‘Heliyon

Received:

30 December 2017
Revised:

11 May 2018
Accepted:

22 August 2018

Cite as:

Md. Mamunur Roshid,
Harun-Or Roshid. Exact and
explicit traveling wave
solutions to two nonlinear
evolution equations which
describe incompressible
viscoelastic Kelvin-Voigt
fluid.

Heliyon 4 (2018) e00756.

Exact and explicit traveling
wave solutions to two nonlinear
evolution equations which
describe incompressible
viscoelastic Kelvin-Voigt fluid

doi: 10.1016/j.heliyon.2018.
e Md. Mamunur Roshid”, Harun-Or Roshid
T Department of Mathematics, Pabna University of Science and Technology, Pabna-6600, Bangladesh
pdates * Corresponding author.
E-mail address: mamunmath307 @gmail.com (Md.M. Roshid).
Abstract
Two nonlinear evolution equations, namely the Kadomtsev-Petviashvili (KP)
equation which describes the dynamics of soliton and nonlinear wave in the field
of fluid dynamics, plasma physics and the Oskolkov equation which describes
the dynamics of an incompressible visco-elastic Kelvin-Voigt fluid are
investigated. We deliberate exact traveling wave solutions, specially kink wave,
cusp wave, periodic breather waves and periodic wave solutions of the models
applying the modified simple equation method. The solutions can be expressed
explicitly. The dynamics of obtained wave solutions are analyzed and illustrated
in figures by selecting appropriate parameters. The modified simple equation
method is reliable treatment for searching essential nonlinear waves that enrich
variety of dynamic models arises in engineering fields.
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1. Introduction

Numerous complex phenomena in real life are modeled by nonlinear evolution equa-
tions (NLEEs). NLEEs are involved in different field of science and engineering such as
mathematics, physics, mechanics, biology, ecology, optical fiber, chemical reaction
and so on. Soliton theory may play a significant role and has be applied in almost all
the nonlinear sciences, in which many dynamical evolution phenomena are modeled
by various nonlinear models [1, 2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17,
18,19,20,21,22,23,24,25,26,27,28,29, 30,31, 32,33, 34, 35]. Searching for inno-
vative analytic exact traveling wave solutions of NLEEs has played a substantial role in
the study of dynamics of witnessed phenomena. Many scholars planned through
NLEEs for construct traveling wave solution by implementing several methods. The
procedures that are well established in recent literature such as the Exp-function method
[1], Extended tanh method [2, 3] used to find exact compact and noncompact solutions.
A new extended (G’ /G)-expansion method [4, 5], Jacobian elliptic function method
[8], (G'/G)expansion method [6, 7], Inverse engineering method [9], Fokas method
[10], transformed rational function method [11], N-fold Darboux transformation
[12], Initial boundary value problem [13, 14], sin-cosine method [15], Enhanced
(G'/G)-expansion Method [16]. Li et. al. [17] studied analytically on some NLEEs
to construct the interaction of some solitary soliton solution.

In this article we study (3 + 1) dimensional kadomtsev-petviashvili (KP) equation of
the form [18]

(v + 6ust, + thy)  + 31, + 3u,, = 0. (1)

Usually, (3 + 1) dimensional Kadomtsev-Petviashvili (KP) equation is introduced
to describe the dynamics of soliton and nonlinear wave in the field of fluid dy-
namics, plasma physics etc [18, 24, 26]. Chen [24] studied (3 + 1)-dimensional
KP equation by using the new generalized transformation in homogeneous balance
method. Decomposition method [23] is used to find exact solution from Eq. (1).
There are several methods [23, 24, 25, 26, 27, 28, 29, 30] are applied to construct

exact solution from Eq. (1).

