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ABSTRACT

The scale and resolution of trait databases and molecular phylogenies is increasing rapidly. These resources permit many
open questions in comparative biology to be addressed with the right statistical tools. Multi-response (MR) phylogenetic
mixed models (PMMs) offer great potential for multivariate analyses of trait evolution. While flexible and powerful, these
methods are not often employed by researchers in ecology and evolution, reflecting a specialised and technical literature
that creates barriers to usage for many biologists. Here we present a practical and accessible guide to MR-PMMs. We
begin with a review of single-response (SR) PMMs to introduce key concepts and outline the limitations of this approach
for characterising patterns of trait coevolution. We emphasise MR-PMMs as a preferable approach for analyses involv-
ing multiple species traits, due to the explicit decomposition of trait covariances. We discuss multilevel models, multivar-
1ate models of evolution, and extensions to non-Gaussian response traits. We highlight techniques for causal inference
using graphical models, as well as advanced topics including prior specification and latent factor models. Using simulated
data and visual examples, we discuss interpretation, prediction, and model validation. We implement many of the tech-
niques discussed in example analyses of plant functional traits to demonstrate the general utility of MR-PMMs in han-
dling complex real-world data sets. Finally, we discuss the emerging synthesis of comparative techniques made
possible by MR-PMMs, highlight strengths and weaknesses, and offer practical recommendations to analysts. To com-
plement this material, we provide online tutorials including side-by-side model implementations in two popular
R packages, MCMCCglmm and brms.

Key words: evolutionary ecology, trait evolution, phylogenetic comparative methods, multivariate statistics, variance par-
titioning, generalised linear mixed models.
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I. INTRODUCTION

The motivation for developing multivariate phylogenetic
comparative methods is now broadly appreciated (Adams
& Collyer, 2018; Uyeda, Caetano & Pennell, 2015; Uyeda,
Zenil-Ferguson & Pennell, 2018; Garamszegi, 2014). Mod-
ern methods aim to move beyond simple phylogenetic
regression to analyses capable of evaluating the strength,
direction, and conservatism of relationships within networks
of continuous and discrete variables (Westoby et al., 2023;
Haba & Kutsukake, 2019; Hadfield, 2010). These multivari-
ate techniques are applicable to a broad range of species
traits, from morphology, physiology, and behaviour to envi-
ronmental tolerance limits and niche characteristics. Fur-
thermore, as the tide of 21st-century data collection erodes
historical constraints on the scale and complexity of analyses,
opportunities to apply these methods are increasing.
Advances in climate modelling, remote-sensing technology,
and collaborative data projects are accelerating the availabil-
ity and resolution of suitable data sets (Green et al., 2022;
Herberstein e al., 2022; Falster e al., 2021; Kattge
et al., 2020); the genomic revolution continues to provide
more accurate and complete phylogenies (Young &
Gillung, 2020; Laumer et al., 2019; Smith & Brown, 2018;
Yeates ¢ al., 2016); and the computational resources neces-
sary to pursue fully Bayesian analyses are now accessible to
most researchers. Despite this coalescence of opportunities,
challenges in implementing modern methods create barriers
to usage for many biologists.

A robust literature developing statistical models of multi-
variate trait evolution has existed for some time. However,

new techniques are often slow to enter research practice,
especially where they demand a technical or conceptual leap
from users. Development of the generalised least-squares
framework helped to bring phylogenetic regression and cor-
relative analyses of trait evolution into the mainstream
(Rohlf, 2001; Martins & Hansen, 1997; Lynch, 1991;
Grafen, 1989; Felsenstein, 1985). Subsequent extensions to
phylogenetic generalised linear mixed models (PMMs)
provided additional benefits, including support for non-
Gaussian traits, flexibility in the specification of hierarchical
group effects, and a growing familiarity with mixed models
among researchers in ecology and evolution (Ives &
Helmus, 2011; Ives & Garland Jr, 2010; Bolker et al., 2009;
Housworth, Martins & Lynch, 2004). Currently, phyloge-
netic mixed modelling also supports multi-response (MR)
analyses, facilitating the estimation (and decomposition) of
covariances between discrete and continuous species traits
(Hadfield, 2010; Hadfield & Nakagawa, 2010).

The development of user-friendly software for fitting MR-
PMMs (Biirkner, 2017; Hadfield, 2010) has prompted
researchers from diverse scientific fields to implement the
method: in anthropology to examine coevolution between
climate and cranial form among neolithic humans
(Katz, Grote & Weaver, 2016); in animal behaviour to study
the evolution of multivariate behavioural repertoires
(Hernandez et al., 2021) and coevolution between group size
and social complexity (Downing, Griffin & Cornwallis,
2020); in epidemiology to understand relationships between
growth rate, transmission mode, and virulence among path-
ogens (Leggett et al., 2017); in disease ecology to examine
covariance in macro- and micro-parasite species richness
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among host species (Gutiérrez, Piersma & Thieltges, 2019);
and in evolutionary ecology to study the multivariate evolu-
tion of species functional traits, for example, coevolution
among milk macro-nutrient concentrations (Blomquist,
2019), climate, life history and vital rates (Kelly ¢t al., 2021),
and plant hydraulic traits (Sanchez-Martinez ¢ al., 2020).

Early applications of MR-PMMs to comparative biology
involved critical tests of theory made possible by the estima-
tion of phylogenetic covariances (see Section IV.1). Examples
include the effects of sexual selection on brain and body size
evolution (Garcia-Pefia et al., 2013), whether character
displacement is driven by trait divergence in allopatry or
sympatry (Tobias et al., 2014), and whether low rates of
extra-pair paternity, long lifespans, and tolerance of harsh
environments represent causes or consequences of transitions
to cooperative breeding (Cornwallis ¢f al., 2010; Downing,
Cornwallis & Griffin, 2015; Cornwallis ¢t al., 2017). More
recently, MR-PMMs have been highlighted as a powerful
framework for eco-evolutionary studies incorporating spatio-
temporal random effects (Gomes et al., 2023), trait-based
models of community assembly (Gallinat & Pearse, 2021),
and analyses of function-valued traits (e.g. parameters of spe-
cies reaction norms) (Pottier et al., 2024), as well as for disen-
tangling correlations between response variables that
manifest at different levels within hierarchical data sets
(Westoby et al., 2023; also see Downs &
Dochtermann, 2014). These strengths of MR-PMMs echo
a growing consensus that multivariate statistical approaches
are often valuable even when response correlations are not
of specific interest; fitting multiple correlated response vari-
ables allows for the inclusion of partially missing data and
may improve predictive accuracy due to the sharing of infor-
mation across common grouping variables (see Section V;
also see Riley ¢t al., 2017; Pottier et al., 2024).

Despite these benefits, and the example of pioneering
researchers, MR-PMMs remain underutilised, even for data
sets to which they would be well suited, such as recent large-
scale comparative analyses of species traits (e.g. Cassia-Silva
et al., 2020; Grossnickle, 2020; Bruelheide et al., 2018; Diaz
et al., 2016). An important series of publications highlighting
widespread misconceptions about phylogenetic comparative
methods, erronecous statistical practices, and the potential for
spurious inference, confirm the need for more translational
rescarch (Uyeda et al., 2015, 2018; Cooper, Thomas &
Fitzjohn, 2016; Revell, 2010; Freckleton, 2009; Revell,
Harmon & Collar, 2008). In particular, practical guidance
for biologists wanting to apply multivariate methods that
provide a more meaningful decomposition of trait relation-
ships is needed to advance the field beyond the limits of uni-
variate approaches (Westoby et al., 2023).

This review aims to bridge the gap between theory and
practice in mixed model analyses of trait evolution. We focus
on Bayesian implementations of MR-PMMs, because this
model class provides a highly flexible framework with general
utility for comparative biology, although maximum likeli-
hood implementations do exist for special cases (Mitov
et al., 2020; Butler ¢ al., 2023). The capacity for MR-PMMs
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to provide a more informative analysis of trait (co)evolution
compared with single-response  PMMs (SR-PMMs), s
well appreciated (Housworth e al, 2004; Hadfield &
Nakagawa, 2010). However, despite a long history of use
among quantitative geneticists (Meyer, 1991), we believe a
lack of familiarity, doubts about data requirements, and prac-
tical barriers to implementation continue to prevent common
usage of MR-PMMs among ecologists and evolutionary biolo-
gists. Thus, we begin (Section II) with a brief conceptual intro-
duction to mixed models. We define the basic SR-PMM, the
different parameterisations used to quantify phylogenetic sig-
nal, and the implementation of alternative models of evolution
(ie. other than pure Brownian motion). After outlining the
limitations of SR models for characterising patterns of coevo-
lution between traits, we shift focus to MR-PMMs.

In particular, we highlight the different components of trait
covariance that are modelled in MR-PMMs (e.g. phylogenetic
and residual), how these covariance structures are specified
using covariance matrices, and how these matrices are para-
meterised to estimate correlations between species traits at dif-
ferent levels in the model hierarchy. We discuss extensions to
the basic MR-PMM (Section III) including multilevel models,
multivariate models of trait evolution, non-Gaussian response
traits, and techniques for causal inference using graphical
models. In Section IV we discuss interpretation and explore
data simulated from MR-PMMs (Fig. 1) to clarify the distinc-
tion between phylogenetic and non-phylogenetic components
of trait correlation. In Section V we cover predictive assess-
ment, including methods based on posterior predictive distri-
butions and leave-one-out (LOO) cross validation (CV). In
Section VI, we present an example analysis on leaf functional
traits in Eucalyptus from the AusTraits database (Falster
et al., 2021). In Section VII, we explore a number of extended
topics to showcase emerging techniques, including prior spec-
ification for shrinkage of target parameters, as well as latent
factor methods for dimension reduction. Finally, in Section-
VIII we discuss the strengths and weaknesses of MR-PMMs,
highlight emerging syntheses facilitated by the method, and
provide practical advice for analysts.

