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Large gap asymptotics for the generating function
of the sine point process

Christophe Charlier

ABSTRACT

We consider the generating function of the sine point process on m consecutive intervals. It can
be written as a Fredholm determinant with discontinuities, or equivalently as the convergent
series

Z P <ﬂ #{points in the jth interval} = k]-) H sfj,
Jj=1

ki,ookm>0  \j=1

where s1,...,8m € [0,400). In particular, we can deduce from it joint probabilities of the
counting function of the process. In this work, we obtain large gap asymptotics for the generating
function, which are asymptotics as the size of the intervals grows. Our results are valid for an
arbitrary integer m, in the cases where all the parameters si,...,sm, except possibly one, are
positive. This generalizes two known results: (1) a result of Basor and Widom, which corresponds
tom = 1and s1 > 0, and (2) the case m = 1 and s1 = 0 for which many authors have contributed.
We also present some applications in the context of thinning and conditioning of the sine process.

1. Introduction
Let
m e N\ {0}, &= (s1,...,8m) €[0,+00)™ and &= (xg,21,...,2m) € R™T!

with Z such that —oco < zg < 1 < ... < &y, < +00, and consider the Fredholm determinant

m

F(7,8) = det | 1= 3 (1= 50Kl iy (L1)

k=1

where, for a given bounded Borel set A C R, K|4 is the (trace class) integral operator acting
on L?(A) whose kernel is given by

sin(z — y)
K(z,y) = S22 Y), (1.2)

m(x —y)
In this paper, we obtain asymptotics for F(r#,3) as r — 400, up to and including the term
of order 1, in the cases where all the parameters sq, ..., s, except possibly one, are positive.

F(Z,3) is the generating function of the well-known sine point process of random matrices and
has attracted considerable attention over the years. We discuss some background on the sine
process and give more motivation for the study of F' in Subsection 1.2. In particular, we show
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that if s1,..., 8, € [0, 1], then the asymptotics of F(rZ,s) as r — +oo can be interpreted as
large gap asymptotics.

Before stating our main theorems, we first briefly review the known asymptotic results
available in the literature.

Large r asymptotics for F(rZ, §) when m = 1 are already completely understood. We need
to distinguish two regimes: (1) the case s; = 0 and (2) the case s; € (0, +00). For the first case
s1 = 0, the asymptotics are given by

r?(x1 — 20)?

F((rzo,rz1),0) = exp <— 3

_ i log (r(z1 — 0)) + % log2 +3¢'(—1) + O(r_l)>

(1.3)

as r — 400, where ( is Riemann’s zeta-function. This result was first conjectured by Dyson
n [28], then proved simultaneously and independently by Ehrhardt and Krasovsky in [29,
42], and then by Deift et al. in [22]. On the other hand, for the second case where s; = €1 €
(0, +00), we have

rui(z1 — xo)

2
F((rzo,rzy),e") = exp ( + ;—12 log (2r(xz1 — x0))
77

+2 1ogG(1 + &)0(1 - £) + O(r—l)) , (1.4)
271 271

as r — +o00, where G is Barnes’ G-function (see, for example, [47, equation 5.17.2] for a
definition). This result was first proved by Basor and Widom in [2], and then independently
by Budylin and Buslaev in [12]. Note that the leading term for log F is of order 2 in (1.3),
while it is of order r in (1.4), and that if we naively take u; — —oo (or equivalently s; — 0)
in (1.4), we do not recover (1.3). This explains heuristically why these two cases cannot be
treated both at once. In fact, a critical transition takes place as 7 — 400 and simultaneously
s1 — 0. This transition is quite technical and is described in terms of elliptic #-function in a
series of papers by Bothner, Deift, Its and Krasovsky [8—10].

Less is known for m > 2. In [54], Widom has tackled the problem of finding large r
asymptotics for F(rZ, §) in the case where m is odd and §= (0,1,0,1,...,0,1,0). He obtained

Orlog F(rz, (0,1,...,1,0)) = c1r+ca(r) + o(1), asr — +oo, (1.5)

where ¢; is independent of r and is explicitly computable, and the function cs(r) is a bounded
oscillatory function of r that requires the solution of a Jacobi inversion problem. These
asymptotics were subsequently refined in [23], where the oscillations are described in terms
of elliptic #-function. Note that (1.5) is an asymptotic formula for the log derivative of F,
which leads after integration to an asymptotic formula for log F'(rZ, (0,1,...,1,0)). However,
with this method, the constant of integration (the term of order 1 in the large r asymptotics)
remains unknown. Using a different method, Fahs and Krasovsky in [32, 33] have recently
obtained this constant for the case m = 3 and §= (0, 1,0).

Until now, no results were available in the literature on large r asymptotics of F(rZ, §) when
m > 2 and several functions s; are in the open intervals (0,1) U (1, +00).

The aim of this paper is to contribute to these developments on large r asymptotics of
F(rZ, 5). We obtain our results for an arbitrary integer m, in the cases where all the parameters

S1,---,8m, except possibly one, are positive. We distinguish two cases: in Theorem 1.1,
we obtain large r asymptotics for F(rZ, ) with s1,..., 8, € (0,+00), and in Theorem 1.2,
we obtain asymptotics for F(rZ,s) with s, =0 and s1,...,8p—1,Sp41,...,8m € (0,+00) (for

an arbitrary p € {1,...,m}). Theorem 1.1 generalizes the result (1.4), while Theorem 1.2
generalizes (1.3). We describe several applications of our results in Subsection 1.2.
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1.1. Main results

THEOREM 1.1. Let
m € Nsg, 5= (s1,...,8m) € (0,+00)™, &= (20,...,%,) € R™

be such that xo < 11 < 22 < ... < Zy,. As T — +00, we have

m m 2

- U4 uz
F(r7,3) = exp { S Ly —wo)r + Y 5 log (2r(x; — o))
j=1

Jj=1

LY Wl (sl &lmg (¢(1+2)a(1- 1)

Tp — T
1<j<k<m k =ty

LR LR logr
I 1 1 1-— —L 1.
tog | @ +;2m, G ;W +0< )} (1.6)

r

where G is Barnes’ G-function, and

Sj

u; = log for j=1,...,m, (1.7)
Sj+1
with Sy, 41 := 1. Furthermore, the error term in (1.6) is uniform in s1, .. ., S, in compact subsets
of (0,+00) (or equivalently uniform in wy,...,u,, in compact subsets of R) and uniform in
Zo, ..., Ty, in compact subsets of R, as long as there exists § > 0 independent of r such that
min  xp —x; = 0. (1.8)
0<j<k<m

Alternatively, one can rewrite (1.6) as follows:

m m 2

F(ri, ) = exp { Zujuj(r) + 7j<7]2’(7‘) Y uunS(r)

j=1 1<j<k<m

m U m Wi
1 Gl1 L |1G|1- —L
+log (G142 52 >

— 271,
Jj=1

Sows(6(1+35)60 - 32)) ro(*2r)}

where [, 0]2 and ¥; ;. are given by

p(r) = w (1.9)
o3(r) = —bg(%(:ﬁ —20), (1.10)
Zju(r) = 27;2 log (ZT(xj @Zo)(ﬁ — x0)>. (1.11)

THEOREM 1.2. Let m € Nyg, p € {1,...,m} and

sp=0, (81,...,80—1,8p41,---55m) € (0,400)™ ", Z=(x0,...,2,) € R™T!
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be such that xg < x1 < x2 < ... < &y, and define § = (s1,...,8m). Asr — +00, we have

2 _ 2
F(ri, ) :exp{ _ T ) 8””1’*1)

p72 m
U uj
-1 Ty — ey - > VT~ T[T — Ty
=0

J=p+1

mou? 4|z — xp|lx; — 2p_1||225 — ) — TP_1 |7
+ Z —JQlog \/ J pll+g p J p P

Tp — Tp—1

T ( VIzs—aplV/Te =] + Vo= wpalV/Ie 5l )
|VIze = 2pl V12 = zp-1] = 2k — zp-1]y/12; — 2]

0<j<k<m
J.k#p—1,p

m

+%log2+3§’(—1)+ S log (G(1+27T)G(1_27;ji))+0(loi;r)}’

j=0
J#Fp—1,p
(1.12)
where G is Barnes’ G-function, ¢ is Riemann’s zeta-function, and ug, ..., Up—2, Up41, .-, Um
are given by
log , je{0,....omI\{p—1,p}, (1.13)
Sj+1
where sg:=1, $;,41:=1. Furthermore, the error term in (1.12) is uniform in
S1y.+-38p—1,8p+1,-.., Sm In compact subsets of (0,+o0) (or equivalently uniform in
UQ, - -y Up—2, Upt1,. .., Uy in compact subsets of R) and uniform in zg,...,Z, in compact
subsets of R, as long as there exists 6 > 0 independent of r such that (1.8) holds.
Alternatively, one can rewrite (1.12) as follows:
m m u2
F(rZ,8) = F((ra,_1,72,),0 exp{ Zuj,u] = > wf(r) | + ?JAJZ(T)
j=p+1 j=0
J#p—1p
+ Y Sk + i og (G(1+ 52 )6 (1- 2 2))+0 log
Uik 245 | [0) — — L
: i . & 27 27 T
0<j<ksm 7=0
J:k#p—1,p J#p—1Lp

where the large r asymptotics of F'((ra,—1,7x,),0) are given by (1.3), and fi;,

]2- and f]j,k are
given by

.
r) = ;\/|l’p*93j|\/|xp—1 -z, (1.14)

272

(1.15)

Tp —Tp-1

32(r) = 1 log (4\/|xj —xp|lr; — xp_i||22; — xp — xp1|r>,

S = ( Vg = zplV/125 — 2pa] + V]zk — 2p-1]V/ 2 — ] ) (1.16)
|\/|xk - xp\\/\xj Tp_1]| — \/|xk - xp*1|\/|ffj - po
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FIGURE 1 (colour online). Numerical confirmations of Theorem 1.1.
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FIGURE 2 (colour online). Numerical confirmations of Theorem 1.2.

Numerical confirmations of Theorems 1.1 and 1.2. Recent progress of Bornemann [6] on
the numerical evaluation of Fredholm determinants have allowed us to verify Theorems 1.1
and 1.2 for several choices of the parameters. Let F;(r#, §) denote the right-hand side of (1.6)
without the error term. Figure 1 represents the graph of the function

r i+ r(log F(r¥, §) — log F1(rz, 5)) (1.17)
for the following two choices of the parameters:
Left: m=2, zg=0, z1 =0.7, zo = 1.2, up = —1.1, ug = —2.4,
Right: m=3, 20=0, 21 =05, 22 =11, xz3 =17, u; = —0.8, ug = —1.8, uz = —1.32.

Similarly, let F2(r#, 3) denote the right-hand side of (1.12) without the error term. Figure 2
represents the graph of the function

r+— r(log F(rZ, §) — log Fo(rz, 5)) (1.18)
for the following two cases:
Left: m=3, p=2, 90 =0, 21 =05, xz0 =1.1, 23 = 1.7,
ug = 0.8, ug = —1.32,
Right: m=4, p=3, 20=0, 21 =0.5, xo = 1.1, z3 = 1.7, z4 = 2.5,
ug = 0.8, uy = 1.8, ugy = —1.87.

We see in Figures 1 and 2 that the functions (1.17) and (1.18) seem to remain bounded as
r — 400. These observations are consistent with Theorems 1.1 and 1.2. In fact, Figures 1 and
2 also suggest that the error terms in Theorems 1.1 and 1.2 could be reduced from O(*%%) to

O(L). '

T

1.2. Background and applications of Theorems 1.1 and 1.2

The sine point process lies at the heart of random matrix theory. It has attracted a lot of
attention since the seminal work of Dyson [27], who first proved that this process describes
the local eigenvalue statistics in the bulk of the spectrum of large random Hermitian matrices
taken from the Gaussian Unitary Ensemble. Dyson also conjectured that this same process also
describes the bulk local eigenvalue statistics for a wide class of large random matrices. There
has been much progress on this conjecture, which has now been rigorously proved for many
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random matrix models, see, for example, [3, 24, 31, 40, 49, 50, 52]. We refer to [30, 43,
48, 53] for recent surveys of known appearances of the sine process in random matrix theory.

The Fredholm determinant F(Z,3) is a central object in the study of the sine process. For
the convenience of the reader, we first briefly recall the definition of a point process, following
the classical references [7, 41, 51].

A point process on R is a probability measure over the space {X} of all locally finite point
configurations on R. In general, the process can be well understood via the study of its k-point
correlation functions {py, : R¥ — [0, 400)},>1 which are defined such that

El S .6 =/ (s ) p(ts ) dug (1.19)
Rk
£1,..,6kEX
g€, i)

holds for any measurable symmetric function f : R¥ — R with compact support. The sum at
the left-hand side of (1.19) is taken over all (ordered) k-tuples of distinct points of the random
point configuration X.

A point process on R is determinantal if all its correlation functions {py}x>1 exist and can
be expressed as determinants involving a kernel K : R — R as follows

pr(ur, ... ug) = det(K(ui,uj))ﬁjzl, for all £ > 1 and for all uy,...,u; € R. (1.20)

The sine process is determinantal and corresponds to the case K = K, where the sine kernel
K : R? — R is defined in (1.2). In a determinantal point process, all quantities of interest can
be expressed in terms of the kernel. For example, it is directly seen from (1.19) and (1.20) that
the probability that a random point configuration X (distributed according to the sine point
process) contains no points on a given bounded Borel set A C R is equal to

+o00 (_1)1@
PXNA=0]=E H(leA(f)) = 1+Z i / det(K(ui,uj))ﬁjzldul...duk,
cex =1 v JAF

(1.21)

where x4(§) =1 if £ € A and xa(€) = 0 otherwise. Note that the right-hand side of (1.21)
is, by definition, equal to the Fredholm determinant det(1 — K|4). In the sine process, the
expected number of points that fall in A can be computed explicitly using (1.2):

E#(X NA))=E|Y xa®)| = /AK(z,:zz)dx = @, (1.22)

™
feX

where |A| is the Lebesgue measure of A. We refer the reader to [7, 41, 51] for more discussions
on the algebraic and probabilistic properties of determinantal point processes.