Let us consider the (1 4+ 1) dimension Oskolkov equation is of the form [19]:

U, — AWy — alUy + UU, =0, (2)

where A, aare arbitrary constant and U(x,?) is an unknown function. Eq. (2)
described the dynamics of an incompressible visco-elastic Kelvin-Voigt fluid and
fluid dynamics. Different types of Oskolkov equation are solved by several methods
[20, 21, 22] to construct exact solution. The (G’/G)-expansion method [19] are
applied to find exact solution from Oskolkov equation.
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The present work is motivated by the desire to employee the modified simple equa-
tion method (3 + 1) dimensional Kadomtsev-Petviashvili (KP) and the (1 + 1)
dimension Oskolkov equation. MSE method is more effective to find exact solution
through free parameter. MSE methods [31, 32, 33, 34, 35] solve different NLEEs to
construct exact solution. The main advantage of this method over the existing other

methods is that it provides more new exact traveling wave solutions.

2. Methodology
The main steps of the Modified Simple Equation method is provided as follows:

Let us consider the general form of nonlinear evolution equations (NLEEs)

H(U7 (Jxa Ut7 Uthyy) :07 (3)

where U = U(x, y, z, t) be unknown function and H is a function of U and its par-
tial derivative in which the linear and nonlinear term of U and its derivative appear.
Now we will solve the nonlinear evolution equations by the following steps

Step 1: At first we implement traveling wave transformation to covert the indepen-
dent variable X, y, z, t into a compound variable £ by
U(x,y,z,t) = U(§), where § = kx + my + nz + wr, (4)

where w is the wave speed and u, [, m, n are arbitrary constant. Eq. (4) allow us to
write Eq. (3) into the Ordinary Differential Equation (ODE) form

"

R(UUU" U - - ) =0, (5)

where u'derivative with respect to £. Eq. (5) is intangible. So we integrate Eq. (5)

with respect to &.

R(U,U,U" ) =0. (6)

Step 2: Let us suppose the solution of the Eq. (6) can be express in the following

form.

where a;(k=0,1,2,3,4,...,N) are unknown constant, S = S(§) be unknown

function to be obtained such that. a, #0.

Step 3: The positive integer Nin Eq. (7) can be determine by taking into consider-
ation of the homogeneous balance between the highest order derivatives and highest
order nonlinear terms in Eq. (6).

Step 4: Now we calculate all the necessary derivatives U, U", U", ....... by using
Eq. (7) and substituting in Eq. (6). For this substituting we acquire a polynomial
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of % and its derivatives. Let the coefficient of S7(£)(k = 1,2,3, ..., N) equal to
zero then we obtain a system of equation. From those equations we obtain the value
ofar(k =1,2,3,..., N) andS(£). Substituting all values of ax(k = 1,2,3, ..., N) and

k
(gé:;) (k =1,2,...,N)in Eq. (5) then we obtain the required exact wave solution of

the general nonlinear evolution equations (NLEESs).

3. Examples

In this section, we apply the Modified simple equation (MSE) method to find exact
solitary wave solution of the (3 4+ 1) Dimensional Kadomtsev-Petviashvili (KP)

Equation and the (1 4 1) Dimensional Oskolkov Equation.

3.1. The (3 + 1) dimensional Kadomtsev-Petviashvili (KP)
equation

In this subsection, we submit an application of the Modified simple equation (MSE)
method to find exact solitary wave solution of (3 + 1) dimensional kadomtsev-
petviashvili (KP) equation. The KP equation is most important to explain the different
type of nonlinear wave and soliton wave in fluid dynamics and plasma physics. Chen

[24] has studied this equation and find out the explicit solitary wave solution.

Let us consider the (3 + 1) dimensional Kadomtsev-Petviashvili equation in the

following form
(4 + Uty + ) + 3ty + 31, =0, (8)
where u = u(x,y,z,t) is an unidentified function.

Using traveling wave variable £ = (kx 4+ ny + [z — wt) to reduce the Eq. (8) in the
ODE form

k(— wu’ + 6kuu' + k3um)/ +3(n*+P)u" =0. 9)

Eq. (9) is an integrable equation. So integrate two times with respect to £ and we seek
the integrating constant to zero. Then we obtain

K" + 3k + (3n° 4 31 — kw)u =0, (10)

where the nonlinear term is %> and the highest order derivative isz”. So the balance

number is N = 2.

