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Double‑frequency grating shearing 
interferometer with built‑in 
phase‑shifting function for robust 
multi‑level phase retrieval
Yeh‑Wei Yu1, Tsung‑Yi Hou1, Tsung‑Hsun Yang1 & Ching‑Cherng Sun1,2*

In this paper, we propose and demonstrate a novel interferometer and signal process to retrieve two-
dimensional signals with multilevel phases. The interferometer is based on a shearing interferometry 
with double-frequency grating, and phase-shifting interferometry is derived as a built-in function of 
the lateral displacement of the grating. The interferometer not only retrieves the multilevel phase 
signals but also eliminates slow-varying phase errors wherever they occur. Owing to the common path 
algorithm, the new interferometer is more robust in dynamic circumstances for optical testing and 
data processing. We propose a pre-integral signal process for two-dimensional (2D) data processing 
to prevent post-phase-integral due to shearing interferometry. The simulation and experiment 
showed that the proposed interferometer with a pre-integral process has various advantages in signal 
processing for multilevel phase retrieval, and will be useful for higher data rates in optical data storage 
and free-space communication.

Multi-level phase encoding/modulation in a 2D phase array is very important in parallel optical information 
processing applied to data storage1–9, optical communication10–24, and adaptive optics25–31. The precise encoding 
of the phase in a dynamic environment and the decoding of the phase in a noisy environment are two major 
issues. System noise is a key barrier in the decoding part. One effective way to decode a 2D array with a multi-
level phase signal is to apply phase-shifting interferometry (PSI)32. There have been various approaches to PSI, 
including 2-step, 3-step, 4-step, and 5-step algorithms33–38. However, a reference wave to perform phase shifting 
is necessary for the PSI. The reference wave requires high phase stability, a highly accurate phase-shifting, and 
a well-controlled wavefront. A fluctuation in the above three items can induce a phase error in the retrieved 
phase signal32,39. By contrast, shearing interferometry (SI) is an effective way to obtain relative phase information 
without additional reference waves because SI is a method to make an interferogram with self-interference40–42. 
There have been several effective methods to perform SI43–52. One of them is to use a double-frequency grating 
(DFG) to shear the diffracted waves when the wavefront passes through a designed grating, and is referred to as 
double-frequency grating shearing interferometry (DFGSI)53,54. The shearing amount and shearing orientation 
in the DFGSI can be controlled by an appropriate design of the grating. However, one of the major shortcomings 
of the conventional SI is that the relative-phase retrieval process assumes a spatially uniform distribution of the 
input amplitude55,56. When applied to the optical information process, even a smooth amplitude variation causes 
major noise in the retrieved relative phase. The second key limitation of an SI is that the relative phase before 
the integral along the shearing direction is not the true one. Thus, if phase errors occur at a certain location, 
the phase error will accrue at all pixels along the shearing direction, along with the post integral. By contrast, a 
pre-integral approach aimed at compensating for these two shortcomings has been proposed and demonstrated 
in a holographic data storage system57. This paper proposes and demonstrates a novel and powerful DFGSI with 
several unique advantages: (1) the self-reference shearing interferometer is robust in dynamic circumstances; (2) 
the shearing interferometer eliminates slow-varying phase errors; (3) the utilization of a built-in phase-shifting 
function combined can retrieve multi-level phase signals; (4) the pre-integral signal processing makes the DFGSI 
free from error accumulation and is more robust to retrieve multi-level phase signals.
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Principle
DFGSI is a shearing interferometer that uses a DFG, as shown in Fig. 1a. The grating records two gratings with 
different spatial frequencies, one of which differs slightly from the other. The different spatial frequencies cause 
different diffraction angles so that the two first-order diffracted waves laterally sheared from each other and 
form shearing interferometry. The diffracted waves are sent to their Fourier transform planes on a CMOS image 
sensor. As illustrated in Fig. 1b, we derive the irradiance (I) on the CMOS image sensor53,57

where Δz is the distance between the front Fourier plane and DFG, θ is the bending angle between the optical 
axis of the Lens 1 and the Lens 2, θ1 and θ2 are the first-order diffracted lights, ξ and η are the coordinates in 
the image-sensor plane, f1 and f2 are the focal lengths of lens 1 and lens 2, respectively; Δϕ0 is the initial phase 
difference between the two diffracted waves induced by the phase relation of the two gratings, Δϕx is the relative 
phase shift induced by the DFG displacement (Δx) along the x-axis, and can be expressed as,

where λ is the wavelength.
Equation (2) is the key point in the interferometer. The shifting amount along the x-axis is a way to perform 

