complex geometry of the SD compart-
ments, preventing us from accurately modeling missorting between the dendritic spines and
the rest of the soma; accordingly, we only compare the mean concentrations in these compart-
ments (Figs 3 and 4). The AIS and SC are modeled as identical diffusion-limiting barriers save
for the lack of interconversion in the SC, which is implausible given their true dimensions and
biological properties. Firstly, it is unlikely that these two barriers are equally impermeable to
all tau species, as we encoded here. It is likewise inaccurate to assume that it is a purely diffu-
sive process that facilitates tau migration across the cell membranes on either side of the SC or
through the structural mesh of the AIS, but our choice was motivated by our expectation that
transport rate across these boundaries should be roughly proportional to the concentration
difference across them. An intriguing possibility for future modeling work is to incorporate a
concentration-dependent permeability; for instance, tau missorting into the SD compartment
is a consequence of AIS breakdown, which suggests a dynamic A [25]. Finally, we entirely
neglect the conversion of healthy tau to pathological soluble tau, pathological tau clearance,
and the spread of tau outside of the two-neuron system from our model since these effects
would hinder model interpretability.

3.4 Applications to other neurodegenerative diseases

Axonal transport feedback may also play a role in disorders such as Parkinson’s disease (PD)
and amyotrophic lateral sclerosis (ALS). Experimental and clinical studies have reported prion
like spreading of misfolded protein assemblies along the white matter tracts of the brain in
these disorders, and mathematical models successfully captured key features of their neuropa-
thology [38-41]. Because migration along axonal fibers is necessary for infiltration into areas
of the brain beyond regions where pathology initiates, how the axonal active transport machin-
ery interacts with misfolded assemblies of a-synuclein, TDP-43, and SOD1 remains an open
question. There is evidence that a-synuclein interacts with both kinesin-1 and dynein [32],
and down-regulates them at high levels [42]. It is therefore possible that a-synuclein, as we
have explored here with tau, perturbs the balance of axonal transport in a conformer-specific
fashion, potentially explaining some of the clinical heterogeneity observed in PD [43, 44]. Sim-
ilarly, axonal transport defects in both directions are a consistent and early feature of ALS [45],
with evidence of directionally biased spread of SOD1 in a transgenic mouse model [46].
Although evidence of the dual feedback mechanism for pathological tau explored here is less
clear for these diseases, incorporating the effects of transport defects could lead to better pre-
dictive models for non-tauopathic proteinopathies.

3.5 Integrating axonal transport at a network level

A necessary extension to the current work will be to scale up the two-neuron system of PDEs
explored here to a network of regions, which will facilitate parameter fitting and allow us to
directly compare our model output to histopathological data. Conformer-specific parameters
such as aggregation rate and the transport feedback modifiers should be globally invariant to
avoid overfitting; that is, they should not depend on the compartment in which the pathologi-
cal tau resides. Then, using inter-regional connectivity to weight pathology spread, we can
directly simulate how tau transport feedback effects spread in a macroscopic sense [20, 47-50].
Explaining directionally biased spread in mouse models of tauopathy is the most natural
immediate fit to the current work, as there are many models for which tau pathology has been
extensively detailed [11, 13, 36, 37] and the mouse mesoscale connectivity atlas [51] separates
efferents from afferents, giving “anterograde” and “retrograde” a precise anatomical meaning.
Application to humans is more challenging given that diffusion tensor imaging cannot
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typically determine the orientation of white matter tracts. However, a hybrid-species connec-
tome that encodes directionality for evolutionarily conserved connections has been success-
fully used to model the spread of neuropathology in progressive supranuclear palsy [52].

3.6 Summary

We have demonstrated that transport feedback is a simple and sufficient mechanism to explain
a broad range of directional biases in tau spread in a two-neuron system. Although much
about tau biology in healthy and pathological states remains poorly understood, and many
other factors besides tau conformational status may contribute to the progression of tauo-
pathic diseases, it is increasingly clear that there are disease-specific tau conformers that have
distinct patterns of spread. We anticipate that differences between tau conformers in their
endogenous ability to regulate kinesin, in addition to disparities in aggregation and fragmenta-
tion rates (among others), is a parsimonious mechanism that, coupled with networked, trans-
synaptic spread, drives not only heterogeneity within a given tauopathy but also the distinct
pathophysiologies of different tauopathies.