Then according to the step-2 the solution of the Eq. (10) can be written as
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oi-wsa (55 (3.

where ag, a1, a, are arbitrary constants to be determined later and s(§) be an un-

known function.
Differential Eq. (11) with respect to &, then we get

,_as” a(S) L2088 2a,(S')?

U
S §? s? S

M

gr @S _3as's' | 2a sy | 2 (8")*  10ay(8')*s” | 208" 6a,(S')*
S 52 53 52 3 52 s+

Substituting the value of U, U, U" in the Eq. (10) and equating the coefficient of S°,
S—1,572,873,8* are zero, then we get,

3aol? — kayw + 3K ag + 3n*ay =0

Krais" +3a,Ps' + aywks' + 3ain’s' + 6k*agas’ =0
k4{ —3a,5"s' +2a, (sms' + (s”)z) }—i—

{k*(6apar +3ar) +a> (3n + 31 — kw) }(s')* = 0
2K%a,(s')’ (3a; + &%) — 10k*ays" () =0

(3k%a, + 6k*ar) ()" =o0.

Solving the st and last equation of the above system of equation for ag a, we attain
the given two set solution

kw — 3n% — 32

3k2 ,dy = _2k27

ay=0,a, = —2k* and ap =

where w, /, k, nare constants.

Case-01: when ay = 0,0, = — 2k°.

Putting these values in the rest three equations and solving them. Finally, we reach

three set solutions

S(E) =c1+crexp <C;§> )

Set-01: a; = £2+/kw — (3n? + 32), where w, [, k,n are constants.
(1202 + 128 + a,?)

Set-02: w = e , Where w, [, k, n are constants.
1212 + 1272 + d12
Set-03: k = ( 7 ), where w, [, k, n are constants.
5 https://doi.org/10.1016/j.heliyon.2018.e00756

2405-8440/© 2018 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.heliyon.2018.e00756
http://creativecommons.org/licenses/by-nc-nd/4.0/

| Heliyon
Article No~e00756

Set-01: When a; = +24/kw — (3n% + 32), substituting the value ag,a;,a, and
S(&)in Eq. (11), then we achieve.

2k =3 +P) [ @l )
U(E)— K2 {(C1+C26i'9) (cl—&—czei”)z}’ (12)

Vo =302 + B))

where 6 = B tand &€ = kx+ ny+ Iz — wt.
If we set the condition kw > (3n% 4 3/2) and ¢| # ¢, then we reach the hyperbolic
solution
2(kw —3(n> + 1 2cic
R ()
k 2¢i¢y + (€] 4 ¢3)cosh 6 — (¢3 — ¢3)sinh 4
If we set ¢; = ¢, then the Eq. (13) become
(ko —=3(m*+P)) .0
U) = #sceh > (14)
Again if we set ¢; = =£ic, then the Eq. (13) to be
2(kw —3(n? + P 1
u(g) = e =3+ F) (15)

k2 1¥Fisinh 8’

If we set kw < (3n2 + 312) and ¢ # ¢», then we have an trigonometric form of the

Eq. (13).

2kw —3(n® + P 2¢;c
Ug) = ( (2 ) e (16)

k 2¢i¢y 4 cos O(ct +¢3) —isin O(ct — ¢3)

If we set ¢; = ¢, then the Eq. (16) become,

(kw —3(n*+PF)) ,0
U(E):Tsce 7 (17)
Again if we set ¢; = =*icy, then the Eq. (16) to be

2(kw —3(n® +B)) 1

= . 1
() k? 1+sinf (18)
(1272 + 12 + a;?)

Set-02: Wh =
e en w e

Substituting the value ay, a;, a; and S(§)in Eq. (11), then we archive,

RN ¥ SR "

S22 (14 2e’)  (c) + cre’

where 0:%6 and § = kx+ ny+ lz—

(12n% 4+ 122 + a?) ,
4k ’
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Eq. (16) can be written in turn of hyperbolic function where c¢| #c;,

2

) _a 2cic;
2k2 2¢cicy + (3 + ¢3)cosh 6 — (3 — ¢3)sinh 6

If we set ¢; = ¢, then Eq. (20) has the form

2
AL
U —4k2sceh X

Again if we setc; = =ic,, then Eq. (20) reduce to

v -

~ 2k21Fisinh 6’
(120> 4+ 122 + a;?)
2 .