To support our exposition, we provide online tutorials,
including annotated code and mathematical appendices.
These tutorials demonstrate how to simulate multivariate
trait data containing phylogenetic structure, and fit corre-
sponding. MR-PMMs in two popular R packages,
MCMCglmm (Hadfield, 2010) and brms (Burkner, 2017). They
also cover many common tasks and challenges in the MR-
PMM workflow, including data cleaning and manipulation,
via example analyses of real-world data sets.

II. MODELS

(1) Mixed models

Biologists are familiar with structured sampling designs: these
apply when each observation from a survey or experiment is
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a member of one or more recognised groups. Acknowledging
structure in data is important because observations within a
group will often be more similar than can be explained by
available predictors. In a simple case, the hierarchical struc-
ture may be limited to a single random (or group-level) inter-
cept. In the R programming language, a common syntax to
express this model would be:

y ~x+(1[group), (1)

where y is the observed response, the measured covariate
x specifies a fixed effect, and (1|group) specifies a random
intercept (a random effect that adjusts the baseline mean) at
the group level. In other words, we model y as a linear com-
bination of effects, including a random effect that accounts
for the fact that observations belong to distinct groups.

A more general mathematical form for mixed models is
given by,

y=Xp+Zu+e (2)

where y is a vector of observations. The design matrices
X and Z relate fixed and random predictors to the data,
the corresponding parameter vectors f# and wu contain the
fixed and random effects to be estimated, and e is a vector
of residual errors.

For the coded model formula (Equation 1), the random
intercept (1|group) assumes the distribution of the
random effect w is characterised by an identity matrix
I (a matrix with 1 s along the diagonal and O s in all off-
diagonals) equal in dimension to the number of groups

(where Ingroup 18 of dimension Ngyoup X Ngroyp), and scaled

2
Ggroup'

For example, for a study including data on five different
species,

by a group-level variance,

3)

2
u~ N0, 0gpecicINpcies)

[ SR

—

z

I
cococor
cocoro
coroo
o=0oO0O0o
—oooo

G0 025 050 075 100
similarity

where the notation ~ means “is distributed as” and A (u,X)
denotes a (multivariate) normal distribution with mean u
and (co)variance X. The off-diagonal elements of Ingpecies
are all zero which implies independence between different
levels of the grouping factor, such that no pair of species is
expected to produce more similar observations than any
other. Graphically, an identity matrix can be represented as
a comb where tips (group levels) have no shared edges
(Equation 3). The residual errors e are also assumed to be
independent a priori, capturing observation-specific devia-
tions from the modelled mean,

e~N (0,00 Ix,,.).- (4)

res

Mixed models permit the specification of complex variance
structures using multiple random effects which may be given
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as nested (e.g. populations within species), crossed to act inde-
pendently, or encoded with additional structure such as spatial
or temporal effects. This is achieved by adjusting our assump-
tions about the distribution of random effects w, for example,
by substituting the identity matrix with a covariance matrix
derived from the pairwise distances between sampling sites.
Structured random effects are employed in this way to model
dependencies arising from a range of data-generating processes,
including evolutionary processes of species diversification.

(2) Phylogenetic mixed models (PMMs)

In analyses of inter-species data, dependence manifests as phy-
logenetic signal: the tendency for closely related species to
resemble each other due to the hierarchical evolutionary his-
tory of life (Felsenstein, 1985; Pagel, 1999). This phylogenetic
structure is often represented by a phylogenetic correlation
matrix G = (¢;) — an Ngpecies X Nypecies matrix derived from
an ultrametric phylogeny (all paths from root to tip are of equal
length). G encodes our expectation of similarity among species
phenotypes, where for a pair of species z and j, the expected cor-
relation is given by the off-diagonal element ¢; In a PMM,
C enters the model as the expected correlation of a species-level
random effect scaled by the phylogenetic variance af)hv. For

example, given a phylogeny of five species, we may write,
1
2 1 0803 0 0
08 1 03 0 0
—+C=1{0303 1 0 0]- (%)

u~ N(0,02,C)

> Ophy

0.00 025 050 0.75 1.00
similarity

Importantly, G is derived by assuming a particular model
of evolutionary trait change along branches of the phylogeny
[Equation 5 assumes Brownian motion (BM), where ¢; repre-
sents the shared path length of species 7 and j, but see Section-
I1.2.5]. C 1s typically supplied by the user, although joint
inference of the phylogenetic tree and the phylogenetic
mixed model is possible in some instances, for example using
BEAST (Hassler et al., 2023; Bouckaert et al., 2019). In a
Bayesian setting, phylogenetic uncertainty can also be incor-
porated by combining posterior samples across a set of candi-
date topologies (de Villemereuil et al, 2012; also see
Nakagawa & de Villemereuil, 2019).

To summarise, a PMM is a special case of a linear mixed
model (Equation 2) that incorporates phylogenetic information
uvia an associated correlation matrix, G. Species trait values y are
modelled as the sum of fixed effects, a phylogenetic random
effect, and residual error (see Section III.3 for non-Gaussian
extensions). Additional random effects are permitted to model
other sources of dependence among observations, such as study
effects and within-species replication (see Section IIL1).

(a) Phylogenetic signal

A common objective of phylogenetic comparative analyses is
to quantify phylogenetic signal in species traits. Numerous
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metrics have been developed for this purpose, each with
different assumptions and applications (Miinkemiiller et al.,
2012). In a PMM, phylogenetic signal 4 describes the propor-
tion of variance in y attributable to the phylogenetic struc-
ture and is expressed in terms of the estimated variance
components as

o2

__phy (6)
aéhy +02

res

1=

Additional variance components may be included in the
denominator of Equation (6) when they capture meaningful
components of within- and between-species phenotypic vari-
ance, for example trait (co)variance owing to (shared) envi-
ronmental effects (Kruuk & Hadfield, 2007). When fixed or
random variance components are excluded from the denom-
inator, Equation (6) expresses phylogenetic signal conditional
on those factors. This is generally desirable for covariates,
which are often introduced to account for known biases or
aspects of experimental design and thus do not contribute
to the variation we seek to decompose (de Villemereuil
et al., 2018). For example, when analysing data on morpho-
metric measurements of preserved museum specimens, we
may include storage duration as a fixed effect covariate to
account for differences in tissue shrinkage among specimens
in the collection. Such sources of variation may be consid-
ered extraneous to the estimation of A, and thus excluded
from the denominator of Equation (6).

(b) Models of evolution

Values of 4 < 1 imply a component of variation in y that can-
not be explained by phylogenetic dependence, conditional
on a phylogenetic tree and the specified model of evolution.
The default model of evolution in a PMM is BM — a
continuous-time stochastic process characterised by a ran-
dom walk of Gaussian distributed increments. The process
branches at each node in the phylogeny with the property
that trait variance increases linearly with time, meaning that
shared branch lengths are proportional to the expected (co)
variances of trait values among species. Thus, for BM, there
is a direct and simple translation from phylogeny to covari-
ance matrix (Ives, 2018; Felsenstein, 1985).

In the original presentation of phylogenetic generalised
least squares (PGLS) (Grafen, 1989), a scalar multiple of
the phylogenetic correlation matrix is taken to represent the
total covariance among observations, ¥ = ¢>C, which
assumes traits have evolved vzia BM on the tree with no addi-
tional contributing sources of variation. This assumption is
equivalent to fixing 6> = 0 in Equation (6). With subsequent
developments, G, or equivalently the branch lengths of the
corresponding phylogenetic tree, is transformed as a function
of one or more additional parameters 6, allowing different
evolutionary models to be fitted to the data (Symonds &
Blomberg, 2014; Harmon et al., 2008). For a model with no
additional random effects, this transformed phylogenetic
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correlation matrix G(6), is then multiplied by the scalar vari-
ance parameter ¢” to define

var(u)=6>G(6). (7)

where var denotes the covariance matrix of a random vector.
A common instance is when G(0) is a weighted sum of C and
an identity matrix I (equal in dimension to C) characterised
by a single parameter, 6 = A (Pagel, 1999),

C(2)=2C+(1-A)L (8)

In this popular formulation of PGLS, the additive terms
express the relative proportions, scaled by 4, of the total var-
iance attributable to phylogenetic and residual effects. For
the special case of a single observation per species (e.g. a spe-
cies mean), Equations (7) and (8) can be combined to obtain
equivalence with the model given by Equations (5) and (4) for

2 _ 2 2 — _ Ophy
0" =0, + 0 and l—azh s
Sy FOres

2004; Cinar, Nakagawa & Viechtbauer, 2022). This equiva-
lence clarifies the relationships to other common methods:
The basic PMM is equivalent to the original presentation
of PGLS when E:o’f}hy C (i.e. 62,=0) and to ordinary least

squares when £=02_ I (i.e. Gih\,:O) (Westoby et al., 2023;
Blomberg ¢t al., 2012).

In addition to Equation (8), many alternative models for the
evolution of continuous traits have been proposed, including
those with directional trends, stabilising selection, or changes
in evolutionary rates over time (Harmon ¢t al., 2010; Butler &
King, 2004; Blomberg, Garland & King, 2003; Pagel, 1999;
Hansen, 1997). Phylogenetic mixed modelling supports several
popular models [e.g. 8, k, early burst (EB), Ornstein-Uhlenbeck
(OU), accelerating-decelerating (ACDC)] by appropriate trans-
formations to G, as in Equation (7). This extends the estimation
of phylogenetic random effects to a range of evolutionary
models besides BM (see Tung Ho & Ané, 2014; Blomberg
et al., 2003), for which model selection techniques can be used
to discriminate among alternative evolutionary hypotheses
(Revell & Harmon, 2022; Goolsby, Bruggeman & Ané,
2017). Unfortunately, however, neither MCMCglmm nor brms
currently provide options for estimating the parameters of evo-
lutionary models other than BM.

(also see Housworth et al.,

(¢) Lumatations of single response models

PMM:s provide an elegant solution to the statistical problem
of phylogenetic dependence in inter-species data. However,
univariate implementations have important limitations that
arise from treating one species trait, often arbitrarily, as the
response variable and other traits as predictor variables. In
particular, the validity of inferences can be compromised
when predictor traits themselves contain phylogenetic signal
(Westoby et al., 2023).

