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ABSTRACT: Anisotropy is a prevailing property in most substances in the real world.
The thermal conductivity characteristic of anisotropy must be determined for utilizing
geothermal resources and assessing battery performances. Most core samples were
primarily obtained by drilling and intended to be cylindrical in shape, with the cores
resembling quantities of familiar batteries. Although Fourier’s law could be used to
measure the axial thermal conductivity of square or cylindrical samples, there is still a
need to develop a new method to measure the radial thermal conductivity of cylindrical
samples and evaluate their anisotropy. Thus, we established a testing method for
cylindrical samples using the theory of complex variable functions following the heat
conduction equation and implemented a numerical simulation to determine the difference
between this method and typical ones via a finite element model for various samples.
Results show that the method could perfectly gauge the radial thermal conductivity of
cylindrical samples with more powerful availability.

1. INTRODUCTION
In 2021, the State Council of China unveiled the Action Plan
for Carbon Peaking by 2030. Because the issue of climate
change has become relevant to all humanity, traditional
petroleum companies have been exploring the promotion
and transition of their energy structure. Simultaneously,
experimenting with new ideas has been prioritized, particularly
exploiting recent technological advancements for low-carbon
and green new energy resources except for oil and gas.1−3 Oil
giants have shifted their focus one after another owing to the
transition wave, with Total replaced by TotalEnergies and BP
by Beyond Petroleum. China National Petroleum Corporation
has also set an exploitation goal focusing on oil, gas,
geothermal energy, power, and hydrogen.4,5

All nations must achieve the carbon neutrality goal by
2065−2070 following the requirements of the Paris agreement.
European and American countries place a premium on
technological approaches toward low-carbon energy resour-
ces.6,7 The cleanliness of geothermal attracts considerable
attention, and its available exploitation tools, such as those for
oil and gas, are crucial considerations for petroleum companies
in the transition course.8−10 As predicted by the International
Energy Agency, the installed power-generating capacity of
global geothermal resources will reach 150 GW in 2050 and
exceed 250 GW in 2100, amounting to approximately 3.5% of
the world’s energy supply. Besides geothermal power
generation, an enhanced geothermal system based on volume
fracturing technology may be employed as another approach

for exploiting geothermal resources.11−13 Researchers have
considered using the resources from abandoned oil and gas
wells.14

Anisotropy is a universal physical property prevailing in
common materials or media. Substantial anisotropic differ-
ences exist among crystals, various materials used in daily life,
and earth media.15−17 The industry is well aware of the
importance of thermal conductivity anisotropy in geothermal
exploitation. Geophysicists have focused their attention on this
anisotropy in rocks. Šafanda et al. used a numerical solution to
express the effects of thermal conductivity anisotropy via
building a two-dimensional (2D) anisotropy model of rocks in
a geothermal field.18 Both Deming et al. and Pribnow et al.
developed experimental approaches for testing thermal
conductivity in both cuttings and core samples at room
temperature.19,20 It is essential to clarify thermal conductivity
during the exploitation of geothermal resources, especially for
scheme design and numerical simulation. The battery will
generate some heat during use, and the anisotropy of thermal
conductivity may act on its properties. So, it is of great
importance to explore this parameter for battery manufacturing
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fields. The issue of thermal conductivity anisotropy in porous
media is not limited to one petrological domain.

2. PROBLEM STATEMENT
Testing approaches for assessing radial thermal conductivity in
rocks are less suitable for assessing the performance of
cylindrical batteries. Steady-state heat flow meter, guarded
hot plate, circular tube, non-steady-state hot wire, and flash
transient plane source are all commonly used methods
designed for regular samples, particularly with planar surfaces,
according to testing requirements.21,22 The thermal con-
ductivity of cylindrical samples is commonly measured by
touching one of their flat sides to a heat source and calculating
the amount of heat output from the opposite side. However,
determining the thermal conductivity of cylindrical samples in
other directions is difficult owing to their anisotropic nature.
To measure this conductivity, Carmona et al. developed a
technique of the heat source, namely, the center input and the
radial output. This technique yielded vague conductivity values
but could not reflect these values at different angles or in
various directions.23 Drake et al. and Muhammad et al.
proposed another gauging method based on heat-insulating
unsteady heating, which possessed an effective nondestructive
merit in battery testing.24,25 However, it only provided a
broader perspective and failed to display the radial thermal
conductivity at different angles; moreover, the representative
anisotropy had both conventional axial and generalized radial
orientations.
The vast majority of cores are cylindrical as they are sampled