Set-03: When a; = a1,k =

Substituting the value ag, a1, a; and S(€)in Eq. (9), then we archive.

U - 8w’a? e’ A"’
(@ +12n2 +122)° | (c1 +c2¢%)  (¢) + cye?)* |

8wa; (12n* + 122 + a;?)

where 6§ = &and & =
(a)? + 1222 + 12P)? 4k

If we set the ¢; # ¢», then we reach the hyperbolic solution

Swza% 2c1¢

U(§) =

If we set ¢; = ¢, then Eq. (24) covert into the following form

do’a? 6
U = el S sceh’=.
(@3 +12n% + 1212) 2

Again if we set ¢; = =ic,, then Eq. (24) become

8w?a? 1
U = .
(a® +12n% + 121)* 1 Fisinh 0
kw — 3n* — 3P
Case-02: When ay = %7@ = — 2k%

(& + 12n% 4 122)* 2¢1¢5 + (¢f +¢3)cosh  — (¢} — ¢3)sinh §°

Article No~e00756

(1)

(23)

X+ ny+ lz— wt

(24)

Substituting these values in the rest three equations of the above system of equation

and solving them. We finally reach to three set solutions

Set-01:a; = +2+/kw — (3n? + 32), where w, I, k, n are constants.

(12n% + 12 + a;?)

Set-02: =
ersw 4k

, Where ay, [, k,n are constants.
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2 2 2
Set—OS:k:(lzn + 12F + a1%)

., where ay, [, n are constants. where S(§) = ¢;+

¢y exXp (ij) and & = kx+ ny+ Iz — wt.
Set-01: when a; = +2/kw — (3n*> + 3P).

Substituting the value ag, a;, @, and S(§)in Eq. (11), then we achieve.

2(kw—3(n*+ 1)) |1 oot CZ(eiﬁ)z
v = 350 {2 3 (( Sv= i )2> } (27)

1 + cet?) (c1 + cre*?

V(3B + R) — kw)
2

If we set the condition kw < (3n® + 3/2) and ¢; # ¢,. Then we reach the hyperbolic

where 6 =

tand & = kx+ ny+ Iz — wt.

solution
U 2(kw—3(n*+ 1)) [1 3 2¢i¢;

B 3k2 2 "2cic;+ (34 c3)cosh 6 — (2 —c3)sinh 4 [

(28)

If we set ¢; = ¢, then Eq. (28) become

2kw =3 +P) (1 3 .0
If we set ¢; = =icy, then Eq. (28) to be the following form

_2(kw—3(n2+[2)) 1 3
ue) = 31 2 P TFismho ) (30)

If we set the condition kw > (3n* + 3/2) and c; # ¢, the Eq. (27) has developed in
hyperbolic form

v = 2k =30 4 P) {1+3 216 }

3k2 2 T 2cicy +cosb(ct+c2) —isin 0(c3 — c3)
(31)
If we set ¢; = ¢, then Eq. (31) become
_2(kw—3(n2+[2)) 1 3 ,0
Ug) = 32 §+§sce 2 (32)
If we set ¢; = =icy, then we get,
2(kw —3(n>+2)) (1 3
v = 3% AETTYIA (33)
12n% + 122 — a;?
Set-02: when w :( " +4k il ).

8 https://doi.org/10.1016/j.heliyon.2018.e00756
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Substituting the value ay, a;, a; and S(§)in Eq. (11), then we archive.

@ a e’ 02(95)2
U(f)=—L L —_ 2 34
© 12k2 + 2k2 {(61 +c2e?) (e + czee)2 ’ (34)
where 6 = 55§ and § = kx+ ny + Iz — wt.