Suppose we observe a phenotypic correlation between two
traits, y; and yso, across a number of species and that both
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traits display phylogenetic signal; a common occurrence in
empirical data sets (Adams & Collyer, 2019; Blomberg
et al., 2003; Freckleton, Harvey & Pagel, 2002). Part of the
covariance between y; and yy across species is due to a phy-
logenetically conserved relationship between these traits
[e.g. phylogenetic niche conservatism (Losos, 2008; Wiens
et al., 2010)], with the remainder due to causes that are inde-
pendent of phylogeny (e.g. within-species trait covariance). If
we model these data using a single-response model
(Equation 2), treating ys as a fixed predictor of y, reduces this
composite of correlations operating at the phylogenetic and
non-phylogenetic levels to a single-slope parameter. Not only
are the separate (co)variance components not recoverable
from the model, but phylogenetic signal in the predictor trait
y2 Is confounded with (phylogenetic components of) the
residual covariance structure [Warton, 2022; also see Wilson
(2008), Rausher (1992) and Marques, Kneib & Klein (2022)
for analogous issues in quantitative genetics and spatial statis-
tics]. In a worst-case scenario, these two correlation compo-
nents may cancel each other out, leading to the erroneous
conclusion that the traits in question are not meaningfully
related (Westoby et al., 2023; also see Figs 4B and 5).

An alternative approach, which reframes this analysis as a
multivariate statistical problem, is to treat both traits y; and
yo as response variables. That is, move all traits to the
left-hand side of the model equation (Equation 10), into a

stacked column-vector y=(y," ,y; ) T_ <Zl )
2

This shift to a multivariate framework has several distinct
benefits: () it avoids often arbitrary decisions about which trait
should be considered the response variable and which the pre-
dictors; (27) it allows phylogenetic signal to be modelled in all
traits simultaneously; («2) it permits a partitioning of trait corre-
lations into phylogenetic and non-phylogenetic components;
and (i) it exploits correlations between response traits to
improve prediction of missing and/or partially observed new
data. Importantly, there are also challenges associated with
treating all traits as responses variables. This approach
increases model complexity due to the higher-dimensional
covariance matrices, which can be problematic when data
are limited. Additionally, phylogenetic variance components
are typically estimated with greater uncertainty.

(3) Multi-response phylogenetic mixed models
(MR-PMMs)

In a MR-PMM, all species traits are modelled jointly as
response variables, which means both the random effects
u and residual errors e associated with each response must also
be modelled jointly. For Gaussian response traits, this is
achieved directly using multivariate normal distributions (but
see Section II1.3 for non-Gaussian response traits). Due to the
compact form of the mathematical notation, the multi-response
model is written identically to the single-response case,

y = Xp+Zu+e, (9)
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wherey = (y1', y2', ..., lemT)T contains observations for
all traits and all species, stacked in a single column vector.
To illustrate, we represent the linear predictor for the bivar-
1ate case by placing each trait in a separate row,

Y Xif+Zu; +e
Yo Xofy+Zyuy+ey
with
u=(u,u ) ~N(0,2"& C) (11)
e=(e/ e, ) ~N(0.Z°0 Iy,), (12)

where X, and Zu, are the linear predictors for the fixed
and random effects, respectively, for response trait y;, and
similarly Xof, and Zyu, for ys. The notation adopted in
Equations (11) and (12) emphasises the joint distribution of
effects for each response trait, where between-trait covariances
across both phylogenetic u and residual e components are
modelled with the trait covariance matrices

2
phy phy phy phy
(‘7 1 > 01 0y P2

yphy —
2
phy phy phy phy
09 01 P (02 )
and (13)
2
res Ires res ,res
" (61°)" o epls
X = ) ,
res res ,res res
09 01 Py (02 )

where the off-diagonal matrix elements of ZP™ and ™ are
scalar covariance components between traits ¢ and j, contain-
ing the phylogenetic (pghy) and residual (p;™) components of
trait correlation, respectively. The Kronecker product ® is
a type of matrix multiplication which, using the phylogenetic
component as an example, can be written as

phy 2 phy phy phy
(01'> C  oVah"plyC
TPV RC= (14)

2
hy phy phy phy
oy o1 py C oy ) G

The Kronecker product has the effect of introducing phylo-
genetic dependence, zia G, into the covariance structure of
cach trait and each pairwise trait relationship (see tutorial in
Section X for fully worked examples). Despite the large dimen-
sion of the Kronecker product matrices, the number of esti-
mated (co)variance parameters in a MR-PMM is Ny
(Nyaic + 1) (e.g. only six parameters for the bivariate case).

(@) Implications

Moving from a SR to a MR model facilitates more refined
inferences, improves prediction, and allows users to include
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all available data, not just complete cases. In terms of  trait values leverages all observed data across traits and spe-

inference, the estimated quantity p; " 3 0 provides evidence  cies, weighting their contributions by the estimated phyloge-
for a component of correlation between traits 7 and j thatis ~ D€UC .and non-ph}.llogeTletlc covariances (see Section V).
conserved over evolutionary time (i.e. a portion of trait Meaningful reductions in predictive variance compared to
covariance that is associated with phylogeny), while SR models may require that traits are at least moderately

~~Tes

p; 7 0 provides evidence for a component of correlation correlated (Riley et al., 2017; Jackson, Riley & White,

that is independent of phylogeny (see Fig. 1 for an illustra- 2011), especially on the phylogenetic level, where estimates

tion). By contrast, the SR model fails to account for signal ~ ©f covariance generally have higher uncertainty. However,
in “predictor” traits, leading to a confound between phyloge- ~ conserved trait correlations are not uncommon in nature
netic and residual effects (Westoby et al., 2023; also see (Westoby et al., 2023), with comparative studies often inv-
Section I1.2.¢). estigating hypotheses about coordination (e.g. trade-offs, co-

For predictive goals, a MR-PMM has the potential to be selection) among species traits that display a strong phylogenetic
both more precise and more accurate than univariate linear ~ signal (e.g. Kelly ¢ al., 2021; Sanchez-Martinez ¢ al., 2020;

models due to sharing of information across levels that  Blomquist, 2019). For example, recent work highlights the util-
accounts for phylogenetic relationships. Prediction of missing ity of MR-PMMs for analysing function-valued traits such as
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Fig. 1. Bivariate trait data (y;, yo) simulated from a basic multi-response phylogenetic mixed model (MR-PMM) (see Equation 10)
containing different levels of phylogenetic (pP™) and residual (p*) correlation (A-D). Simulation conditions for each panel are
inset at the top left of each scatterplot, with ellipses providing a visual representation of the strength of correlation within each
variance component. Data are plotted in scatterplots, as well as heatmaps arranged against the generating phylogeny. In A, »; and
95 have no phylogenetic signal (6P = 0), but a strong positive residual correlation (PP =0, p™ =0.9). Clades overlap
completely in the scatter plot and the heatmap shows bands of colour across y; and y, that appear random with respect to
phylogeny. B shows the opposing situation, y; and y, are positively correlated but entirely with respect to phylogeny (p"™ = 0.9,
p"* = 0), with no residual variation in either trait (6" = 0). The scatter plot shows clearly distinguishable clades and a tendency
for both within- and between-clade correlation. The extent of between-clade correlation (the tendency for clades to arrange along
a positive slope) depends on the topology of the tree, with deep splits promoting separation of clades along the major axis of co-
variation. The heatmap shows phylogenetic structure weakening across clades from green, to orange to blue as the topology
becomes more deeply nested, that is as subclades become less clearly separated in evolutionary time. In C, y; and yy have equal
phylogenetic and residual variances, and a strong positive correlation operating on both levels. This scenario, where phylogenetic
and residual correlations are similar in sign and magnitude, is likely to be common for many biological traits. In D, both traits
contain phylogenetic and residual variance, but correlation is only present on the phylogenetic level. This shows how easily
conserved correlations are obscured when residual sources of variation contribute substantially to trait variance. Notably, D
represents a set of conditions for which a single-response PMM (SR-PMM), such as PGLS, will typically fail to detect a significant
association between y; and y, (Westoby et al., 2023).

Biological Reviews 100 (2025) 12941316 © 2025 The Author(s). Biological Reviews published by John Wiley & Sons Ltd on behalf of Cambridge Philosophical
Society.



Multi-response phylogenetic mixed models

performance curves, growth trajectories, or reaction norms
(Pottier et al., 2024). Parameters that describe these functions
(e.g. intercepts, slopes) are often correlated, and the strength
and direction of these correlations may be biologically meaning-
ful, providing opportunities to test hypotheses about the func-
tional form of trait relationships (e.g. Pettersen et al., 2023;
Kontopoulos ¢ al., 2020).

Finally, the structure of the MR model allows us to flex-
ibly include partially observed data. This means that users
can retain observations where only a subset of the response
traits have been observed, which improves inference [e.g.
observations reporting values for just two response traits
out of the complete set improve the estimation and decom-
position of the (co)variances for these two traits]. Including
incomplete records usually means that more data (observa-
tions and species) can be included in analyses, especially as
the number of included response variables increases and
incomplete cases may comprise a substantial fraction of
the data.

III. MR-PMM - EXTENSIONS TO THE
BASIC MODEL

In this section, we explore several useful extensions to the basic
MR-PMM that expand its utility for comparative biology.

(1) Multilevel models

Data for phylogenetic comparative analyses are typically
compiled from multiple sources. This often yields multi-
ple observations per species, with individual studies con-
tributing observations on only a subset of focal traits for
a subset of species. Mixed models like MR-PMM offer a
general framework for dealing with these complex,
cross-classified effect structures via multilevel models.
Benefits include the ability to partition variation among
multiple hierarchical levels (e.g. between-species, within-
species, within-individual), account for variation in sam-
pling effort, and fit models to data containing a mixture
of record types [McNeish, 2021; Nakagawa &
Santos, 2012; also see Fig. 4 in Nakagawa
et al. (2017b) for a helpful visualisation]. Furthermore,
accounting for multilevel structure may be necessary
for valid inference of phylogenetic (co)variances, which
are likely to be confounded with other sources of
between-species variation (Cinar et al.,, 2022; Garams-
zegl & Moller, 2017).