via drilling.26 Different from rocks that can be cut into various
shapes, the cylindrical batteries only as the whole may have
their own functional characteristics. Furthermore, assessing the
thermal conductivity anisotropy of cylindrical batteries via
special preparation, such as wire cutting, is less likely.
Nondestructive testing is surely for electronic goods that
must retain their shape to be functional.14,21,27 To summarize,
a method must be developed to test the radial thermal
conductivity for cylindrical samples, which can be used to
evaluate geothermal resources as well as explore, develop, and
use hot and dry rocks and assess the performance of cylindrical
batteries.

3. THEORETICAL BASIS AND EXPERIMENTS
This method is similar to the radial measurement of core
permeability and radial resistivity testing.26,28 As shown in
Figure 1, two curved metals with a specific arc-centering angle
are placed on the arcuate surface of one cylindrical sample,
with the left side serving as the heat source plate and the right
side serving as the heat dissipation plate; moreover, another
space beyond the metals is equipped with a thermal-insulating
layer to prevent heat loss to the maximum extent.
Unlike calculation via direct application of a linear law, the

heat conductivity test is difficult, as shown in Figure 1. Because
the plane has become a curved surface, such a problem cannot
be solved directly using a simple formula involving elementary
calculations. Researchers have used conformal transformation
in complex variable functions to solve the abovementioned
issues and successfully applied seepage and electric conduction
problems in the past.26,30 Fortunately, the thermal conductivity
also satisfies the partial differential equation ∂u/∂t = k∇u. As
long as the properties of the sample in a certain direction are
the same and the Cauchy−Riemann condition is satisfied in

the 2D plane, conformal transformation similar to that used in
seepage and electricity conduction can be adopted. Muskat et
al. and He et al. proposed the total 2D flux for the given
geometry and boundary conditions.26,29,30 The derivation
content of this part is relatively complex, necessitating a lot
of space, and similar issues have been discussed by Muskat et
al. and He et al. Hence, each derivation process is not
discussed in the current study. The derivation process can be
performed by replacing the physical quantity used to express
pressure or electric potential with temperature and similarly
changing permeability or electrical conductivity into thermal
conductivity. A similar conclusion can be drawn.
Figure 2 depicts the derivation process. Figure 2a refers to

the one-fourth circle selected for consideration in Figure 1b.
Clearly, other one-fourth circles have some degree of
symmetry. Figure 2b shows the transformed domain obtained
via conformal transformation. Figure 2c depicts the extension
of the transformed domain by the Schwarz−Christoffel
transformation.
Similar to seepage and resistivity issues, a formula for the

radial thermal conductivity of cylindrical samples can be
obtained as follows

= K
Kh T T

P
( )1 2 (1)

where K′ and K refer to the complete elliptic integral of the
first kind with modulus sinα and cosα, respectively. Figure 3
depicts the experimental procedures for this testing.

4. EXPERIMENTAL RESULTS
4.1. Verifying the Effectiveness of the Method. An

experimental step was established for cylindrical samples made
of isotropic materials according to the abovementioned
method.
The testing method of axial thermal conductivity of

cylindrical cores is commonly used in many industries, and
relevant industry standards exist in China.31,32 The cylindrical
cores formed using lead had a diameter of 6.20 cm and a length
of 2.88 cm, with a temperature of 32.4 °C at one end. After this
temperature stabilized for 20 min, the other end was measured
as 30.0 °C, and the heat flux was 8.84 W while passing through
the curved heat source plate. Equation 2 presents the steady-
state method to measure the end-face thermal conductivity as
follows

Figure 1. Heat flow along the diameter direction of the core. (a)
Cylindrical sample with S as its cross-sectional area and L as the
length, (b) heat passing the curved heat source and heat dissipation
plates through the cross section of the sample; temperatures on the
left and right sides being represented by T1 and T2, respectively, and
the centripetal angle of the two plates denoted as β equaling to (π −
2α).
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= hP
S T T( )1 2 (2)