4 Methods
4.1 Model description

We use a coupled system of partial differential equations (PDEs) to model the concentrations
of two species of pathological tau: soluble n(x, t), which can travel via diffusion and active
transport processes (the net balance of which determines the effective transport of pathological
tau), and insoluble tau m(x, t), which is immobile. These two species interconvert through two
opposing processes: (i) aggregation, a bimolecular reaction between one unit of # and one unit
of either n or m to form m; and (ii) fragmentation, a unimolecular reaction by which a unit of
m breaks apart to form a unit of n. We did not model healthy tau concentrations or recruit-
ment, the process by which tau loses its native conformation via aberrant post-translational
modifications such as hyperphosphorylation, fragmentation, and acetylation to adopt a patho-
logical, prion-like conformation. As such, the total mass in the system is conserved, since frag-
mentation and aggregation act symmetrically on n and m. The unique feature of this model is
that we incorporate the feedback these two species provide on kinesin, with soluble tau
enhancing kinesin processivity [28-30] and insoluble tau inhibiting it [31]. Mathematically,
we propose the following relationship for the effective transport velocity:

vinym)=v, - (14+0n)(1 —em) —v,, (1)

where v, and v, are the baseline anterograde and retrograde velocities of tau, respectively, d is a
nonnegative parameter governing the enhancement of kinesin processivity in response to solu-
ble pathological tau, and € is a nonnegative parameter governing the reduction of kinesin pro-
cessivity in response to insoluble pathological tau. In this expression we have assumed that on
the time scale of the simulation (days), the characteristic “start-and-stop” dynamics of molecu-
lar motors, where motor binding and unbinding events happen within fractions of a second
[53], can be subsumed into effective velocity parameters. We anticipate that the separation of
time scales between characteristically “slow” processes such as aggregation and fragmentation
and the “fast” dynamics of motor-microtubule interactions allows us to time-average the latter
without a loss of generality. By convention, positive v implies net transport from presynaptic
to postsynaptic neuron (i.e. anterograde transport). The various compartments of this two-
neuron system necessarily have different properties that should be modeled distinctly, and we
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discuss the particulars of each compartment below. Refer to Table 1 and the text below for a
complete description of the parameterization of the model.

4.1.1 Axonal compartment. Given the axon’s high aspect ratio, which restricts movement
of n parallel to its long axis whether it is diffusing or being actively transported by molecular
motors, we collapse the three-dimensional geometry of this system onto one dimension [35].
First we use the following expressions for diffusive flux (j¢) and transport flux (j,ctive) of 70

jdiff(nx) = _Dn "Ny, (2)

jactive(n7 m) = V(I’l, m) N, (3)

where parameter D, is the diffusivity of soluble pathological tau, n, denotes the partial deriva-
tive of n with respect to x, and v(n, m) is given by Eq 1. Under the assumptions that i) active
transport and diffusion are mutually exclusive processes and ii) the processes of attachment
and detachment from molecular motors and microtubules are sufficiently “fast” on the simula-
tion time scale, we define the net flux of , j,e, in the following way:

jnel<n7 m, nx) Ef 'jdiff(nx> + (1 _f) 'jactive(nﬂ m) ) (4)

where f is the average fraction of soluble pathological tau that is undergoing diffusion at any
given time. While we estimate fbased on measurements made by Konzack et al. [34] using
pseudophosphorylated tau to mimic disease, we recognize that there is considerable uncer-
tainty in this parameter and therefore demonstrate how it influences the model (see Results:
Parameter Dependence of Steady-State Bias; S3 Fig). It is also worth noting that the diffusiv-
ity value measured by Konzack et al. [34] in cultured rodent neurons of 11 ym?/s is the effec-
tive diffusivity rate utilized in jyep, since D, - f= 12um?/s - 0.92 = 11ym?/s. The dynamics of
interconversion of n and m as described above are governed by the following expression:

I'(n,m) = fm —yn(n+ m), (5)

where we subsume the intricate dynamics of fragmentation and aggregation into two parame-
ters, 8 and y. Combining these definitions, we arrive at the PDEs governing the dynamics of n
and m inside the axon:

on

axon

0
_Z 6
at ax.]net(n7 m7 nX) + r(”’ m) ’ ( )

87;?()“ _ —F(Th m) 7 (7)
where j, is given by Eq 4 and I" is given by Eq 5.