Taking A = (xg, 1) in (1.21), we see that the probability to observe a gap in the sine process
on (xg,x1) can be expressed in terms of F' (defined in (1.1)) by

F((z0,21),0) = det(1 — K| (z9,,)) = P[X N (x0, 1) = 0]. (1.23)

The large gap asymptotics on a single interval in the sine process are given by (1.3).
More generally, taking m odd and A = (xg,x1) U (22, 23) U ... U (Tm—1,Tm), we infer from
m=+1

(1.21) and (1.1) that the probability to find no points on 5= disjoint intervals is given by

F(Z,(0,1,0,1,0,...,1,0)) = P[X N ((zo, 1) U (22, 23) U .. U (@m_1,2m)) = 0],  (1.24)

where s; = 0 if j is odd and s; = 1 otherwise. The known results on the asymptotics of (1.24)
as the size of the intervals gets large have been discussed below (1.5).
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We now discuss the meaning of F(Z,5) in terms of probabilities for general values of
81,-++,8m. As before, let X be a random point configuration distributed according to the sine
process. Given a Borel set A, we define N4y = #(X N A). In other words, N4 is the random
variable that counts the number of points in X that falls in A; N4 is also called the counting
function on A. It is known [51, Theorem 2] that F(Z,3) is an entire function of sq,...,sm
which can be rewritten as follows

m m m

F@EH=E[[[s; | = 3 P{ () Neyrwy =k | T[ - (1.25)
Jj=1 j=1

kiveonkm 20 \j=1

The above expression motivates why F' is called the generating function of the sine point
process; it shows in particular that we can deduce a lot of information from F. Any quantity
of the form 0° in (1.25) should be interpreted as being equal to 1. More precisely,
Nix
S .

;T = 1if s; = 0 and N

=0, and 557 =1if s; =0 and k; = 0.

Tj1,3;)

For example, for an odd integer m and for §such that s; = 0 if j is odd and s; = 1 if j is even,
we get from (1.25) that

F(Z,(0,1,0,...,1,0)) = P(N(zg,01) = 0N Nayzs) = 0N ... N Neg,, 2y = 0),

which is equivalent to (1.24), as it must.

We mention that there is a well-known connection between F' and the theory of Painlevé
equations. Using monodromy preserving deformations, Jimbo, Miwa, Moéri and Sato in [39,
equation (2.27)] have established the following remarkable identity

F(wo, 21), 51) = exp (/O_ "(@dx)

x
where s1 € [0,400) and o is the solution to the Painlevé V equation

(z0")? 4+ 4(z0’ — o) (xz0’ — 0+ (0/)?) =0

2 3
s s s
which satisfies o(r) = ——z — —12302 - —}5333 +0(z*), asz—0.

™ 0 ™
For general values of the parameters m > 1, § and Z, the determinant F(Z, ) is related to a
more involved system of partial differential equations which generalizes the Painlevé V equation
[39] (see also [1, Theorem 3.6.1 and Subsection 3.6.3]). The solution of this system of equations

involves transcendental functions.
Thinning. The operation of thinning consists of randomly removing a fraction of points
and was introduced in random matrix theory by Bohigas and Pato in [4, 5]. Given a function
s:R—10,1], =z s(z),
we say that a point configuration X is distributed according to the thinned sine point process
if
X={zeX:B(x)=1}, (1.26)

where X is distributed according to the sine process, B = {B(z) : € R} is a random field of
independent Bernoulli variables with P[B(z) = 1] = 1 — s(x), and furthermore B is independent
of X. It is well known [46, Proposition A.2], and also easy to see from (1.19), that the thinned
sine process is also determinantal and that its kernel is given by

R(a,y) = VI s@K (0, 5) VT =3() = VI —s(@)on@ =9

g 1—s(y). (1.27)
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If the function z — s(x) = s; is constant, then each point is removed with the same probability
s1 € [0,1].T The thinned sine point process already presents interesting features in this case (see,
for example, [8, 11]), as it describes a crossover between the original process (when s; = 0),
and an uncorrelated Poisson process (when s; — 1 at a certain speed). It follows directly from
(1.21) (with X and K replaced by X and K) and the definition (1.1) of F' that

F((z0,21),51) = det(1 — (1 — 81)K](zy.21)) = P[X N (20, 21) = 0].

In particular, (1.4) can be interpreted as large gap asymptotics in the (constant) thinned sine
process. By comparing the leading terms of (1.4) and (1.3), we see that it is significantly more
likely to observe a large gap in the (constant) thinned sine point process than in the usual sine
point process.

More generally, let s be a piecewise constant function, say

s;, ifxe(xi_1,x;), j=1,...,m,
s(x){ J (j—1,25), J (1.28)

0, otherwise,

where $1,..., 5, € [0,1]. It follows directly from (1.1), (1.21) and (1.27) that the probability
of observing no points on (xg, x,,) in the (piecewise constant) thinned point process is simply
given by
m ~
F(Z,5) = det <1 - Z(l - sk)lC|(zkl,rk)> =P[X N (2o, zm) = 0]. (1.29)
k=1
Therefore, Theorems 1.1 and 1.2 give large gap asymptotics in any piecewise thinned sine
process, as long as at most one of the parameters s1,...,s;, is 0.

Conditioning. Now, following [16], we consider a situation where we have information about
the thinned process, and we try to deduce from it some information about the initial process.
More precisely, let X be a random point configuration distributed according to the sine point
process, let X be as in (1.26), and assume that #(X N B) =0, where B = (z¢, x,,). We are
interested in the conditional random variable

Ng = #(XmB)|(#()?mB) :o). (1.30)

If s is piecewise constant and given by (1.28), then using first Bayes’ formula and then (1.23)
and (1.29), we obtain

P(/\TB - 0) - P(#(X NB) = 0‘#(}? nB) = 0) _PHIXNB)=0) _ F((@0,2m),0)

P(#(X N B) =0) F(Z,3)

Therefore, if at most one of the parameters s1,. .., s,, is 0, we can obtain large  asymptotics for
P(N(rao,ra,,) = 0) by combining (1.3) with either Theorem 1.1 or Theorem 1.2. The conditional
random variable (1.30) is relevant in, for example, nuclear physics [4, 5]. Indeed, it is now well
known (from the work of Dyson) that the energy levels of heavy atoms feature a similar
repulsive structure as the points of the sine point process. However, high-quality data are often
not available, and in practice one usually observes only a fraction of the energy levels. It is then
natural to wonder if one can retrieve some missing energy levels given the available information.

The random variable (1.30) is conditioned on #(X N B) = 0. We mention that different
types of conditioning of the sine process have been studied in great depth in the literature. In
particular, it is known [35, Theorem 4.2] that for almost all point configurations X,* if A is

TIf s1 = 0, no particle are removed and the thinned process coincides with the initial point process.

fHere, ‘almost all X’ means ‘almost all X with respect to the sine process’.
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a compact interval, then X \ A determines almost surely #(X N A). The conditional measure
of the sine process on {X|X \ A} admits an explicit density, see [13, Theorems 1.1 and 1.4].
Furthermore, the correlation kernel of this conditional sine process converges to the usual sine
kernel as the size of the interval A gets large, see [45, Theorems 1.3 and 1.4].

Asymptotics for the variance and covariance of the sine counting function. We first briefly
review some known results on the counting function of the sine process.

The formula (1.22) implies, in particular, that E[N(,,, rz,)] = p1(r), where p is given by
(1.9). There is no such explicit expression for Var[N(,;, ,»,)], but we can compute its large r
asymptotics as follows. We know from (1.25) with m =1 that

F((rao, ra1), ") = E[e*Noworen)]

2
— 1+ uB[N(yyrar)] + %E[N(iwom)] +OM®) asu—0.  (1.31)

Recall that the asymptotics of F((rzo,rzi),e") as r — 400 are given by (1.4) (and were
obtained in [2]) and are uniform for u in compact subsets of R. In particular, these asymptotics
can be expanded as v — 0. A comparison of this expansion with (1.31) yields

1+ _
Var[N(,zo.rz)] = o?(r) + W;YE + 0™, (1.32)

as r — 400, where o2 is given by (1.10). Here vg ~ 0.5772 is Euler’s gamma constant and is
part of the definition of the Barnes’ G function, see [47, formula 5.17.3]. The leading term of
(1.32) was also obtained in [20] without relying on [2]. In a slightly different direction, Holcomb
and Paquette in [36] have studied the maximum deviation of the sine-f process. For 8 = 2,
this process coincides with the determinantal sine point process, and their result states that
for any € > 0, we have

r'<r NT’T r’ry) T !
<\/§— < maxosr <r(Nrag i) = (1)) <\/§+6> =1
™

lim P

r—+400

€x X

s logr

Theorem 1.1 allows to obtain precise large r asymptotics for the covariance between N, r4,)
and N4, raz,)- To see this, we first rewrite the expression (1.25) for F' as follows

m m
- Nera;_q.raj) iNirag.ra,
F(rz,s)=E Hsj C A B Heuf (reo,reg) | (1.33)
j=1 j=1
where uy,...,u, are given by (1.7). In particular, using (1.33) with m =1 and m = 2, we
obtain
F(T(.Io, z1, 1.2), (€2u7 eu)) E [eUN('r'wo”“"l) eUN('V'$O~7'l'2):|

= 1.34
F(T(.T(),xl),eu)F(T(on,LL‘Q),6“) E[e’“N(moﬂ'Il)]E[e“N(moﬂ'ﬂEz)] ( )

=1+ Cov(N(yzg,ray) N(Txoymz))UQ +0w?), asu— 0.

The large r asymptotics for the left-hand side of (1.34) can be deduced from Theorem 1.1 and
are uniform for u in compact subsets of R. By expanding these asymptotics as u — 0, and then
comparing with the right-hand side of (1.34), we obtain

272 T

where ¥ o is given by (1.11). Note that the leading term in (1.35) is proportional to logr.
Interestingly, this contrasts with the asymptotics of the covariances of the Airy and Bessel
counting functions which remain bounded, see [17, below Remark 1] and [15, equation (1.17)].

1 1
Cov[N(raorz1)s Nirao,ras)] = 21,2(1) + e + O( 0gr>7 as r — +00o, (1.35)
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Asymptotics for the mean, variance and covariance of a conditional counting function. If

sp = 0 for a certain p € {1,...,m}, then we can rewrite (1.25) as follows:
— _ _ N(V_LJ 1,7
F(r#,s) =P(Ngs, 1, =0)E H 5 o) =0
J#p
= Fl(ray-1,r2y), H e H e ||

=p+1
where J/\\TTI]. is the conditional random variable defined by
~ (xp, 5) ifje{p+1,...,m}
Nr = INpT, er re :Oa 1= P e ’ ’ ’
Z; 7,1 (N p—1,TTp) ) J {(xj,$p—1), if j €{0,...,p—2}.
Then, proceeding as in the derivations of (1.32) and (1.35), we obtain the following new

asymptotic formulas
~ logr
E|:NTIJ-:| :ﬂ7(7")+o( g ),

r
~ R 1+ logr
Var [NTIJ} =62(r) + WjE + C’)( f >,

1
COV[ TI?N’I‘Ik] 7k+o<05r>7

as r — +oo, for any j, k€ {0,...,m}\ {p—1,p}, and where fi;, 67 and Z]k are given by

(1.14), (1.15) and (1.16), respectively. Note that, in contrast to (1.35) ov[N, 53 ,N,7,] remains
bounded as r — +o0.

Outline. The rest of the paper is organized as follows. In Section 2, using the fact the
sine kernel is integrable in the sense of Its, Izergin, Korepin and Slavnov (IIKS) [37], we
express the kernel Kz 3 of the resolvent operator associated to F' in terms of an RH problem
whose solution is denoted Y (following [8-10, 23]). Next, we transform the RH problem for
Y into a new RH problem with constant jumps whose solution is denoted ®. In Section 3, we
obtain a differential identity which expresses 0s, log F'(r#, §) (for an arbitrary k € {1,...,m})
in terms of ®. We obtain large r asymptotics for ® with si,...,s,, € (0,400) in Section 4 via
the Deift/Zhou steepest descent method. In Section 5, we substitute the asymptotics of ® in
the differential identity to obtain large r asymptotics for s, log F(rZ, s). Then, we proceed
with the successive integrations of these asymptotics in si, ..., s,,, which finishes the proof of
Theorem 1.1. Sections 6 and 7 are devoted to the proof of Theorem 1.2 (with s, = 0), and are
organized in the same way as Sections 4 and 5.

2. Model RH problem

Let us denote Kz z for the integral operator that appears in the definition (1.1) of F'(Z, §), that
is,

Kes= (1= 5)Klw, 1.0, (2.1)
j=1
In Section 3, we will express s, log F(Z, 5), k = .., m, in terms of the resolvent operator
Rizs= (1 - Kz ) 1= (1 — /Cf,g)_llcf’g. (2.2)

The goal of this section is to relate Rz s to a convenient model RH problem.
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We will proceed in three steps.

(1) The kernel Kz z of the operator ICz g is integrable in the sense of IIKS [37], which means
that it can be written in the form
7 (wg(v)

Kas(u,0) = =200, (23)
for suitable vector valued functions f and g which are written down in (2.4). This fact will
allow us to use a result of Deift, Its and Zhou [23] to express the resolvent operator in terms
of an RH problem whose solution is denoted Y.

(2) As a preparation for the third step, we will consider another RH problem, whose solution
Dy can be explicitly written in terms of elementary functions.

(3) Finally, using the properties of ®g,, we will transform the RH problem for Y into a new
RH problem with constant jumps. The solution to this RH problem is denoted ® and will play
a central role in the next sections.