The axial thermal conductivity of 35.1 W/m K for this lead
sample was easy to be calculated.
The radial thermal conductivity was gauged almost

immediately. The purple copper foil was stuck onto two
cambered surfaces toward a 90° centering angle on the
circumferential surface to heat one end to 30.1 °C and
subsequently check the other end as 28.6 °C after 20 min; the
heat flux was 1.53 W when getting past the arched heat source

plate. The centering angle of 90° implied K′/K = 1, and the
radial thermal conductivity was 35.2 W/m K, calculated using
eq 1. Because the axial thermal conductivity test method is
recognized in the industry, we must compare it with the results
of the radial thermal conductivity test method to demonstrate
its effectiveness. Overall, this measurement method for
assessing radial thermal conductivity differs from conventional
end-face steady-state testing by 0.3%, proving that this method
is effective in principle.
4.2. Anisotropic Testing Results. In fact, most rocks have

anisotropic properties owing to their unique formation
conditions. Furthermore, some carbonate rock samples were
selected to test their thermal conductivity in different radial
directions (Figure 4 and Table 1).

5. RESULTS AND DISCUSSION
5.1. Numerical Simulation on the Difference with

Conventional Methods. To identify a systematic error in
this method for cylindrical samples due to theoretical
assumptions, the measured results were compared with those
of a steady-state approach for square samples. These results
were simulated using the finite element method, and
COMSOL Multiphysics 5.5 simulation was used to obtain a
thermal field distribution. Anisotropy is omnipresent in the
objective world. Additionally, as shown in Figure 5, the three
most common cases are discussed.
Heat flow behaves similarly to electricity flow. Previously,

researchers noted differences between radial resistivity testing
and traditional methods, providing a reference for radial
thermal conductivity testing.30 The disparity did not exceed
10% in most cases except for some extreme conditions in cases
2 and 3.
Case 2 represents one sort of samples with lower thermal

conductivity; their edge parallel to the heat flow direction is
coated by a few materials with higher thermal conductivity.
Figure 6a shows that the conductivity is set at 1 W/m K on the
right and 0.1 W/m K on the left. The simulation results show a
radial thermal conductivity of 0.111 W/m K and a thermal
conductivity of 0.190 W/m K for a square sample, with a
difference of 41.6%. In this case, the thermal conductivity

Figure 2. Conformal and Schwarz−Christoffel transformations. (a) Boundary conditions of a quarter circle, taken one-fourth of Figure 1b. (b)
Transformed domain by conformal transformation. (c) Extension of the transformed domain by the Schwarz−Christoffel transformation.

Figure 3. Sketch map during experimental procedures (Jiahuan He,
2022).

Figure 4. Experimental test samples and test direction (a) GS20-12
and (b)MX11−5342.34.

Table 1. Thermal Conductivity Testing Results

sample ID
length
(cm)

diameter
(cm)

heat flux
(W) direction

heat source plate temp
(°C)

heat dissipation temp
(°C)

thermal conductivity
(W/m K)

GS20-12 6.198 6.583 0.48 1 30.5 26.8 2.09
GS20-12 6.198 6.583 0.48 2 28.9 26.3 2.76
MX11−5342.34 6.198 6.583 0.36 1 30.4 27.5 3.10
MX11−5342.34 6.198 6.583 0.36 2 28.1 25.7 3.75
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measured by the radial method will be smaller than that of a
rectangular parallelepiped sample to a certain extent. However,

as listed in Table 2, the discrepancy in testing results between
these two methods decreases to <10% when the volume ratio

Figure 5. Radial thermal conductivity testing method corresponding to three cases; θ is the included angle between the lamination and end planes a
and φ is the included angle between the projection of the lamination plane on the end plane and the heat flow direction. (a) Case 1: θ = 0, φ = 0.
(b) Case 2: θ = π/2, φ = 0. (c) Case 3: θ = π/2, φ = π/2.
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of the high conductivity value to the low conductivity value
exceeds 1:9.
In the other cases, when the thermal conductivity is high, the