4.1.2 Somatodendritic compartments. Our two-neuron system incorporates two soma-
todendritic (SD) compartments, corresponding to the presynaptic and postsynaptic cell bod-
ies, which are modeled identically. For the purposes of this model, we focus on the overall
amounts of SD tau—particularly the differences between presynaptic and postsynaptic neu-
rons—that result from the tau dynamics within the axon. Although a one-dimensional model
cannot be used to precisely model the spatial distributions of tau in these compartments,
which have complex, three-dimensional geometries, a one-dimensional approximation is suffi-
cient to capture the mean somatodendritic tau concentrations. We therefore greatly simplify
the system by modeling these compartments as one-dimensional segments 200um in length.
The dynamics of the SD compartments only differ from the axonal compartment regarding
the active transport of n. We do not expect transport to be more efficient than diffusion in the
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soma, and transport in the dendrites is both distinct from that in the axons and beyond the
scope of our model. Therefore, the governing equations are given by:

Ing, .
= ——i. + m 8
8t 8x]d1ff<nx) F(n, ) ’ ( )

Omy,

el —T(n,m). )

4.1.3 Axon initial segment. The axon initial segment (AIS) constitutes the first 20-60 ym
of the axonal length beyond the hillock, and has several features that distinguish it from the
axon proper. The intricate mesh of structural proteins occupying the AIS serves as a barrier
that restricts the free intermixing of axoplasm and cytoplasm components. For tau in particu-
lar, it serves as a one-way molecular sieve that allows tau to migrate from the SD compartment
to the axon, but not the reverse [54]. Indeed, an early feature of AD pathology is the missorting
of tau in the SD compartment following a compromise of AIS integrity [23, 25, 55]. We model
the AIS as having a length of 40 ym with dynamics similar to the SD compartments, with the
exception that the effective diffusivity of n is modified by the free parameter A, whose value is
fixed at a value much less than one:

On s

0
= —A-—j, + m 10
at >\‘ ax]dﬁf(nx) r(”? ) ) ( )

om,
ot

— —T(n,m). (11)

In this way, the AIS serves as a fixed diffusion-based barrier over the course of the
simulation.

4.1.4 Synaptic cleft. The synaptic cleft (SC) is the narrow extracellular space between the
axon terminus of the presynaptic neuron and the dendrite of the postsynaptic neuron, through
which the neurotransmitters that mediate the flow of information carried by action potentials
are released and taken up [56]. Trans-synaptic spread of pathological tau is thought to be the
dominant mechanism by which tau migrates between neurons in the brain [11, 23], although
the precise molecular mechanisms by which it traverses the SC remain the subject of intense
scrutiny [57, 58]. For our purposes, the SC acts as a barrier that restricts free diffusion of n
between presynaptic and postsynaptic neurons, and, in the absence of a more precise way of
describing its dynamics, we chose to model it identically to the AIS, with the exception that we
do not allow m to accumulate or n to aggregate, given the true spatial constraints of the syn-
apse:

Onge J .
p— _— . — . 12
ot I8 ax.]dlff(nx) ) (12)

Omy.

a - (13)

We have chosen to use the same parameter A, which governs the effective diffusivity of n,
for both the AIS and the SC for two reasons. One, we lack quantitative experimental studies
from which these effective permeabilities can be ascertained, although these barriers are likely
to be differentially permeable to pathological tau in a neuron-subtype-specific and conformer-
specific way. Two, from a modeling perspective, this allows us to cleanly explore the effects of
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the axonal transport parameters ¢ and € given the lack of mechanistic knowledge about how
pathological tau migrates out of the axonal compartment.

4.2 Numerical implementation

We utilize the MATLAB parabolic and elliptical PDE solver pdepe, which efficiently discre-
tizes a system of one-dimensional PDEs over a specified spatial mesh and solves the resulting
system of differential algebraic equations (DAEs) using ode15s [59].

