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Abstract

On the basis of the Crank-Nicolson method, we develop a conservative finite-difference
scheme for investigation of the THz pulse interaction with a multilevel medium, covered by a
disordered layered structure, in the framework of the Maxwell-Bloch equations, describing
the substance evolution and the electromagnetic field evolution. For this set of the partial dif-
ferential equations, the conservation laws are derived and proved. We generalize the Bloch
invariant with respect to the multilevel medium. The approximation order of the developed
finite-difference scheme is investigated and its conservatism property is also proved. To
solve the difference equations, which are nonlinear with respect to the electric field strength,
we propose an iteration method and its convergence is proved. To increase the computer
simulation efficiency, we use the well-known solution of Maxwell’s equations in 1D case

as artificial boundary condition. It is approximated using Cabaret scheme with the second
order of an accuracy. On the basis of developed finite-difference scheme, we investigate
the broadband THz pulse interaction with a medium covered by a disordered structure. This
problem is of interest for the substance detection and identification. We show that the disor-
dered structure dramatically induces an appearance of the substance false absorption fre-
quencies. We demonstrate also that the spectrum for the transmitted and reflected pulses
becomes broader due to the cascade mechanism of the high energy levels excitation of
molecules. It leads to the substance emission at the frequencies, which are far from the fre-
quency range for the incident pulse spectrum. Time-dependent spectral intensities at these
frequencies are weakly disturbed by the disordered cover and, hence, they can be used for
the substance identification.
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1. Introduction

The detection and identification of hazardous chemical, biological and other substances by
using the remote sensing is in research focus. One of the ways to achieve this aim is THz TDS
because the THz radiation is non-ionizing and most common substances are transparent to it.
Moreover, many hazardous substances have spectral fingerprints in the THz range of frequen-
cies [1-10]. As a rule, the substance identification is based on a comparison of the absorption
frequencies for a substance under investigation with the corresponding frequencies from a
database. This method is used not only for security applications but also for a molecular struc-
ture investigation [11-15], nondestructive inspection [16-18], medical application [19], food
quality inspection [20]. Currently, nanoscale terahertz spectroscopy is being actively developed
as well [21].

Despite the obvious advantages of THz TDS using for the substance detection and
identification, there is some shortcoming of its application [22]. Apparently, under real con-
ditions, the factors like opaque packaging, inhomogeneity of the substance surface, atmo-
spheric humidity and others affect the THz spectroscopy results [23-27]. In addition, a
substance is usually covered by ordinary materials (paper, clothes or some packaging)

[28]. Being made from materials transparent for a THz radiation these covers often possess
a microscopic mechanical structure in the sub-millimeter scale of lengths. This leads to
cover density fluctuations and also to its thickness variations. Therefore, the dielectric
permittivity of such covers is not homogeneous and can be considered as a disordered pho-
tonic structure in the THz frequency range. Thus, observing a THz pulse reflected from a
neutral material, we can reveal the false absorption frequencies, which are not inherent to
this material, and the material may be wrong considered as dangerous one [29-32]. The
overcoming of this serious drawback of the THz TDS method mentioned above and its
physical mechanism understanding are the challenging problems for developing the real
detection systems.

Another significant feature of the pulsed THz TDS is the THz pulse broadening after its
interaction with a substance. Usually, the spectrum of the THz pulse transmitted through or
reflected from a medium contains frequencies, which are, for example, greater than the maxi-
mal frequency of the incident pulse spectrum. This effect cannot be explained by multi-photon
absorption of the THz radiation, because the THz pulse intensity is usually insufficient for its
appearance. Using the computer simulation we have demonstrated a new spectral harmonic
generation mechanism due to the absorption of a photon sequence (cascade mechanism),
which results in the molecule higher energy levels excitation [32]. This mechanism may be
observed in a great number of materials, possessing of vibration or rotation energy levels. We
note that a photon sequence absorption belonging to visible frequency range was observed at
studying the two-photon luminescence in a semiconductor [33].

It is well-known that the excited molecules relax to the equilibrium states. Therefore, the
emission frequencies in the reflected or transmitted signal spectrum appear. The substance
emission at high frequencies can be used for the substance identification because a radiation
with a shorter wavelength is less affected by the cover material. The computer simulation is
based on the Maxwell-Bloch equations [34], [35].

We emphasize that in our knowledge a problem statement under consideration is novel
one and has not been investigated earlier. There are, at least, three features, which allow to
state this. The first of them is an analysis of the interaction of the THz pulse containing a few
cycles with disordered (or ordered) structure. The well-known Transfer Matrix Method for
the description of the electromagnetic radiation interaction with the periodic structure is inap-
plicable in the case under consideration.
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The second one is the following. An active medium (i.e. the medium capable of absorbing
and emitting the THz waves), which is placed inside the disordered structure, can be consid-
ered as an impurity of the periodical structure. In optics, the sizes of such impurities are much
less than the sizes of the photonic crystal elements. In our case, the active medium length is
comparable with or greater than a length of the disordered structure layers.

The third of the mentioned features is the description of the active medium response to the
THz pulse action. We describe its characteristics evolution in the framework of a matrix den-
sity formalism.

Usually, computer simulation of the electromagnetic field interaction with a substance
describing in the framework of the Maxwell-Bloch equations is based on a combination of the
FDTD method [36] with the step-split method [34], [37]. As we believe, for the first time, the
Crank-Nicolson scheme for the time discretization of the Bloch equations was applied for a
two-level medium in [38]. However, the Crank-Nicholson scheme does not possess the pos-
itiveness property of the density matrix diagonal elements for three and more energy levels.

In [39] it was shown that negative values of the energy levels populations may even occur in
numerical simulation. In the same paper [39] and later in [40] a step-split method was used for
solution of the matrix density elements equations with respect to the multilevel medium. This
approach guarantees the positiveness of the density matrix diagonal elements but it leads to
the decoupling of the Maxwell-Bloch equations. The latter feature leads to non- preserving the
integrals of motion (invariants).

Below we derive a conservation law, which is a generalization of the Bloch invariant with
respect to the multilevel medium. For computer simulation, we use a finite-difference
scheme based on the Crank-Nicolson scheme supplemented by artificial boundary condi-
tions, which approximate the well-known solution of the 1D wave equation [41]. Using
the Cabaret scheme [42], we achieve the second order of accuracy for its approximation.
Essentially that the proposed finite-difference scheme also possesses the conservativeness
property with respect to the derived Bloch invariant and the invariants of the Maxwell’s
equations. To realize the finite-difference scheme we apply an iteration process and prove
its convergence. Computer simulations show that the positiveness property of the density
matrix diagonal elements is satisfied by choosing a mesh time step, which is defined by the
problem parameters.

This article is organized in the following way. In the Section 2, we state the problem and
derive its invariants.

In the Section 3, we develop the conservative finite-difference scheme for the Maxwell-
Bloch equations formulated in the previous Section. Since the finite-difference scheme is a
nonlinear one, we solve it by using an iterative method. We prove the theorem of the iteration
convergence.

Finally, in the Section 4 we discuss the computer simulation results for the THz pulses
transmitted through (or reflected from) an uncovered medium or a medium covered by disor-
dered structure. Then we discuss the differences in spectra of these pulses and a physical mech-
anism, which causes such differences.