Equation (10) can be extended to account for multilevel
structure in the data by modelling additional random effect
components in u that capture the sampling hierarchy. For
example, to account for study ID effects, we include a random
effect at the study level u™®, which models variability
between studies. To account for multiple observations per spe-
cies, we include an additional (unstructured) random effect at
the species level u™***) which models variability between
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species that is independent of phylogeny [generalising the uni-
variate presentation of phylogenetic and non-phylogenetic
variance components given in Equation (8)]. Each component
term of w is associated with a (co)variance structure that spec-
ifies dependence within that component term (Equation 15).
However, component terms are assumed to be independent
a priort [1.e. the off-diagonal blocks of var(a) are 0],

uPhy 0 xphy ®C 0 0
u= uspecies ~ N 0 s 0 ESP&C&FS ®IN;]W"-~ 0 >
usmdy 0 0 0 Es[udy ®IN species

(15)

h Esmdv_ di study 2 study 2 study 2 I b N
where Y=diag| (o) {09 5o | O Niaits . In brms
syntax, this model is specified using independent additive
random effects for each grouping factor:

y ~--+(1|gr(phy,cov=C))+ (1|species) + (1|study).

(16)

Modelling these additional components in u has impor-
tant consequences for the way trait variation is partitioned,
affecting the interpretation of model parameters. For
example, the random effects specified in Equation (15) rep-
resent a shift from modelling all non-phylogenetic sources
of trait correlation in the residual error e as in
Equation (10), to modelling non-phylogenetic between-spe-
cies trait correlation explicitly via w'P*“, study effects via
u™® and any remaining trait (co)variance as residual
error in e. Residual correlation for such a model represents
within-species trait correlation, which may require large
data sets to be robustly estimated (Zhou, Cieraad & van
Bodegom, 2022). Alternatively, users may suppress residual
correlation (i.e. constrain ™ to a diagonal matrix) by
setting rescor=F and idh(trait) :units in bmns
and MCMCglmm, respectively, noting that this will have
the effect of forcing any residual correlation into correla-
tions at higher levels.

Additional components could, of course, be added to
u (Equation 15) to model other sources of covariance
between observations, such as spatial or temporal effects
(e.g. Markovski et al., 2023; Gomes e al., 2023; also see
Freckleton & Jetz, 2009). This flexibility of multi-level
models makes MR-PMMs well suited for large-scale com-
parative  studies including complex hierarchically
structured data.

(2) Multivariate models of evolution

In recent years, there have been considerable advances in
software implementation and efficient computation of mult-
variate evolutionary models (Bartoszek et al., 2023; Blomberg,
Rathnayake & Moreau, 2020; Mitov et al,, 2020; Clavel,
Escarguel & Merceron, 2015; Bartoszek et al., 2012). Models
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of evolution comprise both stochastic and deterministic com-
ponents and are naturally expressed as stochastic differential
equations where the rate of change of trait values over time
may depend on current values. Solutions (i.e. the distribution
of trait values) are obtained by integrating these differential
equations over the branches of the phylogeny. For many mul-
tivariate models (e.g. multivariate BM, OU, EB and ACDC),
the trait distributions are Gaussian and therefore characterised
by their means and covariances. In the multivariate BM case,
the solutions are more easily obtained (although still present
convergence issues even for the most sophisticated algorithms;
Butler e al., 2023) since the covariance is proportional to
C (Equation 14) up to a re-scaling of the off-diagonal
elements of the total variance, equivalent to a simple branch-
length transformation. For more complex models of evolution,
the covariance matrix cannot generally be obtained wvia
branch-length transformation, which appears to limit the
scope of MR-PMMs in accommodating alternative evolution-
ary models. However, in certain cases, analytic expressions for
the total covariance have been derived (Bartoszek et al., 2012).
Perhaps the mostly commonly used alternative to BM is the
multivariate OU model,

dy()=A(y(t) —n)dt+AdW (1), (17)

where, y is an Ny, vector of trait values, A is a
Niraits X Niraies strength of selection (or rate of adaptation)
matrix, 7 13 an N, vector of trait optima values, and Wis
an Ny.js dimensional Brownian process with diffusion
matrix A. Viewed in discrete time as a vector autoregressive
model, the differential equation (Equation 17) provides a rule
to update trait values based on their current values together
with a (Brownian) stochastic step. Each off-diagonal element
of A models the deterministic effect of one trait value on the
update of another trait, permitting a test of Granger
causality — the notion that historical values of one trait
improve the prediction of another (Shojaie & Fox, 2022).
Although Granger causality provides a more direct inference
of causation than a correlation coefficient, especially given
A in Equation (17) need not be symmetric, it is not necessarily
more meaningful than the trait correlations that we can
derive from A (e.g. pghy). Indeed, estimated correlations in
the stochastic step may also capture causal relationships, just
not those associated with adaptation towards trait optima.
In principle, analytic computation of the expected covari-
ance between two traits y; and y; under different models of
evolution extends MR-PMMs to a broad class of multivariate
Gaussian evolutionary models. In practice, fitting such
models may be difficult and constraints on model parameters
may be necessary to ensure identifiability. For the multivari-
ate OU model, many common variants are characterised by
strong constraints on the form of A which may simplify the
evaluation of cov(y,y,), for example, when attraction to
optima 1s assumed to be equal and independent for all traits;
that is when A 1s a multiple of the identity matrix (Goolsby
et al., 2017; Tung Ho & Ané, 2014). However, options to
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implement models other than BM are yet to be integrated into
popular software packages such as MCMCglmm and brms,
despite being well developed in other modelling contexts
(Bouckaert et al., 2019; Mitov et al., 2020; Clavel e al., 2015;
Goolsby et al., 2017). A valuable direction for future work
would therefore be to explore the repertoire of evolutionary
models compatible with MR-PMMs and integrate them into
standard software; together with algorithms that exploit the
tree-structured  nature  of  multivariate  likelihoods
(Hadfield, 2010; Mitov e al, 2020; Bastide et al., 2021;
Hassler et al., 2022). Progress in this direction would yield a
powerful modelling framework, capable of synthesising model
selection among alternate multivariate evolutionary models
with the generalisable multilevel framework of MR-PMMs.

(3) Non-Gaussian response traits

One advantage of MR-PMMs compared to other
methods (e.g. Goolsby et al., 2017; Clavel et al., 2015; Bar-
toszek et al., 2012) is the capacity to include both continu-
ous and discrete response traits. To include different
response types simultaneously, a latent-variable formula-
tion is used. This approach models between-trait covari-
ance in the usual way, we a multivariate Gaussian
distribution, while at the same time permitting trait-
specific probability distributions and associated link func-

tions (Hadfield, 2010). For traits ¢=1, ..., Ny the
latent-variable formulation is written
I=Xp+Zu+e, (18)

T . .
where I= (llT,lT, - -,lT ) are latent variables associated

Ntraits
with the observed traits and the corresponding (latent-trait)
covariances are given by matrices Z*™ and " which char-
acterise the distributions of u and e as in Equations (11) and
(12); the latter are now “pseudo” rather than true residuals
introduced as observation-level random effects and represent
additive overdispersion. A model for the observations y; is
given in terms of a trait-specific probability distribution f;
and link function #;

yir~S (07 (1).0:), (19)

where ¢; includes any distribution-specific parameters (if
required). Depending on the choice of distribution f, addi-
tional constraints may need to be imposed on associated var-
lance terms to ensure parameter identifiability (Sorensen &
Gianola, 2002).

Variance partitioning to define an analogue of A
(Equation 6) is possible for the latent-variable models given
by Equations (18) and (19), but is more nuanced because
there is a distinction between latent and observation-scale
partitioning where distribution-specific variances must be
taken into account (Nakagawa, Johnson & Schielzeth,
2017a). Variance terms are usually more easily interpreted
when they are expressed on the scale of trait observations
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rather than that of the latent variables (de Villemereuil, 2018).
For multi-response models involving two or more distribu-
tion types, there are generally no closed-form solutions for
the observation-level variances and associated statistics, how-
ever numerical methods are readily applied given point esti-
mates or a set of posterior samples of the model parameters
(de Villemereuil et al., 2016). A further complication for inter-
pretation, however, is that the non-linear transformations
required to transform covariances from the latent to the
observation scale can change the bounds of the correlation
coefficient. For example, the minimum correlation of two
exponentiated random normal variables is approximately
—0.37 and the correlation bounds of a random normal and
an exponentiated random normal variable are approxi-
mately +0.76. Similar issues may complicate inference on
causal associations between Gaussian and non-Gaussian
response variables (see Section IIL5), because correlations
are modelled on the latent, rather than observation, scale.

(4) Considerations for fixed effects

There are three common reasons for including fixed effects in
a MR-PMM. The first is to model the influence of predictors
that are unlikely to display strong phylogenetic signal. The
second is to account for sampling biases, such as differences
in data-collection methods or laboratory protocols. The third
reason 1Is to explore relationships between responses condi-
tional on covariates, typically to evaluate hypotheses about
the mechanistic basis of trait correlations. For example,
Sanchez-Martinez et al. (2020) used a MR-PMM to partition
correlations between a range of plant hydraulic traits into
phylogenetic and non-phylogenetic contributions, then re-
fitted models with relevant climate covariates included as
fixed effects. Whether or not trait correlations remained after
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accounting for climate effects was used to evaluate hypothe-
ses about trade-offs and integration between these traits in
the evolution of plant hydraulic systems. Equivalent proce-
dures are used to control for environmental variation in mul-
tivariate species co-occurrence models (Ovaskainen et al.,
2017; Warton et al., 2015). However, in a MR-PMM, a pref-
erable approach will often be to treat biological covariates as
response traits and assess conditional dependencies via partial
correlations.

