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Abstract
Since the start of the still ongoing COVID-19 pandemic, there have been many model-
ing efforts to assess several issues of importance to public health. In this work, we review
the theory behind some important mathematical models that have been used to answer
questions raised by the development of the pandemic. We start revisiting the basic prop-
erties of simple Kermack-McKendrick type models. Then, we discuss extensions of such
models and important epidemiological quantities applied to investigate the role of hetero-
geneity in disease transmission e.g. mixing functions and superspreading events, the impact
of non-pharmaceutical interventions in the control of the pandemic, vaccine deployment,
herd-immunity, viral evolution and the possibility of vaccine escape. From the perspective of
mathematical epidemiology, we highlight the important properties, findings, and, of course,
deficiencies, that all these models have.

Keywords Mathematical modeling · COVID-19 · SARS-CoV-2 · R0 · Compartmental
epidemic models

Mathematics Subject Classification 92D25 · 92D30 · 65L05

1 Introduction

According to the World Health Organization (WHO), the COVID-19 pandemic has caused
a dramatic loss of human life and presents an unprecedented challenge to public health. The
pandemic has also disrupted the global economy, the food system, education, employment,
tourism, and several other aspects of life. In response to the COVID-19 crisis, the scientific
community has acted fast to better understand the epidemiological, biological, immuno-
logical, and virological aspects of the SARS-CoV-2. Mathematical models have played a
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significant role to support public health preparedness and response efforts against the ongoing
COVID-19pandemic [2–6,19,21,23,30,32–34,39,50,55,68,84,86,88,89,91]. From the start of
the pandemic, modelers have attempted to forecast the spread of COVID-19 in terms of the
expected number of infections, deaths, hospital beds, intensive care units, and other health-
care resources. However, although models are useful in many ways, their predictions are
based on a set of hypotheses both mathematical and epidemiological for two complex evolv-
ing biological entities, populations of hosts and pathogens. Therefore, simulation models are
far from perfect and their forecasts, predictions, and scenarios should be taken cautiously
[29,93]. There is a group of models that have played a significant role in the COVID-19 epi-
demic. This group is the one of the so-called compartmental models, either deterministic or
stochastic, that subdivide a given human population into sets of individuals distinguished by
their disease status. So we can, for example, have susceptible, infected, recovered, immune
hosts where each of these classes can be further subdivided as necessary. In the COVID-19
pandemic it has been useful, for example, to consider several classes of infectious individu-
als as are confirmed, asymptomatic infected, symptomatically infected, isolated, and so on.
Infection occurs when an infectious individual enters into contact with a susceptible one
and pathogen transmission ensues. In infectious disease models, perhaps the most important
component is the one that describes this infection process, the so-called mixing function.
The mixing function introduces one of the basic properties of epidemic systems: heterogene-
ity. This heterogeneity is expressed in the different ages, tastes, activities, and other sexual,
behavioral, social, genetic, and physiological traits that define an individual and a group of
individuals in a population. We do not mix randomly because we tend to mix and interact
with people that are like us in some particular, specific way. The evolution of the present pan-
demic has been driven mainly by heterogeneity. All around the World, mitigation measures
were implemented to control disease spread. The level of enforcement and compliance of
such measures, however, widely varied across the globe. Moreover, at times when mitigation
measures were partially relaxed, flare-ups and secondary or tertiary outbreaks have occurred.
Many have been associated with so-called superspreading events. These are characterized as
periods of time where large numbers of individuals congregate in close contact increasing the
average transmission. These events then become foci of infections when individuals return to
their homes or communities and start, by doing so, a new wave of local disease transmission.
The understanding and modeling of superspreading events constitute a present challenge of
significant importance for the control of disease spread [5,30,43,50,55,62].

At the beginning of the pandemic, given the lack of treatments or effective vaccines, we
have relied on the implementation of non-pharmaceutical interventions to prevent disease
spread. These types ofmeasures can be rather effective in diminishing transmission but largely
rely on individual customs, beliefs, and education. Vaccines on the other hand, available since
the beginning of 2021, present problems of their own. One is the interplay between coverage,
efficacy, and design. The vaccines that are in the market as this work is being written, are
designed for the viral variants prevalent in the first six months of the epidemic. Now we
have several new variants (that, curiously, arose in the countries where the epidemic has been
worse: UK, USA, Brazil) that have higher transmissibility and the same type of mutations,
facts that present worrisome perspectives regarding the possibility of virus variants evolving
to escape the action of vaccine. Coverage is a problem too since there has been limited vaccine
supply. Without sufficient coverage, the epidemic will linger for many more months with the
consequent burden on the economy and public health of many countries. Mathematical tools
are being used to provide criteria for the deployment and vaccine roll-out and the impact of
these on epidemic evolution. Finally, a problem of interest andwheremodeling is necessary is
the analysis of syndemic diseases, that is, diseases that co-circulate in the same region, time,
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and populations. As an example, we have the interaction between influenza and COVID-19
that so far has resulted rather benign since the mitigation measures that have only reduced
the prevalence of SARS-CoV-2, have practically eliminated influenza in the season October
2020–March 2021 in the Northern hemisphere [105].

This work has as the main objective to review particular models that have been or are
being used to address the list of problems commented upon in this Introduction. We will
highlight the most important properties, findings, and, of course, deficiencies, that all these
models have. The perspective is that of two mathematical epidemiologists involved in the
application of models in public health. We hope the approach and perspective will be of
interest to a general mathematical audience.

2 Kermack–McKendrickmodels and key epidemiological parameters

The classical work of Kermack & McKendrick published in 1927 [53] is a milestone in the
mathematical modeling of infectious diseases. The model introduced in [53] is a complex
age of infection model that involves integro-differential equations and the now very famous
compartmental SIR model as a special case:

Ṡ = −βSI ,

İ = βSI − γ I ,

Ṙ = γ I . (1)

The variables S, I , R, in system represent the number of susceptible, infectious and recovered
individuals in the constant total population N = S + I + R. The parameter γ is the recovery
rate and β = cφ, is the effective contact rate which is product of the number of contacts c
and the probability of infection given a contact.

A well known result for system (1) is that the mean infectious period is
∫ ∞

0
γ t exp(−γ t)dt = 1

γ
(2)

and therefore the residence times in the infectious state are exponentially distributed. In other
words, the probability of recovery per unit of time is constant, regardless of the time elapsed
since infection [97]. Using (2), we can write the basic reproduction number as

R0 = β

γ
S0. (3)

R0 measures the expected number of infections generated by a single (and typical) infected
individual during his/her entire infectious period (1/γ ) in a population where all individuals
are susceptible to infection (βS0 = βN ). At the early phase of the outbreak,

İ = γ (R0 − 1)I , and I (t) = I (0) exp (γ (R0 − 1)t) (4)

so the infectious class grows initially if R0 > 1 and goes to zero otherwise. Furthermore,
r = γ (R0 − 1) is the grow rate of the epidemic and

R0 = 1 + r

γ
. (5)
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Observe that formula (5) provides a natural method to compute R0 without the need of
estimate the initial susceptible population S0. Integrating the first equation of the SIR model
(1), we obtain

S(t) = S0 exp

(
−β

∫ t

0
I (s)ds

)
. (6)

Hence, another fundamental property of the SIR model is that

lim
t→∞ S(t) = lim

t→∞ S0 exp

(
−β

∫ t

0
I (s)ds

)
= S∞ > 0, lim

t→∞ I (t) = 0 (7)

so the outbreak will end leaving susceptible individuals who escape infection. Moreover,
direct computations allow us to obtain a relationship between the total number of cases
S0 − S∞ and the cumulative number of infections at time t , denoted C(t),

C(t) = − log
S(t)

S0
= β

∫ t

0
I (s)ds, C(∞) = lim

t→∞ C(t) = β

∫ ∞

0
I (s)ds. (8)

On the other hand, adding the first two equations in the SIR model (1) and integrating we
deduce

S(t) = S0 + I (0) − I (t) − γ

∫ t

0
I (s)ds. (9)

Considering Eqs. (6) and (9) when t → ∞ we obtain the following approximation of the
final size equation

S0 exp (−C(∞)) = S0 + I (0) − S0
R0

C(∞) (10)

that allow us to estimate the expected number of total cases C(∞) givenR0 and the size of
the initial susceptible population.