radial thermal conductivity is greater than that obtained using
the cuboid testing method, but a fraction of thermal
conductivity materials can be found at the edge perpendicular
to the heat flow direction. The thermal conductivity on both
the left and right sides of the sample is set to 0.1 and 1 W/m K,
respectively (Figure 6b). The simulation studies show that the
result from the radial thermal conductivity testing is 0.896 W/

m K, whereas the result from thermal conductivity testing for a
square sample is 0.526 W/m K, with a difference of 70.3%.
However, as listed in Table 3, the difference between the two
methods will decrease to less than 3% step by step when the
volume ratio of high conductivity to low conductivity reduces
to 7:3 or less.
To summarize, when combined with previous studies, the

difference between the proposed and traditional resistivity
anisotropy methods is theoretically acceptable, provided that
nothing changes in the two extreme cases (the volume ratio of

Figure 6. Two cases with a greater difference (a) extreme condition in case 2 and (b) extreme condition in case 3.

Table 2. Numerical Simulation Results of Different Material
Thicknesses in Case 2

volume ratio of
high conductivity

to low
conductivity

radial testing and
simulation on

thermal conductivity
(W/m K)

square testing and
simulation on

thermal conductivity
(W/m K)

systematic
error (%)

9:1 0.965 0.910 6.08
7:3 0.760 0.746 1.90
5:5 0.550 0.550 0
3:7 0.334 0.370 9.72
1:9 0.111 0.190 41.6

Table 3. Numerical Simulation Results of Different Material
Thicknesses in Case 3

volume ratio of
high conductivity

to low
conductivity

radial testing and
simulation on

thermal conductivity
(W/m K)

square testing and
simulation on

thermal conductivity
(W/m K)

systematic
error (%)

9:1 0.896 0.526 70.3
7:3 0.276 0.270 2.69
5:5 0.181 0.182 0.25
3:7 0.137 0.137 0.33
1:9 0.107 0.110 2.35
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high conductivity to low conductivity is <1:9 in case 2 or >9:1
in case 3) (Figure 6).29

5.2. Error in Experimental Testing. Sample testing and
analysis exhibit a contact relation of the sample to heating and
heat dissipation metal plates, which affects the accuracy of the
method. Generally, if the sample does not make close contact
with the sheets, the actual contact area is reduced, causing the
measured thermal conductivity to be lower than the real value.
At the same time, experimental conditions should be verified,
that is, the conductivity of materials surrounding the sample
during the testing course should be lower than that of the
sample itself. Otherwise, additional heat flow may be
transferred from heating to heat dissipation plates through
sleeves, presenting a larger thermal conductivity than the real
one. The testing error can be considered acceptable if the
conductivity of sleeve materials is low enough.
Additionally, there is a concern regarding the heating

capacity of the heat source. In the design phase of experimental
schemes, heating capacity must be calibrated by substances
with uniform properties and known heat conductivity. If
heating capacity directly participates in a calculation, great
damage may occur in experiments. The heating capacity value
used in the calculation formula may be higher than the actual
value, resulting in large heat conductivity values of tested
samples. The aforementioned situation should be avoided
during experiments.
5.3. Testing Error of Cylindrical Batteries. Cylindrical

batteries are rolled inward continuously, and Figure 7 shows
such characteristics. In this case, finding corresponding
methods to measure square samples is difficult. The method
to gauge the radial thermal conductivity is more appropriate
and aligned with conditions when using complex variables. All
physical parameters at the same position at each height have

the same properties. Therefore, using the proposed method to
test the radial thermal conductivity is feasible in this study.

6. CONCLUSIONS
We developed a method for measuring radial thermal
conductivity in cylindrical samples as cores and batteries may
exhibit anisotropy. The computation of radial thermal
conductivity depends on the heat conduction equation
satisfying Fourier’s law. Furthermore, a nondestructive
measuring technique for the radial thermal conductivity of
cylindrical samples was established using conformal and
polygonal mapping in the theory of complex variables. To
verify its reliability, we compared axial and radial measure-
ments of cylindrical samples with uniform properties and
established a good agreement between them. Herein, both the
feasibility and adaptability of the method were confirmed via
numerical simulation and theoretical analysis in various cases.
The results showed that compared with other previous
approaches, the nondestructive measuring method is more
suitable for cores with prominent lamination features and
batteries resembling nested circular rings because it can better
characterize thermal conductivity anisotropy.
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