REMARK 1. The above steps 2 and 3 will allow us to work with ® instead of Y. In Section 3,
we will take advantage of the fact that ® has constant jumps to simplify the differential identity
using a Lax pair. In the same spirit, other RH problems with constant jumps related to the
Airy and Bessel processes have also been used in [18, 19] to simplify the analysis. However,
we mention that if m = 1 our RH problem for Y reduces to the RH problem considered by
Bothner et al. in [8, 9], and that their approach is different from ours and does not rely on the
steps 2 and 3 above; instead they have successfully performed a Deift—Zhou steepest descent
analysis directly on Y (though in a different regime of the parameters than in this paper).

It is directly seen from (2.1) and (1.2) that Kz s can be written in the form (2.3) with

Flu) = ( sin(u) ) o) = 1 (erjl Xz, 1,25) (V)(1 = sﬂcosv) 7 (2.4)

— cos(u) T\ Xy o) (0)(1 = 55 sin v

where we recall that for any Borel set A C R, xa(u) =1if u € A and x4(u) = 0 otherwise.
In the sine point process, for all bounded Borel set B with non-zero Lebesgue measure, we
have P(Np = 0) > 0. Therefore, from (1.1) and (1.25), we have

F(f, 5‘) = det(l — ]Ca‘;”g’) = ]P(N(a:g,:l:l) = 0) > 0, (25)

which implies in particular that 1 — Kz g is invertible and that Rz s exists. Let us now define
the matrix Y by

om Fu)g? (u ~
vy =1— [ LM Ry = (- K ) (), (2.6)

o U—z

The function Y satisfies the following RH problem [23, Lemma 2.12].

RH problem for Y.

(a) Y : C\ |20, 7] — C**? is analytic.

(b) Foru € (zo,2m) \ {#1,...,Tm-1}, the limits lim._,o, Y (u =+ i) exist, are denoted Y (u)
and Y_(u), respectively, are continuous as functions of u, and satisfy furthermore the jump
relation

Yi(w) = V() (u),  Jy(u) = T — 2mif (u)g” (u).

I+0(z71) as z — o0.
(2) = O(log(z — x;)) as z = xj, for each j =0,...,m.

S
<=
O

I
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FIGURE 3. Jump contours Y, for the RH problem for ®g;y,.

From [23], the kernel Rz 7 of the resolvent operator Rz 7 can be written as

Rz #(u,v) = Wa u,v € (T0, Tm), (2.7)

with f and g expressed in terms of Y as follows:

flu) =Yi(w)f(u) and g(v) = (Y7'(0)) g(v).

Let I,...,VI be the six regions shown in Figure 3. We consider the following RH problem,
whose solution is denoted ®g;,,.

RH problem for ®g;,
(a) Py : C\ Bgin — C?*2 is analytic, where

Sein = RU (2, + " TRT) U (2 4+ e T RY)
is oriented as shown in Figure 3 and R™ := (0, +00).
(b) The jumps are given by
1 1
(I)sin,+(z) = (I)sin,—(z) (O 1) 5 z € (on,fﬁm),
1 O 4 mi + 4 3mi +
Dgin, 1 (2) = Pin,— (2) 1 1) 2 € (T + e TRY)U (29 + 773 RT),
0 1
Bane() =0 () (O 0)0 € (Co00) Ul o)
(¢) As z — oo, we have
1, if Iz >0,
Dy (2) = Ne” 57 (I + 0(6_2|%Z|X11uv(z)))€_iws X 0 -1 .
A if &z <0,

where

(1 0 N 1 /1 B 1, ifzellIUV,
=\o —1)° V21 Xrrov(2) = 0, otherwise.

As z = xg and as z — x,,, we have g, (2) = O(1).
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The unique solution to the above RH problem is explicitly given by

<e0 e&L) . zelUIIl,
(e;z 692) . zeln
Pyn(2) = Ne 5% x | (2.8)
<€0 - ) . zeIVUVI,
(ee; _60_/ ) , z€V.
Now, we use Pg;, to transform the RH problem for Y. Let us consider
2) =Y (2)Pgin(2). .
i) Y(2)® 2.9
Since Y is analytic on C\ [z, Zy,], the jumps Jg := <I>:1<I>+ coincide with (I’;;ﬁtbsm# on

Yein \ [Zo, Tm]. On (20, z,,), we have
Jo(u) = 50 (u)Jy (0)Puin, 4 (w), € (20, 2m).
which, using the explicit expression for @y, given by (2.8), simplifies to

1 TS X (s w (U
Jo(u) = (0 Z]_l JX(lj_l" al )>, w € (Tg, T )-

Now, it directly follows from the properties of Y and ®g, that & satisfies the following RH
problem. For convenience, we define so := 1, s;,41 := 1.
RH problem for ®

(a) ®:C\ ¥ — C?*2 is analytic, where ¥ = X, is shown in Figure 3.

(b) The jumps are given by

O, (2)=D_(2) ((1) Slj) ;2 € (mjo1,my), j=1,...,m, (2.10)

D, (2) =D_(2) (1 1) . 2 € (T + T TRY)U (o + e T RY),

(¢) As z — oo, we have

o, ‘ I, if Sz >0,
_ =1 —2 —Tlog —izog o
P(z) = <I+ z +0(z ))Ne 173 X (0 01>7 it <0, (2.11)

1

for a certain traceless matrix ®; = ®;(Z, 5) independent of z.
As z —» zj, 5 €{0,1,...,m}, we have

_Si1—

o) =Gy () o T ) (212)
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where G is analytic in a neighborhood of x;, satisfies det G; = 1 and

I, zellUV,
.
1, Sz > 0, 1 0 . 2elUIll
Vi(z) = 1 —sj1 S <0 H(z) = -1 1
0 1 ’ , 1 0) IvVuvi
A .
1 1)

REMARK 2. The solution to the RH problem for ® is unique; this follows from standard
arguments and the fact that the jumps for ® have determinant 1 (see, for example, [21, Theorem
7.18]). Proving existence of a given RH problem is in general a more difficult task than proving
uniqueness, but in our case this directly follows from the fact that (1 — Kz )~ ' exists (see
(2.5)), and from the explicit formulas (2.9) and (2.6).

After substituting (2.4), (2.8) and (2.9) in (2.7), we obtain

1—Sk

Rz s(u,u) = [@71(11;i",?)@u(Q(u;a?,Q)]gl, u€ (vr—1,28), k=1,...,m. (2.13)

211

REMARK 3. In (2.13), we do not indicate whether we use the + or — boundary values of
®, but this is without ambiguity. Indeed, from the jumps for ® on (zg,x,,) given by (2.10), we
easily verify that

(@7 (u; @, $)0u @4 (u; T, 5)]21 = [07" (u; 7, 5)0, @ (us 7, 5)]o1.

3. Differential identity
By standard properties of trace class operators, for any k € {1,...,m}, we have
0s, log F(Z,5) = 05, logdet(l — Kz 3) = —Tr((l - ’Cf,g)_lasklcqj_g)

1 —
=1 Ska((l —Kz,5) ' Kz.5l@rr00))

1 1 Tk
= T RF%’ T ze)) — 7 Rf§ ’ d7
o TRed o) = oy | Rast

(3.1)

where we recall that Rz 7 is defined by (2.2). Substituting the expression (2.13) for Rz z in
(3.1), we obtain the following differential identity

1 T
&N%Fﬁgzif/'[@Hma@@qmiﬁmw. (3.2)
T S,
We implicitly assumed s # 1 in (3.1). However, recall that F(Z, §) is an entire function of sy,
(see [51, Theorem 2]) and that det(1 — Kz 5)|s,=1 > 0 (see (2.5)). Therefore, the left-hand side
of (3.2) is well defined at s, = 1, and (3.2) also holds for s; = 1 by continuity.
After replacing Z by rZ in (3.2), we obtain
1 Ty
0, log F(rZ, 8) = 2—/ (@ (ru; r#, 5)0, P (ru; rE, §)]o1du. (3.3)
L
Our goal for the rest of this section is to simplify the integral on the right-hand side of (3.3). For
this, we will study a Lax pair associated to ®. We first focus on some properties of 9, ®(rz; r, §).
Since the jumps for ® are independent of z, we have

0.Q(rz;r¥,§) = A(2)®(rz; rZ, §), (3.4)
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where z — A(z) is analytic for z € C\ {zg, ...,z }. A also depends on 7, Z and 3, even though
this is not indicated in the notation. Furthermore, since det ® = 1, A is traceless. From the
asymptotics for ® at zg, ...,z and at co, we conclude that A takes the form

A(z) = <S _07”> +j§§ - ff'xj, (3.5)

where the matrices A; = A;(r, £, 5) are traceless and given by

Sj+1 >
Aj = _HT(G oG Y(ra,;rd, 5)

_ s =85 (=GinGian GY h _ (0 1
= 5 ( Y, G11Gion ) where o = { o |- (3.6)

The integrand on the right-hand side of (3.3) can now be rewritten using (3.4). Since A is
traceless and det ® = 1, we obtain

[<I>_1(Tz;r§3’,§')8z(¢>(rz;rf, )21 = [Q_l(rz;rf,@A(z)@(rz;rf,é’)]gl
=07, Ay — B3, A1y — 201, P01 Ay

By substituting (3.5) in the above equation, we infer that

(@ (rz; 7, )0, (D(rz;ri, §))]ar = (Po @ H)i2(rz; rd, 8) |7 + Z Ajan

¢ 2 -

+ (@0 @ )ay (r2; 1, ) —r+zzji’1; +2(B0 By (ra;rd §)Z A 37
j=0

J —xj
Let us define
B(2) = 05, ®(rz;r&, 5)®(rz; r7, 5) " .
From the RH problem for ®, we deduce that B satisfies the following RH problem.

RH problem for B.

(a) B:C\ [xr_1,7] — C**? is analytic.
(b) B satisfies the jumps

Bi(2)=B_(2) + (®_0, @ Y (rz;rZ,5), 2z € (vp_1,21). (3.8)

(¢) B satisfies the following asymptotic behaviors

s ® _'a —
B(z) = W +0(272), as z — 00, (3.9
B(z) = aqig(‘s_:rl_s)A log(r(z —z;)) + B; +o(1), asz—uxz;,j=0,...,m, (3.10)
j J

where B; = (88,66"76'; )(raz;;rd, §).
Using the jumps (2.10) for ® on (x;_1, ), we note that
(®_0 @) (rz; 17, 8) = (P40 @) (r2;rZ, 5), 2 € (vp—1, 1),
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which implies that z +— (®o, ®~1)(rz;r¥, 5) is analytic for z € (zx_1, ). In particular, we can
replace ® o, ®~! in (3.8) by ®o, d~! without ambiguity. By (3.8) and Cauchy’s formula, we

have
Tk —1 g
B(z) = 1/ (@0 @7 )(rus 1%, 5) o, (3.11)

21 u—z

Tr—1
Expanding (3.11) as z — oo and then comparing with (3.9), we obtain

1 [ 0s, P1(re,
- (B0 & V) (ru; ri, 5)du = 222 (2 5‘)
270 Sy, T

Now, we substitute (3.7) in (3.3), and then use the expansions of B at oo and at z;, j =
0,1,...,m (given by (3.9)) to simplify the integral. Since det A; =0 for j = 0,...,m, we infer
that the logarithmic terms in the expansions (3.10) of B(z) as z — «; for j =0,...,m do not
contribute in (3.3), and after a computation we obtain

8s,€ log F(va §) = ask @1,21(7"f, 5) - ask @1,12(7’5, 5) + Z (Aj,lej,u + Aj,1sz,21 + 2Aj,11Bj,11)~
§=0
The above formula can be further simplified by using the explicit expressions for the functions
A; and Bj given by (3.6) and below (3.10). After some simplifications, which use det G; =1,
we get

8sk logF(rf,é') = Ko +ZK.%]7 (312)
i=0
where
Koo = 05, P1,21(rZ, 5) — 05, P1,12(rZ, 5), (3.13)
K, =256 110, G — G105, G 7 4
2, = = (G105, Gjon = G105, Gj1) (12557, 5). (3.14)
4. Riemann—Hilbert analysis for s1,..., 8, € (0,400)

In this section, we employ the Deift /Zhou steepest descent method to obtain large r asymptotics
for ®(rz;rZ, §) uniformly for z in different regions of the complex z-plane.
At the level of the parameters, we assume that:

® §1,...,8, are in a compact subset of (0, 400);
® Ig,...,T, are in a compact subset of R;
e there exists 0 > 0 independent of r such that
min = xp —x; > 0. (4.1)
0<j<k<m

4.1. Normalization of the RH problem with g-function

The main purpose of the first transformation is to obtain a new RH problem whose solution
T remains bounded at co. Let us define

T(z) = ®(rz;ri, 5)e” 97, (4.2)

where the g-function is given by

—iz, if Sz >0,
9(z) = {iz, if &z < 0. (4.3)
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One easily verifies from (2.11), (4.2), and (4.3) that 7' remains bounded at oo, as desired. More
precisely, we have

T I, Sz >0,
T(z) = (I+1+O(zg)>NeT”3 (0 1) as z — 00,
z Jz2<0
1 0 9 )
where
& (13
T, = M (4.4)
T
We can obtain the jumps for T straightforwardly from those of ® and the relation g, (z) +
g—(2) =0for z € R. For z € (zj_1,2;), j =1,...,m, we have
—2rg4 (2) A 1 0 0 s 1 0
1 o e S] B J
T*(Z) T+(Z) - ( 0 e_QTg(z)> - <Sj16—2rg(z) 1) <_S]'1 0> <sjle—2rg+(z) 1) :
(4.5)
where we have used s; # 0 to factorize the jump matrix.
4.2. Opening of the lenses
For j =1,...,m, we let the lenses y; + and 7, _ be open curves starting at x;_1, ending at z;

and lying in the upper and lower half plane, respectively. The region inside v; + U (x;_1, ;) is
denoted ; 1, and the region inside v, — U (z;_1, ;) is denoted Q; _. In particular, 2; ; and
€1 _ are subsets of the upper and lower half plane, respectively. The next transformation is
defined by

Jj=1 ;16727"9(2) 1

S@paﬂ@[l < 1 0) N (4.6)

Using the factorization (4.5) and the properties of the RH problem for ®, we easily verify that
S satisfies the following RH problem.