It is important to remark that compartmental Kermack-McKendric-type models rely on
specific assumptions that should be taken with care when models are applied to real-life
problems such as modeling the COVID-19 pandemic. For example, from (2) we deduce that
the SIR model assumes that the time during which an infectious individual can transmit the
disease is constant and equal to the recovery period. This is an acceptable approximation
for some diseases but, for others, especially those whose recovery time is long, it is not. In
general, the capacity of infectious individuals to infect another person will depend on the
age of infection [53]. Let i(a, t)da be the density of infectious individuals at time t with an
age of infection between a and a + da, the evolution of such population is governed by the
McKendrick-von Foester equation

∂

∂t
i(a, t) + ∂

∂a
i(a, t) + γ (a)i(a, t) = 0, (11)

where the recovery rate now depends on the age of infection a. The boundary and initial
conditions are

i(a, 0) = φ(a), i(0, t) = B(t) =
∫ ∞

0
β(a)i(a, t)da, (12)

where β(a) is the effective contact rate as function of the age of infection and φ(a) is the age
of infection initial distribution. For the simple case in which the solution of (11) is separable
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i.e. i(a, t) = T (t)A(t), one can see that (11) has a solution if there is a unique r ∈ R that
satisfies the characteristic equation (see the details in [65], chapter 12)∫ ∞

0
e−raβ(a)e(−

∫ a
0 γ (s)ds)da = 1. (13)

The parameter r now is interpreted as the intrinsic growth rate of the epidemic and is
directly related with the epidemic doubling time, the amount of time in which the cumulative
incidence doubles, Td = log 2/r ≈ 1/r . If there is an increase in the doubling time then the
transmission is decreasing. To obtain the basic reproduction number, we need to look at the
expression

K (a) = β(a)e− ∫ a
0 γ (s)ds (14)

which is the product of the contact rate and the probability of remain infectious at the
age of infection a. Hence, K (a) gives the number of secondary infections generated by
an individuals of age of infection a and

R0 =
∫ ∞

0
K (a)da. (15)

In the SIRmodel (1), the probability of being infectious at time t is exponential, and the trans-
mission rate at the beginning of the epidemic βS0 is independent from the age of infection,
thus

R0 =
∫ ∞

0
K (a)da = βS0

∫ ∞

0
e−γ t dt = β

γ
S0 (16)

and we recover the expression (5).
The function K (a) has also been called the distribution of the generational interval. This

is one of the fundamental concepts for the computation of R0. However, it has been largely
neglected in the mathematical community due to the almost exclusive attention to the compu-
tation of reproduction numbers based on compartmental epidemic models. Estimates of the
reproduction number together with the generation interval distribution can provide insight
into the speed with which a disease will spread as shown in [34] for the case of COVID-19.
The density of the generational interval is defined as

G(a) = K (a)

R0
, (17)

clearly, 0 ≤ G(a) ≤ 1 for all a. Function G(a) measures the time between the infection of a
primary case and one of its secondary cases [52,99]. In other words, the generational interval
G(a) is the age of infection that separates the infector from the infectee. From (13) and the
definition of G(a), we obtain that the inverse of theR0 is the result of the Laplace transform,
or moment-generating function, of the distribution of the generational interval evaluated at
the intrinsic grow rate

M(r) =
∫ ∞

0
e−raG(a)da = 1

R0
. (18)

The generation interval of an epidemic outbreak is calculated directly from incidence
data, using the symptom onset date as an approximation to the contagion date, and making
extensive use of screening and contact tracing methods [34,75,82]. This approximation is
known as the serial interval. We must remark that the mean of the distribution for the serial
or generational interval does not necessarily coincide with the infectious period which is
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only an approximation particular to Kermack–McKendrick type models. Using (18), we can
calculateR0 for different distributions for the serial interval [99]. For example, let Tg be the
mean serial interval, a straightforward computation allow us to see that for the exponential
distribution G(a) = γ exp(−γ t) we obtain

R0 = 1

M(r)
= 1 + r

γ
(19)

where Tg = 1/γ and again we deduced (5). For a normal distribution we have

G(a) = 1√
2πσ

e(a−1/γ )2/4σ 2
, R0 = 1

M(r)
= er/γ−σ 2r2/2 (20)

so, in this case, an increase in the variance decreases the value of the basic reproduction
number. For new emerging diseases as COVID-19, the natural way to obtain R0 is from the
observed initial growth rate r of the epidemic. However, as we have shown, the equation
relating these two parameters varies concerning the distribution of the infection period so
one must be careful since the distribution of the generation interval must be known before
we can apply a given relationship for the infection understudy [40,99].

3 Mixing functions and disease spread

The SIR model (1) is one of the simplest that can be written for a communicable disease.
As explained before, it makes the overly simplifying assumption that the mass action law,
expressed in the product SI , is a good approximation of the mixing of the population that
results in infectious contacts. However, this hypothesis is only a very rough approximation
to what really happens. To illustrate this consider the spread of a SI disease in a population
subdivided into n disjoint groups first presented in [57]. Each group is homogeneous in itself
meaning that the recovery rates are the same for all the individuals belonging to that group
and their contacts between individuals are function only of the group they belong to. Define
as βi j the effective contact rate of the susceptible individuals in the group i with infectious
individuals in the group j , Ni is the total population size of the group i , and γi is the recovery
rate of infected individuals in the group i . Another hypothesis is that βi j = β j i , so contacts
are symmetric although this may not be always true. We will show a more general condition
on the contacts rates later in this section. Note that since Si = Ni − Ii we need only write
the equations for the infected individuals in each group i , giving

İi = −γi Ii +
n∑

j=1

βi j Ni I j −
n∑

j=1

β j i Ii I j , (21)

which is studied in the set Ω = Πn
i=1[0, Ni ]. This system has a globally asymptotically

stable disease-free equilibrium at I = (I1, · · · In) = 0 and another endemic equilibrium,
with I = k with k a constant vector, that is globally asymptotically stable when the disease-
free equilibrium loses its stability. We form the matrix A = (ai j ) where ai j = βi j when
i �= j , and ai j = βi j − γi if i = j and define the column vector B(I ) with components
Bi = −∑n

j=1 β j i Ii I j , then equation (21) can be rewritten [57] as

İi = AI + B(I ). (22)
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The main result of [57] is the following:

Theorem 1 Consider the system given by (22) where A is an n × n irreducible matrix and
B is continuously differentiable in a region D of Rn. Assume that

– the compact convex set C ⊂ D contains the origin and is positively invariant for (22),
– lim I→0

||B(I )||
||I || = 0.