(5) Partial correlations

The practice of assessing conditional relationships between
traits (i.e. relationships after controlling for relevant covari-
ates) 1s well established for univariate models. For example,
it is common for researchers to use multiple regression to
estimate partial regression coefficients for each fixed effect
predictor. In a MR-PMM, we estimate conditional relation-
ships from a joint model where partial correlations are
derived from elements of the inverse trait covariance matrix,
known as the precision matrix Q = (€;); that is,

Qphy=(2phy)_ and Q= (Ercs) (20)

for which the corresponding partial correlation coefficients
are —Qy‘/w /Ql‘igﬁ'.

The estimation of partial correlations via precision matri-
ces casts MR-PMMs in the framework of Gaussian graphical
models (Popovic et al., 2019; Epskamp et al., 2018; Yuan &
Lin, 2007; Magwene, 2001), which have great potential for
clarifying assumptions of phylogenetic comparative methods
(Uyeda et al., 2018). Elements of these precision matrices
relate directly to the existence of edges in a graphical causal
network (Fig. 2). For example, suppose we obtain data on

correlation partial correlation
J,‘ y z scaled :L' y g
z( 1 056 0.75 z(f1 0 06
R = yl 056 1 0.75 e » P = yl 0 1 06
z\0.75 0.75 1 z\0.6 06 1

5

X

Fig. 2. Correlation R= ( \/2_21,> = (P;‘,‘) and partial correlation P= ( \/9_91/

indexes all variables other than i and j. The undirected network graphs below provide a qualitative

where Q=" and ...

o

-Q;
pm e matrlces between species traits x, y and 2,

representation of trait relationships, where the absence of an edge between two traits corresponds to a zero off-diagonal element in
the matrix above. To evaluate whether the relationship between x and » can be explained by a covariate z, we compute partial
correlations from the precision matrix of trait covariances, which quantifies the linear relationship between x and y when
controlling for z. In this example, x and y are strongly correlated, however this is fully explained by their relationships to the
covariate z, that is x and y are independent, conditional on z.
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three co-varying species traits x, y and z. In the precision
view (Fig. 2, right panel), the absence of an edge between
x and y signifies conditional independence: that x and
y are independent, given z. This does not imply that the
correlation between x and y is zero (Fig. 2, left panel), only
that the partial correlation between these traits is zero.
Precision matrices are often sparser than their correspond-
ing covariance matrices (1.e. contain more off-diagonal
elements that are effectively zero), which focuses our infer-
ence on a reduced set of candidate causal relationships.
For example, Halliwell ¢t al. (2024) used a MR-PMM to
disentangle direct climate effects on the evolution of social
behaviour from indirect effects driven by adaptations to
climate (i.e. traits correlated with climate) that go on to
promote the evolution of social behaviour.

Outside of controlled experiments, there is always the
strong possibility that partial correlations could be explained
by missing variables. Nonetheless, precision matrices are a
powerful tool for generating candidate causal hypotheses
from observational data (Popovic e al., 2019; Pearl, 1995;
also see Section X for tutorial), and are readily obtained from
a fitted MR-PMM.

IV. INTERPRETATION

The biological interpretation of phylogenetic models and
their utility for addressing specific ecological and evolu-
tionary hypotheses has been a subject of lively debate
(Freckleton et al., 2002; Westoby, Leishman & Lord,
1995; Bjorklund, 1997; Harvey, Read & Nee, 1995).
Reflecting on this constructive body of work, we believe
MR-PMMs emerge as a flexible, pluralistic framework
for analyses of multiple species traits. However, consensus
on interpretation is critical to realise the full, operational
potential of the method.

(1) Phylogenetic (co)variances

Phylogenetic (co)variances estimate the conserved compo-
nent of species phenotypes, given a model of evolution and
a hypothesis of the phylogenetic relationships between taxa.
The extent to which these conserved effects result from sto-
chastic processes, or reflect constraints and adaptive
responses to selection, will vary for different traits, between
clades, and across phylogenetic scales. These forces are also
likely to fluctuate throughout the course of evolutionary his-
tory, complicating the interpretation of trait covariance
(Revell et al., 2008; Losos, 2008, 2011). As Housworth
et al. (2004, p. 93), point out “[PMM] envisions phenotypic
evolution as being the result of a complex of forces including
some that are retained over long periods of time, forming
patterns in trait variation that reflect the underlying phyloge-
netic structure”. Examples include variation arising from
genetic differences between clades that have accumulated
over evolutionary time, as well as non-genetic (e.g. spatial,
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environmental or developmental) effects that are phylogenet-
ically structured for one reason or another.

(2) Pattern versus process

There are inherent limitations to the inferences we can make
about evolutionary processes from data observed only in the
present day. Indeed, many have argued that the interpreta-
tion of phylogenetic comparative analyses should be limited
to patterns of variation, rather than the explicit processes that
generated them (Revell e al, 2008; Losos, 2008, 2011;
Ives, 2018). Others have suggested that integration of fossil
evidence, path analyses, ancestral state reconstruction, and
simulation studies may extend our epistemic reach to hypoth-
esis tests of the processes generating observable variation
(Thorson & van der Bijl, 2023; Uyeda ef al, 2018;
Quental & Marshall, 2010; Slater, Harmon & Alfaro, 2012;
Uyeda & Harmon, 2014).

Because phylogenetic and non-phylogenetic correla-
tions can arise from multiple distinct causal processes, we
argue for caution around mechanistic interpretations.
Two traits may be phylogenetically correlated if, for
example, conserved genes underlying a set of traits show
linkage or pleiotropy that constrains the evolutionary
potential for certain trait combinations, or because traits
form part of a coordinated life-history strategy that
involves phylogenetic niche conservatism (Westoby
et al., 2023; Wiens et al., 2010). Such hypotheses should
not be considered mutually exclusive (Losos, 2011; Revell
et al., 2008). Deriving partial correlations can help evalu-
ate evidence for alternative mechanistic hypotheses in a
MR-PMM (see Section IIL.5). Ultimately, however, it is
rarely the pleasure of a comparative biologist to declare
causation, but rather to uncover meaningful patterns of
variation, test predictions from theory, and generate
hypotheses for future comparative and experimental
research.

(3) Visualisations

Visualisations of simulated data are powerful heuristics for
biologists, as they provide tangible representations of the
abstract covariance structures we aim to partition with a
MR-PMM. To compare and contrast phylogenetic and
non-phylogenetic (co)variance components, and clarify their
biological interpretation, we simulated data from a simple
MR-PMM for two Gaussian response traits y; and yo, as in
Equation (10). Figure 1 shows scatter plots of simulated data
together with the tree used to derive the phylogenetic corre-
lation matrix C. A heat map of trait data plotted against the
phylogeny highlights the distinct signature each source of
covariance leaves in the data (see Fig. 1 legend for details).
For more technical coverage of simulating multivariate data
containing phylogenetic and non-phylogenetic covariance
structure, we include detailed examples and R code in the
tutorial (Section X).
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(4) Relevance for biological hypotheses

We see the flexible framework and nuanced interpretation of
MR-PMMs as having at least four strong usage cases for biol-
ogists: (2) to provide a more meaningful decomposition of trait
(co)variances, including phylogenetic and non-phylogenetic
components, among both continuous and discrete response
traits; (i) to test for partial correlations, consistent with func-
tional relationships between species traits, in a rigorous phylo-
genetic framework; (i7) to test theory and generate new
hypotheses about the ecological and evolutionary drivers of
trait variation; and (i) to predict species responses and vulner-
ability to environmental change based on phylogenetically
structured trait-trait and trait-environment relationships.
With an emerging synthesis of evolutionary, ecological and
genomic approaches to comparative analyses (James
et al., 2021; Smith et al., 2020), we concur with recent work
recognising the considerable potential of MR-PMMs to
advance our understanding of trait evolution, niche conserva-
tism, and community assembly at numerous scales (Pottier
et al., 2024; Westoby et al., 2023; Gallinat & Pearse, 2021; also
see Ovaskainen & Abrego, 2020).

V. PREDICTION

While the estimation of trait covariance, rather than trait
prediction per se, is the focus of a MR-PMM, the estimated
covariance structure can be fully exploited for predictive
goals. In the presence of strong phylogenetic signal and trait
correlations, this approach improves on ordinary multiple
regression for prediction as it makes use of phylogenetic
structure in the predictors. In particular, when data for focal
species are incomplete, a MR-PMM leverages information
from closely related species to impute missing values. The
predictive distribution of a fitted model is also useful for
model validation, such as posterior-predictive checks, or
model comparison using predictive assessment such as cross
validation. We now review conceptual aspects of predictive
distributions in MR-PMMs, and refer the reader to the
accompanying tutorial (Section X) for worked examples of
how these predictive methods can be implemented in R.

(1) Predicting new or missing data

Missing data are a perennial problem in comparative biology
(Freckleton, 2009; Nakagawa & Freckleton, 2008). For many
traits of interest, data collection remains too expensive, tech-
nically demanding, or logistically challenging to keep pace
with the expansion of species phylogenies and functional trait
databases. For example, plant hydraulic traits are central to
water stress tolerance and therefore key metrics for evaluat-
ing species vulnerability to climate change (Brodribb
et al., 2020; Choat et al., 2012). Hydraulics data are scarce
because measurements require specialised equipment and
are labour intensive. However, because hydraulics forms part
of a coordinated growth strategy involving conserved trait
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networks (Blackman e al, 2024; Sanchez-Martinez
et al., 2020; Skelton et al., 2021; Liu et al., 2024), phylogenet-
ically structured trait correlations can enhance our ability to
predict them where sufficient data on correlated functional
traits are available (Sanchez-Martinez et al., 2024). Predicting
species conservation status provides a more general example.
Vulnerability to extinction is a complex trait integrating spe-
cies biology, biogeography, climate and land-use practices
(Lee & Jetz, 2011; Gonzalez-del Pliego et al., 2019), with risk
assessment of data-deficient species a persistent challenge
(Borgelt et al., 2022). Commonly measured traits that show
strong phylogenetic signal (e.g. body size, plant height, age
at maturity) have been linked to extinction risk via species
physiology and demographic processes such as generation
time (Gonzalez-del Pliego et al., 2019; Kelly et al., 2021;
Cardillo, 2003; Jetz & Freckleton, 2015; Lee & Jetz, 2011).
Leveraging phylogenetically conserved trait—trait and trait—
environment relationships may provide tractable avenues to
predict these crucial, yet costly to measure traits, and the
real-world outcomes that depend on them.