RH problem for S.

(a) S:C\Xg — C**? is analytic, with
m+1
Ss=RUnUv, r== U v
=0

where Y g is oriented as shown in Figure 4 and
%i

3mi
Y0,+ ‘= Xo + ei E (Oa +OO)7 Ym+1,+£ = Tm + ei (07 +OO)

(b) The jumps for S are given by

0 S
54@:5(@( . j7 z€ (xj_1,25),5=0,...,m+1,
—5; 0
1 0 ‘
S+(z) = 5-(2) <Sj_le—2rg(2) 1) ) zZ€,+,J=0,...,m+1, (4.7)

where z_1 := —o0 and x,,,41 := 400 (recall that so = s, 41 = 1).
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FIGURE 4. Jump contours ¥s for the RH problem for S with m = 3.

(¢) As z — oo, we have

I, Sz > 0,
T 9 _mig,
Sz)=|I+—+0 Ne~ 193 0 -1 4.8
B [
1 0
As z — z; from outside the lenses, j = 0,...,m, we have

_[O(1) O(log(z — ;)
o= (om O(log(= — %'))) |

Since Rg(z) > 0 for all z € C\ R, it follows from (4.7) that for any € > 0, there exists ¢ > 0
such that

S_(2)7'S (2) =T =0(e "), asr — +o0, (4.9)

uniformly for z € v, U~y_ such that minjc(o,.. m} |2 — ;] = €. The estimate (4.9) does not
hold for z close to x; because Ry (z) = 0 for z € R. More precisely, for z € 4 U~_ such that
minjcgo,....m} |2 — 75| < €, we only have

S (2)7'S,(2) =TI =0(1), asr — 4oo.

4.3. Global parametrix

Ignoring the jumps for S on the lenses v U~_, we are led to the following RH problem, whose
solution is denoted P(°*). We will show in Subsection 4.5 that P(°>*) is a good approximation
for S away from neighborhoods of z;, 7 =0,1,...,m.

RH problem for P,

(a) P(>):C\R — C**? is analytic.
(b) The jumps for P(>) are given by

—s71 0

(o0) (<) 0 5 .
P, (z) =P (2) , z € (zj_1,25),5=0,...,m+ 1
j

(¢) As z — oo, we have

(00)

P)(z) = <I+Plz +O(z‘2)>Ne‘T“3 <0 —1)

(4.10)
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for a certain matrix P°°) independent of z.

As z — zj, j €{0,...,m}, we have P(>)(z) = (28; 2;3)

The behavior of P(°°) near zj, 7 €{0,...,m} is added to ensure uniqueness of the solution
to the RH problem for P(°°). The construction of P(>) relies on the following function:

0 s i q +1, if Sz >0,
D(z) = exp @ Zlog sj/ 4 ,  where 0(z) = (4.11)
2mi 2, U Z —1, ifSz<0.
D satisfies
Di(z)D_(z) = sj, for z € (xj_1,2;),j=0,...,m+1,

and has the following behavior at co:

k
D(z)zexp( Z@-i-o _k_1)>, as z — 00,
—1

z

where k € Ny is arbitrary and

m j 1 m
1 _ 0 _ 0
~5 leogs7 / . u T du = ~%mi ;logs‘j (zf — ). (4.12)
Using the above properties of D, we verify that
I, Sz >0
P (z) = Ne~%7{ (0 -1 D(z)~ 4.13
(2) = Ne <1 0>7 oo o0 (PO (4.13)

satisfies the RH problem for P(>) with

0 id
(o0) 1
P, = . 4.14

! <—id1 0 ) ( )

In preparation for the analysis of Section 5, we now compute the first terms in the asymptotics
of D(z) as z = x;, j=0,1,...,m. It is straightforward to see from (4.11) that D can be
rewritten as

m

D(z) = H(z — ;)b (4.15)

§=0
where By, ..., Bmn are defined by
1 Sj . —2inB; _ S+l -
B = 5 log or equivalently e === j=0,...,m. (4.16)
e Sj4+1 Sj

Note that, since so = s,,,+1 = 1, we have
Bo+ -+ Bm=0.
As z =z, 5 €{0,1,...,m}, Sz > 0, we infer from (4.15) that
D(z) = /5571 (2 — )" [ Iy — 2™ (1 + Oz — ). (4.17)

k=0
k#j
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Finally, we note that the constants dy defined in (4.12) can be rewritten in terms of the functions
B; as follows

1 m
de=— > Bl (4.18)
j=0
4.4. Local parametrices
Let D, be small open disks centered at x;, j = 0,1,...,m whose radii are equal to 2 where §

is defined in (4.1). The definition of the radii ensures that the disks do not intersect each other.

The local parametrix P*i) is defined in D, and satisfies an RH problem with the same
jumps as S inside D,,. On the boundary of the disk, Pi) ‘matches’” with P(°°) in the sense
that

P@i)(z) = (I40(1))P™)(z), asr— +oo, (4.19)

uniformly for z € 9D,,. Furthermore, we require that
S(z)P)(2)~t = 0(1), asz— x;j. (4.20)
The construction of P(®i) is similar for all j € {0,1,...,m} and relies on the confluent

hypergeometric functions. This type of local parametrix is well understood [14, 34, 38] and
involves the solution ®yg to a model RH problem, which we recall in Subsection A.2. The
function

fq@):—a{g@)_gA%% ES2>0 -y (4.21)

—(g(2) —g-(x;)), ifSz<0
is a conformal map from D, to a neighborhood of 0 which maps the real line on the imaginary

axis, that is, fo, (RN Dy,;) C iR. Let us deform the lenses in a small neighborhood of z; such
that

Jo, (Vis Uyjrr,4) NDyy) CT3UT,  fo, ((vj,— Uvjs1,—) NDy,) CT5 UTs,

where I's, 'y, T's and I'¢ are as shown in Figure A.2. In this way, f,, maps the jump contour
for P(#) in a subset of the jump contour for ®pg. We seek for P*i) in the form

P(gcj)(z) = E,,(2)®uc(rf., (2); Bj)(sjsj+1)—%e—rg(z)o3’ (4.22)

where we recall that f3; is given by (4.16). If £, is analytic, then it is straightforward to verify
from the jumps for ®y¢ (given by (A.4)) that P(*) satisfies the same jumps as S inside D,,.
From the asymptotics (A.5) of Py, we see that in order to satisfy (4.19), we are forced to
define E,; by

a3

Sji+1
SFL 3 >0
8j

0 1
, Sz <0
-1 0

Using the jumps for P(°°) we verify that E,;,; has no jump inside D,,. Also, since P(®)(2)
remains bounded as z — x;, and since f; € iR, it is directly seen from (4.23) that E, (z)
remains bounded as z — x;. We conclude that E,; is analytic in the whole disk D,,, as desired.
Also, since the jumps of P*/) coincide with those of S on (RU~yy Uvy_) N D,,, S(z)P@)(2)~?
is analytic in D, \{xj} Using (A.7) and condition (d) of the RH problem for S, we obtain
that S(z)P®)(2)~! = O(log(z — x;)), which means that z; is a removable singularity and in

B, (2) = P (2)(s;8+1) e 9+ (@) (p f, (2))Pi%2. (4.23)
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FIGURE 5. Jump contours X r for the RH problem for R with m = 3.

particular (4.20) holds. In Section 5, we will need more precise information about the matching
condition (4.19). Using (A.5), we obtain

P ()P ()"t = T+ B, (2)®nc1(B85) By, (2) 1+ 0O(r?), (4.24)

b
Tf-'L'j (2)

as r — o0, uniformly for z € 9D, ;, where ®ug,1(53;) is given by (A.6). Also, using (4.13),
(4.17), and (4.21), we obtain

B, (zj) = NAT®, where A;= e_%e"g+(mf)(2r)ﬁj H |z — 25| . (4.25)
k=0
k#j

4.5. Small norm problem
In this subsection, we show that P(>*) and P(®i) approximate S as r — +oo. For this, we
define

(4.26)

R(z) = S(z)P) ()7, for z € C\UJL, Ds,,
T S()PE (), for 2D, j€{0.1,... m}.

It follows from the analysis of Subsection 4.4 that R is analytic inside the m + 1 disks. Since
the jumps of P(>) and of S are the same on (xj—1,2j), 7 =1,...,m, we conclude that R is
analytic on C\ X g, where

7=0 j=0

see Figure 5. Also, from (4.9) and (4.13), we infer that the jumps Jp := R™' R, satisfy
Jr(z) = P (2)S_(2) 718 (2) P (2) " = T4+ O(e "), as r — 400, (4.27)

uniformly for z € Xg N (y+ U~_), for a certain ¢ > 0 independent of z and r. As shown in
Figure 5, we orient the boundaries of the disks in the clockwise direction. It follows from (4.24)
that

Jr(z) = PE) ()P (2)7t = T+ o(1>, as r — 400 (4.28)
T

uniformly z € {Ji_, 9D, . Furthermore, from the behavior of S(z) and P(>)(z) as z — oo given

by (4.8) and (4.10), we have
R(z)=T+0(z""), asz— . (4.29)
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By standard theory for RH problems [24—26], it follows that R exists for sufficiently large r
and satisfies

R(z) =1+ L(l:(z)

+ 0%, RW(z)=0(1), as r — 400 (4.30)
uniformly for z € C\ Xx. Note that the presence of 7% in the entries of E,, (see (4.23))
implies, by (4.24), that the entries of Jr contain factors of the form r*2% . Thus, a standard
analysis of the Cauchy operator associated to R (see, for example, [17, 38] for similar
situations) shows that

95 RM(z 1
s, R(z) = 2L O(*E"). 95k =Ologr), asr o (431
Moreover, since the asymptotics (4.27) and (4.28) are uniform in xy, . .., ., in compact subsets

of R such that (4.1) holds, and uniform for 1, ..., 8, in compact subsets of iR, the asymptotics
(4.30) and (4.31) also hold uniformly in xq,...,Zm, 81, ., Bm in the same way.
Now, we compute explicitly R (z) for z € C\ Uj= D., . For this, we first note that

R(z) =1+ L/ B(s)(Jr(s) = 1) ds. (4.32)
)

211 s—z

The above formula directly follows from R, = R_Jr and the asymptotics (4.29). Also, we
know from (4.24) that for

(W,
I =1+ P L0672, I = S (e (3B, () (433)

as r — oo uniformly for z € D,,, j = 0,..., m. By substituting (4.33) in (4.32), we obtain

1 J
RW(z) = — / T (8) 4 (4.34)
271 U, oD, 5= %

Note that the expression (4.33) for Jl(%l) can be analytically continued from 0D, to D, \ {z;},

and that J 1(21) has a simple pole at x;. Recalling that the disks are oriented in the clockwise
direction, and using (4.21), (4.24)—(4.25) and (A.6), we obtain

m 1 m
RW(z) = Z 7R€S(JI(%1)(S), s=uwxj), forzeC)\ U Dy, (4.35)
j=0° 7% =0
where for j € {0,...,m} we have
§ ~
Wy oY B Ain)
Res(JR (s),s = mj) = 21'N e . N
7,2

4\ —i(Aj, — Ajo —20) Aji+Ao

with

Kj,l = T(ﬂJ)A§ and Kj72 = T(*,Bj)A»_Q.

J
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5. Proof of Theorem 1.1

We prove Theorem 1.1 in two steps. First, we use the RH analysis of Section 4 to obtain large
r asymptotics for the quantities K, and K, defined in (3.13)-(3.14). By substituting these
asymptotics in the differential identity

m

0y, Jog F(rit,5) = Koo + Y __Ka,, ke{l,...,m},
j=0

we obtain large r asymptotics for 9s, log F(r&, §). Second, we integrate these asymptotics over
the parameters sy, ..., S, to obtain large r asymptotics for log F(rZ, 3).
5.1. Large r asymptotics for 0s, log F'(r&, 5)
Asymptotics for K. By (4.26), (4.8), and (4.10), we have
(s0) By
R(z) = S(2) P> (2)~* —I—i———i—@( %), as z — oo,

for a certain matrix R; satisfying 71 = Ry + Pl(oo). Hence, by (4.30),

(00) R(l)

T, =P+ +00?%), asr— +oo,

where Rgl) is the 2! coefficient in the large z expansion of R™(z). Using (4.14) and (4.35),
we find the following large r asymptotics for T7:

0 id UNGH —A;j1— A, —i(Aj —Ajo+2
T, = ( g 201> +Z% ( e L Z)> +0O(r™2). (5.1)
—1a7 =0 T _'L(Aj,l — Aj72 — 22) Aj 1+ A] 2

By (3.13), (4.4), (4.31) and (5.1), we obtain

m 1
Koo =1(0s,Th,21 — 05, T1 12) = —2i0,,d17r — Zask (572) + C’)( O§T>, asr — +oo. (5.2)
§=0

Asymptotics for K, with j € {0,...,m}. For z outside the lenses and inside D, by (4.6),
(4.26) and (4.22), we have

T(2) = R(2)Eq, (2)®uc (rfo, (2); B;)(s58j41) " 1 e 907, (5.3)
and by (4.21) and (A.8), we also have
Ouc(rfs, (2); B)) = Puc(rfs, (2); 8;), for 3z > 0.