2. Problem statement

Initially, a THz pulse with a few cycles is located in vacuum and falls on an optically active
medium (i.e. a medium, capable of electromagnetic field energy absorbing or emitting at spe-
cific frequencies). This medium is placed inside a disordered layered structure. Each of layers
is characterized by its inherent dielectric permittivity and all layers are transparent for the THz
radiation. The latter means that the layers do not possess any absorption frequencies in the
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Fig 1. The scheme of the THz pulse interaction with covered substance. The left coordinate axis shows the electric field strength in
dimensionless units. The dielectric permittivity of layers is shown on the right axis. The crossed rectangle depicts the active medium. Lines marked
as Eyeft, Eyrans denote coordinates at which the reflected and transmitted THz pulses are measured.

https://doi.org/10.1371/journal.pone.0201572.9001

THz frequency range. Below, the term “medium” will denote the active medium and the term
“cover” or “covering” will denote a disordered layered structure.

A scheme of the laser pulse propagation is shown in Fig 1. Several important coordinates
are marked in the figure, namely: positions of electric field detectors E,.q and Ei,,s; coordi-
nates of the active substance faces z; and zg, and coordinates of the cover faces z.; and z.
The pulse propagates in vacuum, then transmits through the left cover, a medium, and finally,
through the right cover, and exits into vacuum to the right. The pulse is partly reflected from
various boundaries between layers and from the medium faces too. A certain part of the pulse
energy is absorbed by the active medium. Generally speaking, a part of the absorbed energy
can be emitted by the medium due to radiative transitions (emission) between excited energy
levels. Reflected and transmitted pulses are detected near the left and right boundaries of the
computational domain at the sections E,.;and Ey4,. As a rule, these pulses may consist of a
sequence of the THz sub-pulses.

2.1 Maxwell-Bloch equations

We use the Maxwell’s set of equations describing the THz pulse propagation in 1D case:

10B OE OB OE

Tl (CGS), iy T (SI), (1)
10D OH oD OH

o om (CGS), BT (SD), (2)

D = E+ 47P(CGS), D = &,E 4 P(SI),
B = pH(CGS), B = p,uH(SI),
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0<t<L,L<z<L, (4)

together with equations with respect to the matrix density elements (see below). For conve-
nience, we write above the set of equations in both systems of physical units. Here H, E are the
magnetic field strength and the electric field strength, correspondingly. B, D are the magnetic
field and electric field induction strength, correspondingly, z and ¢ are the spatial coordinate
and time, ¢ = 3-10® m-s" is the light velocity in a vacuum. Parameters &, and yy in Eqs (1)-(3)
are the permittivity of free space and the magnetic permeability of free space and their values
are equal to £y = 8.85-10"* F-m™, and pp = 47:10” Hm™' = 47:1077 T-m A"}, correspondingly
[43]. Below we consider the case of a non-magnetic medium, thus, in Eq (3) the magnetic per-
meability is equal to y = 1. P describes the medium polarization, L, is a time interval during
which the electromagnetic field propagation is analyzed. Parameters L, and L, (see Fig 1)
denote spatial coordinates of the domain beginning and its ending. The total length of the
domain is equal to L,. = L,—L;. Coordinates zz and z; mark the positions of the medium
boundaries, L,. = zz—z; is used to denote its length. We consider a TE mode of the THz pulse
propagation.

The THz pulses reflected from and transmitted through the medium with covering are
computed for a number of random realizations for the dielectric permittivities and then the
result is averaged. This procedure is usually applied in physical experiments also to suppress a
random fluctuation influence on the measured THz pulse characteristics. Let us notice that,
each of two covering structures contains N, layers with the layer thickness 4, (see Fig 1). Dielec-
tric permittivities at each of the layers we denote as &), £/, j = [1, N, for left and right covering,
correspondingly.

Obviously, in vacuum (z € [L;, z.1] U [z, Lz]) the electric field induction is equal to the
electric field strength: D = E. In the cover layers (z € [z, z1] U [2r, 2,]) the polarization is
assumed to be proportional to the electric field strength and the Eq (3) is replaced by the fol-
lowing formula:

D(z,t) = e(2)E(z, 1), (5)

where the dielectric permittivity £(z) for each of the layers varies randomly in the range £, =
[Emin> Emax] and it is uniformly distributed.

To describe the medium polarization (z € [z, zr]) we use the matrix density formalism. In
this case the medium is described by the following set of equations:

9P, . i
8 = _(ymn + lwmn)pmn + EEZ(qupqn - pquqn)7 (6)
t =
dp N i
ot —Z(qupmm - W,.0,) + EEZ(ququ = Prnggm) (7)
q=1 q=1
N N
P=M> > (dp) +1E 2 <2<z, 0<t<L,nm=TN. (8)
n=1 m=1

Here, p,.,, = pmn(2:t) is the element of the density matrix describing the state of a molecule,
which possesses N energy levels, in a time moment ¢ and at the medium section z. Diagonal
elements of the matrix p,,,, describe the number of molecules at the energy level m. These
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N
elements obey the condition Z P,.. = 1 and obviously they are non-negative. The off-diago-
m=1

nal elements p,,,,, are related to the medium polarization corresponding to a transition between
n and m energy levels. ¥,,,,,, W, and d,,,,, are the relaxation rate of non-diagonal elements, the
transition frequency, and the dipole moment. They are associated with a transition from
energy level m to n, correspondingly, W,,,,, is the population decay rate. Parameter M is the
density of “active” molecules in the medium, y corresponds to the non-resonant linear electric
susceptibility of the substance, % is the reduced Plank constant.

It should be noted that the Eqs (6)-(8) describe both linear and nonlinear interaction of
the electromagnetic field with the multilevel medium in the dipole approximation. The term

P=M ijl ZZ:1 (dnP ) in the expression for the medium polarization (8) corresponds

to a resonant or near-resonant response of the medium to the THz pulse action and causes the
electromagnetic field energy absorption and emission of the medium. The second term yE in
the same equation describes a linear non-resonant polarization of the medium arising because
of the pulse interaction with the medium which has transition frequencies distant from the
pulse carrier frequency. This term is responsible for the Fresnel reflection from the medium
boundaries and plays the key role in the formation of reflected pulses.

The initial condition for the electromagnetic field is as follows:

o —(z— zp)2 27y,
E(z,t =0) = E, - exp — | cos(T- (z-27,)),

—(z—1z) 2y

H(z,t =0) = H, - exp (M) ~cos(—2L - (z — z,))-
Here E, is the incident electric field strength amplitude, Hy is the incident magnetic field
strength amplitude, z, the incident pulse center position, v, and w,, = 271v,, are the carrier and
angular pulse frequency, a, is the pulse length in space, 7, = a,/c s the pulse duration. The
amplitudes for E and H are connected by well-known formulas (see below) at the electromag-
netic wave propagation in a linear medium.

We suppose that the medium is in the ground state until an action of the THz pulse:

pn=1p, =0 m#1 n#1. (10)

Obviously, this condition corresponds to the absolute zero value of temperature. Neverthe-
less, for the investigation of the cascade mechanism manifestation we consider “pure condi-
tions”. Under room temperature, the effect will be still pronounced but its interpretation is
difficult because a number of possible energy level transitions take place at the electromagnetic
pulse action on the medium.