(2) Model validation using posterior predictive
checks

In Bayesian settings, posterior predictive checks use simu-
lated data from the fitted model to test both the adequacy
of the fit to the data and the plausibility of the model predic-
tions (Gelman et al., 2013). These checks are typically visual
plots that rely on qualitative assessments (Gabry et al.,
2019). To test for adequacy of fit, one option is to superim-
pose the observed data onto a plot of the distribution of the
simulated data. For a PMM, this type of check could be per-
formed using a separate plot for each trait with the observed
data point for each species plotted on top of a five-point sum-
mary of the predicted distribution (see Iig. 3 for an example).
For assessment of model plausibility, the current state of
knowledge should be used to evaluate model predictions
within ecologically plausible but perhaps unobserved ranges
of the included covariates. For example, do predictions for
y; make sense across the entire range of plausible y, values
for a given set of taxa and/or region of interest?

(3) Predictive assessment using cross validation

Cross validation is the use of data splitting to estimate the
predictive performance of one or more statistical models,
usually for the purpose of model comparison, validation, or
selection (Yates et al., 2022). Model selection is used when dis-
crete decisions must be made about model structure, for
example, whether or not to include various fixed effects
(i.e. variable selection) or the choice of probability distribu-
tion (e.g. Poisson or negative binomial for count data).
Predictive assessment tools such as cross validation are also
useful to quantify or simply visualise how well a model can
predict new data (e.g. new taxon—trait pairs in a PMM) which
is distinct from typical assessments of model adequacy
which concern prediction of data to which a model was fitted.
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Fig. 3. Posterior predictive checks from a fitted multi-response
phylogenetic mixed model (MR-PMM) of leaf traits across
457 species of Eucalyptus. For each trait, black points represent
observed values, while five-point summaries show the median
(dark blue points), 0.5 CI (blue bars), and 0.95 CI (light blue
bars) of the posterior predictive distribution for each
observation. Predictions are made by conditioning on all
random effects, with observations ordered by the predictive
mean. 8'°C, carbon isotope ratio in leaf tissue; N, nitrogen
content per dry mass of leaf tissue; LMA, leaf mass per unit area.

Cross validation works by fitting each model to a subset of
the available data and then assessing the models’ predictive
capacities on the remaining data. The splitting procedure is
systematically iterated to select different test data and the
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overall predictive performance is summarised as a cross-
validation score (Arlot & Celisse, 2010). When the measure
of predictive performance is the log likelihood of the test
data, then the predictive assessment is said to be informa-
tion theoretic. Information criteria such as Akaike’s
Information Criterion (AIC; Akaike, 1973), or for Bayesian
analyses the Widely Applicable Information Criterion
(WAIC; Watanabe, 2010), approximate predictive log like-
lihood without data splitting by adding a bias correction to
the log likelihood of the full data, meaning each model has
to be fitted only once. Information criteria are therefore fas-
ter to compute than cross-validation scores, however the
latter are often preferred as they are less sensitive to viola-
tions of model assumptions and are readily combined with
techniques to mitigate overfitting (Yates, Richards &
Brook, 2021). For a Bayesian MR-PMM estimated using
Monte Carlo sampling, model fitting may be too slow to
permit the use of ordinary cross validation. However,
recently developed approximate methods provide a rapidly
computed and accurate alternative (Vehtari, Gelman &
Gabry, 2017; Biirkner, Gabry & Vehtari, 2021) that is easily
applied to brms model objects via the loo R package.

VI. EXAMPLE ANALYSIS — LEAF TRAITS IN
EUCALYPTUS

To demonstrate potential applications of a MR-PMM, we
present an example analysis using data on leaf traits for
457 species of Eucalyptus from the AusTraits database (Falster
et al., 2021). The data contain partially missing values for each
trait and have a complex multilevel structure with observa-
tions grouped by species and study. Our intentions for this
analysis were to: (1) decompose the variance in each trait and
evaluate the phylogenetic signal; () estimate phylogenetic
and non-phylogenetic between-species trait correlations while
accounting for multilevel structure in the data; (i2z) evaluate
partial correlations; and () evaluate model predictive perfor-
mance. Full details of this analysis are provided in the tutorial
(Section X).

(1) Methods

We derived the phylogenetic correlation matrix C from the
maximum likelihood time-calibrated eucalypt phylogeny
“ML1” presented in Thornhill et al. (2019). We focused on
three target leaf traits: leaf mass per unit area (LMA); nitro-
gen content per dry mass of leaf tissue (N,,,,55); and the ratio
of carbon isotopes 12 and 13 in leaf tissue (3'°C). All
responses were log-transformed, zero-centred and scaled to
unit variance prior to analysis. The random effects were spec-
ified as in Equation (15), to estimate phylogenetic and non-
phylogenetic  between-species  trait correlations  while
accounting for within-species replication and study effects.
For model validation, we performed posterior predictive
checks. The proportion of the data falling in the
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predictive intervals was close to the nominal quantiles, indi-
cating that the model is adequately calibrated (although the
proportions for 8'°C were a little low), and visual inspection
of the plotted distributions verified the capacity of the model
to generate plausible data (Fig. 3). The lower coverage of the
posterior predictive intervals for 8'*C may indicate that the
model is missing relevant covariates. Indeed, study effects
accounted for the largest proportion of variance in 8'*C, sug-
gesting that methodological differences between studies or
local environmental factors may be a contributing factor to
poor predictive performance. Further, the chosen probabil-
ity distribution (Gaussian), or the log-transformation, may
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be less well suited to this trait. For predictive assessment using
approximate LOO-CV (Biirkner ¢t al., 2021), see the tutorial
(Section X).

(2) Results

Phylogenetic signal, and hence the tendency for similar
values among closely related species (Fig. 4), varied consider-
ably between traits (Fig. 5A; posterior median for 7
LMA =0.73, N, =0.51, 8'°C = 0.23).

The traits selected for this analysis are tightly linked to
resource-use strategies and leaf economics (Reich, 2014;
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Fig. 4. Scatterplots (left) and heat-maps (right) of three leaf traits across 361 species of Eucalyptus (data filtered to complete cases for
plotting). Trait values have been log-transformed and scaled. For heat maps (right), trait values are aligned with the corresponding
species in the phylogeny (centre). For 8'3C versus Ny (top left), opposing phylogenetic and non-phylogenetic correlations
reported by the model (Fig. 5) are obscured at the level of species phenotypes. 8'°C, carbon isotope ratio in leaf tissue; Ny,
nitrogen content per dry mass of leaf tissue; LMA, leaf mass per unit area.
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Fig. 5. Results from a multi-response phylogenetic mixed model (MR-PMM) of leaf traits across 457 species of Fucalyptus.
(A) Variance decomposition reveals large differences between response traits in phylogenetic signal, as well as the relative
contributions of different sources of variance. (B) Phylogenetic and non-phylogenetic between-species correlation coeflicient
estimates. Points represent the posterior mean for each estimate, with 50% and 95% confidence intervals (CIs) represented by
heavy and light wicks respectively. (C) Correlations and partial correlations between traits represented as network graphs. Edge
widths are proportional to the posterior mean of each coefficient estimate, with line type indicating significance at the 95%
CI. 8"°C, carbon isotope ratio in leaf tissue; Ny, nitrogen content per dry mass of leaf tissue; LMA, leaf mass per unit area.

Wright et al., 2004). For example, Prieto ¢t al. (2018) found
that plant species in a Mediterranean woodland showing
more resource acquisitive strategies (low LMA and
high N,.s), were associated with lower water use efficiency
(low 8"*C). This is consistent with predictions from leaf eco-
nomic theory (Wright e/ al., 2004), that LMA, 8'°C and
Ninass represent components of a coordinated life-history
strategy which trade off predictably as different regions of
niche space are explored during species diversification.

These coevolutionary relationships are clearly supported by
the fitted model (Fig. 5B), which reports a positive phyloge-
netic correlation between LMA and 8'°C, and negative phy-
logenetic correlations between these traits and Ny,g. Thus,
in line with theory and empirical observations from other
plant groups, these traits appear to co-vary predictably over
evolutionary time in Eucalyptus.

A notable result is that for N, and 8'°C, the non-
phylogenetic correlation is positive while the phylogenetic
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correlation is negative (Fig. 5B). This situation highlights an
important strength of MR-PMM: the capacity to disentangle
trait relationships operating at different levels in the model
hierarchy. In line with simulations, consistent correlations
across levels produce clear trends in inter-species data, while
opposing correlations tend to obscure these relationships
(Figs 4 and 1D; see tutorial in Section X).

Finally, while all non-phylogenetic trait relationships were
retained as partial correlations, only the negative relationship
between LMA and N ..., was significant on the phylogenetic
level (Fig. 5C). LMA and N, also showed the strongest
relationships overall (Fig. 5B), suggesting a deeply conserved
functional integration between these traits.

VII. EXTENDED TOPICS

The following section explores technical, yet important
aspects of fitting MR-PMMs. These topics are particularly
relevant in the case of high-dimensional and/or sparse trait
data, where issues such as prolonged fitting time, model con-
vergence difficulties, or parameter identifiability require the
application of specialised computational methodologies.

(1) Priors for multivariate normal distributions

As discussed in Section II1.5, trait covariance matrices and their
mverses are often targets for inference; for example, to estimate
conditional dependencies between traits or compute phylogenetic
signal. However, it can be challenging to estimate these matrices
as they generally have a large number of parameters; there are
%./\/' (N +1) parameters in each of TP and P, where
N = Ni.it denotes the number of traits throughout this sec-
tion. In the MR-PMM framework, the covariance matrices
TP and TP each parameterise a multivariate normal
distribution which are priors for the vectors w™ and u™“**
respectively [see Equation (15)]. In a fully Bayesian setting, it
1s also necessary to specify priors for the covariance matrices
themselves, for which there are many different options to
choose from depending on the way the model is parame-
terised. The choice of prior impacts on the model-fitting
strategy and efficiency, as well as the degree and type of
shrinkage.