– There exists λ > 0 and a real eigenvector v of AT such that v · v ≥ λ||I || for all I ∈ C.
– v · B(I ) ≤ 0 for all I ∈ C.
– Either I = 0 is globally asymptotically stable in C, or for any I0 ∈ C − 0 the solution

φ(t, I0) of (22) satisfies limt→∞ ||φ(t, I0)|| ≥ m, m independent of I0. Lastly, there exist
a constant solution of (22) I = k, k ∈ C − 0.

In biological terms, this result simply states that if the basic reproductive number R0 < 1,
then the disease-free equilibrium is unique and asymptotically stable, but if R0 > 1, then
it is unstable and there exists another equilibrium, the endemic equilibrium, that is globally
asymptotically stable. The Lajmanovich andYorkmodel as the system (21) is known,was one
of the first multigroupmodels that shows that its dynamics can be fully characterized in terms
of the fundamental parameterR0 and the transcritical bifurcation that the equilibria suffer at
the critical value R0 = 1 [46]. Several studies have shown, however, that epidemiological
models that follow the Lajmanovich and York characterization are not that general. They are
limited in the hypothesis regarding the total population, which is assumed constant, and the
mixing pattern among population subgroups.

The existence of subthreshold endemic states, that is, endemic states that exist even when
R0 < 1, have been shown for directly transmitted diseases and vector transmitted diseases
(see, for example, [27,35,41,56,85,98]). A simple example of this type of behavior is illus-
trated in a generalization of the model first published in [56] that is pertinent for the study
of vaccination policies during the present pandemic. A close variant of this model is briefly
presented now. Let S, I , V , and R denote the subpopulations of susceptible, infectious,
vaccinated, and immune individuals respectively. Let β be the effective contact rate, φ the
vaccination rate in the susceptible class, σ the proportion of reduction in the transmission rate
due to the vaccine, ω the waning rate of both vaccine and natural immunity, γ the recovery
rate, and Λ, μ the equal birth and mortality rates, respectively. The model stands

Ṡ = Λ − βS
I

N
− (μ + φ)S + ωV + wR,

V̇ = φV − (1 − σ)V
I

N
− (μ + ω)V ,

İ = β
I

N
(S + (1 − σ)V ) − (γ + μ)I ,

Ṙ = γ I − (ω + μ)R. (23)

Note that although for many diseases vaccines and recovery after infection creates long-
term immunity, is most cases, as assumed in model (23), both natural and vaccine-induced
immunity wanes over time (this can happens at different rates). This can potentially lead to
multiple epidemic waves where the prevalence fall after mass vaccination and then rise as
immunity wanes [44]. Using model (23), one can show that, besides the well-known forward
bifurcation in which R0 < 1 is a necessary and sufficient condition for disease elimination,
epidemic models may present a backward bifurcation where a stable endemic equilibrium
(EE) co-exists with an unstable EE and a stable disease-free equilibrium forR0 < 1 [56]. In
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Fig. 1 Schematic representation of a typical backward bifurcation in epidemic models. The basic reproduction
numberR0 is showed in the horizontal axis and the vertical axis is the prevalence of the infection (fraction) at
the equilibrium. Solid blue lines represent stable equilibria and dotted red lines represent unstable equilibria

figure 1 we present and schematic representation of the backward bifurcation phenomena.
In terms of disease control, a backward or subcritical bifurcation implies that R0 has to be
reduced below a value lower than one and, in some cases, difficult to estimate. Hence, a
backward bifurcation is usually considered a undesirable phenomenon since control polices
turn out to be more complicated [9]. Several studies have examined the potential causes
that lead to the appearance of a backward bifurcation. Among the most common caused
are the use of imperfect vaccines, exogenous reinfection (e.g TB), vaccine-derived immunity
waning at a slower rate than natural immunity, treatment, behavioral changes, superinfection,
disease-inducedmortality in vector-bornemodels, differential susceptibility in risk-structured
models, and others (see [41,66] and the references therein).

Another factor that alters the neat result in Theorem 1 by Lajmanovich and Yorke is the
fact that the effective contact rates are not constant. They, of course, can vary when subject to
climatic variability but there is a more basic reason why they are variable: effective contact
rates depend on the sizes of the groups that form the population and, more importantly, on the
mixing preferences of those groups. Busenberg and Castillo-Chavez [17] after the pioneering
work of [49] constructed an axiomatic framework that clearly defines the conditions that
contact rates should satisfy to be consistent with the dynamics of epidemiological processes.
Following [17], define ci j the proportion of contacts that individuals from group i have
with those in group j . Then these contact rates must satisfy the following conditions to be
consistent with the epidemic dynamics:

1. ci j ≥ 0,
2.

∑n
j=1 ci j = 1 for j = 1, ..., n.,

3. ai Ni ci j = a j N j c ji ,

where Ni is the size of group i and ai is the activity or risk level of group i . Two particular
contact patterns satisfy the above axioms. The proportional mixing where contacts between
groups i and j are separable ci j = ca

i cb
j which implies, using axioms 2 and 3 above, that we
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can write ci j = Ccb
j = ĉ j , C a constant, with

ĉ j = a j N j∑n
i=1 ai Ni

.

Proportionatemixing refers to the fact that contacts are distributed according to the proportion
of each group in the overall population. The other important contact function is the so-called
preferential mixing. Here we divide the contacts of group i into two parts: a fraction of the
contacts, εi , is reserved for within group contacts (group i) and the other fraction 1 − εi , is
distributed among all other groups according to the following formula

ci j = εiδi j + (1 − εi )
(1 − ε j )a j N j∑n
i=1(1 − ε j )ai Ni

,

with δi j = 0 if i �= j and δi j = 1 if i = j . Many of the contact matrices that have been
evaluated in the POLYMODstudy [70,80] show a pattern similar to that of preferentialmixing
characterized for being diagonally dominant since most population groups tend to share a
high proportion of their contacts within the same group, in this case, defined by age classes.
However, special interaction as those of children and adults which tend to have strong sub-
diagonal components, and work settings where age groups are bounded above and below, do
not arise from the preferential mixing formula. Glasser et al. [37] have generalized contact
matrices and the preferential mixing function to other situations.

4 Modeling the early phase of the COVID-19 epidemic outbreak

An important feature of the COVID-19 disease is the incubation period, which is the time
between exposure to the virus and symptom onset. The average incubation period is 5–6 days
but can be as long as 14 days [58]. The SEIR model

Ṡ = −β I S,

Ė = β I S − σ E,

İ = σ E − γ I ,

Ṙ = γ I , (24)

allow us to incorporate themean incubation period (1/σ ) via the compartment E that includes
exposed individuals who had been infected but are still not infectious. The epidemic grow
rate r of the SEIR model (24) can be obtained exploring the local asymptotic stability of
disease-free equilibrium (DFE) E◦ = (N (0), 0, 0, 0). In particular, r is computed as the
dominant eigenvalue of the Jacobian of system (24) evaluated at E0. In this case, R0 and r
are related as follows:

R0 =
(
1 + r

σ

) (
1 + r

γ

)
. (25)

The approximation for the serial interval of the SIR model is Tg = 1/γ ; for the SEIR
model is Tg = 1/γ + 1/σ . Hence, the conceptual approximation of the serial interval given
by the SEIR model is more accurate in the sense that incorporates, both, the incubation and
the recovery periods. To have a better understanding of how the model assumptions and
data may affect the estimation of R0, let us consider the following example in the COVID-
19 context. Consider an average incubation period of 1/σ = 5 days [58] and recovery
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Fig. 2 Theoretical evolution of the epidemic curve (percentage prevalence of the infection) for different values
of the basic reproduction number

time of 1/γ = 10 days. The epidemic doubling time at the early phase of the epidemic
in Hubei Province, where SARS-CoV-2 was first recognized, has been approximated to be
Td = 2.5 days [71] so r = log 2/Td = 0.277 so the SIR model estimates R0 = 2.77 and
the SEIR model estimates R0 = 3.8364. On the other hand, the estimated serial interval in
Hubei from contact tracing data has a median of 4.6 days [104]; hence, using the real serial
interval the SIR model predicts R0 = 2.27. The overestimation of the serial interval leads
to the overestimation ofR0, which in turn overestimates the growth rate r . This implies that
Kermack-McKendrick-type models may erroneously anticipate the epidemic peak time (the
date of maximum incidence) and also overestimate the final epidemic size (see Fig. 2).