2.2 Dimensionless equations

For computer simulation, it is useful to transform the Eqs (1)-(10) to a dimensionless form.
We use the following normalization, where the index “dim” means dimensionless variables:

. ) . ) 1
dim __ dim __ dim __ dim __
2=z 0, =117, T, =71, 17, O —T—~27tvp, (11)
0
) h . 1 ) 1 ) 1
dim __ dim __ dim __ dim __
dmn - E : dmn? wmn - wmn? ’ymn - an’ Wmn - Wmn’ (]‘2)
%o %o %o 0
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L™ =1/ct,, L™ =L, /ct,, L™ = L,/cx,. (13)

Here 7, is chosen to be equal to 107'* s as a unit of time measurement. This value corresponds
approximately to 0.3 mm. We also introduce the following dimensionless coefficient:

_ M _ [omfemig's

= ——< <> (CGS). 14
E[%To [51] [Cmfojgossfl]? ( ) ( )
Note that in the SI base units, this coefficient has the form [44]:

Mh -3 2k 1.1
K=———= : [m7lim’kg's } 5— . For the dimensionless values of E, H and P
gty [m kg 's'A%][m'kg's A [s!]
we write the following relations:

Edim —E. E07 Hdim —H. HO, Pdim =PpP. EO' (15)

Using Eqs (11)-(15), Eqs (1)-(10) can be rewritten in the dimensionless form:

OH OFE
o <
o % L<z<L, (16)
0D OH
— = —— L <L 1
or - op i Eshe (17)
D=E z¢ [Ll7zcl] U [ZcQaLR]7 (18)
D(z,t) = &(z,t) - E(z,t), z € [z, 2] U [2g, Z,0) s (19)
D = E + 47P, (20)
9P , N
q=1
ap N N
= —Zl(qupmm — Wohy) + iEzl(qupqm = Puglly). (22)
q= q=
N N
P=x> > (d,.p,.) + 1E, (23)
n=1 m=1
2, <z<z, 0<t<L,nm=1N, (24)
E(z,t = 0) = exp(—((z — 2,)/7,)") - cos(w - (z — 2,)), (25)
H(z.t = 0) = exp(~((z — ,)/7,)) - cos(w- (z ~ 2,). (26)
pulz,t=0)=1,p, (2,6 =0)=0,m#1, n#1, z, <z< z, (27)

For brevity, an index "dim" is omitted below.
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2.3 Invariants

2.3.1 Maxwell’s equations invariants. To verify the computer simulation accuracy we
follow the problem invariants, which can be easily obtained by integrating Eqs (16) and (17)
along z and f coordinates.

After the integration, the following invariants can be written:

L, t

JD(Z, fdz =1, - J(H(L,, ¢) — H(L, £))dt, (28)
JH(; fdz = I, - J(E(Ll, ¢) — E(L,,t'))dt. (29)

Here, I; and I, are the constants determined by the incident pulse parameters.
If the electromagnetic field does not reach the computational domain boundaries, the
invariants (28) and (29) are transformed:

L

JD(z7 t)dz = I, = const, (30)
L

L

JH(z, t)dz = I, = const. (31)

L

2.3.2 Bloch invariant. Theorem 2.1. Provided relaxation rates W,,,,, and y,,,,, are negligible,
the density matrix evolution described by Eqs (21) and (22) obeys the following invariant:

33 (unler) = a0 42N Y (eI = comsi(), )

Proof. Firstly, let us introduce auxiliary definitions:

Q =-—(,, tio, ), mn=1N, (33)

mn

the purpose of which is to reduce the complexity of the forthcoming operations. Although we

derive the invariant supposing the influence of relaxation determined by 7,,, negligible, it is

still present in our consideration in order to demonstrate its role in invariant deterioration.
Secondly, let us remind that the matrices d, p and and Q are Hermitian ones:

d,,=d

nm? pmn

=p,Q, = mn=1

mn nm? ) ?

N. (34)

Note here, that Q,,,,,, = 0, Q,,,,, + Q,,,,, = 27, because the matrices w and y are antisymmet-
ric and symmetric real-valued matrices correspondingly, and the main diagonal elements of
matrix y is equal to zero:

—_

w = _wnm7 ’ymn = ynm’ 'ymm = 07 m7 n= 7N' (35)

mn
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Using theses notations, Eqs (6) and (7) can be re-written in the following form:

9P,
ot

N
= anlomn J’_ iEZ(qupqn - dqnpmq)7 m’ n= l)N' (36)

q=1

Let us further transform Eq (36) separating the terms in the sum, which contain diagonal
and off-diagonal elements:

0P

81‘ = anpmn + lpmn + IE((dmm - dnn)pmn - dmn(smn)7 m? n= ]"N (37)

For brevity, we introduced above additional notations:

N
lpmn = IEZ (qupqn - dqunq)? 5mn = pmm - pml’ m’ n= 17N’ (38)
q=1

q#mn

where 6,,,, = -8,,,, is the difference of the energy levels populations. Now, we use well-known
formula and Eq (35) to obtain the time derivative for the squared matrix elements, which are

complex values:
Nowl” _ 0P _ o o
at = 31‘ :pmnpmn+pmnpmn:pnmpmn+pnmpmn7 m7n:17N' (39)

Thus, multiplying Eq (37) by p?, and summing the result with its complex conjugate, and
taking into account Eq (39), we obtain the following expression:

8 2
% = (an + Qnm)pmnpnm + l7bmnpnm + l7bnmpmn + IE((dmm - dnn)+
. 40
+(drm - dmm))pmnpnm - IE(dmnémnpnm + dnménmpmn) = ( )
= _2ymn|pmn|2 + l/jmnpnm + lpnmpmn + q)mn’ m’ n= 17N’
Where
gomn = _lE(dmnémnpnm + dnménmpmn)7 m? n= 17N (41)

It is now seen from Eq (40) that the non-zero relaxation (y,,,70) causes exponential decay
of each of terms in the second sum in the formula (32). Therefore, to derive the invariant, we
assume below that y,,,, = 0. In general case, one can write a law of density matrix elements
decaying.

Next, let us construct evolution equations for the squared population differences between
two energy levels d,,,,,. After trivial transformations, it can be obtained from Eq (39) in the fol-
lowing form:

5 00 00, o %
2 mn 8t = 5t = 2 mn - (qupqm - dqmpmq - dnqpqn + dqnpnq) - 4¢mn7 m7 n= 1?N (42)
p
q#mn
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Now, let us perform the summation of Eqs (40) at zero relaxation (y,,, = 0) using Eq (38)
and also the summation of Eq (42) for all the pairs of indices m and n such that 1<n<m<N:

N  m— 1 N m-1 N

> Z =Y GEY " (Aol gulom = GulonalPrm & Do P = CyaPrgPrs) + 9, (43)

m=2 n=1 m=2 n=1 q#m,n

q=1
N m-1 85 N m-1
S S S 953" (e s - i) — g, |~ T (34
m=2 n=1 m=2 n=1 q#m.n
q=1

We chose such summation limits using the analogy with the derivation of the Bloch invari-
ant in the case of two energy levels medium and keep the time derivatives as separate sum for

clearness of further transformations.
N m-1 N
Let us notice that the sum ZZZ contains all combinations of three distinct integer

m=2 n=1 q#m,n
9=l

numbers in the range 1, N. In combinatorics, the term “combination” means “a way to choose
k distinct elements from a set of [ elements without regard to the order of selection. And word
“triple” below will be used to denote “a combination of three elements from the range 1, N”.

For each trio of distinct numbers, we can assign names 4, b, ¢ to them in such a way so that
a<b<c. Let us now examine one such trios that is spanned according to the sum limits. There
exists only three possible ways to assign numbers a, b, ¢ to indices m, 1, q. The possible assign-
ments are listed in the Table 1.