a phase shift between the two diffracted waves. Figure 1c, d show the simulated interferogram and experimental 
observations with the corresponding shifting amount. The experimental result and the simulation results are 
almost the same, except some ring-trace noise that is mainly induced by the multi-reflection of the Lenses and 
the cover glass of the CMOS sensor. This shows DFG displacement (Δx) can effectively induce phase shifts ( �φx ) 
between the two diffracted waves. This property is useful for optical testing to retrieve the tested wavefront and 
is useful for 2D data processing to retrieve multi-level phase signals. Applications of 2D data processing include 
holographic data storage and other systems that need to encode multi-level phases in a 2D signal.
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Figure 1.   (a) The light path for the DFGSI, (b) the geometry, (c) the simulation of the interferogram by the two 
diffracted lights on the CMOS image sensor, and (d) the corresponding experimental observation.
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Characteristics
The characteristics of the DFGSI with built-in phase-shifting interferometry (DFGSI-PSI) can be summarized 
as follows: (1) the PSI is a built-in function in the algorithm that allows for precise phase retrieval for each loca-
tion/pixel; (2) the retrieved phase signal is acquired through differentiation, and the true phase can be obtained 
after the post-integral of the phase along the shifting direction; (3) the differentiation is generated by phase 
subtraction by the neighboring pixels, allowing shearing interferometry to alleviate a slow-varying phase error 
across the whole field. As this type of DFGSI-PSI is a novel interferometer, we discuss its detailed characteristics 
as follows. The differential phase value ϕ(ξ , η) between the neighbor pixels are calculated from the irradiance of 
the 4-steps interferogram in each pixel using the equation that is the same as the PSI

where I0(ξ , η) , I0.5π (ξ , η) , I1.5π (ξ , η) , and I2π (ξ , η) are the irradiance distributions of the 4-steps interferogram 
when the phase shift �φx induced by Δx are 0, 0.5π, π, and 2π.

To describe the characteristics of DFGSI-PSI for data processing, a volume holographic storage (VHS) system 
is introduced as an example, as shown in Fig. 2a. The readout signal can be sent to a general PSI or DFGSI-PSI 
to retrieve the signal phase (Fig. 2b, c). In contrast to the general PSI, DFGSI-PSI does not require an additional 
reference wave.

The VHS system is an off-axis recording system in which the 2D phase signal and spherical reference wave are 
sent to the recording disc through the objective lens. In the readout process, only the spherical reference wave is 
used to illuminate the disc at a precise incident angle and/or location, and the diffracted wave is reflected by the 
backside mirror of the disc and is sent for phase retrieval. Holographic multiplexing is applied at each recording 
location on the disc to increase the storage capacity, however different locations across the disc were utilized. 
Thus, during the readout process, the disc rotated for this purpose. Because of the Bragg condition, only a limited 
amount of rotation is permitted for effective diffraction. Therefore, a small amount of rotation corresponds to a 
small lateral displacement. The parameters in the simulation are as follows: the wavelength is 532 nm, the disc 
thickness is 2 mm, the focal length of the objective lens is 4 mm, the pixel size of the SLM is 6.4 μm, the pixel 
size of the CCD is 2.176 μm, the number of pixels number of the SLM are 1080 × 1080, and an effective pixel 
contains 4 × 4 SLM pixels. Figure 3 shows the simulations of the readout signals upon displacement of the disc 
(Δu). The displacement of the disc induces a slow-varying phase error across the signal plane57. The slow-varying 
phase error can be alleviated through the inherent characteristics of the shearing interferometry. This is because 
shearing interferometry is used for differentiation between adjacent pixels. Thus, the interferogram shows only 
the slope of the phase error, rather than the phase error itself. The phase differentiation property requires a post 
integral along the shearing direction to obtain the original signal. If phase errors occur in the interferogram, the 
integral will accumulate the phase errors. To overcome this problem, we propose the use of a pre-integral (PI) 
process to pre-process the input signal. For the original phase-only signal ϕs

(
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Figure 2.   (a) The setup of a holographic data storage system, (b) a general PSI to retrieve the signal phase, and 
(c) the proposed DFGSI-PSI and spatial light modulator (SLM), which encodes the 2D multi-level phase.
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Thus, the proposed interferometer is called pre-integral-DFGSI-PSI, which means that the pre-integral is 
applied to DFGSI-PSI to skip the post-integral of the decoded phase. Pre-integral-DFGSI-PSI cannot be applied 
in optical testing for an unpredicted wavefront, but it can be effectively used in data storage, communication, or 
other parallel image processing to increase the capability to retrieve multi-level encoded phases for a 2D phase 
signal. A flow chart of the complete interferometer for phase retrieval using a VHS system is shown in Fig. 4.

Simulation and experiment
The simulation is based on the same condition as stated in the previous section, and it is used to examine whether 
the proposed pre-integral-DFGSI-PSI is a superior interferometer in 2D phase retrieval57. In the following, PSI 
means that a general 4-step phase-shifting algorithm is applied. DFGSI-PSI means that the DFG algorithm is 
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Figure 3.   Simulations of the readout signal with phase encoding. (a) The schematic diagram of the pickup 
head, and the readout signal when the disc is displaced for (b) 0 μm, (c) 0.1 μm, (d) 0.2 μm, (e) 0.3 μm.