4.2.1 Initial conditions. Aside from analyses where we directly explored the effect of
model initialization (see Results: Robustness to Initial Conditions; Fig 5), for all simulation
results presented herein, we specify a constant n concentration of 0.2 uM within the axonal
compartment and 0 elsewhere at t = 0. We also stipulate that there are no insoluble aggregates
at the start of the simulation. This condition simulates the initiation of tau pathology in the
axon and its resulting spread to neighboring, otherwise unaffected neuron cell bodies, as is
hypothesized to occur in early tauopathic disease [23, 60]. Although the “true” initial configu-
ration of the system would be the healthy state with no # or m anywhere, with n gradually
added to the system through the conversion of healthy tau in the axon (i.e. recruitment), this
process depends upon poorly characterized time-dependent concentration profiles of healthy
tau and numerous other species (e.g. axonal kinases and phosphatases) and goes beyond the
scope of the present work. Since the focus of our model is how different pathological tau spe-
cies, once formed, may have apparent directional biases as a function of their propensity to
aggregate, fragment, and regulate axonal transport, we believe that our choice of initial condi-
tions sufficiently describes an early state of pathology in tauopathic diseases.

4.2.2 Spatial mask and boundary conditions. We modify the dynamics across compart-
ments using discontinuous, binary spatial masks and simulate the whole system in one call of
pdepe. These masks allow us to turn “on” and “off” processes such as active transport and
interconversion depending on x position. This methodological choice allows us to take full
advantage of the efficient pdepe algorithm and grants us the flexibility to define 1-D geome-
tries of arbitrary complexity. Additionally, it eschews the need to encode complicated bound-
ary conditions for each compartment and then couple them at each time step, which would
introduce significant inaccuracies. We use zero-flux Neumann boundary conditions at x = 0
(left boundary of the presynaptic SD compartment) and x = Ly, (right boundary of the post-
synaptic SD compartment), ensuring that mass in the system is conserved at every time point.
While these boundaries are not impermeable in the open biological system of the brain on the
time scale of the simulation, we chose not to include leakage because it would reduce model
interpretability and cannot be accurately simulated without also explicitly modeling the con-
centration profiles in all neighboring cells. In order to minimize inaccuracies due to the lack of
differentiability introduced by the spatial mask while maintaining short computation times
per simulation, we specify an inhomogeneous spatial mesh that is very fine within 10 ym of
each compartment boundary on either side and coarser elsewhere.

4.2.3 Parameterization. For the effective transport parameters that were estimated in a
comparable in vitro system, we rely upon the experimental work of Konzack et al. in cultured
rodent neurons [34]. The interconversion parameters in S1 Table, which are more challenging
to estimate with high precision in a cellular context, were tuned to yield biologically plausible
rates of insoluble tau accumulation. The transport feedback parameters, whose impact on
model behavior is the primary focus of the present work, were each varied within a range of 0
to 1.
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4.3 Analysis

4.3.1 Assessment of steady state. In lieu of directly solving a boundary value problem to
find steady-state distributions, which poses a challenge given the discontinuities in the spatial
derivatives between biological compartments, we found steady-state distributions by simulat-
ing the model equations out to sufficiently long times where the distributions no longer appre-
ciably change. We make this assessment precise by calculating the approximate rate of change
of the distributions, £ (¢):

Ac o Jnlt) = n(t = D), + Im(t) — m(t — 1),
= m (), + Im (o), /At (1)

We plot this rate of change over time and show that it converges to effectively zero at the
end time of our simulations (S1 Fig).

4.3.2 Directional bias. We assess the bias in tau deposition over time, B(t), as a
simple function of the mean concentrations in the two somatodendritic compartments as
follows:

B(t)

(o (£) + 110 (1)) — ;'pr () + my, (1)) 7 (15)

ﬁpost(t) + mpost(t) + pre(t) + _pre t)

where 71, (), M, (t), 1, (t), and 1, (t) are the mean soluble and insoluble tau concentra-
tions in the presynaptic and postsynaptic SD compartments at time ¢, respectively. In this
way, a bias value of 1 represents purely anterograde-biased deposition in the postsynaptic

SD compartment, a bias value of -1 represents purely retrograde-biased deposition in the pre-
synaptic SD compartment, and a bias value of 0 indicates equal deposition in both
compartments.

4.3.3 Bias manifold calculation. The topology of the §-¢ parameter space at steady state is
of keen interest and we sought to characterize the zero-bias manifold: the boundary between
parameter combinations that result in anterograde-biased deposition and those that result in
retrograde-biased deposition. To calculate these linear manifolds, we first fit a cubic polyno-
mial to the steady-state bias values, B(tss) (Eq 15), with respect to € for each unique J value.
The real root of each of these polynomials in the [0, 1] domain represents the (5%, €*) pair at
which the model would exhibit zero net bias at steady state. We then fit a line to these (5%, €*)
values to get a linear parameterization of the zero-bias manifold.