The classical choices of parameterisation for the multivar-
1ate normal are the covariance and precision forms. To each
of these choices, there is a conjugate prior, the inverse
Wishart and the Wishart distributions, respectively, charac-
terised by a target matrix and degree of belief parameter.
Conjugate priors are an algebraically convenient choice
because they provide analytic solutions for certain steps of
the model fitting which can greatly reduce estimation time
in a Gibbs sampling approach (the covariance form with
inverse Wishart prior is implemented in MCMCglmm).
Departing from conjugacy, regularising priors such as the
zero-centred Laplacian  (two-sided exponential) and

b
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Gaussian distributions can be used to “shrink” the off-
diagonal elements of the covariance or precision matrix. In
particular, the use of the Laplacian prior for the precision
matrix, called the graphical lasso, is able to shrink matrix ele-
ments all the way to zero, generating a sparse network of con-
ditional dependencies. Further examples of sparsity-inducing
priors include the adaptive lasso (Zou, 2006) and the horse-
shoe (Carvalho, Polson & Scott, 2009) which contain global
terms to control the total amount of shrinkage and local
terms to allocate shrinkage flexibly on a per-parameter basis.
These types of sparsity-inducing priors have been used exten-
sively for the general problem of variable selection, and hold
enormous potential for inferring trait relationships in the
MR-PMM setting, especially when data are sparse relative
to the total number of candidate correlations.

A shortcoming of specifying priors for the covariance (or the
precision) matrix is that the variances and correlations (or the
precisions and partial correlations) are not treated indepen-
dently. Indeed, while the inverse-Wishart prior with degrees
of freedom equal to the number of response traits (or margin-
ally greater) is a weakly informative prior for variance compo-
nents, its marginal prior for correlations concentrates
probability mass away from zero, potentially inflating false
positive rates (see tutorial in Section X). In practice, we may
wish to apply shrinkage to the correlation coefficients while
maintaining an uninformative prior on the variances, or vice
versa. 'T'o address this issue, the covariance matrix can be
decomposed as X = SRS’ where § = diag(cy, 69, ..., Op) 1S
the diagonal matrix of standard deviations and R is a correla-
tion matrix (Barnard, McCulloch & Meng, 2000). This
decomposition allows priors for the standard deviations to be
specified separately from those of the correlation matrix.
The matrix R can be further factored into the form R = LL"
where L is a lower-triangular matrix called the Cholesky fac-
tor. The latter parameterisation is implemented in brms where
the default priors are half Student-¢ for the standard deviations
and the Lewandowski-Kurowicka—Joe (LK]J; Lewandowski,
Kurowicka & Joe, 2009) prior for L. The LK]J prior has a sin-
gle parameter # which for 7 = 1 specifies a uniform distribu-
tion in the space of correlation matrices and for > 1
regularises estimates towards the identity where each correla-
tion coeflicient Pii has marginal density
Beta (n+/\%,n+/\%).

Use of the Cholesky factor is computationally advanta-
geous for multivariate normal models, as it simplifies evalua-
tion of the likelihood and an unconstrained
parameterisation of R in terms of correlation angles via a cer-
tain geometric representation (Forrester & Zhang, 2020).
The latter are efficient to sample and allow rapid evaluation
of the LK]J prior while guaranteeing the validity of the corre-
sponding correlation matrix.

When available, we recommend priors that separate corre-
lations from variances rather than conjugate (inverse) Wishart
distributions. In practice, however, the choice of prior is often
constrained by the software being used. In MCMCglmm, the
use of conjugate priors together with efficient use of the tree

allows
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structure can make it the preferred software choice when fit-
ting time is an issue, at least for Gaussian-distributed traits.
The package allows parameter-expanded versions of the prior
which address some of the issues arising from inverse Wishart
for small variances. The separation strategy is implemented by
default in brms, although there is very little restriction on the
choice of prior which allows the user to experiment freely with
alternatives. For smaller data sets, it may be worth trying
n values in the LK]J prior above the default of 1 (e.g. 5 or 10)

to regularise correlations.

(2) Latent factor methods for dimension reduction

Although regularising priors can reduce the effective number
of parameters for an estimated covariance matrix, for large
numbers of traits it can be necessary to reduce the actual
number of parameters, however regularised they may be. A
commonly used technique for dimension reduction in high-
dimensional multivariate statistics is latent factor analysis
(also called factor analytic methods), which is based on a
rank-reduced representation of a covariance or correlation
matrix. The key idea of a latent factor model is that an n X n
covariance X can be modelled using a rectangular n X £
matrix A, where & < n, and an n X n diagonal matrix ¥, such
that

T=AAT +W. (21)

The choice of £ determines the rank of the approximation
with smaller values yielding less-complex models. Fitting
latent factor models requires attention to various technical
details regarding parametrisation (Butler ez al., 2023), regu-
larisation (Runcie & Mukherjee, 2013), and the identifiability
of the matrix elements in A (Hassler e/ al., 2022).

Latent factor models provide an effective means to reduce
the complexity of high-dimensional multivariate models. In
the MR-PMM setting, these models can be fitted with the
R package asrem! (Butler ¢t al., 2023) using residual maximum
likelihood or using the Julia package PhylogeneticFactorAnalysis
(Hassler et al., 2022) which acts as an interface for the Bayes-
ian phylogenetic inference software BEAST (Suchard
et al., 2018). Both packages offer parameterisation options
and the latter pair will automatically select the number of fac-
tors kusing cross validation. Neither MCM Cglmm nor brms are
able to fit latent factor models at this stage, although this class
of models can be coded explicitly in the Stan (Stan Develop-
ment Team, 2024) statistical modelling language, which is
the platform underpinning brms.

VIII. DISCUSSION

(1) Summary

Phylogenetic mixed models are a familiar, flexible, and scal-
able framework for comparative analyses of species traits.
Phylogenies are used to derive an expectation of similarity
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among trait values, which enters the model as a phylogenetic
correlation matrix. Different evolutionary models are fitted
via transformations of this matrix, or else by deriving
expected pairwise phylogenetic correlations under the cho-
sen model. For a single response trait, modelling phyloge-
netic means the proportion of variance
attributable to phylogeny (i.e. phylogenetic signal) can be
estimated. However, single-response models with fixed
effects may confound an ensemble of trait correlations if pre-
dictor and response variables both show phylogenetic signal.
MR-PMM provides a solution via the explicit decomposition
of trait covariances. This allows correlations between
response traits to be partitioned into phylogenetic and non-
phylogenetic contributions, providing a more detailed and
informative analysis.

structure

(2) Strengths and weaknesses

One limitation of MR-PMMs, as currently implemented in
the popular R packages MCMCglmm and brms, is the restric-
tion to a multivariate BM model of evolution. Despite its sta-
tistical elegance, BM is clearly a gross oversimplification of
the varied and dynamic processes generating phenotypic
diversity over macro-evolutionary time (Uyeda et al., 2018;
Losos, 2011; Freckleton & Harvey, 2006). Most notably,
BM does not explicitly account for adaptive evolution
(e.g. stabilising and directional selection). At first glance, this
appears to be a fatal weakness. However, phylogenetic signal
consistent with BM s, in fact, also consistent with adaptation
via niche conservatism; these processes can produce indistin-
guishable phylogenetic patterns in ecological data (reviewed
in Westoby et al., 2023; Wiens et al., 2010). Brownian phylo-
genetic (co)variance is therefore relevant for understanding
divergence in ecological strategy between clades, a major
contributor to the functional diversity of ecosystems.
Looking beyond PMMs, there exists a broad class of pro-
cesses expressible in terms of stochastic partial differential
equations that characterise more complex and dynamic mul-
tivariate evolutionary models (Blomberg et al., 2020; Bartos-
zek et al., 2012; Butler & King, 2004). These include fully
parameterised multivariate OU models (i.e. unstructured
A matrices), as well as multiple optima and shift models,
examples of which are implemented in mSLOUCH
(Bartoszek et al., 2012), muMORPH (Clavel et al., 2015), Rphy-
lopars (Goolsby et al., 2017), PCMbase (Mitov et al., 2020), and
phylosem (Thorson & van der Bijl, 2023). Like MR-PMM,
many of these methods accommodate missing data and
within-species variation but offer more detailed and (poten-
tially more) realistic evolutionary models. On the other hand,
model selection approaches to identify the correct structure
(e.g. for A) are non-trivial, and may require very large com-
parative data sets (Bartoszek et al., 2023). Furthermore, these
methods are restricted to continuous traits (although see
Hassler et al., 2022) and do not permit an arbitrary multilevel
decomposition of trait covariances, which is a desirable and
informative simplification for many biological questions.
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Another important limitation of the MR-PMM specified
in Equation (10), is that it assumes the chosen evolutionary
model is both constant through time and homogeneous
across the tree, making it vulnerable to misspecification
under certain evolutionary scenarios, for example rare events
(Uyeda et al., 2018; Clavel et al., 2015). Some alternative
methods allow for shifts, meaning parameters of the evolution-
ary model (e.g. cghy), even the model itself (BM, OU, etc),
are allowed to vary between clades and across time (Pagel,
O’Donovan & Meade, 2022; Mitov et al., 2020; Mitov,
Bartoszek & Stadler, 2019; Clavel e al., 2015), including
(when furnished with fossil data) changes in the trait-level
covariance matrix itself through time (e.g., Z™ = ZP"(@, 1)
(Blomberg ¢t al., 2020, 2024). While methods to infer shifts
in a PMM framework are likely to be hindered by computa-
tional constraints (i.e. involve fitting too many alternative
models), it is possible to estimate separate phylogenetic ran-
dom effects for pre-defined clades (see tutorial, Section X).
However, other techniques will be more appropriate when
trying to infer the timing or phylogenetic position of rare evo-
lutionary events (Pagel et al., 2022; Uyeda & Harmon, 2014;
Slater, 2013).