Eq. (34) can be written in turn of hyperbolic function where ¢; # ¢,

U =L < L, 216 ) (35)

6 2ci04 (2 +c2)cosh 8 — (3 — 2)sinh 4

If we set ¢; = ¢ then the Eq. (35) is reduce in

2
U(%) %{—g—Fisceth} (36)

If we set ¢; = %ic; in Eq. (35), then we get

TG I G — (37)
~2k*| 6 1Fisinhéf’
1202 + 127 — a)?

Set-03: when a; :al,k:( ot ) @ >7n:n,l:l,w:w
Substituting the value ay, a;, a; and S(§)in Eq. (11), then we archive.

4022 0 2(,0)2
U(@Z wa 2 1-6 = 0y CZ(e) 2 ) (38)

3(12n2 + 1212 — a?) (c1+c2e’) () +cre?)
8wa;

where 0 = séand & = kx+ ny+ Iz — wt.

(122 + 122 — &)

If we set ¢ # ¢», then we reach the hyperbolic solution

U(e) = do’a? L6 2¢1¢2
- 3(12n2 + 122 — a%)z 2¢i1¢y + (¢34 c3)cosh 0+ (¢2 — ¢3)sinh 4
(39)
If we set ¢; = ¢, then the Eq. (39) become
8w?a? 0
U§) = i > {1 - 3sceh2—}. (40)
(12n2 4+ 1222 — a?) 2
Again if we set ¢; = %ic, in the Eq. (39) then we get,
8w?a? 6
v --—rafi- )
(12n2 + 1222 — a?) 1+isinh ¢

9 https://doi.org/10.1016/j.heliyon.2018.e00756
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3.2. The (1 + 1) Dimensional Oskolkov equation

In this subsection we implement the modified simple equation method for (1 + 1)

Dimensional Oskolkov Equation in the following form

U, — BUyy — aUp + UU, =0 (42)

Where (3, « are arbitrary constant and U(x, ) is an unknown function. Using the
traveling wave variable U(x,7) = U(§) and £ = kx — wtwhere kis a constant
and w is wave speed. Now we convert the Eq. (42) into the following Ordinary dif-

ferential equation.

2k2wBU" — 20k* U’ — 20U + kU* =0, (43)
where the prime represent the derivative with respect to &.

According to step-3, the balance number between the linear term U”and the
nonlinear term U? isN = 2 so the solution of the Eq. (42) is similar to the solution
of the Eq. (11)

Now differential Eq. (11) with respect to £ we get

) s SN\°  2a,8S" AW
v=als)-als) 5 2(5)

SW S/ 3 S// 2 S/ 2 Sl/
UH = aIT+ (2&1 + 6612) (E) + 2612 (§> — ]0611 (5) (;) — (3(11 — 2(12)
S/S//
X ? .
Substituting the value of U,U’,U” in Eq. (43) and equating the coefficients

S0 5~1.572 873, S* are equal to zero. Then we get system of equation

1
Ekag — wdagy = 0
Bwk*a,S" — ak*a,S" + S’ (kaga; — wa;) =0
1

(')’ ( — wa, + ak*ay + kaga; + 51«@) —3Bak’a;S"S'
+2B8wk*ay(8")’ — 2akay8'S" + 28wk’ a,S'S" =0
—10[5'u)k2c12S"(S')2 + (ka2a1 + 20wk*a; + 2ak2a2) (S’)3 =0

1
()" (650)/&12 + Eku%) —0

Now solve the first and last equation of the above system of equation. Then we es-

timate two set solutions.
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2
ay=0,a, = —12Bwk and ay = %,az = — 12wk

Case-01: when ay = 0,ap, = — 120wk.

Article No~e00756

Putting these values in the remaining equation of the system of equation. Then we

achieve two set solution

16 24 B 1 12k +5a;
W=z \/gak,al =—3 ak,SE)=ci+c exp(60 Bk E)

Sw 1 12ak + 5ay
dk ==2,/-8 qa = - Bl i
an " war =0,8&) =1+ exp( 13

60 Bwk
. s 24
Set-01: when w = 3 \/%ozk, ap = —%ak .

Now we substitute the above value in Eq. (11). Then we achieve

2 16 ace? cre?
U = — 4 [= 2
© 5V8 (cr +cre?) ( ¢ +cet)’

1
where 6 = @\/gg and £ = kx — wt.