Standard deterministic Kermack-McKendrick type models that neglect demographic
dynamics predict a single epidemic wave (see Fig. 2); however, rather than a single peak
and near-symmetric decline, the COVID-19 epidemic in several cities have shown plateau-
like states followed by epidemic rebounds [68,89,92,101]. This phenomenon is in part due to
changes in transmission induced by lockdowns and other non-pharmaceutical interventions
implemented by public health officers to reduce the epidemic burden. Besides, individuals
are constantly changing their behavior and mobility patterns depending on the perceived risk
of acquiring the infection, so they may reduce their contacts at times of high incidence [101].
How awareness-driven behavior modulates the epidemic shape has been investigated in [101]
modifying the SEIR model (24) as follows:

Ṡ = − β I S

1 + (δ/δc)k
,

Ė = β I S

1 + (δ/δc)k
− σ E,

İ = σ E − γ I ,

Ṙ = (1 − f )γ I ,

Ḋ = f γ I

(26)

123



Modeling the COVID-19 pandemic 235

Fig. 3 Plateau-like states induced by death-awareness social distancing. Epidemiological parameters are fixed
to mimic COVID-19 dynamics as follows: β = 0.5 days−1, 1/σ = 5 days, 1/γ = 10 days, f = 0.02, k
varies and we assume δc = 5 × 10−5

where D measures the number of deaths in the population. The parameter f measures
the mean fraction of people who die after contracting COVID-19. The transmission rate
is affected by the death-awareness social distancing rate δ = Ḋ, the half-saturation constant
δc ≥ 0, and the sharpness of change in the force of infection k ≥ 1 [101]. The introduction
of awareness in the SEIR model (24) renders scenarios in which a plateau-like behavior
appears, that is, the number of daily infections decreases at a very slow pace after the peak
(see Fig. 3).

4.1 The role of asymptomatic transmission

Another important feature of infection by SARS-CoV-2 is that some people are infected and
can transmit the virus, but do not experience any symptoms [77]. Current evidence suggests
that asymptomatic carriers will transmit the infection to fewer people than symptomatic
individuals but their real contribution to transmission is difficult to estimate since they are
expected to have more contacts than symptomatic carriers [18]. These factors may have an
impact on disease dynamics. Hence, we extend the SEIR model (24) to illustrate the role of
the asymptomatic carriers.

The model is given by the following system of non-linear differential equations:

Ṡ = −(βA A + βI I )S,

Ė = (βA A + βI I )S − σ E,

Ȧ = (1 − p)σ E − γA A, (27)

İ = pσ E − γI I ,

Ṙ = γA A + γI I ,

where the class A, represents asymptomatic infectious individuals. The total population at
time t , is now N (t) = S(t) + E(t) + A(t) + I (t) + R(t) = 1. The parameters βA and
βI represent the effective contact rates of the asymptomatic and symptomatic infectious
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classes, respectively. A proportion p of the exposed individuals E will transition to the
symptomatic infectious class I at a rate σ , while the other proportion 1 − p will enter the
asymptomatic infectious class A. Themean infectious periods in the asymptomatic and symp-
tomatic infectious classes are 1/γA, and 1/γI , respectively. These individuals gain permanent
immunity andmove to the recovered class R. However, we remark that this assumption is only
valid when studying the first outbreak because to date, it is still unknown how long natural
immunity will last and there have been already confirmed cases of coronavirus reinfections
[48,87,94,102].

4.1.1 Basic properties of the SEAIR model

A common first step in analyzing compartmental epidemic models is finding the equilibrium
points. Setting the right-hand side of system (27) equal to zero,we see that there is a continuum
of DFE of the form

E0 = (S∗, E∗, A∗, I ∗, R∗) = (N (0), 0, 0, 0, 0) (28)

where N (0) = S(0) is the number of susceptible individuals at the initial time. Formodel (27),
there is no endemic equilibrium. This is because an endemic equilibrium needs a continuous
supply of susceptible individuals that generally occur via births into the susceptible population
or through the waning of immunity [11]. However, model (27) assumes permanent immunity
and does not consider demographic dynamics i.e. births and deaths in the population.

From the model equations (27), it is easy to see that Ṅ = Ṡ + Ė + Ȧ + İ + Ṙ = 0,
therefore the total population is a constant N (t) = N (0) for all t and the solutions of system
(27) are bounded. The biologically feasible region is

Ω =
{
(S, E, A, I , R) ∈ R

5+ : S(t) + E(t) + A(t) + I (t) + R(t) = N (t)
}

.

Let X(t) be the solution of system (27) for a well-defined initial condition X(0) ∈ Ω . Since
Xi = 0, implies Ẋi ≥ 0 for any state variable, then X(t) ∈ Ω for all t > 0. Thus, solutions
trajectories satisfy the usual positiveness and boundedness properties and the model is both
epidemiologically and mathematically well posed [46].

The local stability of the DFE is usually explored via the basic reproduction number.
As we have mentioned, the mathematical expression for R0 depends directly on the model
assumptions and structure. There are several tools for the computation of the basic reproduc-
tion number [45]. Probably, the most popular is the next-generation approach [25] using the
method of [26]. Under this approach, it is necessary to study the subsystem that describes the
production of new infections and changes among infected individuals. The Jacobian matrix
J of this subsystem at the DFE is decomposed as J = F − V, where F is the transmission
part and V describe changes in the infection status. The next-generation matrix is defined as
K = FV−1, and R0 = ρ(K), where ρ(·) denotes spectral radius.

For system (27), we obtain

F =
⎡
⎣ 0 βA S(0) βI S(0)
0 0 0
0 0 0

⎤
⎦ , V =

⎡
⎣ σ 0 0

−(1 − p)σ γA 0
−pσ 0 γI

⎤
⎦ .
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Therefore, the basic reproduction number is given by

R0 =
(

(1 − p)βA

γA
+ pβI

γI

)
S(0). (29)

R0 is a weighted average determined by the proportion, p, of symptomatic infected
individuals. If there are no asymptomatic carriers i.e. p = 1, we recover the R0 formula
found in the SIR model. As a consequence of the Van den Driessche &Watmough Theorem
[26], we establish the following result regarding the local stability of the DFE.

Theorem 2 The continuum of DFE of system (27) given by E0 in (28) is locally asymptotically
stable if the basic reproduction number satisfies R0 < 1 and unstable if R0 > 1.