Using (4.16) and Euler’s reflection formula for the I'-function (see e.g. [47, equation 5.5.3]), we
verify that

Sin(ﬂ'ﬂj) - 1 _ Sj+1 — S5 (5 4)
m ( )F(l ) 27Ti,/3j8j+1
This relation, combined with (4.21) and (A.9), allows to verify that

o

Dy (rfa, (2); B5)(s58741) +

TR 7 1 i) -
_ (Y ¥ (I+0(z - 2,)) L log(r(z — x;)) 7 (5.5)
Wior Wjo0 ' 0 1
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as z — x; from Iz > 0 and z outside the lenses, where the principal branch is taken for the
log and

r(1-8) (s8)11)% it T'(1-8))
\Ij.711:7J’ \P'712:L 10g2**+ +2"}/E

! (sjsj00)0 7 I'(8;) 2 I(1-5)

T(1+5)) —(558j41)7 ir  T'(=8)
\\ i21 = 7J1, g j22 = SRS A 10g2 - — + J + 2’}/]5] . (56)

T (sse) (=5;) 2 T(-5)

In particular, we note that
271 .
UnVjo=-pi——, j=0,...,m, (5.7)
Sj+1 7~ 8y

where we have used the well-known formula I'(1 + z) = 2T'(z) and (5.4). We deduce from (2.12),
(4.2), (5.3) and (5.5) that

Uy 0
G (ra;;ri, §) = R(x))Ey, (x;) [ 71 7). (5.8)
' ‘ Wior W0

Also, from (4.25), we have
Os, Bz 11(w5) = By 11(w5)0s, log Ay, Oy, By 12(75) = —Ey; 12(25)0s, log Ay,
askEzj’21(.’L‘j> = ijgl(.’lﬁj)ask 10g Aj, askijﬁgg(xj) = —ij722(.l'j>ask logAj.

Substituting (5.8) in the formula for K, given by (3.14), and using (4.30), (4.31), the above
relations and the fact that det E, (z;) = 1 we obtain the following large r asymptotics

- s “ log r
ZK% Z J+1 j,llask-,\ljj,21 ]218 \:[1311) ZQﬁjasklogAj—i—O( f )

7=0 7=0 7=0

(5.9)
Asymptotics for Os, log F/(r&,5). By summing the large  asymptotics of K, j =0,...,m
and K, using (5.2) and (5.9), we obtain

m

0, log F(ri, §) = —2i0,,dir — > _ (28;0s, log Aj + 05, (87))

Jj=0

logr

m Sj41 — 8.'
+ Z — o (W05 W01 = W10, W) + 0( ) as T — +oo.  (5.10)

This last sum can be simplified using the expressions (5.6) for ¥, 1; and ¥; 2, together with
(5.7):

Z %( ;1105 V21 — ¥ 2105, ¥ 11) ZBJ ., log 1—BJ; (5.11)
J=0 =0 j
Also, using (4.25), we have
Z_2ﬁ]ask logAJ = — Z/B Sk(ﬂj)log 2/,1 _22szask ﬁﬁ 10g|x] _xZ| 1 (512)
=0 3=0 j=0  £=0

LF£j
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For convenience, we will integrate with respect to Si,..., 05, rather than in the variables
S1y-..,8m (recall that oy = —f1 — ... — Bn). Let us define
F(rz, ) = F(ri, ), (5.13)

where 3 = (Biy..., Bm) and §= (s1,...,5,) are related via (4.16). Substituting (5.11) and
(5.12) into (5.10), and taking the derivative with respect to fj instead of si, k € {1,...,m},
we obtain

m m m

s, Vog F(ri, ) = —2i0g,dir — 2 895, (8;)log(2r) =2 8; > 9s,(Be) logarj — we| ™"
j=0 7=0 £=0
L#j
m m . 1
728(% +Zﬂjﬁﬁklog ac +ﬁj)+O(OgT), as r — +o0. (5.14)
=0 INCE) r
Using By = —f1 — ... — B and the explicit expression (4.18) of d;, we can simplify the different

terms that appear on the right-hand side of (5.14):
— 210, d1r = 2i(x — x0T,

m

-2 Z/Bjﬁﬂk (ﬁJ) 10g(27") = _2ﬂk' 10g(27“) - 2(ﬂ1 +---+ ﬁm) IOg(2T)7

§=0
=2 80 9a(Bo)logla —ad| ™! = _2257 log ;3.0)_(3;2_ 2| - 4B log |xy — o),

j= J

o #2 J#k
— > 95.(8) = 28, -2 B,

Jj=0 j=1

iﬁ 66 log ( i B ) = /Bkaﬁ log ( IBk) (/81 + - +/Bm)aﬁ log (1 + 51 ot Bm) .
oI - 6) CET( - B LTI 51—---—5m)

These identities allow to rewrite (5.14) as follows

0p, log ﬁ(r:ﬁ', E)

= 2i(xy, — xo)r — 458k log (2r(z), — 20)) — QZﬁj log (27“(:5]» |—x:c0)(xk — xO))

j=1 Jj l’kl
J#k
m
L(1 4 Br)
=20k —2) B+ BrOp, log =————
200 DR 8 R
1481+ Bm) log r
.. )05, 1 O ,
as r — +oo. (5.15)
The analysis of Subsection 4.5 implies that the error term in (5.15) is uniform in zo, ..., z,, in
compact subsets of R such that (4.1) holds, and uniform in fi,..., S, in compact subsets of

iR.
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5.2. Integration of the differential identity
We first find an explicit formula for

A+B1+-+ 81 +7)
(I-B1—=Be1—1x)

with ¢ € {1,...,m}. Integrating (5.16) by parts, we obtain
IZ(B@; /Bla s 75@—1)

dr, (5.16)

Be T
Iz(ﬁé;ﬁl,---ﬁe—ﬂ:/o (51+-~-+ﬁe—1+$)31-10gr

(I+B1+- 4+ Be1)
(1—=p1—=PBi-1)

(L+ 51+ +B)
(1=B1— =B

= (it B log (B4 B log

Be Be
—/ logT'(1 + B4 +~~+5271—|—x)dx+/ logT'(1 = p1 — -+ — Be—1 —x)dz.  (5.17)
0 0

We recall the following integral relation for the I" function (see e.g. [47, formula 5.17.4]):
z(z+1)

/ log'(1 + z)dx = %10g277— + zlogT(z 4+ 1) —log G(z + 1), (5.18)
0

where G is Barnes’ G-function. Using twice (5.18) with suitable changes of variables, we obtain

0 BT+ A+ 1Bt

:ﬂ%+2ﬁe(ﬂl+--~+m_1>+<ﬂl+-..+m)log§8+gi+:ﬁ:+gj;
r'l—pr—--—Bi-1)
—(By+ -+ Be_1)log AT 4B
log GA+p5i+--+6)Gl—p1—--—Be)
Gl+pi+-+B-1)Gl =B — - —Be1)’

Substituting this identity in (5.17) and simplifying, we arrive at

Io(Be; B, - -, Be—1) = B7 +2Be(Br+ -+ + Be—1)
GA+p1+-+B)GA—p1—---—B)
A+B14- 4B 1)GA=F1— = Pr1)

Now, we will use the identity (5.15) for k = 1,...,m. We start with k =1 and 8 =0 = 85 =
-++ = f3,,. With the notation 3; = (81,0,...,0), (5.15) becomes

1 1
+ ogG (5.19)

0p, log F(ri, B1) = 2i(x1 — mo)r — 45 log (2r|z1 — z0|)

(14 51) logr
—4 26103, log ———= + O ,
P1 + 26108, OgF(l—ﬁl)+ .

as r — +o00. Since the above asymptotics are uniform for ; in compact subsets of iR, we can
integrate over 31 from 7 = 0 to an arbitrary 8; € ¢R without changing the order of the error
term. Using formula (5.19) with ¢ = 1, we obtain

F re, 3, .

og ji_‘ﬂj) = 2iB(x1 — zo)r — Qﬂf log (2r(z1 — )
F(rz,0)

+2log (G(1 + B1)G(1 — B1)) + o(lofr)
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as 1 — +oo, where 0 = (0, ..., 0). This result matches with the known asymptotics (1.4), with a
slightly worse error term. Now, we use (5.15) with k =2, 83 =--- = ,, =0, and with 8; € iR
fixed. With the notation 5 = (81, 82,0, ...,0), we first rewrite (5.15) as follows
~ = 2r(z1 — xo)(z2 — x0)
0p, log F(rZ, B2) = 2i(xo — xo)r — 482 log (2r(z2 — o)) — 261 log g

+ (B + B2)0s, lo

—2B2 — 2(B1 + B2) + B20p, log P+ 62) g L+ 51+ o) + O(logr>.

(1 —pB2) (1= B —B)
Again, since the above asymptotics are uniform in 85 in compact subsets of iR, they can be
integrated over 5 from B2 = 0 to an arbitrary s € iR without changing the order of the error
term. Using twice formula (5.19) with £ =2 (once for I5(f2;0) and once for I5(52;61)), we
obtain

log M = 2ifs (2o — mo)r — 23 log (2r(x2 — x0)) — 26132 log (2r(x1 ;on_);xlg - xo)>

+log (G(1+ B2)G(1 — B2)) + log G+ B+ B2)G(1 — B1 — Pa) " O(logr).

G(1+ B1)G(1 - 1) r

We proceed similarly to integrate over the variables 8, ..., 8,,. At the last step, we use (5.15)
with k =m and fy, ..., B;m—1 arbitrary. The integration of (5.15) over 3, gives

F(ri, ) , )
log =———=—— = 2iB,(xm — x0)r — 2;, log (2r(zm — 20))
F(T.T,',Bm,l)
m—1 ( o )(.Z‘ _ )
—2 Z BjBm log ( QA 2 ) +1og (G(1 4 B,,)G(1 = Bm))
=1 Tm — Tyj
GL+ B+ +Bpn)G1 =1 — - — B) (logr)
+1lo + O ,
ECI+ B+ 4 PG~ B1— - Bum1) "
as r — +oo, where we have used the notation 57,,,_1 = (B1,.-+,Bm-1,0). By summing the
asymptotics obtained after each integration, we obtain
1ogu —2zZBJ i — o rfz25210g (2r(z; — x0))
F(rz,0) =
2r(z; —xo)(zp — @
=3 Bjﬁkl()g< ( 0_> B0 >+Zlog (1+B)G(1 = B;))
1<j<k<m Tk —Tj
log r
+log (G(L+fr+ -+ Bn)G(L = B — -+ ﬁm))+0< f >7

-,

as 7 — 400. Note from (1.7) and (4.16) that u; = 2mif3;. Since F(rZ,0) = F(rZ,1) =1 (by
(5.13) and (1.1)), this finishes the proof of Theorem 1.1.

6. Riemann-Hilbert analysis for s, =0

In this section, p € {1,...,m} is fixed and we obtain large r asymptotics for ®(rz;rZ,s), in
the case where the parameters are such that:
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o s,=0and s1,...,5,-1,8p+1,--.,Sm are in a compact subset of (0, +00);
® Xo,...,Ty, are in a compact subset of R;
e there exists § > 0 independent of r such that

min  x, —x; = 0. 6.1
o<j<kgm © I (6.1)

6.1. Normalization of the RH problem with g-function
Let us define

g(z) = —i0(2)\/z — xp_1/2 — 2, (6.2)
where the principal branches are taken for the square roots, and 6 is defined as in (4.11). The
g-function satisfies the jumps

94(x)+9-() =0 for z € (=00,2,1) U (ap,+50), (6.3)
with an asymptotic behavior at co given by
—iz, Sz >0,
~ — 00. 6.4
9(2) {iz, Sz < 0, ameTee (64)

We define the first transformation by
cos (5 (zp—1 + xp) sin (5 (xp—1 + )
T(z) = ( ) (5(a ») (5@ 2 ®(rz;ri, 5)e "9, (6.5)
—sin (§(zp—1 +xp)) cos (5(zp_1 + zp))

The purpose of the constant prefactor matrix in (6.5) is to simplify the behavior of T at oo.
After a computation using the behavior of ®(rz;rZ, §) as z — oo given by (2.11), we obtain

1, Sz >0,
T, _9 _mig,
Tz)=(I+—4+0 Ne 493 0 -1 — 00,
(2) <+z+ (2 )) e ( ), 32 <0, as z — 00
1 0
where
2
. . T
@1121(7'%,5}) — (1)1712(7"%7;) = ——(:cp — .’Epfl)2 -|—?"(T1721 — T1,12)- (66)

4

The jumps for T' are obtained straightforwardly from those of ® and from (6.3). Since s; # 0
for j # p, we verify that the jump matrix 7~ T, on (xj—1,2;), j # p, can be factorized as in
(4.5).

6.2. Opening of the lenses

Around each interval (z;_1,z;), j=1,...,m, j # p, we let the lenses v; + and ;_ denote
open curves in the upper and lower half plane, respectively, as shown in Figure 6. We also
let ©2; + denote the region inside v; 4 U (x;_1,2;), and we let ©; _ denote the region inside
vj,— U (xj_1,2;). We define the T' — S transformation by

1 0\
_8516727’g(z) 1/’ if z € anL?

S(z) = T(z)]l;[l <s.1e 1 0) . ifzeQ; o

—2rg(z) 1
J#P

I, ifZE(C\(Qj’JrUQj?,).

In a similar way in Subsection 4.2, we verify that S satisfies the following RH problem.
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\
\
\
\

FIGURE 6. Jump contours ¥g for the RH problem for S with m = 3 and p = 2.

RH problem for S.
(a) S:C\Xg — C**? is analytic, with
m-+1
ES = (70071727—1] U [‘T;m +OO) U Y+ U Y- Y= U Y5, £
j=0
J#p
where Yg is oriented as shown in Figure 6 and

37mi

Yo+ i= o+ eE T (0,400), Ymt14 = Ty + 5T (0, 4+00).

(b) The jumps for S are given by
0 3 .
Si(z) =85_(2) . , z€(xj_1,2),j=0,....,p—1L,p+1,....m+1,

1 0
S+(Z):S—(Z) <8j16_2rg(2) 1) ) Zefyj.,:taj:07"'7p713p+13"'7m+13

where x_1 := —00, 41 := +00, and we recall that sg = s,,41 = 1.
(¢) As z — oo, we have

I, Sz >0,
T Y _mig.
Sz =(I+—+0 Ne= 173 0 -1 6.8
(2) <+z+ (Z )) c , Sz <0. (6:8)
10
As z — z; from outside the lenses, j = 0,...,m, we have

_(00) Oflog(z —2,))
o) = (O(l) Ollos(= xm) |

LEMMA 6.1. The g-function defined in (6.2) satisfies
{z:R(g(2)) > 0} = C\ (=00, p1] U [zp, +00)).