Now let us examine the terms in Eq (43) related to the specific trio a, b, c:

N m—1

D PN o

m=2 n=1 m=2 n=1

N m-1 N

HEY N (qupqnpnm = PP AP — dqmpnqpmn) +
m=2 n=1 3i;n7n (45)
m.n,q#b.a,c; mnq#cab; mnq#cba
HE(dpePeaPay — AeaPrcPab T acPPra — FapPacPra) T
HE(dyPpaPoc = BaPisPac T DarPycPia — FpeParPea) T

+iE(dca:0abpbc - dahpcuphc + dbapacpcb - dacpbapcb)7 m,n = 17 N.

The last three terms form the only possible set described by a particular combination of
three numbers. These three terms cancel out each other for any arbitrary combination of num-
bers and the second sum in Eq (45) contains all such combinations. Thus, the second term in
Eq (45) is equal to zero as well. Hence, the all-pairs sum of the squared off-diagonal elements is

equal to:
5Ipmn sie
> $ Wl 55, (46)
m=2 n=1 m=2 n=1
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Table 1. Possible assignments of specific values a, b, ¢ to indices m, n, q.

m
b

c

SIS
SIS R ST )

c

https://doi.org/10.1371/journal.pone.0201572.t001

Now, let us perform the same analysis for the population differences:

N ml N m-1
=—4§ > Pt
m=2 n=1 m=2 n=1
N m-1 N

+21EZZZ mqpqm mn dqmpmq(smn + dnqpqném" - dqnpnq(smn)_'_

m=2 n=1 q#m,n
a=1

47
m,n,q#b,a,c; mnq#cab; mnq#cba ( )
+21’E(dbcpcbéba - dcbpbcaba + dacpca(sba - dcapacébu)+
+2iE(dcbpbc5m - bcpcbé + dahpbuécu - dbupubém)_'_

+21’E(dcapar:56b - dacptaécb + dbupabécb - dabpbuécb)'
Here it is important that definition of 8,,,,,. Eq (38) provides that:
(Sab + 5bc = (Sac' (48)

Taking into account Eq (48) along with the definition (41), the Eq (47) can be transformed

into:

N m— l N m—1
=4 > 9.t

m=2 n=1 m=2 n=1

N m—1 N

+21EZZZ mqpqm mn dqmpmq(smn + dnqpqnémn - dqnpnqémn) - 2((Pba + P + (pcb)' (49)

m=2 n=1 q#m,n
a=1

m,n,q#b,a,c; mnq#cab; mnq#chba

We see that our analysis demonstrates the appearance of an additional term —2(¢p, + ¢cq +
¢) in Eq (49), which contains ¢,,, indexed by all three possible two number combinations in

. N . . S
the triple g, b, c. There are ( 3 ) of various triples that the second term contains, in these com-

binations of three elements each possible combination of two elements is repeated N-2 times
in total. So, ¢,,,,, associated with each particular pair of indices appears in the sum N-2 times as
well and Eq (49) can be transformed into:

N m— 1 N m—1 N m-1
= —422% 2N=2)3 > P (50)
m=2 n=1 m= m=2 n=1
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which is simplified further:

N m-1 65 2 N m—1
ZZ 3”: = _ZNZZ‘PW- (51)
m=2 n=1 m=2 n=1

Now it is evident, that we can obtain the required invariant in time (32) by multiplying Eq
(46) by 2N and summing it with Eq (51).

3. Finite-difference scheme

To solve Eqs (16)-(27), we use a combination of the well-known Yee’s scheme [36], [45]
for Maxwell’s equations and a Crank-Nicolson scheme for the equations with respect to the
density matrix with an iteration process. Therefore, to realize the positiveness property of
the density matrix diagonal elements we use a sufficiently small mesh steps in computer
simulation.

3.1 Approximation of the equations

The model (16)-(27) is approximated on two offset grids Q = w, x w, and Q= ®, X @, in the
domain G= [0, L,] x [L; L,].

L
a)t:{tlzlw,l:O,N”r:ﬁ’}, (52)

t

_ L
d)t:{tl+0.5=(l+0.5)-r,l:O,Nt—l, T:A_;}’ (53)
t
, 4 L,
wZ:{zj:]-h—Ll,]:O,NZ,h:ﬁ}, (54)
- . e L
wzz{zjm:(]+0.5)-h—Ll,]=o,Nz—1,hzﬁz}. (55)

Here N, and N, are numbers of nodes along spatial coordinate and time, correspondingly.
Let us also introduce the following notations for nodes:

J, = [(Zp —L)/h, jo = [(z = L)/H], jo = [(z, — L) /1] (56)

juv =z = L)/h); jx = [(z = L) /h), m = [W/h.], (57)

which correspond to the incident pulse centre coordinate; the coordinates of the disordered
structure beginning and ending and coordinates of the medium beginning and ending and the
number of nodes inside single cover layer, correspondingly (see Fig 1). The square brackets in
Egs (56) and (57) mean the integer part of the fraction. (We always use parameters such that
these indices are integer without rounding.)
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The mesh function &(z)) for the dielectric permittivity is defined on the grid w.:

(1 + 8151)/27 J=Jas

£, .]: (jcl + (]_ 1)nl+1)a (jcl +]'nl_ 1)7 J= 17N17

é}’ ]: (]R+(]_ 1)n1+1)7 OR+I'nl_1)a ]: 17Nl7
€lg) = . - (58)
(& +&,)/2 j=ja+]-m J=1N -1,

(él+él+l))/27 j:jR+]'nlv ]: 1>Nl_ 17

&, +1/2, j=jo

We note that the dielectric permittivity is defined in the same nodes as the electric field
induction and electric field strength. Mesh function for the magnetic field strength is defined
on the grid Q : H (21051 t1405)- The mesh functions for the electric field strength and its induc-
tion as well as for the mesh functions for density matrix elements and medium polarization
are defined on the grid Q: D(z;, t;), E(2j, 1), pun(2;» 1)), P(2), 1), correspondingly. For brevity, we
save the same notations for the mesh functions as for the differential functions introduced

above.
Eqs (16) and (17) are approximated using the Yee’s method. Therefore, in our notations the

corresponding finite-difference scheme is written as

H(z, 5 tio5) — H<Zj+0.57 tos) _ E(Zj+1> t) — E(Zj7 t)

J
. - e (59)

D(zj’ tt) — D(zj7 t) _ H(Zj+0.57 tios) — H(Zj—o.5> )

= I=0,N,—1,j=T,N,— 1. (60
T h Y » SVt ’.] 1tz ( )

In vacuum, the electric field strength is equal to its induction:

D(z

i)

tl) = E(Zjvtl)a = Othv j= ]-vjcl -1 Uje + 17Nz -1, (61)

and in the cover layers their relation is defined as:

E(z,t) = D(zj’ tl)/g(zj)v I=0,N,, j=ja.jr —1Ujr+ 1. (62)

j?