Now we set 8 > 0 and ¢ # ¢; then the Eq. (44) has developed form

2a0 6 2¢y¢; + c3(cosh @ — sinh )
U€)=—1/2 2. 2 : 2 2\
5 \[ B 2cicz +cosh (¢t + ¢3) + sinh 0(ct — ¢3)

Now if we set ¢c; = ¢, then Eq. (45) to be the following form

U@ = % \/gsceh (0/2) {2+ (cosh 6 —sinh 6)}.

Again if we set ¢; = =ic, then Eq. (45) is reduce in

_a [6 {£2—i(coshd —sinhd)}
U(E)—g\/% 1 tisinh 6 '

Now we set 8 < 0 and ¢| # ¢3, then the Eq. (44) has developed form

UE)=—/= . .
é) B 2cica +cos O(ct + ¢3) +isin (¢ — c3)

2 \/g 2¢1¢, + c3(cos § — i sin 6)
5

Now if we set ¢; = ¢, then Eq. (48) to be the following form

o

U§) = I \/%sce(ﬁ/z){Z + (cos @ —isin 6)}.

Again if we set ¢; = %ic, then Eq. (48) is reduce in
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U(g)%\/g{(sinﬁl—-i__iscizs;)iﬂ. (50)

Set-02: when k = %j \/ —gand a =0

Substitute the above value of in the Eq. (11). Then we reach the solution

o=\ o

where 0 = 50[6% and £ = kx — wt.

Now we set 8 < 0 and c| #¢; then the Eq. (51) has developed form

20 6 c2(cosh # +sinh 0

U(E) =~ \l % 2( 2 2 : ) 2 2\ " (52)
5 B 2cicy + cosh (¢ 4 ¢3) — sinh (c7 — ¢3)

If we set ¢; = ¢, then Eq. (52) can be written in the following form

U(E) = —1“—0 \/j%sceh (0/2) (cosh 6 + sinh 6). (53)

Again if we setc; = =ic;, then Eq. (52) attain in the following form

o 6 cosh # + sinh 6
u) = 5 \/ "8 1Fisinhg (54)

2
Case-02: When ay = ?“’ a = — 12Bwk.

Putting these values in the remaining equation of the system and dissolve the obtain-

ing differential equation. We achieve the given the solution

1 120k + 5a, E)

S(g):C|+CQCXp<@ ok

Putting the solution in the remaining equation of the above system and solve them.
Finally We get the solution

1 120k + 5a
S(E) = (] +C2 eXp(E Tlg)

1 /6 24 5w /B
=_/—ak,ay = —ak k=—\/=a =0.
W=7 60{ ,a e and . \/;,al 0

1 /6 24
Set-01: when w = 5 —Bak and a; = — ?ak.

Substitute the above value of in the Eq. (11). Then we reach the solution
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20 [6 12 « cé? cé’
UE) =" |24+—= 2 55
© 5\/;+5 \/——61601+026’9< +6‘1-1-0269 ’ (55)
where 0 = —%B and £ = kx — wt
Now we set 8 < 0 and ¢| # ¢;, then the Eq. (55) is
2 6 12 « 2¢1¢; + 3c2(cosh 0 + sinh 6
UE) =" —+— — g( SR )2 ~. (56)
5 B 5 /=68 2cic; +coshb(ci+ c3) —sinh (ci — ¢3)

If set ¢; = ¢, then Eq. (56) reduce

2
UE) = ?“ \/g + % \/%@sceh (62) (2 — 3(cosh 0+ sinh 6)). (57)
Also we set ¢; = xic,, then Eq. (56) become

20 |6 12 « 1 3 cosh 6+ sinh 6
U(g)_?\/%+?,/‘“65{1$isinha_§ sinh 0 F i } (58)

Now we set 8 > 0 and ¢| # ¢;, then the Eq. (55) is

200 6 12 « 2cicy + 3c3(cos 0+ isin 6)
UG ==1/31% — s g 2_ 2y (59)
5VB 5 /=682cic;+cosb(ci+c3)—isinb(ci—c3)