Proof. Clearly, R(g(z)) = 0 if and only if g(2)? = —(2 — xp_1)(z — x,) < 0. Since g(2)? <0
for z € (—o0, £p_1] U [xp, +00), this proves (—oo, zp_1] U [zp, +00) C {2z : R(g(z)) = 0}. On the
other hand, for each ¢ € R™, the equation —(z — z,,—1)(z — x,) = c admits exactly two solutions
(counting multiplicities), and from the graph of g(z)? for 2z € R, it is immediate to verify that
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these two solutions lie on (—o0, zp—1] U [2,, +00), which proves (—oo,z,—1] U [zp, +00) D {2z :
R(g(z)) = 0}. Since R(g(z)) is continuous, all what remains is to determine the sign of £(g(z))
on C\ ((—o0,xp—1] U [zp, +00)). From the behavior of g(z) as z — i00, see (6.4), we conclude
that this sign is positive. O

We deduce from Lemma 6.1 that the jump matrices for S tend to the identity matrix
exponentially fast as r — +0o on the lenses. This convergence is uniform for z outside of fixed
neighborhoods of z;, j € {0,1,...,m}, but is not uniform as r — +oo and simultaneously
z—=x;,7€{0,1,...,m}.

6.3. Global parametrix

By ignoring the jumps for S on the lenses, we are led to consider the following RH problem,
whose solution is denoted P(>*). We will show in Subsection 6.5 that P(°) is a good
approximation for S outside neighborhoods of z;, j =0,1,...,m.

RH problem for P(>),

(a) P :C\ ((—00,7,_1] U [z), +00)) — C>*2 is analytic.
(b) The jumps for P(>) are given by

0 Sj

1
s; 0

Pioo)(z)zpfoo)(z)< ), z € (xj_1,25),7=0,...,p—1,p+1,...,m+1

(¢) As z — oo, we have

( ) P(OO) T
p(= I Ne 1938 [0 —1 .
(2) = (7%) | Ne ( ) 32 < 0. (6.9)
1 0
for a certain matrix Pl(oo) independent of z.
o@1) o1
(d) As z—xj, j€{0,...,m}\ {p—1,p}, we have P(®)(z) = 021) 021; .
Ol(z— )1 O((z =) "14)
i _ () (2) = J J

As z — z;, j € {p — 1,p}, we have P> (z) <(9((z—xj)1/4) O((x — ;) 1/4)

The construction of P(>) relies on the following function D:

logs 1 du
D(z) = exp | 0(2) /2 = wp1y/2 =y | = 2mJ VTl — U Ty —uu— 2
P p

7

N i logs.j ¥ 1 du

where the principal branches are taken for \/z —x,—1 and /z — x,. D satisfies the following
jumps

D, (2)D_(z) = s, for z € (zj_1,2;), j €{0,....,m+ 1} \ {p}.
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Using primitives, one can rewrite D as follows
p—2 6]9 z
D(z) = H (\/Z — Tp—1VTp — T — V2~ Tp/Tp1 _mj> ©
=0 VZ = Tp_1\/Tp —Tj + /2 — Tp\/Tp_1 — T;
m VZ—TpJTj—Tp 11—z 7=, \ )
% H < PV™"i p—1 p—1V/7; p) ’
j=p+1 VZ = TpVTj = Tp-1 + V2= Tp 1T — T
where again the principal branches are taken for \/z —z, and \/z — z,_1, and
1 S
i=—1 d i €{0,... -1 6.10
B =5 o8 T j€{0,....m}\{p—1,p} (6.10)
S0 = Sm+1 = 1.
As z =00, S2 >0, D(2) = Doo(1 +di27 1 + O(272)), where
p—2 Bj m B
D =1] <\/~Tp T = \Tp1 ffj) < 11 (\/%' —Tp-1 = VT fﬂp)
o \WTp = Tj +/Tp1 — T i1 \WT — Tp—1 /T — Tp
and
p—2 m
d1 = Zﬂj\/xp - Z‘j\/.ifp_l — Ty — Z ﬂj\/l‘j — 1‘1)\/33]' —Tp—1- (6.11)
=0 j=p+1
Let us define
Bz) _ Bk Doot+DZ} i(Doo—DZ)
(o0) N V2 V2 —0c N 2 - 2
P*>(z)=D B By ND(z)™%, D= <i(Doo—Dool) De 1 D= ) ,  (6.12)
V2 V2 2 2
where 8(z) = / zi;jf1 has branch cuts on (—oo, z,—1) U (x,, +00) and satisfies
B(z)~1 asz—00,32>0 and f(z)~i asz— 00,3z <0.
We verify that P(>) satisfies the properties (a), (b) and (c) of the RH problem for P(>).
Furthermore, after a computation we obtain an explicit expression for Pl(oo):
p() < %(IP - xp—l)(Dgc - D<;02) idy — g(xp - Ip—l)(Dgc + D002)> (6.13)
1 = . . B . .
—idy — é(fﬂp—%fl)(DioJrDo_f) _é(xp_xpfl)(Dgo _Dooz)
In the rest of this subsection, we compute the leading terms in the asymptotics of D(z) as
z—=xj,j=0,....m. As z = xj, § #p,p— 1, Sz > 0, we have

D(z) = /511 (z — ;)" H T];f’“(l—k(’)(z—mj)), (6.14)
k=0

k#p—1,p
where

o \/lxk’_xp|\/|xj_xp71|+\/|$k’_xp71|\/|xj_$p| .
Tk,_]— ) k#])
’\/|xk _xp|\/|xj —Tp_1]| — \/|xk _xp*1|\/|xj _xPH

T, = Az — zp1||7j — 0|

Tp —Tp—1

(6.15)
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As z = x,, Sz > 0, we have
D(z) = \/spﬁ(l = _T’;Cp 1 Vz—zp,+0(z ) (6.16)
with
i B W (6.17)

| *xp|
J#p l,p

and as z = xp—1, Sz > 0, we have

D(z):\/ﬁ(l—k\/j;m;l\/ —xp_1 +O0(z — ) 1)) (6.18)
with

VT —z
mp 1 Z 6] \/m (619)

J#p Lp
6.4. Local parametrices
In this subsection, we construct local parametrices P(*7) around zj,j€40,...,m}. Tobe more
precise, let D;; be small open disks centered at z;, j = 0,1,...,m whose radu are equal to 2 55

where ¢ is defined in (6.1). The definition of the radii ensures that the disks do not intersect
each other. We require P(*i) to satisfy the same jumps as S in D,,, and to match with p()
on dD,, in the sense that

P@i(z) = (I40(1))P)(z), asr— +o0, (6.20)
is required to hold uniformly for z € D, ;. Finally, we also require

S(z)PE) ()7L =0(1), asz— ;. (6.21)

6.4.1. Local parametrices around z;, j € {0,...,m}\ {p — 1,p}. The construction of P(*s)
for j€{0,1,...,m}\ {p—1,p} is similar to the one done in Subsection 4.4, and involves
confluent hypergeometric functions. The function

9(2) — g+ (z5), if 3z > 0,
flvj (Z) = —2 o COx
—(9(2) —g-(z;)), if Iz <0,
is a conformal map from D, ; to a neighborhood of 0 whose expansion as z — x; is given by
fmj (Z) = ZCJL‘J‘ (Z - 33])(1 + O(Z - ‘Tj))a

Tp_1+Tp — 2

Y 5 i =0,....p—2
Lp—1 — Xj\/Tp — T4
o = A (6.22)

2$j —Tp—1 — Tp oo
, ifj=p+1,....m
VT = Zp1/Tj —Tp
Note that f,,(RND,;) C iR. In order to use the model RH problem for ®ug, we deform the

lenses is a small neighborhood of z; such that the jump contour for Pi) is mapped by fz; to
a subset of Xy (see Figure A.2), that is,

Jo, (V4 Uvjs1,4) N Dy;) CT3UTs, fo, ((vj,— Uvjg1,—) NDy,) CT5 UL,




LARGE GAP ASYMPTOTICS FOR THE GENERATING FUNCTION 135

where T's, 'y, I's and T'¢ are as shown in Figure A.2. We seek for P(*s) in the form

PE(2) = By, (2)Pua (1 fa, (2); 8))(sj5511) F e 79307, (6.23)
for a suitable analytic matrix valued function E, . We recall that the parameter 3; in (6.23)
is given by (6.10). Since E,, is analytic, it is stralghtforward to see from the jumps of @y

(given by (A.4)) that P(®s) glven by (6.23) satisfies the same jumps as S inside D, ;. In view of
(A.5), we see that to satisfy the matching condition (6.20), we are forced to define £, by

03
31 , Sz>0
o Sj
By, (2) = PP)(2)(s8501) * 0 1 e (o (2) P70 (6.24)
Sz <0
1 0

It can be verified from the jumps for P(>°) that E,, defined by (6.24) has no jump at all inside
D, ,. Furthermore, using (6.14), we verify that E, (z) is bounded as z — x; and E,, is then
analytic in the whole disk D, as desired. Since Pi) and S have exactly the same jumps
on (RU~; Uy-)ND,,, S(2)P«)(2)~! is analytic in D,, \ {z;}. As z —> x] from outside the
lenses, by condition (d) in the RH problem for S and by (A7), S(2)P=i)(z ) ! behaves as
O(log(z — x;)). This means that z; is a removable singularity of S(z)P(*1)(2)~! and therefore
(6.21) holds. We will need later a more detailed matching condition than (6.20), which can be
obtained from (A.5):

1
P(TJ)(Z)P(OC) (Z)_l =1 + WEIJ (Z)(I)HG,l(/Bj)El’j (Z)_l + O(’I"_Q), (625)
as r — +o0, uniformly for z € 9D,,, where ®uc,1(3;) is given by (A.6). Also, using (6.12),
(6.14)—(6.15) and (6.22), we note for later use that

1~ (1 =1\ [ Jaj—ay \ T
E, (x;)=—=D el ) N, 6.26
,(#3) V2 ( 1><|»’U‘7‘—$p—1|> ’ (626

where

Ay = e @) (T e, )™ T T (6.27)
k=0
k#j,p—1.p

6.4.2. Local parametrix around z,. For the local parametrix P») we need to use another
model RH problem whose solution ®p, is expressed in terms of Bessel functions. This model
RH problem is well known, see, for example, [44], and is recalled in Subsection A.1 for the
convenience of the reader. Consider the function

_ 9(2)2 _ (2 —ap-1)(z —zp)
fxp(z) - 4 - 4 :

This is a conformal map from D,, to a neighborhood of 0 whose expansion as z — x,, is given
by

) =, (= ) (14

Z—=Tp 2 Tp — Tp—1
= 4 0o((z- L, = YTl S 00 (6.28
S0 af)) e, =Y (6.25)

We choose the lenses such that they are mapped by —f, onto a subset of ¥p. (X, is the
jump contour for ®p,, see Figure A.1):

2mi

_f:rp(’yp+1,+) C e_TR+, _pr (7p+1,7) -

R,
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If we take P(@») of the form
PU0)(2) = B, (2)03®pe(—1 f,, (2))03s, .3 e 97, (6.29)

with E,, analytic in D, , then it is straightforward to verify from (A.1) that Pr) has the
same jumps as S in D, . To satisfy the matching condition, by (A.2), we need to define E,,
by

73

By, (2) = PO(2)s, 00 N (200 (— £, (2)1/2) 7
where we take the principal branches for the square roots. We verify from the jumps for P(>°)
that £, has no jumps in D, , and has a removable singularity at x,; therefore £, is analytic
in D, , as required. We will need later a more detailed matching condition than (6.20), which
can be obtained using (A.2):
T oo — 1 00 23 =% (oo — —
P( p)(z)P( )(Z) = I+ WP( )(Z>Sp110'3(1)Be,1035p+21 P( )(Z) ! +O(7‘ 2),

(6.30)

as r — +oo uniformly for z € 0D,,, where ®p. 1 is given below (A.2). Using (6.12), (6.16),
(6.28) and the expansion

(—fu, ()2 = —icy /2 —2p(1+ Oz — x,)), asz— xp, Sz >0, (6.31)
we obtain E, (x,) by taking the limit of E, (2) as z — x, from the upper half plane:

E S Lp(h (0 e H 6.32
Zp(xp)—\ﬁ 1 1 i —2d, € (m(zp —xp-1)r) > . (6.32)

6.4.3. Local parametrix around x,—1. The local parametrix P(*p-1) is also constructed in
terms of Bessel functions, and relies on the model RH problem ®p.. The function

PR SO a1 [ G 6.33)

4 4

is a conformal map from D,,_, to a neighborhood of 0 whose expansion as z — ;1 is given
by

Fos )=, =) (1= 222 L 0(G =) ).

Tp — Tp—1

Tp —Tp—1

> 0. (6.34)

Copy = 3

In a neighborhood of z,_;, we deform the lenses such that

27

27 2T
fxpfl('yp—l,-&-) ces RJra pr,l(%)—l,—) Ce 5 R,

In this way, the jump contour for P(*»~1) is mapped by Jz,_, onto a subset of Yp.. We take
Pp=1) of the form

Pr)(z) = B, (2)®Bpe(r2f,, ,(2))s, 2 e 7927, (6.35)
where E, | is analytic in D, ,. Using (A.1), it is straightforward to see that P(@»-1) has the

same jumps as S in D,,_,. To satisfy the matching condition (6.20), using (A.2) we conclude
that F, _, needs to be defined as follows:

1

B,y () = PO () N (2m0(fs, L, (2)2)
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FIGURE 7. Jump contours ¥ r for the RH problem for R with m = 3 and p = 2.