A relation between the mesh functions for the electric field strength and its induction for
the medium is written below after writing the finite-difference scheme for the density matrix.
The novel feature of this well-known finite-difference scheme consists of the multilevel

Maxwell-Bloch equations approximation for a medium response description. So, the
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approximation of Egs (20)-(23), based on the Crank-Nicolson scheme, is made in the follow-

ing form:

pmn(zj7 tl+1) - pmn(zj’ tl) . -

T + (an + 1w, pmn - ; mqpqn pmq qn) (63)
pmm(z'7tl ) pmm ~ Phes Y ~ ~
L T - _Z mqpmm pqq qu) +iE - Z(qupqm - pquqm)7 (64)
q=1
E=05(E(z;, t,1) + E(5: 1)), Doy = 0-5(P,(2s 1) + P, (2, 1)), (65)
P( ) = 7E o hit) KZZd rprq SNESNT (66)
g=1 r=1

E(Zj’ tIH) = D(ZJ7 tl+1) - 47'EP(Z].7 tl+1)7 J :jL + 17jR - 17 = O?Nt - 17 (67)
D(Zj,)tl) = (‘EN,E( 10 b t,) +E(z Zj 41 t,) + xP(z Zj 410 t))/2, (68)
D(z,, 1) = (& E(Z, 01, 1) + E(2, 1, 1) + kP2, 1, 1)) /2. (69)

3.2 Boundary conditions approximation

At the edges of the computational domain, Eqs (1) and (2) are replaced with equations supply-
ing a one-directional propagation, which makes boundaries transparent and reflectionless.
In the boundary node j = N, we use the Cabaret approximation [42] for the translation

operator:
1 H<ZN270.57 tz+0‘s) — H(szoj, tos) H(ZNZ,1.57 tos) — H(ZNZ—1.57 tys)
1 + *
2 T !
H( ) — H( ) "
z 5y t_ 5) — ZN 159 t 5 59 N _ 1
+( N,—0.57 "1-0. p Np—1.5 1-0. > = 0, = 2, Nt - 17
1 D(ZNZ7 b)) — D(zNza t) D(ZNfu t) — D(ZNflv ty) D(ZNZ’ h) — D(ZNZ’“ h)
2 : + : * h e

The corresponding difference equation for the first node on the spatial mesh is written in
the following form:

1 H(zy5 tos) — H(Zgs, tos) + H(z,5:t05) — H(zy5,t15) _ H(z,5:t05) — H(2y5, tios) —0, (72)
2 T T h
1 D(zy, t,,) — D(zy, 1) + D(z),t)) — D(z,,t.,) _ D(z,,t;) — D(z,, t) —0,1=2, N —1. (73)
2 T T h
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3.3 Initial condition approximation

We see that these Eqs (70)-(73) are not applicable on the first time step / = 1. Since we consider
the finite incident electromagnetic pulse, therefore we can define the initial mesh functions for
the electromagnetic field distribution in the following way:

E(z;,t,) = E, - exp(—(z; — hjp)Q/r;f) -cos(w, - (z,—hj,)), j=2,N, — 2, (74)

H(zj+(».5a tys) = Ey - exp(_(zj+05 - hjp)z/‘[’.;) : Cos(wp : (Zj+o.5 - hjp))? j=2,N, =3, (75)

E(z,4)=0,j=0,1,N,~ LN, (76)

H(z.st,;) =0,j=0,1,N, —2,N, — 1.

'j40.57
Here j, is the mesh node index corresponding to the position of the initial pulse center:
jp = (Zp - LI)/h (77)

Note that the initial values of H are defined at t, 5 node, which corresponds to the propaga-
tion of a wave packet in positive direction of z-coordinate. Therefore, taking into account the
wave equation we can define the zero-value mesh functions in the boundary nodes on the sec-
ond time layer (1= 1):

E(z,t) = E(Zsz t) = H(ZNfo.m t,5) = H(zy5,t,;5) = 0. (78)

The initial state of the medium is approximated in the following way:

pll(zjat()) = 17 (79)

Pun(Zptg) = 0, Vm # 1LY # 1, j =, jy- (80)

3.4 Proof of finite-difference scheme conservativeness

Theorem 3.1. The finite-difference scheme (58)-(80) is conservative one and preserves difference
analogues of the invariants (28)-(31).

Proof. The invariants can be obtained by performing the summation of Eqs (59) and (60)
with taking into account the boundary conditions (70)-(73). After that, we get the conserva-
tion law in the form:

N,-1 N—1
z ,L. t
Z(H<Z}+o.5v tNt—O.E)) - H(zj+o.5» ts) = — n (E(ZNfl» t) — E(z,,4))+
j=0 =2
o Nl
+2EZ(H(Z1.57 tl—o.s) - H(Zo.sv tl—o.s)) - (H(Zl.s» tN,—l.s) - H(Zl.sa to.s))_ (81)
=2

Ni—1
T
-2 n Z(H(ZNZ—0.57 tios) — H(ZNfuw tos)) — (H(Zszo,aa tNt—l,S) - H(ZNfl.sv tys))-
=2
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Applying a similar procedure to the Eq (60), we obtain:

N,—1
Z(D(Zjv ty,) — D(z, 1) “h Z Zy,—05 tiros) — H(Zo5: ts))+
=0
T
+2EZ(D(ZI7 t_y) — D(zy, 1)) — (D(z,, tN,—Z) —D(z,, 1))~ (82)
=2

N—
T
—2 EZ(D(ZNfla ) — D(ZNva ty)) — (D(szu tNt—Q) - D(ZNfza ).

If there are the zero-value boundary conditions for the electromagnetic field then Eqs (81)
and (82) transform into the equalities:

NZ
Z t1+1 ZD =const, | =0,N, — 1, (83)
=0
Z H(zj,5 t05) = Z H(z;,5, ty5) = const, | = 0,N, - 1. (84)
— =

Theorem 3.2. A difference analogue of the density matrix evolution invariant (32) holds in

each node of the grid Q:
N m-1 N m-1
ZZ pmm me +2szlpmn tl | —COnSt( ) (85)
m=2 n=1 m=2 n=1

j:jLajRa I= O?Nt -1

Proof. The proof repeats most steps from the same invariant derivation in the differential
form (see Theorem 2.1). It starts from the Eqs (63) and (64). Similar to Egs (33), (38) and (41)
we introduce the following notations:

N

= ZEZ (quﬁqn - dqnﬁmq)? 5mn = [)mm - ﬁmﬂ
=1
= (86)

¢mn = 71’E(dmn5mn:[)nm Jr dnmgnmﬁmn)'

Definitions of E and p are the same as in Eq (65). With these notations, the Eqs (63) and
(64) are written as:

pmn(zj? tl+1) - pmn(zj7 tl)
T

N
= anﬁmn + iEZ(quﬁqn - ﬁquqn)' (87)

q=1
Next, we write the squared derivatives of the non-diagonal elements in the following way:

2 2
|pmn(zj’tl+l)| - |pmn(zj7tl)| _
R (88)
_ ﬁ;m pmn(zj7 tl+1) - pmn(zj7 tl) + pmn(zj7 tl+1) - p;m(zj’ tl) [)mn-

T T
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Using this definition, we repeat steps (34) and (40) of the analytical derivation and obtain
an analogue of Eq (43):

2 2
|pmn(zj7tl+l)| - |pmn(zj7tl)|
T

= 2ymn|ﬁmn|2 + lzmnﬁnm + l/;nmﬁmn + ¢mﬂ. (89)

Similarly, we obtain the analog of the Eq (42) for the 5, :

2 2
‘5mn(zj7 tl+l)| - |5mn(zj7tl)|
T

= 2Smn Z (quﬁqm - dqmﬁmq - dnqijqn + dqnﬁnq) - 4¢mn (90)

q#m.n

Next, repeating the steps (42)-(51) of the analytical derivation one can easily obtain an ana-
logue of the invariant (32):

N m-1 N m-1
Z Z (pmm(zj7 tl) - prm(zj7 tl)>2 + 2NZ Z |pmn(zj7 tl)|2 = COnSt(Z}-). (91)
m=2 n=1 m=2 n=1

3.5 Approximation order investigation

Theorem 3.3. The finite-difference scheme (59)-(73) approximates the set of differential Eqs
(16)-(23) with the second order in the inner nodes of the mesh. Namely, the Eq (59) approxi-
mates the Eq (16) with respect to the point (zj.o.5 t;). The Eq (60) approximates the Eq (17) with
respect to the point (zj, tio.5). The density matrix Eqs (21)-(23) are approximated by (63)-(67)
with the second order with respect to the point (zj, t1,¢.5).