From the basic reproduction number (29), it is evident that asymptomatic carriersmay play
an important role in the spread of COVID-19 within a population depending on their ability
to transmit the infection (βA) and their frequency in comparison with symptomatic carriers
(p). Early estimates at the beginning of the pandemic suggested that approximately 80%
of infections were asymptomatic [15]. More recent evidence suggests only between 17 and
20% do not present any symptoms [18]. The authors in [18] also found that the transmission
risk from asymptomatic cases appeared to be lower than that of symptomatic cases, but there
was considerable uncertainty in the extent of this (relative risk 0.58; 95% CI 0.335 to 0.994).
Nevertheless, asymptomatic individuals may have more contacts than symptomatic people.
There are still different opinions of the true magnitude of asymptomatic infections and their
impact on the pandemic [81]. Finally, we must remark that although model (27) considers
asymptomatic transmission, it is still a very simplified model that ignores the existence of
a pre-symptomatic stage. As remarked in [42], infectiousness usually starts 2.5 days before
symptoms onset with a high transmission rate. So besides the non-infectious exposed period
and the fully asymptomatic class, some authors have also considered a class for the pre-
symptomatic stage [4,23]

5 The impact of non-pharmaceutical interventions

The SEAIR model (27) is proposed to study the early phase of the outbreak and therefore
assumes that at the start of the pandemic no interventionswere applied to control the spread of
SARS-CoV-2. This makes sense for the first stage of the pandemic which, except for China,
was driven by imported cases. However, as levels of local transmission began to increase,
sanitary emergency measures were implemented by health authorities in several countries.
Given the absence of a vaccine or effective treatment against COVID-19 at the beginning
of the pandemic, preventive measures pertained to non-pharmaceutical interventions (NPIs)
such as wearing a mask in public, staying at home, avoiding places of mass gathering, social
distancing, ventilating indoor spaces, washing hands often, etc.

To have a full picture of the effect of NPIs, it is necessary to formulate mechanistic
mathematical models that explicitly take into account the impact induced by such sanitary
measures. There are different approaches to incorporate NPIs into compartmental models,
see, for example, [2–4,28,60,73,76,78,86,89,95,96]. Here, we formulate a compartmental
mathematical model that explicitly incorporates: (i) isolation of infectious individuals and
(ii) mitigation measures that reduce the number of contacts among the individuals in the
population, namely, temporary cancellation of non-essential activities, lockdown, and social
distancing. One of the key tasks throughout this pandemic has been the use of mathemat-
ical models and epidemiological data to forecast excess hospital demand. Hence, we also
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incorporate appropriate compartments to monitor the required hospital beds, including the
number of intensive care units (ICU) during the outbreak. The new model is an extension of
the SEAIR model (27) and is given by the following set of differential equations:

Ṡ = −ε(t)(βA A + βI I )S,

Ė = ε(t)(βA A + βI I )S − σ E,

Ȧ = (1 − p)σ E − γA A,

İ = pσ E − γI I ,

Q̇ = αγI I − δQ, (30)

Ḣ = δ(1 − ψ)Q − γH H ,

Ċ = δψ Q − γC C,

Ṙ = γA A + (1 − α)γI I + γH (1 − μ)H + γC (1 − μ)C,

Ḋ = γH μH + γCμC .

In model (30), after infection, a fraction α of the symptomatic individuals develop severe
symptoms and are therefore isolated entering the home quarantine compartment Q, the other
fraction recovers from the disease and enter the immune class R. The model assumes that
once isolated, infectious individuals no longer contribute to the force of infection. Individuals
expend an average of 1/δ days in the home quarantine class and then a fraction ψ of them
develop symptoms that require hospitalization H or an intensive care unitC . The average time
individuals expend in the classes H and C are 1/γH and 1/γC , respectively, and a fraction
μ of such individuals experiment COVID-19 induced death and enter the compartment D.
The function 0 ≤ ε(t) ≤ 1 measured the reduction at a specific time t in the transmission
rates achieved by the implementation of a lockdown or any social distancing measures that
reduce the number of contact among the population.

In Fig. 4, we performed numerical simulations aimed to show how the implementation and
relaxation of lockdowns impacted the transmission dynamics of COVID-19. For illustration
purposes, we are considering a rather simple form for the function ε(t).We assume that for the
first 40 days after the emergence of SARS-CoV-2 in the population no mitigation measures
are implemented, so ε(t) = 1 for 0 ≤ t < 40. After this, health authorities implement a
very strict lockdown, for approximately two months, that reduces significantly (90% in our
simulations) the number of contact within the population, thus ε = 0.1 for 30 ≤ t < 100.
The reduction in the prevalence of the infection due to lockdown implementation is very
clear (see Fig. 4). After this period, there is a partial relaxation of the lockdown to reflect
the need for reactivating social and economical activities, so ε(t) = 0.5 for 100 ≤ t ≤ 160.
This causes a new increment in the number of new infections and the start of the second
wave of the epidemic (see Fig. 4). Finally, after two months of partial relaxation, if health
authorities decided to completely lift social distancing measures as we assume i.e. ε(t) = 1
for t > 160, the result is an exponential increase in the prevalence of the infection that may
increase healthcare system pressure.

5.1 Optimization of non-pharmaceutical interventions

The effectiveness of non-pharmaceutical interventions to control the epidemic has been an
important aim of recent work [8,14,88,103]. The economic and social cost of lockdowns,
bans of public events or closures of restaurants, commercial centers, etc., must be limited
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Fig. 4 Evolution of the daily number of home quarantine infected individuals Q, hospitalizations H , ICU
occupancy C , and cumulative deaths D depending on the relaxation of lockdowns and social distancing
(isolation of infected individuals is not relaxed). Epidemiological parameters are fixed to mimic COVID-19
dynamics as follows: βI = 0.5 days−1, βA = 0.4 days−1, 1/σ = 5 days, p = 0.7, 1/γI = 10 days,
1/γA = 14 days, α = 0.1, δ = 1/7 days, ψ = 0.3, 1/γH = 1/γC = 7 days, μ = 0.01

to reduce economic costs. Designing optimal transitory NPIs that reduce disease spread
at the lower cost is a key issue that has been investigated in [6] using a simple SIR model.
Following these authors, the design of adequate NPIs involve a trade-off betweenminimizing
the economic cost of their implementation and the reduction or minimization of deaths due
to insufficient health support. In mathematical terms, they assume that NPIs may reduce the
effective contact rate β by a control term (1 − u), u ∈ [0, 1]. Note that u = 1 implies an
effective contact rate of zero. However, such aim is unrealistic and thus an upper bound for
u, defined as umax ∈ (0, 1), is postulated; hence an admissible control must now satisfy
u ∈ [0, umax ]. In this approach the control is acting on the nonlinear term of the SIR model.
The authors’ also assume that health services can adequately manage up to a maximum
prevalence Imax ∈ [0, 1). This implies that the action of NPIs measured by u must maintain
disease prevalence below Imax . The model is governed by the following equations:

Ṡ = −(1 − u)βSI ,

İ = (1 − u)βSI − γ I ,

Ṙ = γ I . (31)

Since it is assumed that S(t) + I (t) + R(t) = 1 the problem is reduced to the S − I plane.
If the optimal NPIs problem has a solution u∗, then u∗(S, I ) gives the optimal reduction in
the effective contact rate that the NPIs should achieve given that the epidemic is in the state
(S, I ). The main result of Angulo et al. [6] is a complete analytical characterization of the
optimal NPIs in the SIR model (31). Their analysis shows that the solution to the optimal
intervention is fully characterized by the separating curve

Φ(S) =
⎧⎨
⎩

Imax + R−1
c I n(S/S∗) − (S − S∗) i f S ≥ S∗

Imax i f R−1
0 ≤ S ≤ S∗

123



240 F. Saldaña and J. X. Velasco-Hernández

where S∗ = min {Rc, 1}, andRc = (1−umax )R0 is a controlled reproduction number. Note
that the shape of the separating curve depends on Imax andRc. IfRc ≤ 1, the separating curve
is the straight line Φ(S) = Imax . When Rc > 1, the separating curve becomes nonlinear.
The optimal control intervention is characterized by the separating curve as follows:

1. an optimal intervention exists if and only if the initial state (S0, I0) lies below this
separating curve, that is, I0 ≤ Φ(S0)

2. if it exist, the optimal intervention u∗ takes the feedback form

u∗(S, I ) =
⎧⎨
⎩
0 i f I < Φ(S) or S ≤ R−1

0
umax i f I = Φ(S) and S ≥ S∗
1 − 1/(R0S) i f I = Φ(S) and S∗ ≥ S > R−1

0

Note that the abovedefinition implies a safe zoneof states (S, I )where no control is necessary:
the epidemic may be left to evolve naturally. This region is characterized by the following
inequality I < Φ(S) or S ≤ R−1

0 involving the basic reproduction number. When this
threshold is reached, then the control has to be implemented. Hence, the optimal intervention
starts when I (t) reachesΦ(S(t)), and then it slides I (t) alongΦ(S) until reaching the region
where S ≤ R−1

0 . Therefore the goal of the optimal intervention is to reach the safe zone as
soon as possible maintaining disease prevalence below Imax [6].

6 Vaccination policies, herd-immunity and the effective reproduction
number

Besides being an indicator of the severity of an epidemic, the basic reproduction numberR0

is a powerful tool to estimate the control effort needed to eradicate a disease. Consider an
infection in a population that mixes homogeneously withR0 > 1. If at leastR0 − 1 of these
individuals are protected from the infection either through naturally acquired immunity after
infection or through vaccine-induced immunity, then the epidemic cannot grow [51]. Hence,
the infection can be eradicated if a fraction of individuals greater than

q = (R0 − 1)/R0 = 1 − 1/R0 (32)

has been afforded lifelong protection. Under these conditions, a considerable fraction of
the population is immune providing indirect protection to those still susceptible. Hence,
on average, a typical infectious individual no longer generates more than one secondary
infection and herd immunity is established. Estimations of the basic reproduction number
for SARS-CoV-2 usually range between 2.0− 4.5, so for example, ifR0 = 2.5 as estimated
for Mexico by [86] (although there are several other estimates for this parameter e.g., [2,68])
a vaccination program aiming to attain herd immunity must immunize at least 60% of the
population. This result is only valid for a perfect vaccine that prevents infection with 100%
efficacy; however, for most infections, vaccines only confer partial protection. For the case
of SARS-CoV-2 infection, vaccine developers behind the Pfizer/BioNTech, Moderna, and
Gamaleya vaccines have announced that their vaccines have efficacy above 90%, but other
developers such as theAstraZeneca and Sinovac teams have vaccineswith efficacyway below
90% [54]. For vaccines with efficacy 0 < ψ < 1 (ψ = 1 means 100% efficacy), if health
authorities vaccine a fraction v of the population and the remaining fraction of the population
are susceptible s, then Rv = sR0 + (1−ψ)vR0 is the mean number of infections generated
by a typical infectious person in this partially immunized population. So the minimum level
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of vaccination needed to eradicate the infection (the minimum v such that Rv < 1) becomes
v = q/ψ = (1 − 1/R0)/ψ .

In the absence of mitigation measures, herd immunity is achieved when the effective
reproduction numberRe (also denotedRt ) is equal to unity which in turn corresponds to the
time when the peak of the epidemic is reached [101]. The effective reproduction numberRe

quantifies the mean number of infections produced by a typical infectious case in a partially
immune or protected (via isolation, quarantine, etc) population [24]. Unlike,R0, the effective
reproduction number does not assume a fully susceptible population and changes over time
depending on the population’s immune status and the impact of non-pharmaceutical inter-
ventions or vaccination programs in the mitigation of further disease transmission. Under the
classical homogeneous mixing assumption, the effective reproduction number at a particular
time t can be approximated as

Re(t) ≈ (1 − pc(t))R0S(t)/N (t), (33)

where pc(t) is the reduction in the transmission rate due to mitigation measures where the
effectiveness of such measures may vary at a particular time. The depletion of the susceptible
pool decreases the value of Re. Observe that without mitigation measures (pc = 0), at the
beginning of the outbreak, Re(0) = R0.

The time-dependent effective reproduction number has been of paramount importance to
assess the impact of mitigation measures against COVID-19 and to guide the easing of such
restrictions. There are several methodologies to estimate the value of Re from data, see, for
example [10,21,22,74,100]. Probably, the most simple mathematical formulation to obtain
the time-dependent effective reproduction number directly from epidemiological data is the
method recently proposed by Contreras and coworkers [21]. This method considers that, in
real-life situations, during an epidemic outbreak, the effective contact rate β is not constant
as assumed in (1). Instead, it is plausible to assume that β(t) is a function that varies in
time depending on several circumstances, for example, the impact of mobility restrictions
and other mitigation measures to control disease’s spread. Then, the effective reproduction
number is

Re(t) = β(t)

γ

S(t)

N (t)
. (34)

Considering the SIR model equations (1) with a time-dependent β(t), a direct computation
using the chain rule allow us to obtain [21]

d I

d S
= −1 + 1

Re(t)
. (35)

The Eq. (35) is discretized in an interval [ti−1, ti ] where it is assumed that Re(t) = Re(ti )
is constant, thus

Re(ti ) = 1
Δi I

Δi S
+ 1

(36)

An extension of the SIR model considering the number of deaths and a population balance
implies that discrete differences satisfy Δi S + Δi I + Δi R + Δi D = 0, hence

Re(ti ) = 1

1 − Δi I

Δi I + Δi R + Δi D

= Δi I

Δi R + Δi D
+ 1. (37)
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As remarked in [21], if we note that Δi I = (−Δi S) − (Δi R + Δi D), that is, the change in
the prevalence, Δi I , equals new infections, −Δi S, minus new recoveries plus new deaths,
(Δi R + Δi D), therefore

Re(ti ) = −Δi S

Δi R + Δi D
= New infections

New recoveries + New deaths
. (38)

The features, advantages, limitations, and practical application of this methodology to obtain
Re for COVID-19 is studied in more detail in [21,67].

6.1 COVID-19 vaccine prioritization

Deployment of COVID-19 vaccines was initiated in several countries at the beginning of
January 2021. As expected, there has been a high demand for the limited supplies of COVID-
19 vaccines, so the optimization of vaccine allocation to maximize public health benefit has
been a problem of interest [31]. Mathematical models have also been used to guide public
health policies on the optimization of vaccine allocation [12,13,19,31,39,90]. It is well known
that a vaccine directly protects those vaccinated but also indirectly protects those that are not,
the more efficacious is the vaccine the greater and more beneficial the indirect protection will
be. Recently, Bubar et al. [12] developed a suite of mathematical models geared to evaluate
age-specific vaccine prioritization policies. Several of the vaccines currently available have
high levels of efficacy (above 90%) which means that they can be effective in blocking
transmission. On the other hand, influenza is a well-known respiratory infection for which
vaccination policies do exist and may therefore serve as an important reference to those
for SARS-CoV-2. However, the age-specific probability of infection and the age-specific
mortality are different in these two diseases with a higher burden for older than 60 years old
people [31].