It can be verified from the jumps for P(>) that E,., has no jumps in D,,_, and has a
removable singularity at z, ;. We conclude that E, _, is analytic in D, _,, as required. We
will need later a more detailed matching condition than (6.20), which can be obtained using

(A.2):

. 1 o3 _o3
PEr-D ()P ()"t =T+ P<OO)(2)Sp2i1(PBe»1Sp—Zf Pt +0(r?),
r

(fo,—1(2))/2
(6.36)

as r — +oo uniformly for z € 0D,,_,, where ®p.; is given below (A.2). Furthermore, using
(6.12), (6.18) and (6.33), one shows that

1 ~f(1 -1 1 —2id, i o3
Fomiltn) =50 ( ) ( Z ) €% 7 (m(ap — 7)) 7 (6.37)

q

V2l 1)\l 1

6.5. Small norm problem
The last transformation of the steepest descent is defined by

R(z) = { S(z)P) ()71, for € C\U ) Ds,,

6.38
S(z)P®i)(2)~1, for € D,,, j € {0,1,...,m}. (6.38)

It follows from the analysis of Subsection 6.4 that R is analytic inside the m + 1 disks. Since
the jumps of P(>) and of S are the same on (xj—1,2j), 7 =1,...,m, we conclude that R is
analytic on C\ X g, where

ER = U aDOL’] U (’er U ’Y*) \ U DCEj 3
j=0 j=0

see Figure 7. From Lemma 6.1 and the fact that P(°) is independent of r (see (6.12)), we infer
that the jumps Jr := R_'R, satisfy

Jr(z) = P (2)S_(2) 718 (2) P (2) L = T4+ O(e "), as r — +o0, (6.39)

uniformly for z € ¥z N (v4 U~v_), for a certain ¢ > 0 independent of z and r. Let us orient the
boundaries of the disks in the clockwise direction as shown in Figure 7. For z € U;n:o 0D,,,
from (6.25), (6.30) and (6.36), we have

Jr(z) = P ()P (2)t = T+ o(i) as r — +0o0. (6.40)
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Therefore, R satisfies a small norm RH problem. By standard theory for small norm RH
problems [24, 25], R exists for sufficiently large r and satisfies

R(z) =1+ w + 0%, RW(z)=0(1), as r — 400 (6.41)

uniformly for z € C\ Xg. For any j € {0,...,m}\ {p — 1,p}, we see from (6.24) that some
factors r*/7 are present in the entries of E,,. Hence, by (6.25), some factors of the form r*27
also appear in the entries of Jg, and therefore

93, RM(z) N O<logr

0s,R(z) = " 2 ), 35_7.R(1)(z) =O(logr), asr — +oo. (6.42)

Furthermore, since the asymptotics (6.39) and (6.40) hold uniformly for

Bos- -+ Bp—2,Bpt+1,---,Pm in compact subsets of ¢R, and uniformly in zg,zi,...,2, in
compact subsets of R such that (6.1) holds, the asymptotics (6.41) and (6.42) also hold
uniformly in By, ..., Bp—2, Bp+1s -+ BmsTo, - - ., Ty in the same way.

Now, we compute explicitly R™(z,), R" (2, 1) and R (z) for z € C\ U], Ds,. As in
(4.34), R™ admits the following integral representation

1)
RW(z) = L/ L(s)dsy
2mi U, 0D, S—%

where J}(%I) is defined via the expansion

I3 ()

" +0O(r=?), Jg)(z) =0(), asr—+4oo, zE€ U D, ;.

=0

Jr(z) =T+

Recall that J}(%l)(z) is defined only for z on the boundaries of the disks. However, from the
explicit expressions for Jl(%l) given by (6.25), (6.30), and (6.36), we see that Jg) can be

analytically continued on ;- D,; \ {z;}, and that Jl(%l) has a pole of order 1 at each of the
functions x;. Since the disks are oriented in the clockwise direction, a direct residue calculation
shows that

m 1 m
RW(z) = Z 7R€S(J}(§)(S), s=ux;), forzeC\ U D,,, (6.43)
=0T =0
m 1)
1 1 J (3)
RW(x,) = Z PR Res(Jl(z)(s)7 s=xj)— Res(stp, s= x,,), (6.44)
7=0
J#p W
m 1
(1) _ (1) ) Jr’(s) _ 4
R (zp_1) JZ:;) - _ijes(JR (s),s =) Res(s —33,)—1’8 Tp—1 |- (6.45)
Jj#Fp—1

Using (6.22) and (6.25)—(6.26), for j € {0,...,m} \ {p — 1, p}, we obtain

Res (Jg)(s), s = a;j)

" _
_ B s (M)N b ) e
2icy,, 1 1 |zj — zp—1] —Ajp 1
_23
X(W) N
|z — 2pa -1 1
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73

_ﬁfﬁ]-—l(%—%4)4 —Aj1— A —i(Aj1 — Aj 2 + 2i)
4Cx]. 1 1 |xj - xp71| — ’(K]}l — Kj)g — 27,) Kj,l + Kj,Q

_93
( m-—xp) R
|(Ej—$p,1| -1 1

where
Kj,l = T(BJ)AJZ and Kj72 = T(—ﬂj)AJ«_Q. (646)
Using (6.12), (6.16), (6.28), (6.30), and (6.31), we obtain
. 1~(1 1\~
Res(J}(%)(s),s = xp> = 1—6D (1 1) D™, (6.47)
and by (6.12), (6.18), (6.34), and (6.36), we have
(1) _ R Bt B R
Res(JR (s),s = xp,l) = 16D (_1 1) D™, (6.48)

In the same way as we derived the residues (6.47) and (6.48), but with more efforts, we also
obtain

Jb D 3 + 164> —3 4+ 16d2 +16id,,\ ~
Res Ri(s),s:xp = o v L "Dt
s—xp 16(x)p — xp—1) \ 3 — 16dmp + 16id,, -3 — 16d%
and
1)
J

Res(R(S), s = xp1>

S — Tp—1

_ D 3+ 16dip,1 3— 16de.1)71 + 16id,,_, H-1
16(xp — xp—1) \ =3+ 16d02%71 + 16id,,_, -3 - 16d30p71 '

7. Proof of Theorem 1.2

We prove Theorem 1.2 using the same strategy as in Section 5. First, we use the RH analysis
done in Section 6 to find large r asymptotics for

m

0o log F(ri,8) = Koo + Y K., k=1,..,p—1Lp+1,..,m.

j=0
The above identity was obtained in (3.12) and the quantities K, and K, are defined in (3.13)-
(3.14). Then, we integrate these asymptotics over the parameters s1,...,8p—1, Spt1,- -, Sm.

7.1. Large r asymptotics for 0s, log F(r&, 3)
Asymptotics for K. Using (6.8), (6.38), and (6.9), we obtain
T, = Ry + P™,

where R; is the 27! coefficient in the large 2 expansion of R(z). Hence, by (6.41), we have

T, = Pl(oo) + 21+ 0(r?), asr— too,
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where Rgl) is defined through the expansion

R
RW(z) = % +0(z7?%), asz— oo.

Hence, using (6.13) and (6.43), we get

T = ( §(zp —2p1)(D3 = DY) idy — £(xp — xp—1) (D% + D;2)>

—idy — g(zp —2p-1)(D3 + D7) —g(zp —2p1)(DZ - D)
B A1 -1 ( |x—x|>ﬂ4&
T i p 1T — Zp|
jz:;) deg,r \10 1 |zj — xp_1]
J#Fp—Lp

o AR iR A2 (%—M> DB
—i(KjJ — Kj,? — 21) KjJ + ijg |xj - J?p_1| -1 1

1 (1 1)~ 1 (=1 1\ ~
—D D'+—D D'+ 0@ 2 51—
16r (1 1) * Tor (1 1) O, asr = +oo,

which implies, by (3.13), (6.6) and (6.42), that
Ko =1(0s,T121 — 05, T1,12) = —2i0s,di7

. i |zj — 2p-1/0s, (5]2(7\];1 —Ajo2— Qi)) = |z — 2|05, (5?(7\3'71 —Aj2+ 2i)>
=0 2icy,; \/|xj — Zp1||zj — xp]

Jj#p—1,p

+O <1°fr> (7.1)

as r — +00.

Asymptotics for K, with j € {0,...,p—2,p+1,...,m}. For z outside the lenses and
inside D, by (6.7), (6.38), and (6.23), we have

T(2) = R(2) By, (2)®uc (rfo, (2); B;) (sy5501) e 707, (7.2)
and by (6.22) and (A.8), we also have

Puc(rfe,(2);85) = ‘/ISHc;(Tij (2); B;), for Sz > 0.

Using (6.10) and Euler’s reflection formula (see, for example, [47, equation 5.5.3]), we note
that
sin(7/3;) 1 Sji+1 =85
— = , J=0,...,p—=2,p+1,...,m. 7.3
s F(ﬂj)l"(l — B]) 27'(7,, /SjSj+1 ( )

This identity, combined with (6.22) and (A.9), implies

73

Pua(rfz, (2); Bi)(s58541) *

TR 7 1 i) —
_ (Y ¥ (I+0(: — ;) 52 log(r(z — xj)) , (7.4)
Wior W0 ' 0 1
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as z — x; from Iz > 0 and outside the lenses, where the principal branch is taken for the log

and
it T'(1-8)
(logcxj -3 + (1 —ﬂj) -‘r?’YE)»

Sl

INOE) (sjsj+1)
U, RV A" Visk
d (5151-5-1)% g INCH)

PA+8) o :—<sjsj+1)i( _ir T(=8) )
PR e CORE A v R D

and using I'(1 4 z) = 2I'(2) and (7.3), we verify that

4,21

27 .
\I/Lll\I/LQl:_Bjm? jZO,,p—Q,p—Fl,,m (76)
J J

From (2.12), (6.5), (7.2) and (7.4), we get

2o b)) s Gl b m)) g (T iz
sin (§(zp—1 +ap))  cos (5(zp-1+xp)) NI W01 W00

Gj(rzj;rE,s) = <
Also, from (6.12), we see that
ﬁuaskﬁm - ﬁZlaskﬁll =105, log Do

Therefore, using (6.41), (6.42), and det E,,(z;) = 1 in the definition of K, given by (3.14),
we obtain after a long calculation that

m m
Sj41 — S5
Z K, = Z —%( 51105, W21 = Wj2105, ¥j11)
— j=0
Jj#p—1,p JEpL
m i
_ Z Qﬂjask log Aj + §ask 10gDoo
§=0
Jj#p—1p
m s. Ty —
e R VT
Viws = apal
J#p 11)
_M(Aj‘l’j,n — AT 00)?
|z — 2| J
1
+0< ogr>’ as 7 — +oo. (7.7)
T

USlng 7.3), (7.5), (7.6), and the definitions (6.46) of 1~\j71 and ijg, for j=1,....,.p—2,p+
1,...,m, we get

s < % :
- %(A Wjan + Ay "W 01)? = 5]2(1\]',1 +Aj2) + 2iB;,

s ;- - e e .
— L(A \I/J 11 — ’LAJ- 1\I/j’21)2 = 5]2(Aj’1 + Aj,2) — QZBJ',

21
Si41 — S I'(1+8)
- s L (W;1105, W01 — ¥ 0105, ¥ 11) = 53,05, log ra 5;)
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Substituting the above identities in (7.7), we finally arrive at

m 1 + ﬂ m
Z K, Z B0, log —/———= I j Z 2030, log A;
j= j=0

Jsép 110 Jj#p—1,p

i — ~ ~ Vigj —apl  Vl]wg —ap|
+=0s, log Dy BZ(A»7 +A9) ( vl

j#p—1,p

Jj#p—1,p

0, 10D, Z m( VI, =] ¢|7> o((52),

\/|mj — Tp—1] \/|33J — x|

J#p 1J>

as r — +00.

Asymptotics for K,,. Tt follows from (6.7), (6.38), and (6.29) that for z € D,,, z outside
the lenses, we have

T(2) = R(2)E., (2)03®pe(—1> f2, (2))0s /551 Tte 793078, (7.8)

Using (A.3) and (6.28), we obtain

035~ fs, ()i s = (‘I"”“ q”””) (I+0(-,) (1 e m””)

Upor Upoo 0 1

as z — xp from Sz > 0 and outside the lenses, where

log(c2 r) — mi
1/2 1/2 [ 1B g\Cs
\ij,ll er{ ) \Ilp,12 pﬁrl (TF’L + 21)77” )

1/2
Upo1 =0, Upo2 = Spt1-

On the other hand, using (2.12) and (6.5), as z — z,,, Sz > 0, we also have

T(z) = ( cos (Eﬁ(%—l +ap))  sin(§(apa +f”p))> Gp(rz;r, s)

By combining (7.8) with (7.9), we arrive at

Gp(rey;ri,s) = < .
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From the definition (3.14) of K, and the explicit expressions for E, (z,) and R (z,) given
by (6.32) and (6.44), we find after a computation that
P

5 (xp — Tp—1)0s, log Doo + 05, log Do

m

Tp-1 2% T
x| da, + Z mﬁj(%ﬁﬂm)

J#p 14}

- |x; — zp|(zp — p_1) ~ ~ , logr
sy vl 0 (B(Rja = Ko +20)) + O 225 ) (7.10)

i/ ]x; —xp_1|(xy —35)Cs,

as r — +00.

Asymptotics for K, For 2 outside the lenses and inside D,

(6.35) and (6.38) that

T(z) = R(2)E,, ,(2)®pe(r’fs, (2))y/Sp1 “PeTTIR)s, (7.11)
Also, using (A.3) and (6.34), we get

Ly _,, we deduce from (6.7),

Wy 111 Ypoi12

Cpe(r?fo, 1 (2) Vo1 7 = ( ) (I +0(z = 2p-1))

V121 Yp_i,22

y (1 2L log(r(z — Q?p1))>

0 1

as z — Tp—1 from Jz > 0 and outside the lenses, where

log(cz, ,7)
U111 =5, 1{27 v,_ 112—811,/21<7E+p. ;

e 21

1/2
Uy,_1,21 =0, Upo122 =8,7.