The theorem 3.3 is proved in a standard way with the help of the Taylor series representation.

The boundary conditions are approximated by the Cabaret finite-difference scheme (70)-
(73) with the second order in the points (z,,,_;), (255, 1), (2n, 055 1)s (2n, 15t 05)5

I=2,N,—1.

We stress that the difference analogues of the invariants (82), (83) and (86) preserve their
values during the computation time with the accuracy not worse than 10~° for the mesh steps
being equal to 0.01 (the full set of parameters are shown in the next section). Invariant (86)
takes place only in the case of zero relaxation rate of off-diagonal elements. In our simulation,
relaxation is non-negligible and therefore, the invariant value decreases over time as expected.
In current paper, we have to introduce this invariant to explain peculiarities in population
dynamics (section 2.3.2).

3.6 Iterations convergence proving

The difference Egs (59)-(69) are nonlinear ones in respect to the electric field strength E and
the density matrix elements p,,,,. To solve the equations, the following iteration method is
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used:
pfnt:l(Zth )_pmn(z”tl) . ~s s X ~s ~s
S P = =y + i00,,,)7,, +iE - Z(qupqn — Dyl (92)
=

P (Zis t11) = (255 1) l L o
o b - it _Z(qupmm — Py ) +iE° - Z il o — quqm), (93)

gq=1 q=1

( tH»l 4TEKZ Z dmnpnm tl+1)

(5, 1,1) = e , (o4)
E = 0.5(E'(z;, ti,1) + E(z;, 1)), P, = 0.5(0,,,(2 t11) + Pn(25 1)), s =1,2,..., (95)

J=Juirs I= O,N, -1
The functions on zero-iteration are chosen equal to their values on the previous time layer:

EO(ZﬂtHl) = E(Z]?t) pqm( jo l+1) pqm( ) J:ﬁ’ l: 07Nt -1 (96)

The iteration process is stopped if both of the following conditions are satisfied:

|E (2, ty) — E'(2, t10)| < e|E'(2, ti0)| + e, (97)
o (Zj7 ti1) = Do (Z]7 t)l < el (Zﬂ t)| + e (98)
J=Jujrs l:O,Nt—l. (99)

where e; and e, are positive constants, characterizing the maximal absolute and relative accu-
racy of the iteration process. In our computer simulations, their values were chosen as 10~
and 10~'° correspondingly.

The procedure for the solution of the system (59)-(62) and (92)-(95) is the following.
First, from Eq (59) we obtain the value of H(zj,¢.5, t1.0.5) on the next time layer, then we have D
(t11> Zj+1) from Eq (60) and Es“(zj, t1.1) from Eq (94). We substitute the last value in the Eqs
(92) and (93) at the next iteration step, etc.

Theorem 3.4. Provided that h<const and zero-iterations are chosen as (96), the process of
iterations (92)-(95) converges to the unique solution of the finite-difference scheme (59)-(69),
which exists in a vicinity of the mesh functions defined by the zero iteration (96). Convergence
rate is as a geometric progression with the denominator q~h.

Proof. To prove this theorem, we have to demonstrate that (92)-(95) is a contraction, i.e.
that all iterations are uniformly limited in a certain difference norm ||-||:

El, < G, [0l < C,, (100)

where C and C, are constants, and that the following inequalities:

B! = Bl < ql[E* = B, (101)
o™t = plly < allp” = p I, g < 1
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are valid. We use the difference norm C:

[Flle = max(lf(z)1)- (102)

In Eq (102) the letter "f" denotes mesh function defined on the mesh. We estimate the func-
tion modules on different iteration steps and show that they are uniformly bounded in the
norm (102). Then considering the iteration differences ||[E*"' - E’||cand [|p**" - p°||; and
using estimations similar to those applied for the iteration modules we get the inequalities
(102) in the norm (102).

3.7 Numerical stability of the finite-difference scheme

A stability condition for the finite-difference scheme (59)-(69) is the Courant-Friedrichs-Levy
(CFL) condition [46], because the developed scheme involves the Yee’s one. When the Max-
well’s equations are solved, the CFL condition is well-known for the linear wave equation and
has the form u < h/7, where u is the wave propagation velocity [46]. In Eqs (59) and (60) the
wave velocity u for a linear medium with £ = 1 (vacuum) is equal to unity (u = 1), the mesh
steps are chosen to be equal: & = 7, and the CFL condition reduces to the inequality u < 1.
Thus, for the wave propagation in a vacuum the CFL condition is valid: u = 1. In the active
medium as well as in the disordered structure, the wave velocity is less than unity because the
dielectric permittivity is greater than unity and u = 1/+/€ in the dimensionless units. There-
fore, the CFL condition is also fulfilled.

It should be stressed that the preservation of the invariants (Theorem 3.1) is an additional
confirmation of the solution correctness.

4. Computer simulation results

The aim of investigation provided below consists in an analysis of the pulses reflected from
and transmitted through a three energy-level medium covered by disordered structure. We
analyze the pulse structure (it consists from several sub-pulses) and its spectrum, and the spec-
tra of sub-pulses. We pay attention to the substance emission at the transition 3-1 (high fre-
quency), which appears due to the cascade mechanism of high energy level excitation and we
demonstrate the evidence of its manifestation.

4.1 Computer simulation parameters

The computer simulation results for substance with covering are averaged over 32 random
realizations for the cover dielectric permittivity random distribution. Usually, in physical
experiments [29] we made also 16 or 32 realizations at the measurements of THz signals
with duration about 100 ps. If we use more random realizations, then the measurement time
increases up to 1 min, which is not acceptable in practice.

The electric field strength unit E, was chosen to be 1.05-10° V/m. Using the well-known for-
mula, we can estimate the peak intensity of the pulse in SI units as

= cg,E.. (103)

This formula yields the maximal intensity of the pulse equal to 3-10° W/cm®. Another well-
known formula [46] gives the value of the magnetic field induction and the magnetic field
strength:

n K,
‘B0| =~ |Eo|> _|Ho| = ”|E0|a (104)
c g,
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Table 2. The dimensionless coordinates used in the computations.
L=-14 L,=34 20 =0 =5 zr=11
Zo=16 Zyen= —13.9 Zivan = 17 z=-7 L, =100
https://doi.org/10.1371/journal.pone.0201572.t1002

where n = /g is the refractive index. Taking into account that in a vacuum £ = y = 1, we
obtain: By = 3.5-107 T, Hy = 2785 A/m (or 27.85 A/cm). Evidently, for practice the intensity
less than 10® W/cm? is more reasonable but in computer simulation, the effect of second har-
monic generation is better pronounced for greater than this value of the pulse intensity.