If set ¢; = ¢, then Eq. (59) to be

UE) = 25_“\/§+§\/:L@sce(e/z) (2+3(cos 0 +isin 6)). (60)

Also we set ¢; = =*ic,, then Eq. (59) become

200 (6 12 « 1 3sinf —icosf
Uy =% /2,.2° - . 61
) 5 \/;+5 \/—6,8{1isin0+2 1+sin 6 } (61)

1
Set-02: whenk = 3 \/gak and a; = 0.

Now we substitute the value in the Eq. (11). Then we obtain the solution

u(E) =2 §<1 —%) (62)

where 6 = 52—2 and £ = kx — wt.

Now we set 8 < 0 and c| # ¢; then the Eq. (62) has developed form
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2a |6 c3(cosh 6 —sinh ) + 2¢;c
UE)="—/= i — _). . (63)
5 \[ B 2cic; +cosh 8(c3 + ¢3) —sinh 0(cT — ¢3)

If we setc; = ¢y, then Eq. (63) to be

o

U = 0 \/g((cosh 0 -+ sinh ) + 2)sceh (6/2). (64)

Again if we setc; = Zics, then Eq. (63) to be

(65)

_a [6/((2+i(cosh @+ sinh 0))
v =3 E( (1Fisinh 6) )

4. Results & discussion

In this section, we will discuss the physical representation of the obtained exact and
solitary wave solution to the (3 4+ 1) Dimensional KP equation and (1 + 1) Dimen-
sional Oskolkov equation. We represent these solutions in graphical and verify about

the kind of solution.

4.1. The solution and discussion of KP equation

In this subsection we implement MSE method to capture of the traveling wave solution
Egs. (13,14, 15,16, 17,18, 19, 20, 21, 22, 23, 24, 25,26, 27,28, 29, 30, 31, 32, 33, 34,
35,36, 37, 38, 39, 39, 40, 41) from the KP equation. The solution Egs. (13, 14, 15, 20,
21,22,23,24,25,26,27, 28,29, 30, 35, 36, 37, 38, 39, 40, 41) are all hyperbolic func-
tion solution and Eqgs. (16, 17, 18, 31, 32, 33) are all comes from trigonometric function.
All solution has periodic shape, Fig. 1(a) cusp wave comes from Eq. (28) for the para-
metric valuesy =z =0,n =/ =¢; =1,k = ¢, =2,0 = 3. The shape of the so-
lutions Egs. (29, 30, 35, 36, 37) gives same type like the Fig. 1 (a). Fig. 1(b) shows bell
type soliton solution of the Eq. (21) for parametric valuesc, =n=I1=c; =1,k =2
along y = z = 0. The solution Egs. (13, 14, 15,20, 21,22, 24, 25, 26) are also represent
the bell type solution. On the other hand, the solution Egs. (16, 17, 18,31, 32, 33) are all
comes from trigonometric function and they progress periodically. Fig. 1(c) shows
bright periodic solution of real part of the Eq. (31) for the parametric values y = z = 0,
n=I[=c =1,k=2.5,¢, =2, = 3. The solution Eq. (16) gives same type figure
like Fig. 1 (c). The trigonometric solution of the Egs. (17, 18, 32, 33) are gives the same
figure but dark periodic. Fig. 1(d) shows periodic solution of imaginary part of the Eq.
(31) for the parametric values y=z=0,n=[1=c¢; =1,k =2.5,¢c; =2,0 =3.
The solution Eq. (16) gives same type figure like Fig. 1 (d). Fig. 1(e) represents the
kink type solution comes from Eq. (22) for the parametric valuesn =/ = ¢; = 1,k =

I, =2,0 =2, along y =z = 0. Fig. 1(f) shows Bright periodic solution of the
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Fig. 1. (a): Shape of cusp wave solution of Eq. (28), (b): Shape of Bell soliton solution of Eq. (21), (c)
and (d): Periodic solution of Eq. 31)fory =z =0,n =1 =¢; =1,k =2.5,¢c; = 2,0 =3, (e): Kinky
periodic solution of Eq. (22) and (f): Bright Periodic solution of Eq. (17)fory =z =0,n =1 =¢; =1,
k=1, =2w=2.