One strength of the mixed model approach is its extension
to generalised linear models (Nakagawa & Schielzeth, 2010;
Hadfield, 2010). Many evolutionary hypotheses invoke
causal relationships between continuous and discrete traits.
However, currently MR-PMM is one of few methods avail-
able to estimate correlations between continuous and dis-
crete traits in a fully phylogenetic framework (see also
Haba & Kutsukake, 2019). Despite complications arising
from non-linear latent variable transformations (see Section-
IIL.3), this has enabled several long-standing evolutionary
hypotheses to be addressed in recent years (e.g. Downing
et al., 2020; Cornwallis ¢t al., 2017). A second strength of
MR-PMMs is the capacity to specify multi-level models that
appropriately capture correlated hierarchical effects (Cinar
et al, 2022; Nakagawa & Santos, 2012; Hadfield &
Nakagawa, 2010). Integrating data from multiple studies to
draw general conclusions is a common practice in compara-
tive biology. It enables researchers to increase the power and
complexity of analyses and is simply necessary to make full
use of growing public data repositories. The capacity to
account for multi-level structure is therefore crucial for
methods to scale effectively with modern data compilations
(e.g. Falster et al., 2021; Kattge et al., 2020).

(3) Recommendations and future directions

One challenge many analysts face when attempting a phylo-
genetic comparative analysis is that not all available species
with trait data are featured in a suitable published phylogeny.
A powerful workaround is to use the best available species-
level phylogeny to derive a phylogeny for a higher taxonomic
rank (e.g. series, section, or genus). This approach has two
tangible benefits: (z) computations involving the phylogenetic
correlation matrix € are a major bottleneck in the evaluation
of the model likelihood. Therefore, reducing the dimension
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of C by refocusing to a higher taxonomic rank comes with
substantial reductions in model fitting time. () It is often pos-
sible to include data from more species, as those missing from
species-level phylogenies can instead be treated as replicates
of a higher taxonomic rank that does feature in the phylog-
eny. This method has the obvious drawback of ignoring phy-
logenetic structure close to the tips (e.g. sister species
relationships), modelling only those effects owing to deeper
splits within the tree. However, in cases such as the eucalypts
(see Section VI), where taxonomic series often represent freely
hybridising species groups (Pfeilsticker et al., 2023; Larcombe
et al., 2015), modelling phylogenetic effects above the species
level may in fact be desirable (see tutorial, Section X), as it
relaxes the assumption that recent divergences can be expressed
in terms of a strictly bifurcating evolutionary process.

Amore general pitfall in phylogenetic comparative analyses
1s the failure to account adequately for multilevel structure.
Assuming sufficient replication, the preferred approach is
always to model species traits at the lowest possible level
(e.g. observations on individual organisms), using a multilevel
model. Partitioning variation across the model hierarchy uti-
lises all available information, while facilitating evaluation of
more interesting biological questions, for example, separation
of within- and between-group variance components
(e.g. species, population, individual) (Garamszegi &
Moller, 2017; Westneat, Wright & Dingemanse, 2015); separa-
tion of phylogenetic and spatial effects (Gomes et al., 2023;
Freckleton & Jetz, 2009); and the estimation of within-species
residual (co)variances (i.e. patterns of species-specific phenotypic
plasticity and trait co-variation) (Goolsby et al., 2017). Detailed
variance partiioning may, in fact, be necessary to identify
drivers of selection in natural populations. For example, parti-
tloning variance in anti-predator behaviour of 254 bird species
supported the view that within- and between-population vari-
ances are driven by different selective forces (Garamszegi &
Moller, 2017). Similarly, within-species variances account for a
considerable proportion of community-level variation in plant
functional traits, particularly for whole-plant (e.g. plant height),
rather than organ-level (e.g. leaf size), traits (Siefert et al., 2015).

Integrating multilevel MR-PMMs with sophisticated evo-
lutionary models remains a considerable methodological
challenge (see Section III.2). In particular, software imple-
mentations are limited and modern comparative analyses
including many thousands of taxa pose genuine computa-
tional barriers to more complex, parameter-rich evolution-
ary models. Of course, such challenges do not obviate the
need to account for structural dependencies in comparative
data, rather they call for a more tractable model. Of the
available options, BM is easily the most tractable, a virtue
repeated so often it risks being overlooked (Blomberg
et al., 2020). Nonetheless, large-scale studies, particularly in
the field of plant functional ecology, continue to be published
without directly accounting for phylogeny (e.g. Joswig
et al., 2022; Bruelheide et al., 2018; Diaz e al., 2016; also
see Koricheva & Gurevitch, 2014). At the very least, phyloge-
netic models assuming BM evolution should feature in the
analysis of such data sets, and MR-PMMs offer a robust, flexible
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and informative framework to do so (Westoby e al., 2023).
However, with the inexorable expansion of biological trait data-
bases (Falster et al., 2021; Kattge et al., 2020), even models
assuming BM can become computationally burdensome as
the number of species and traits included in analyses grows. Fre-
quentist approaches such as ASReml offer a powerful alterna-
tive n such cases, especially for Gaussian response variables
(Butler et al., 2023). Future work could address computational
constraints by developing approximate inference methods for
MR-PMMs, such as mean field variational Bayes algorithms
[Ormerod & Wand (2010), although the accuracy of covariance
components for non-Gaussian response traits remains a chal-
lenge, see Hughes, Garcia-Fiflana & Wand, 2023]. A particu-
larly powerful approach would emerge from integrating
computationally efficient algorithms for multivariate evolution-
arymodelsbeyond BM (e.g. Mitov et al., 2020) into the generali-
sable, multi-level framework of MR-PMMs.

Another clear direction for future research is a more compre-
hensive assessment of statistical power and sensitivity in MR-
PMMs. In particular, it would be instructive to have clearer
expectations around inferential power with respect to the num-
ber of response traits, the combination of response distributions,
the relative magnitude of phylogenetic and non-phylogenetic
(co)variances, as well as phylogenetic uncertainty and sample
sizes. In general, MR-PMM is well suited to data sets with many
species nrelative to the number of model parameters p (i.e. high
n:p ratios). Reduction of model complexity, for example via
shrinkage (Section VII.1) or rank-reduction of the covariance
matrix (Section VIL.2), may be required for data sets with low
n:pratios (e.g. geometric morphometrics), for which specialised
methods are also available [Clavel & Morlon, 2020; Adams &
Collyer, 2019, 2018; Clavel, Aristide & Morlon, 2018;
Adams, 2014; Hassler et al., 2022; also see Runcie ez al. (2021)
for methods relevant to genomic prediction]. Even relatively
small data sets may potentially yield useful inferences by using
sparsity-inducing priors (Section VII. 1) to identify a small subset
of parameters that escape shrinkage to zero (Pironen &
Vehtari, 2017; Li, Craig & Bhadra, 2019). However, a formal
examination of power and sensitivity, provided by simulation
studies, 1s necessary to clarify the inherent limitations of estima-
tion and inference in an MR-PMM framework. Fortunately,
the ability to deal with partially observed records often means
that more data can be included in analyses.

IX. CONCLUSIONS

(1) Species phenotypes are the product of a complex network of
causal processes that promote co-selection of traits, over both
short and long timescales. For some traits, (co)variation is con-
served over evolutionary time, creating patterns in inter-species
data that reflect phylogenetic relationships (Section II).

(2) Distinguishing the influence of these conserved effects
from those that are decoupled from phylogenetic history is
a fundamental objective of evolutionary ecology, because it
is the balance of these forces that defines whether constraints,
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trade-offs and coordinated strategies should be understood in
terms of deep evolutionary integration or labile responses to
prevailing conditions (Section IV).

(3) Univariate approaches to cross-species analysis are not para-
meterised to distinguish between these components of trait corre-
lation (Section II), leading to potential confounds and inferential
limitations. By contrast, MR-PMMs, in which correlations
between traits can be partitioned into phylogenetic and non-
phylogenetic components, offer a more informative analysis of
trait evolution under many circumstances (Sections IV and VI).
(4) The capacity to fit multilevel models (Section III.1),
mmpose different models of trait evolution (Section III.2),
include continuous and discrete response variables (Section
II1.3), estimate partial correlations (Section IIL.5), and employ
conditional predictions for imputation and model validation
(Section V), makes MR-PMM a robust and unifying approach
to many open questions in comparative biology.

(5) In particular, MR-PMM is well-equipped to advance an
emerging synthesis of genetic, ecological, and evolutionary
approaches to the study of trait variation. Data sets will soon exist
that allow the partitioning of within- and between-species trait
variances into additive genetic, phylogenetic, spatial, environ-
mental, and residual components. We argue that careful parame-
terisation of MR-PMM (Sections VIL.1 and VIL.2) may offer a
scalable framework for analysing these large complex data sets.
(6) Currently, software implementations of the various
methods discussed are available piecemeal across several differ-
ent applications. In practice, we found this led to different use
cases for the two R packages we explored for fitting
MR-PMMs. The analytic solutions leveraged by a Gibbs sam-
pling approach give MCM(glmm a considerable computational
advantage when all responses variables are Gaussian, with the
restriction that conjugate priors be used. By contrast, the
Hamiltonian Monte Carlo sampler used by brms s likely to out-
perform for non-Gaussian error distributions and allows flexible
prior specification. brms also benefits from a user-friendly syntax
and integrates well with other useful packages such as tidyverse
(Wickham et al., 2019) and loo (Vehtari et al., 2024).

(7) We expect that more researchers in ecology and evolu-
tion will adopt MR-PMMs as barriers to implementation
for non-specialists are broken down. To this end, we provide
extensive tutorial materials, including annotated code and

applied examples.

X. TUTORIAL

Tutorial material relevant to this article can be found at
https://github.com/Benjamin-Halliwell/MR-PMM.
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