The dipole moment unit d, is equal [47] to 1.47-107'® cm** go'ss’1 or 4.58-:107°° C-m. The
density of the molecules in the medium is equal to M = 5.67-10*' cm™ = 5.67-10° m™. In this
case the coefficient k¥ = 12.5 in the Eq (15).

We chose the mesh steps as h = 7= 0.01. Iteration process parameters are chosen as
e, =10"% and e; = 107", their decreasing does not result in notable changes of the computer
simulation results at chosen mesh steps. Other dimensionless coordinates are given in the
Table 2. The parameters of the medium and the pulse are provided in the Table 3.

4.2 Transmitted and reflected pulse structure

The computer simulation is made for two cases: with the cover presence and without it to clarify
its influence on the reflected and transmitted pulse spectra. The typical signals are depicted in
Fig 2. One can see that in both cases the spatial pulse length is comparable with the length of a
medium. The pulse splitting into a few sub-pulses is clearly seen for both covered and uncov-
ered media. However, if the cover is absent then there are only three noticeable sub-pulses,
which are caused by THz radiation multi-reflections from the left and right medium layer faces
and interference pattern induced by these reflected signals. The first reflected sub-pulse in Fig
2A is usually named as the main sub-pulse and it occurs directly due to the THz pulse reflection
from a medium layer face. Then, we observe much more sub-pulses in the reflected signal. They
can usually be exploited with success for the substance detection and identification.

4.3 Fourier spectra

The Fig 2 demonstrates the comparison of the signal spectra, which are calculated as the abso-
lute value of the Fourier transform using the well-known formula:

2mit, 2n L

, W, = — 7t i
L n) n N/n k N/

N
Ereﬂ\tmn (a)n) = Z E(Zreﬂ\tnm’ tk)exp(_ k. (105)
k=1

Here L is the time interval (in this case, L = L, N' = N, = 10*) or the spatial computational
domain length (L = L., N' = N, = 3200). This transform is applied to the measured signals E,.z,
E,an and similar Fourier transform is also applied to the incident pulse electric field strength
distribution E(z, t = 0). Note that in physical experiments the frequency v = w/27 is usually
measured, that is why in the figures below we use this ordinary frequency instead of the fre-
quency w.

As follows from the Fig 3A and 3B, the spectra are significantly disturbed because they pos-
sesses a strong modulation and it is even more powerful if a cover is absent. This is a conse-
quence of the interference of different sub-pulses depicted in Fig 2. Obviously, the spectrum
minima can be considered as the absorption frequencies and, thus, they may be treated as the
false absorption frequencies [31]. To eliminate these mistakes, the sub-pulses should be ana-
lyzed separately.
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Table 3. The dimensionless parameters of the medium and the pulse.
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h;=0.25 N;=20 g=11,3]

https://doi.org/10.1371/journal.pone.0201572.1003

At the same time, if covering of the medium is present, the THz pulse spectrum is not so
much periodically modulated because the reflected signal is averaged over 32 random realiza-
tions. However, they exhibit irregular minima of various depth, which could be also inter-
preted as the absorption spectral lines of some substances while they are simply caused by the
pulse multiple reflections from the faces of various layers and, consequently, an interference of
appeared sub-pulses produces this spectrum modulation.

Other way for the substance identification may be achieved at using the substance emission
frequency analysis. For the substance under consideration, a medium emission is present due
to the energy level transition 3-1. We see that this frequency is absent in the incident pulse
spectrum. Its appearance in the reflected pulse spectrum is due to the cascade mechanism of
high energy level excitation of substance molecules. Because the spectrum shape near the fre-
quency 1.75 (Fig 3C and 3D) is not distorted despite the presence of covering it is possible to
use it for the substance identification.

In Fig 4 the energy level population evolutions in the chosen section (z = 0) is shown. We
stress that in our computer simulation, the parameters correspond to optically thin layer.
Thus, the general behavior of the energy level populations in any medium sections is qualita-
tively similar to each of them. Hence, we depict a time evolution of the density matrix elements
for a single section only. In these figures, it may be not evident that the third energy level is
populated as a result of the 2-3 energy-level transition. Indeed, in Fig 4A, we see notable
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Fig 2. Pulses E, . and E,,,, reflected from (solid line) and transmitted through (dashed line) the medium without cover (a), and with
cover (b) under averaging over 32 random realizations of disordered structure (dimensionless units).

https://doi.org/10.1371/journal.pone.0201572.9002

PLOS ONE | https://doi.org/10.1371/journal.pone.0201572  August 2, 2018 21/30


https://doi.org/10.1371/journal.pone.0201572.g002
https://doi.org/10.1371/journal.pone.0201572.t003
https://doi.org/10.1371/journal.pone.0201572

@° PLOS | ONE

Finite-difference scheme for the problem of THz pulse interaction with layer covered by disordered structure

14

1.2

— 08}
A

2 6

04

0.2

0

0.067

0.05

0.04

2003
=2

0.021

0.01

~Fy
—Lorefi

= "Ef'r'nn

0.6

1 1

|EW)|

[EW)|

14

0.06

0.057

0.041

0.03

0.021

0.01

~Fy
—Lipefl
"'Ef'r‘nﬂ
1+3
I B i
0.6 1 14 13
v
(b)
- .En
——Laefl
1+3 "‘Eﬂ‘an

Bty o TR

Fig 3. Comparison of the incident pulse spectra (E;,.) with the spectra reflected from (solid line) or transmitted through (dashed line) the
medium without cover (a) and spectra averaged over 32 random realizations for the dielectric permittivity in layers of a disordered structure (b).
The spectra near the frequency, corresponding to 3-1 energy level transition, for uncovered and covered medium correspondingly (c, d)

(dimensionless units).

https://doi.org/10.1371/journal.pone.0201572.9003

oscillations of the third energy level population and these oscillations are not synchronous to
the second energy level population changing.
Let us notice that in [32] we have presented results corresponding to strong electric field
strength amplitude (E, = 2) at studying the transmitted signal only. In that case, the third
energy level population increases after the second energy level population becomes high
enough. At significantly lower electric field strength, it is necessary to use the correlation coef-
ficient between a pair of the energy level populations as an estimation of the cascade mecha-

nism presence for the high energy level excitation.

The correlation coefficient between two series of measurements containing N’ numbers of

data is given by the following formula:

N

corr(a, b) = Z(ai - amean)(bi - bmeun)

i=1

N

Z (a;, — amean)2

i=1
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where, a,,,c01> Uinean are the mean values of the measured variables. This formula application to
the energy level populations in the time interval [10, 35] with N’ = 2500 yields the following
correlation magnitudes:

corr(pyy, py) = —1, corr(py, psy) = 0.781, corr(psy, pyy) = —0.71. (108)

The correlation of the energy level populations with the instantaneous electric field strength
in this section of the medium gives us the following values:

corr(p,y, E|,_,) = 0.001, corr(p,,, E|,_,) = —0.14. (109)

Thus, from Eq (106) it can be seen that the populations of the first and second energy levels
are tightly connected and are uninfluenced by the instantaneous value of the electric field
strength (107). On the other hand, the third level population is significantly correlated with
the electromagnetic field due to non-resonant interaction. That means, when the electromag-
netic pulse propagates in a medium, the electric field causes its polarization, related to non-
diagonal elements of the density matrix p.