The model used by Bubar et al. [12] is an age-structured SEIR model with a force of
infection, λi , for a susceptible individual in age group i given as follows:

λi = φi

n∑
j=1

ci j
I j + Iv j + Ix j

N j − D j

where φi is the probability of a successful transmission given contact with an infectious
individual, ci j is the daily contact rate of individuals in age group i with individuals in age
group j , I j is the number of infectious unvaccinated individuals, Iv j are individuals who are
vaccinated yet infectious, and Ix j is the number of infectious individuals that are ineligible for
vaccination for the personal hesitancy of due to a positive serological test, N j is the number
of individuals in the age group j and D j are the individuals of age group j who have died
of COVID-19.

Bubar et al. [12] incorporated vaccine hesitancy assuming limited vaccine uptake such
that at most 70% of any age group was eligible to be vaccinated. Such constrain was per-
formed assuming that 30% of each class for each age group was initialized as ineligible for
vaccination. Moreover, in their more parsimonious model, they assumed the vaccine to be
both, transmission- and infection- blocking, and to work with variable efficacy. In particular,
they considered two ways to implement vaccine efficacy (ve): as an all-or-nothing vaccine,
where the vaccine yields perfect protection to a fraction ve of people who receive it, or as
a leaky vaccine, where all vaccinated people have reduced probability ve of infection after
vaccination. To incorporate age-dependent vaccine efficacy, they parameterized the relation-
ship between age and vaccine efficacy via an age-efficacy curve with (i) a baseline efficacy,
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an age at which efficacy begins to decrease (hinge age), and a minimum vaccine efficacy
vem for adults 80+. This was done assuming that ve is equal to a baseline value for all ages
younger than the hinge age, then decreases step-wise in equal increments for each decade
to the specified minimum vem for the 80+ age group. Finally, existing seroprevalence esti-
mates were included varying the basic reproduction number and the percentage cumulative
incidence reached.

The model outcomes used to compare the performance of different vaccine allocation
strategies were the cumulative number of infections, deaths, and years of life lost. Bubar
et al. [12] concluded that although vaccination targeted to younger people (20–50 years
old) minimized cumulative incidence, mortality and years of life lost were minimized when
applied first to older people. These results were based on numerical simulations with a time
horizon of one year after the date of the vaccine introduction arguing that this allowed them
to focus on the early prioritization phase of the COVID-19 vaccination programs.

7 Superspreading events

In the beginning of the epidemic, surveillance made extensive use of the basic reproduction
number R0 to characterize the average number of secondary infections. Nevertheless, R0

may hide a large variation at the individual level. Indeed, after more than one year into
the pandemic, there have been several reports of superspreading events (SSEs) in which
many individuals are infected at once by one or few infectious carriers (see, for example,
[30,55,59,62,72,89] and the references therein). Current reports suggest that a small group
of infections generate most of secondary cases [50]. In other words, even if R0 ≈ 2 − 3,
most individuals are not infecting 2 or 3 other people; instead, a tiny number of people
dominate transmission while an average person do not transmit the virus at all [5]. Current
data suggest that prolonged indoor gatherings with poor ventilation are one of the main
factors inducing SSEs. Hence, crowded closed places are hotspots for SSEs and a source
of COVID-19 infections. More factors may lead to SSEs. For example, events in which a
huge number of people temporarily cluster, so the number of contacts suddenly increases far
above their mean [5]. The existence of superspreaders, that is, individuals having biological
features that cause them to shed more virus than others, is another issue that has attracted
attention [61].

To understand the role of individual variation in outbreak dynamics, Lloyd-Smith et
al. [63], introduced the individual reproduction number, ν, as a random variable that assess
the average number of secondary cases generated by a particular infected individual. Then ν

values can be estimated from a continuous probability distribution with a population mean
R0. In this context, SSEs are realizations from the right-hand tail of a distribution of ν. A
Poisson process is used to describe the stochastic essence of the transmission process; hence,
the expected number of secondary infected generated by each case, Z , is approximated by an
offspring distributionP(Z = k)where Z ∼ Poisson(ν). Lloyd-Smith et al. considered three
possible distributions of ν generating three candidate models for the offspring distribution:

1. Generation-based models neglecting individual variation, i.e. ν = R0 for all cases,
yielding Z ∼ Poisson(R0).

2. Differential-equation models with homogeneous mixing transmission and constant
recovery rates, ν is exponentially distributed yielding
Z ∼ geometric(R0).
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3. ν is gamma-distributed with mean R0 and dispersion parameter k, yielding Z ∼
N B(R0, k) (NB= Negative Binomial).

Observe that the NB model includes the Poisson (k → ∞) and geometric (k = 1) models
as special cases. It has variance R0(1 + R0/k), so smaller values of k indicate greater
heterogeneity. Althouse et al. [5] showed that an epidemic outbreak dominated by SSEs
and an NB distribution of secondary infections with small k has very different transmission
dynamics in comparison to a Poisson model outbreak with the sameR0. For the NB model,
secondary infections are over-dispersed causing early transmission dynamics that are more
stochastic. Hence, in this case, an epidemic outbreak has lower probability to grow into a huge
epidemic. Nevertheless, if the outbreak takes off under the NB model, the incidence starts
showing stable exponential growth, with a growth rate approaching that of a model with the
sameR0, but a Poisson distribution of secondary infections, i.e., an NB model with k → ∞.
However, during the early phase of an NB outbreak that takes off, disease incidence will
look more intense in the first few generations when SSEs will generate the most of secondary
infections, making it possible to spin out large infection clusters in few generations, whereas
a Poisson model cannot [5,63].

In the context of COVID-19, Endo et al. [30] presented the first study (to the authors’
knowledge) estimating the level of overdispersion in COVID-19 transmission by using a
mathematical model that is characterized byR0 and the overdispersion parameter k of a NB
branching process. Their results suggest a high degree of individual-level variation in the
transmission of COVID-19. Assuming that the R0 lies between 2–3, Endo et al. estimated
an overdispersion parameter k to be around 0.1 (median estimate 0.1; 95% CrI: 0.05–0.2
for R0 = 2.5), suggesting that 80% of secondary transmissions may have been caused by
a small fraction of infectious individuals (10%). Other studies have also estimated k values
and their results suggest that k lies in the range 0.04–0.3 [43,50,62].

8 Viral evolution and vaccine escapemutants

As of April 2021, several variants of the SARS-CoV-2 have been reported globally
[1,20,69,79]. RNA viruses, such as the coronavirus SARS-CoV-2, will naturally mutate over
time so such variants are not unexpected. Moreover, most mutations are irrelevant in an epi-
demiological context. Nevertheless, of the multitude of variants circulating worldwide, at the
time of writing (April 2021), health experts are mainly worried about three variants that have
undergone changes to the spike protein and are maybe more infectious and threatening [33].
The first of them is the B.1.1.7 variant that was first identified in the United Kingdom (UK)
and seems to be more transmissible than other variants currently circulating. This variant
has also been linked with an increased risk of death but there is still uncertainty surrounding
this result. The South-African variant B.1.351 emerged independently from B.1.1.7 but share
some of its mutations. The third is the Brazilian variant P.1 that contains some additional
mutations that and may be able to overcome the immunity developed after infection by other
variants [1].