Figure 4.   The flowchart of the proposed pre-integral-DFGSI-PSI.
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used for phase shifting, but a post-phase integral is required to retrieve the original phase signal. Pre-integral-
DFGSI-PSI means that an additional pre-integral process is applied before the signal is sent to the record. Thus, 
the phase signal can be retrieved after phase decoding using phase-shifting interferometry. To examine the 
resistance to the induced phase error in the readout process, the retrieved phase signal is subjected to different 
readout conditions with different disc rotation amounts ranging from 0 to 1.0 μm, as shown in Fig. 5. Figure 6 
shows the calculation of the bit error rate (BER) for the three cases. In Figs. 5, 6, we can see that the general PSI 
has less resistance to the phase error. DFGSI-PSI, owing to the characteristic of shearing interferometry, has a 
higher resistance to phase errors. However, the post-phase-integral accumulates the phase error once a phase 
error occurs. From the high-contrast retrieved phases in Fig. 6, pre-integral-DFGSI-PSI exhibits a high resistance 
in phase error even when the disc rotates for a lateral displacement of 1.0 μm.

A similar experiment to prove the capabilities of pre-integral-DFGSI-PSI in 2D data processing was conducted 
using an experimental setup shown in Fig. 7, where the wavelength of the laser was 532 nm, the focal lengths were 
105 mm (Lens1), 300 mm (Lens2), (300 mm (Lens3), 50 mm (Lens4), and 85 mm (Lens5); the angular deviation 
of the first-order diffraction of the two gratings was 0.0287°. A phase-type SLM by Jasper Display, JD955B, was 
used to encode the 2D phase on the incident light. The phase-encoded light wave passed through a DFG, which 
was attached at a precise translation stage, and the diffracted light was incident on a CCD image sensor. DFG 
was used to perform shearing and phase-shifting interferometry. A comparison of the experimental procedures 
of DFGSI-PSI with the post-integral and pre-integral-DFGSI-PSI is shown in Fig. 8. As shown in Fig. 8a, if the 
system was without PI, the input signal was the true signal without any processing. Through 4-step DFGSI-PSI, 
the signal phase was retrieved through a four-step DFGSI-PSI. Because the phase was the result of differentia-
tion, an additional phase integral was required to recover the initial signal. The post integral can accumulate 
phase errors, so that the errors is widely spread. As shown in Fig. 8b, if the system was with PI, the input signal 
was through the pre-integral of the original signal. The true signal phase was retrieved using the same four-step 
DFGSI-PSI. The phase error is alleviated because it did not require a post integral, resulted in a sharp decoded 
signal phase, as shown in Fig. 8c, d, where the bit error rate (BER) of DFGSI-PSI with post integral was 0.6600, 
and that of pre-integral-DFGSI-PSI was 0.0626. This demonstrates the capability of the proposed pre-integral-
DFGSI-PSI methods.

Conclusions
In this paper, we first discuss DFGSI, which is a special interferometer with an appropriate design in a double-
frequency grating to perform shearing interferometry. We then derive a built-in function of phase-shifting 
interferometry in DFGSI, where phase-shifting interferometry can be performed by laterally displacing the 
DFG. Therefore, the novel interferometer is referred to as the DFGSI-PSI. The advantages include two important 
functions that can be integrated into a device. The first function is the robust of phase retrieval, and it has the 
two benefits: (1) It doesn’t require an additional reference wave to retrieve the phase, and is robust in dynamic 
circumstances; (2) It can remove slow-varying phase errors following interferometer infection. The second func-
tion is a built-in function of phase shifting, which has been identified as one of the best techniques to accurately 
retrieve the multi-level phase. This type of new interferometer will be helpful in optical testing in dynamic 
circumstances with a common path and without an additional reference wave.

In addition to serving as an interferometer for optical testing, DFGSI-PSI is useful for retrieving the stored/
carried phases in 2D data storage or 2D free-space communication. To increase the resistance to phase errors 
that could accumulate in the shearing interferometry, we propose a pre-integral process. In simulations and 
experiments, the pre-integral-DFGSI-PSI is proved to be more robust with a lower BER.

In summary, DFGSI-PSI is a powerful approach in optical testing, and pre-integral-DFGSI-PSI is an effective 
approach for retrieving multi-level phase signals, which increases the robustness of data in 2D optical storage 
and communication.
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Figure 5.   Simulation for the decoded phase signals of the PSI, DFGSI-PSI, and pre-integral-DFGSI-PSI under 
different disc rotation amounts of 0 μm, 0.2 μm, 0.4 μm, 0.6 μm, 0.8 μm, and 1.0 μm. Where the horizontal axis 
of each picture is retrieved phase, the vertical axis of each picture is the count of occurrence, the bright-red 
curve is the histogram for the coding signal 0, the green curve is the histogram for the coding signal 0.5π, the 
deep-blue curve is the histogram for the coding signal π, the light-blue curve is the histogram for the coding 
signal 1.5π, and the light-red curve is the histogram for the coding signal 2π.
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Figure 6.   The calculated BER’s for the three types of the interferometer.

Figure 7.   The experimental setup. BS, beam splitter; HWP, half-wave plate.
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