Eq. (17) for parametric valuesy =z =0,n =[=c¢; = k = 1,¢; = w = 2. The solu-
tion Eq. (32) gives same type figure like Fig. 1(f).

4.2. (1 + 1) Dimensional Oskolkov equation

In this subsection, we illustrated some obtained solutions achieved via MSE method
for the Oskolkov equation. Here we capture the traveling wave solutions of the Eqs.
(44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65)
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Fig. 2. (a): Kink wave comes from Eq. (52) for § = — l,a =2,¢; = l,¢ =2,0 = 0.1, (b): Periodic

Breather wave solutions of the Eq. (64) for 8 = —2,« = 1,¢] = ¢, = w = 2 and (¢): the real part of Eq.
(61) for the parameters 8 = 2,a =0.05,¢; = ¢, =2,k = — 1, (d): Dark bell shape solution of the Eq.
(58) for 8 =2, =k = 1,¢c1 = Icp, 2 = 2, (e): Bright bell shape solution of the Eq. (58) for § = 2,
a=—1,k=1,¢ =lIcy,c; =2,(f): Anti-Kink type solution of the Eq. (58) for 8 = 2,0 =k =1,
¢y = Icp,c; = 2and (g): Kink type solution of the Eq. (58) for § =2, = — 1,k = 1,¢; = Icy,¢0 =2.
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from the Oskolkov equation. The solution Egs. (44, 45, 46,51, 52, 53, 54, 55, 56, 57,
58, 63, 64, 65) are comes in terms of hyperbolic function; they exhibits solitonic na-
tures. Fig. 2(a) Kink wave comes from Eq. (52) for the parametric values § = — 1,
a =2,c; =1,c0 =2,0 = o0.1. The shape of the solutions Eqs. (45, 46, 47, 52, 53,
54, 55, 56, 57, 58) are similar shape like the Fig. 2 (a). On the other hand, the solu-
tion Eqgs. (48, 49, 50, 59, 60, 61) and for 8 < OEq. (62) are all comes from trigono-
metric function and they progress periodically. Fig. 2(b) shows Periodic Breather
wave soliton solution of the real part of Eq. (64) for parametric values § = —2,a =
1,¢; = ¢ = w = 2. The solution Egs. (48, 50, 59, 60, 61, 63, 64, 65) are also repre-
sent the periodic breather wave solution like Fig. 2 (b). Fig. 1(c) shows periodic
breather wave solution of Eq. (61) for « =0.05,¢c; =c; =2,k=—-18=2.
Fig. 2(d) represent dark bell shape solution of the real part of Eq. (58) for the para-
metric values § = 2,0 =k = 1,¢; = Icp,co = 2.For « = —1 we found bright bell
shape solution as show in Fig. 2(e). Fig. 2(f) represent Anti-kink type solution of the
imaginary part of Eq. (58) for the parametric values § = 2,0 =k = 1,¢; = Icy,
¢; = 2.For « = —1 we found Kink type solution as show in Fig. 2(g).

5. Conclusions

In this paper, the main effort is to find, test and analyze the new traveling wave so-
lutions and physical properties of nonlinear the (3 + 1) dimensional KP equation and
Oskolkov equation by applying reliable mathematical techniques. The Modified
Simple Equation (MSE) method dramas a substantial way to find novel traveling
wave solutions in-terms of exponential function from which we can build solitary
and periodic wave solutions. This method offers solutions with free parameters
that might be important to explain some intricate nonlinear physical phenomena
related to kink wave, cusp wave, bell wave, periodic breather wave and periodic
wave solutions. In physical science, the solutions of these nonlinear equations
have many applications. The methods have been applied directly without requiring
linearization, discretization, or perturbation. The obtained results demonstrate the
reliability of the algorithm and give it a wider applicability to nonlinear fields.
Higher directional waves, multi-waves and even new models of the equations

with more nonlinearity are possible which will be our future task.
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