On the other hand, using (2.12) and (6.5), as z — z,_1 from Sz > 0 we also have that

U (5(zp-1 +2p))  sin(§(zp_1 + :Ep))>
1= ( oy 1) <08 (5lapor +,)

1 5= log(r(s — 2,
XG;n—l(Tz;Tf,g)<0 2 og(r(lz r 1))> e 93,

Combining (7.11) with (7.12), we arrive at

Gp_1(rey—1;7%,8) = (

cos (5(zp_1 +ap))  —sin (5(zp—1 + 2y ))
sin (§(zp—1 +ap))  cos(5(zp1 +p))

(SR

(7.12)

V111 Ypoi12
XR(xp—l)Empl(xp—l)< e g )

V121 Yp_1,22
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Using (3.14) and the explicit expressions for E, _, (z,-1) and R (z,_;) given by (6.37) and
(6.45), we find after a computation that

K., , = %(xp — 2p—1)0s, log Do + 05, log D

" i Vi —azpal(zp —zp1) (52( 2_21))4_0(10%7")
& G ay - e, O A -

(7.13)

as r — +o0.

Asymptotics for s, log F'(ri,5). After substituting the explicit expression (6.22) for c,,,
j=0,....,p—2,p+1,...,minto (7.1), (7.7), (7.10), and (7.13) and simplifying, we obtain the
following asymptotics as r — 4-oc0:

m
Koo = =2i05,dir+ Y

j=0
Jj#p—1,p

1|z —xp_1| — |z; — xp] ~ ~ log r
(gt Sy, (2R, - Kw) - 069)) + 0 <27).

|zp—1+ 2p — 2|

- = 2 —ap| — |2 — 2p_1| B7 ~ ~

> Ki =-04logDec Y e o (A1 + Ay 2)
j=0 =0 V0T —apllz; —xpa] 2

J#Fp—1.p J#Fp—1Lp

) — @p| + |7 — fﬂp1|>

\/|xj — xpl |z — p1]

+ﬁj

+ Z (ﬁj Sklog((l—i_%])—2ﬁj88klogAj>+(’)<10§r>’

J#p—1,p

2
|z — ap| = |2j — 2p 1|ﬂ

K, +K, ,=08,logDy|ds ,+do + (A1 +4)
' § ' jz:;) \/‘xj—xp||$3_$p—1| 2i

Jj#p—1,p

Tp ~ Tp—1 2% X log r
i Z 2i(xp + Tp— 1—233)89"<Bj(AJ»1 Ag,z))+(9( . )

7=0
Jj#p—1,p

Also, from the definitions of d,, and d,, , given by (6.17) and (6.19), we have

2 = 2l + J; — 1]
dy, , + z,,—Z@j’” i Tpoll
=0 |zj — @pl |2j — 2p—1]

Jj#p—1,p
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Therefore, summing the above asymptotics and simplifying, we obtain

. , S I'(1+5;)
8sk lOg F(’/‘J?, §') = —2188kd1 r 4+ JZZ:O (,8]8% IOg 1_‘(17_&7 — QﬁJaék log A] — 8sk (ﬁ?))
J#p—1,p
+o<1"§”>, (7.14)

as r — +o0o0. We also note from (6.27) that

Aoy — a7 — 21|22 — Tp — Tpp
asklogAj=aSk(6j)1og< Ve — wplles — opalle; - 2 —ap 1|T>

Tp — Tp—1

m

+ Z 05, (Be) log Ty ;.- (7.15)
(=0
£#5,p—1,p
It is clear from (6.10) that there is a one-to-one correspondence between
§= (81, ey 8p—1,0, 854154, Sm) € (R+)p_1 X {O} % (R+)77l—1)

and E:: (Boy - Bp—2:Bpt1s -+ Bm) € (IR)™ 1. Let us define ﬁ(m’c’, E) := F(rZ,§). By sub-
stituting (7.15) in (7.14) and then writing the derivatives with respect to 8 instead of sy, we
obtain

93, log F(rz, )

. T(1+ B) -
= —2i0g, dy r + B0, log Ti=4 26, — ;) 208;log Ty, ;
Jj#k,p—1,p
=20y log (4\/|xk — 2l ok~ @pal2on — 7y - xp1r> + (9(1()gr)7 as 7 — +00.
Tp — Tp—1 r
(7.16)
It follows from the analysis of Subsection 6.5 that the asymptotics (7.16) are valid uniformly for
Bos- -1 Bp—2,Bp+1,- -, Bm in compact subsets of iR, and uniformly in g, ...,z,, in compact
subsets of R such that (6.1) holds.
7.2. Integration of the differential identity
For convenience, we define 3; € (iR)™ ! by
54_{(50,...,5]-,0,...,0), if j €{0,...,p—2},
j = oo
(ﬁOa"'7ﬂp—2,6p+1>'"75]'707"'70)3 lf] S {p+ ]-a"'?m}'
Fork=0and f1 =+ = fp—2 = fpt1 = --- = B = 0, the asymptotics (7.16) are as follows:
~ 5 ) ra+
D, log F(r, Bo) = —2ir/xp — xor/Tp—1 — x0T + Bo0p, log F((lﬁﬂoo) — 28
28 log (4\/|xp — ol 21— @ol(@p + Tpr m)r)
Tp — Tp—1

1
—|—O< 0§T>, as r — 400, (7.17)
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where we have used the definition (6.11) of dy. Since these asymptotics are uniform for 5y in
compact subsets of iR, we can integrate (7.17) from [y = 0 to an arbitrary Sy € iR without
worsening the order of the error term. Recalling from (5.19) that

Po 'l+=
[ w08 LT = 53 +1os (G + 50)GO - ) (7.18)
0 (1 —=)
an integration of (7.17) yields
F T, 3 .
B2 Bo) _ iy foy —z0y/Eyms —zor + log (G(1+ fo)C(1 — o)
F(rz,0)
— 3 log <4\/|xp — ol [zt~ wol(z, + 2y - 2x0)r> + O(log?")’ as r — 400,
Tp — Tp-1 r
where 0 = (0,...,0). In a similar way, we integrate successively in the variables 1, ..., Bp—2.

At the last step, we use (7.16) with k = p — 2, and with fy,. .., 8,—3 fixed but arbitrary:

93, , log F(r, §, »)

F(l + ﬂp—2)
F(l - 61?72)

= —2i\/xp — Tp_o\/Tp_1 — Tp_27 + Bp_20s, , log —2B,-2

4/lzp — mp—al [wp—1 — Tp—2|(Tp + Tp-1 — 23p_2)r
Tp — Tp-1

p—3
— Z 26] log Tp—2,j — Qﬁp_g log (
7=0

_}_O<logr>7
r

as r — +oo. Since the above asymptotics are uniform for 8,_, in compact subsets of iR, an
integration over 3,_5 from B,_» = 0 to an arbitrary 8,_» € iR let the order of the error term
unchanged, and using again the formula (7.18) (with Sy now replaced by 8,-2), we obtain

log 7}1(74?’ 6_,1772)
F(r#, Bp—3)

= _2iﬂp72 \/.’Ep — Tp—2 \/Z‘p,1 —Tp_aT + log (G(l + Bpf2)G(1 - ﬁp72))

p—3
4v/]xp — Tp_ol||Tp_1 — Tp_2|(zp + Tp—1 — 2xp_2)T
_226jﬂp—210ng—2,j_Bi_glog( Vizp — P - 710% ; p T Tp P
j=0 p p—

+O (logr>, (7.19)

r
as r — +oo. The successive integrations in 8,11, ..., S can be done similarly. At the last step,
we use (7.16) with & = m and §,,—; arbitrary but fixed:

0g,, log ﬁ(rf, ﬂ_'m)

L1+ Bm)
F(l 75m

= 20/ — Tp\/Tpy — Tp_1 7 + BrnDp,, log 2Bm
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m—1
Ty — X Tp—1 — X x+x_172x r
- p— Tp-1
Jj#p—1,p
log r
+0 ,
r

as r — +o0o. After an integration of the above asymptotics from 3,, = 0 to an arbitrary (,,
iR, we obtain an asymptotic formula similar to (7.19). Finally, summing all the successive

asymptotic formulas for the ratios
FoaBy) . Foa8 Foi,B, ) | F0i b,
IOg erlﬂj‘))7lo ~(Tf7ﬂ_}),...,10g ~(T‘i3€p 2),10g~ H767+1)’,..710g~(TA
F(TI7O) F(m%ﬁo) F(T'raﬂp—?)) F(TJZ,,BP_Q) F(Tx ﬁm 1)
we obtain
P, 3
log =—=~ = =2idir+ Y log(G(1+B)G(1—=5)—2 > BiBxlogTi,
(r#,0 =0 0<j<k<m
Jj#p—1,p J.k#p—1,p
— xp| |z — 2p 1|22 — 1) — xplr) 1 0(107357") (7.20)

Tp — Tp—1
as r — +o0o. Note from (1.13) and (6.10) that u; = 27if;. We obtain (1.12) after substituting
in (7.20) the known large r asymptotics of F(r&,0) = F((rz,_1,rz,),0) given by (1.3). This
finishes the proof of Theorem 1.2.

Appendix. Model RH problems

In this section, we recall two well-known RH problems

A.1. Bessel model RH problem.

(a) ®p,:C\ X, — C?*? is analytic, where Y, is shown in Figure A.1

Y
o

FIGURE A.1. The jump contour ¥ge for Ppe
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(b) ®p. satisfies the jump conditions

0 1
(I)BeJr( ) (PB&,(Z) ( ) , Z € R_,
-1 0
1 0 2ri
Dpe +(2) = Ppo,—(2) 1) z€es R, (A1)
1 0 i
Py, +( ) <I>Be$_(z) (1 1) s zee i Rt
(¢) As z — o0, z ¢ Y., we have
1. 93 (I)Be 1 22%0'
Dpe(z) = 2m22)" T N( I+ +0(z71) |e**? s, (A.2)
z2
where ®pe 1 = % (:211 -
(d) As z tends to 0, the behavior of ®pe(z) is
o) Ol
) ( Og Z) , | argZ| < %
O(1) O(log=z)

(
Ppe(z) (
Bel?R) =
O(logz) O(log2) i}
(O(IOgZ) O(logz)) , F <|argz| <

The unique solution to the above RH problem was obtained in [44] and is given by

I(](ZZ%) %K()(2Z%) 9
1 1 1 1 |arg z| < ¢
2miz2 I (222) —2z2K((222)
V(2 <—z>%> 5H (2(—2)%) )
Dpo(2) = , I <argz <,
pe =0 et (H<1 Y- et (B) @ah) T T
5 2(- z)é —3HY (2(=2)%)

s —7r<argz<——

—sz(H(() V(-2 wet (B 2-2)h)

where Hél) and H(gz) are the Hankel functions of the first and second kind (of order 0), and I,
and K are the modified Bessel functions of the first and second kind.

It is easy to see from the properties (b) and (d) of the RH problem for ®p, that in a
neighborhood of 0, we have

Dpe(2) = Ppeo(2) (; 2w iog Z) Ho(2), (A.3)
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Iy

II

IIT

T's

FIGURE A.2. The jump contour Yuc for Pug. The ray 'y is oriented from 0 to oo, and forms
an angle with R™ which is a multiple of I

where ®pe o is analytic in a neighborhood of 0 and ﬁo is given by

2 2
I, for — = <arg(z) < 5,

~ 1 0 2
Ho(z) = IEERE for 5F <arg(z) <,

1 0
(1 1) , for —m <arg(z) < —%.

Using the asymptotics of the Bessel functions near the origin (see, for example, [47, Chapter
10.30(i)]), we obtain after a computation that

1 =
Ppe0(0) = 0 T ;

where g is Euler’s gamma constant.
A.2. Confluent hypergeometric model RH problem.

(a) Pug : C\ Zug — C?*? is analytic, where Yq is shown in Figure A.2.
(b) For z € T'y, (see Figure A.2), k=1,...,6, Pyg satisfies the jump relations

Puc,+(2) = Puc,— (2)Jk, (A4)

I 0 efiTrﬁ g 0 eiTr,B

1= _eiﬂ'ﬂ 0 ’ 4= _e—’iﬂ'B 0 ’

7o — 1 0 Jo = 1 0 I = 1 0 7= 1 0
2T emh 1)’ 3 e~ 1)’ > e~ 1)’ 6= e 1)

where
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(¢) As z = o0, z ¢ Yyg, we have

inBos ™ 3T
e R —<argz < —,
Pnc,1(8) z 2 2
Prg(z) = (1 + —2 4 O(272) )z Posem 208 (A.5)
z 0 -1 T < T
1 0 y 75 arg z 5,
where 27 = |z|Pe? 8% with argz € (=%, 2F) and
-1 7(B) -I'(-p)
) =32 , = —. A6
As z — 0, we have
o) o
(L) Olog2)) & 110y,
O1) 0O(logz)
D (z) = (A7)
O(logz) O(logz) .
, ifze TUITTUIVUVI.
O(logz) O(logz)
This model RH problem was solved explicitly in [38]. Define
_ . 71—‘(1*[3) A —T
I+ p)G(1+B;2) H(—p;ze™'")
where G and H are related to the Whittaker functions:
M Wi 1
G(a;2) = \/’%(Z), H(a;z):\;g(z), =0, k=5 —a
The solution ®y;¢ is given by
Duc(2)J; for z e,
(/I\)H(}(Z), for z € I1,
d a(2)J5 for z € I11,
Buc(z) = { SO (A-8)
Oua(z)Jy, Jy Ty Js,  for z eIV,
EISHG(Z)J2_1J1_1J6_1, for z €'V,
Dya(2)Jy H I for z € VI.

The asymptotics of M, ,(z) and W, ,(2) as z — 0 given by [47, Subsection 13.14 (iii)] allow

to obtain a more precise version of (A.7). Using also I'(2)I'(1 — z) = T = —T(—=2)I'(1 + ),
we get
N i} i} 1 sin(7f3) 1
dua(z) =duc(z) =" | UI+0() T BFT)  as 20, ze 1, (A9)
Uor Wy 0 1
where
. m 3T
logz =log|z| +iargz, argze€ <—2,2),
and
1 /T'(1-p5) .
g =I'(1- \\ = —— | ——————~ 2 _
11 (1-2), 12 T(3) (F(lﬂ) +29g —am ),
-1 (T'(=P) ,
Uy =T(1 Uyy = ——+2
o1 =I(1+8), Vo F(ﬂ)(r(ﬂ) +2vg —im ),

and where g is Euler’s gamma constant.
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