4.3.4 Random initialization. For each model instance, we set the concentration of n and
m in each somatodendritic compartment and at ten equally spaced points within the axonal
compartment to be a random number between 0 and 1. We then linearly interpolate between
these values across the full spatial domain and normalize both distributions such that the total
mass is the same as the original initial condition (see Methods: Initial Conditions).

4.3.5 Parameter fitting. We varied j3, 7, J, ¢, and f within reasonable ranges
([1x 107%1 x 107°] for Band ¥; [0, 1] for § and € and [0.5,1] for f) to find parameterizations
with good fits to network bias data so that we could demonstrate that the model can plausibly
recreate the time dependence of directional bias. The parameterizations in S2 Table do not
uniquely identify the models of best fit; however, the differences between the two sets of
parameters remain (e.g. higher y to 3 ratio for AD-like mouse models) consistent for other
parameterizations with comparable fits. We chose these specific parameterizations because
they achieve excellent concordance with network bias and differ only in three parameters (8, ¥,
and 9).
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Supporting information

S1 Table. Table of all parameter values used in the simulations shown in Figs 2, 3 and 5;
see Methods for a full description of each parameter. Values marked with an asterisk were
estimated from Konzack et al. [34].

(XLSX)

S2 Table. Table of parameter values used in the simulations shown in Fig 6; unlisted
parameters have identical values as in S1 Table.
(XLSX)

S1 Fig. Convergence of individual simulations to steady state. The rate of change of tau dis-
tributions (Eq 14) for the three parameter regimes explored in the main text (S1 Table)
approaches zero within the time scale of the simulation. Notably, at mid-to-late model times,
convergence is well approximated by an exponential, with similar rates of decay for all three
parameter regimes (right panels).

(TIF)

S2 Fig. Steady-state analysis as a function of fragmentation rate . (a) Steady-state bias
(postsynaptic SD tau—presynaptic SD tau / total SD tau; see Eq 15) across a range of d and €
parameter values where all other parameter values are identical to those of the previous simula-
tions. There is a zero-bias linear manifold that emerges, whose best-fit line has a slope of
approximately 2.8. (b) Steady-state bias for the same range of § and € parameter values where
aggregation rate (f3) is doubled. The linear zero-bias manifold has a slope of ~ 1.4, roughly half
that of the original fragmentation rate. (c) Steady-state bias for the same range of § and €
parameter values where f is halved. Here the slope of the linear manifold is ~ 5.8, or approxi-
mately twice that of the original fragmentation rate.

(TIF)

S3 Fig. Steady-state analysis as a function of diffusive tau fraction f. The overall strength of
the net bias at any given pair of 6 and e values is inversely proportional to f, but it does not
affect the line of zero bias (dashed lines), in contrast to y and S.

(TIF)

$4 Fig. Somatodendritic seeding, anterograde-biased parameter values. Seeding in either
SD compartment converges to the same steady state as the axon-only initial condition in the
anterograde-biased parameter regime (Fig 2a). Parameter values used identical to those in S1
Table.
(TIF)

S5 Fig. Somatodendritic seeding, retrograde-biased parameter values. Seeding in either SD
compartment converges to the same steady state as the axon-only initial condition in the retro-
grade-biased parameter regime (Fig 2b). Parameter values used identical to those in S1 Table.
(TIF)

S6 Fig. Somatodendritic seeding, net-unbiased bias parameter values. Seeding in either SD
compartment converges to the same steady state as the axon-only initial condition in the net-
unbiased parameter regime (Fig 2c). Parameter values used identical to those in S1 Table.
(TIF)

S7 Fig. Transport model bias versus mouse network bias scatterplot. Scatterplot showing
the relationship between mouse network bias across several tauopathy studies and the bias
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predicted by the transport model at equivalent time points. The adjusted R* values for each set
of studies are listed in the legend.
(TIF)

$1 Video. Video of the complete simulation summarized in Fig 2a.
(MP4)

$2 Video. Video of the complete simulation summarized in Fig 2b.
(MP4)

$3 Video. Video of the complete simulation summarized in Fig 2c.
(MP4)
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