Current COVID-19 vaccines were developed before the emergence of the above-
mentioned variants. Hence, another major concern is the possibility that variants will make
vaccines less effective. Some preliminary results by leading vaccine developers suggest that
vaccines can still protect against the newvariants [33].However, the vaccine-induced immune
response may not be as strong or long-lasting [83]. Apart from these problems, the initial and
limited vaccine supply has raised some discussion on how to distribute COVID-19 vaccines
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[19,39,47,64,87,91]. Beyond prioritizing healthcare workers and the elderly, the optimal
strategy for the general public remains complex. Some countries, including Canada and the
UK, had proposed to delay the second dose of the vaccine as an attempt to increase the num-
ber of individuals receiving at least one dose and therefore gaining more protection within
the population. Delaying the second dose could create conditions that promote the evolution
of vaccine escape, namely, viral variants resistant to the antibodies created in response to
vaccination [84]. Escape variants have the potential of creating more infections, deaths and
prolong the pandemic. In general, the start of vaccination programs all around the world,
whilst the pandemic is still ongoing, may rapidly exert selection pressure on the SARS-
CoV-2 virus and lead to mutations that escape the vaccine-induced immune response [38].
At this time, there is uncertainty around the strength of such selection and the probability
of vaccine escape, so more studies are needed in this direction. Recently, Gog et al. [38]
studied how considerations of vaccine escape risk might modulate optimal vaccine priority
order. They found two main insights: (i) vaccination aimed at reducing prevalence could be
more effective at reducing disease than directly vaccinating the vulnerable; (ii) the highest
risk for vaccine escape can occur at intermediate levels of vaccination. They also remarked
that vaccinating most of the vulnerable and only a few of the low-risk individuals could be
extremely risky for vaccine escape. Their results are based on a two-population model with
differing vulnerability and contact rates.

The existence of geographic regions of the human populationwhere the vaccine is scarce is
another concern. It can be argued that regions that do not have access to the vaccine can serve
as evolutionary reservoirs from which vaccine escape mutations may arise. This hypothesis
has been explored by Gerrish et al. [36] using a simple two-patch deterministic epidemic
model as follows. They considered COVID-19 epidemics in two neighboring regions or
patches. Assuming that only one patch has access to the vaccine, they investigated if the
presence of the unvaccinated patch affects the probability of vaccine escape in the vaccinated
one.

The model follows the SIR structure for both patches augmented to consider vaccine
escape mutants. The governing equations are as follows:

Ṡ j = −
n∑
k

βk j Ik S j − φ j S j , İ j =
n∑
k

β jk I j Sk − (γ + μ)I j ,

V̇ j = φ j S j , Ė j = μI j − γ E j , Ṙ j = γ (I j + E j ), (39)

where S j , Vj , I j , E j , and R j are the fraction of the population that are susceptible, vaccinated,
infected, infected with escape mutant, and recovered, respectively, in patch j ; βi j is the
transmission rate from patch i to patch j , φ j is vaccination rate in patch j ; γ is recovery rate;
μ is a composite per-host mutation rate from wildtype virus to escape mutant virus; n is the
number of patches but they explored only the simple two-patches case (n = 2).

Escape mutants are not considered explicitly, because, under normal conditions, they will
always have a strong selective advantage in a vaccinated population. Thus the model focuses
on the timing of the first infection event in which a new host is infectedwith an escapemutant.

The time of the first infection event in which a new host in patch j is infected by an
escape mutant that arose in patch i will occur at a rate ri j (t) = βi j Ei (t)(S j (t) + σ Vj (t)),
where σ allows for varying levels of escape and ranges from σ = 0, no escape mutations,
to full escape σ = 1 [36]. It is also assumed that intra-patch transmission rates are equal,
β j j = β, and inter-patch transmission rates are equal too, βi j

∣∣
i �= j = β0. Assuming β0 < β

i.e., inter-patch transmission is much less frequent than intra-patch transmission, the random
variable T f is defined as the time at which the last infected individual recovers. Gerrish et

123



246 F. Saldaña and J. X. Velasco-Hernández

al. [36] showed that the probability of vaccine escape can be orders of magnitude higher if
vaccination is fully allocated to one patch and no vaccination allocated to the other. On the
contrary, equal vaccination on the two patches gives the lowest probability of vaccine escape.
In other words, unequal distribution of COVID-19 vaccines may lead to vaccine escape and
hence, support arguments for vaccine equity at all scales.

9 Conclusions

Once the pandemic potential of the SARS-CoV-2 became established in early 2020, there
have been many modeling efforts by scientific and public health communities to improve our
understanding of the underlying mechanism of SARS-CoV-2 transmission and control [93].
Mathematical and computational models have been key tools in the fight against the COVID-
19 pandemic helping to forecast hospital demand, evaluate the impact of non-pharmaceutical
interventions, guide lockdown exit strategies, the potential reach of herd-immunity levels,
evaluate the optimal allocation of COVID-19 vaccines, and in general to provide guidance to
policy-makers about the development of the epidemic [3,4,19,21,29,39,64,67,68,73,86,87,
89,101].

In this work, we have discussed the role of the so-called compartmental models to gain
insight into epidemiological aspects of virus transmission and the possibilities for its control.
The main objective has been to present an overview of the mathematical methods behind
some important aspects of the general theory of infectious disease modeling. We started
revisiting simple deterministic compartmental models closely connected with the classical
work of Kermack &McKendrick and important epidemiological quantities such as the basic
and effective reproduction numbers. Then, we explored the role of the so-called mixing
function which allows introducing heterogeneity in epidemic models and is, therefore, a key
component in disease modeling. Then we investigated a number of compartmental epidemic
models to study the early phase of the COVID-19 epidemic outbreak, how awareness-driven
behavior modulates the epidemic shape and the role of asymptomatic carriers in disease
transmission. The impact of non-pharmaceutical interventions for COVID-19 control is also
discussed. We also revisited important results related to vaccination policies, herd-immunity,
and the effective reproduction number together with a simple method to perform real-time
estimation of this last quantity. We also discussed the presence of superspreading events in
the pandemic, the possibility of viral evolution and vaccine escape mutants.

One important topic that is not discussed in this review is the interaction of COVID-19
with other respiratory illnesses.Co-circulation of SARS-CoV-2 andother endemic respiratory
viral infections is a potential reality that can bringmore challenges to public health. Currently,
there have been some concerns about the interaction between SARS-CoV-2 and influenza
viruses and preliminary results suggest that an initial infection with the influenza A virus
strongly enhances the infectivity of SARS-CoV-2 [7]. Some studies have also already reported
proportions of SARS-CoV-2 co-infections with other respiratory viruses [16]. Co-infection
mechanisms are common in nature and the previously mentioned studies highlight the risk of
influenza virus and SARS-CoV-2 co-infection to public health. Tailoring epidemic models to
incorporate the most important features of COVID-19 such as the existence of asymptomatic
carriers, the use of non-pharmaceutical interventions, the recent introduction of vaccinations,
and the emergence of new variants of SARS-CoV-2 together with co-circulation with other
pathogenswill result in very complex dynamics. Therefore, developing realisticmathematical
models to study the co-circulation of SARS-CoV-2 and other respiratory infections presents
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one important challenge for diseasemodelers [105]. There are other topics that are not treated
in this review. For example, simulation models for the spatial spread of SARS-CoV-2, age
and risk structure, the role of human behavior on disease dynamics, parameter estimation
techniques to calibrate models with official data, exploration of long-term epidemiological
outcomes such as the possibility of recurrent seasonal outbreaks, among others. Nevertheless,
we believe we have given at least a brief overview of key modeling efforts and current
challenges related to COVID-19.

The immense number of publications related to the ongoing COVID-19 pandemic has
confirmed a fundamental fact: the strategic use of mathematical modeling in public health
is a multidisciplinary activity that requires a critical judgment in the interpretation of the
underlying model’s assumptions and their impact on the projections and outcomes. The use
of mathematical models to evaluate contingency plans is essential to overcome a public
health emergency. However, a considerable effort is still needed to improve the credibility
and usefulness of epidemiological so we are better to prepare to respond to future epidemics.
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