In accordance with invariants of Maxwell-Bloch equations (32), the appearance of the
polarization induces temporary shifts in the energy level populations. In the case of three level
medium, the invariant is written as follows:

SST 1) = o) 4635 [z, ) = const(2) (110)

m=2 n=1 m=2 n=1
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As soon as external electric field strength decreases, the substance polarization decreases
also, and consequently the populations return to their initial values. This is non-resonant pro-
cess unrelated with the medium emission.

Nevertheless, the medium polarization is not only the process influencing the third energy
level population evolution. High correlation between the second and third level corr(p22, p33)
is more notable. That means that the second energy level population is significant factor gov-
erning the third energy level population evolution and the third energy level excitation takes
place due to the cascade mechanism.

Thus, there are three processes that influence the population of the third level. One of them
is the medium non-resonant polarization. Other two of them are resonant transitions between
the second and third energy levels and between the third and first energy levels. The first pro-
cess can cause the first growth of the third energy-level population ps; before of the second
level population p,, growth. This process is not accompanied by electromagnetic field energy
absorption and does not result in non-zero value of the third energy level population changes
after the pulse action ending. Therefore, as soon as the field strength decreases, the population
returns to the initial state without any medium emission. Other two processes are responsible
the population relaxation process, which is several orders of magnitude slower than the energy
level excitation processes.

4.4 Spectra of sub-pulses

In our previous papers [29], [30] we have shown that the detection and identification of a sub-
stance using the THz radiation measured in the reflection mode can be effective at analyzing
the sub-pulses following the main pulse reflected from the substance face. In this case, we get
information about the substance absorption frequencies. Below we provide a similar analysis
for a medium covered by disordered structure. However, another our purpose is to observe
also a substance emission at the frequencies corresponding to transitions from the high
energy levels excited due to the cascade mechanism. To obtain the sub-pulse spectra, the Fou-
rier-Gabor transform [48] is applied to the signal E(Z,mran» ti) in the corresponding time
intervals.

It should be noted that if the signal amplitudes at the left and right ends of the time interval
differ then the effect, which is known as the spectrum spreading [49], occurs. As a result, false
frequencies appear in the signal spectrum. They can be suppressed by using the window weight
function that tends to zero toward the ends of the time interval. For this purpose, at each time
interval, which contains the corresponding sub-pulse, we use the Fourier-Gabor transform
[48] with window function

G(t) = exp(—((t - tI.H.IU.,.)/HI.II,HI,..)KG)’ (111)
which is a near-rectangular window. Therefore, we obtain:

2mit, 2n
n)|, o, = b
L N’

N
Erl'e;ll\ltzw(wn) = |Z G(t) - E(Zreﬂ\tmn7 t,) - exp(— = %]@ (112)
=1
where Ej 1111, (w),) is the spectrum of the sub-pulse located in the corresponding time interval
marked in Fig 2. Time t; ;77 denotes a centre the corresponding time interval and 60; 57 17, .
denotes the window half-length. As before, L is the time interval, where the signal is analyzed,
and N’ is the number of time nodes in this time interval (L = L,, N’ = 10%). The parameter KG
in Eq (111) is even and characterizes the steepness of the window function at the ends of a

PLOS ONE | https://doi.org/10.1371/journal.pone.0201572  August 2, 2018 24/30


https://doi.org/10.1371/journal.pone.0201572

@° PLOS | ONE

Finite-difference scheme for the problem of THz pulse interaction with layer covered by disordered structure

0.00023
0.0002
000015}
=
"
0.0001 f
0.00005
0
10
8
off
4
2
0

0.0007
— B g
158 o '72 —Erest
: “ Etran 0.0006 .
23 213
4 0.0005
—0.0004} i
x <
2 00003}
0.0002
0.0001 |
06 1 0 ———
v ’ v
(a) (b)
1076 ST
W
- —FE,ept refl
: -~ Epran 10 "~ Eitran
g
S 6
=
4
5 17 1o

(©)

Fig 5. The first sub-pulse (area I in Fig 2) spectrum (a, c) and the second sub-pulse (area II in Fig 2) spectrum for the signal reflected from and
transmitted through a medium without covering. The spectra (c, d) are shown in the higher frequency range (dimensionless units).
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time interval. In our simulation, this parameter was taken to be equal to 20 for the window
function G(t) to fall off sharply.

Fig 5 shows the sub-pulse spectra for the signals reflected from and transmitted through an
uncovered medium. The transform window edges and the signal partitioning can be seen in
the Fig 2A. In Fig 5A the spectrum modulation is absent at all. Apparently, the first reflected
sub-pulse depicted in the Fig 5A is formed due to the reflection by the left face of the medium
and thus, does not propagate inside the medium and, therefore, does not interact with it. This
reflected pulse spectrum contains no information about the medium absorption frequencies,
and the spectrum shape is the same as that for the incident pulse (Fig 3A).

The second sub-pulse (Fig 5B) appears due to multi-reflections from the right and left faces
of the medium before being detected at the left section E,.4. The absorption frequency corre-
sponding to the transition 1-2 (the frequency 0.8) is noticeable in its spectrum as well as
weak spectral intensity maximum at the frequency 1.75 corresponding to the cascade mecha-
nism of high energy level excitation. The absorption frequency corresponding to the energy
level transition 2-3 is not seen (Fig 5B) because of weak increasing of the second energy level
population. As follows from Fig 4A, the latter remains quite low: thousand times less than the
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population of the first energy level. Therefore, the spectrum dip, corresponding to this energy
level transition, is quite small.

In opposite, both transmitted sub-pulses exhibit notable spectrum peculiarities. The first
one contains the absorption frequency 0.8. The second sub-pulse spectrum (Fig 5B and 5D)
exhibits a substance emission at the frequencies 0.8 and 1.5. Hence, we observe the spectral
maximum instead of spectral minimum at the frequency corresponding to the 1-2 energy
level transition. The frequencies corresponding to the energy level transition 2-3 or 3-2 is not
observable at all here. It should be stressed that in the spectrum of the second sub-pulse trans-
mitted through a medium, some additional false absorption frequencies occur.

Let us discuss the corresponding spectra of the sub-pulses reflected from or transmitted
through the medium covered by disordered structure. The temporal partitioning of the sub-
pulses can be seen in the Fig 2B. In Fig 6 the corresponding sub-pulse spectra are depicted.

We see that the main reflected pulse spectrum in Fig 6A is slightly different from the incident
pulse spectrum.

The main transmitted pulse, located in the time region II (Fig 2B), exhibits the absorption
frequency 0.8 presence in the spectrum (Fig 6B). Nevertheless, the pulse spectrum contains the
false absorption frequency, which is equal to 0.7. The second reflected sub-pulse spectrum (Fig
6B) contains only the false absorption frequencies, which do not belong to a medium, and they
are a result of superposition of the pulses caused by electromagnetic field multi-reflections
from the layered structure.

In the time area III (Fig 2B), the second transmitted and the third reflected pulses are
located (Fig 6C). The electric field strengths of these pulses are 10 times less than the ones
for previous sub-pulses. Nevertheless, the emission at the frequency 0.8 related to 2-1 energy
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level transition can be observed in the transmitted sub-pulse spectrum. At the same time, the
absorption frequency corresponding to 2-3 energy level transition is noticed together with
several absorption frequencies. We stress that the third reflected sub-pulse is the first reflected
one that contains the absorption frequencies related to the medium. However, it contains

also the false frequencies about of 0.5 and 0.6 dimensionless units, and there is a spectrum
minimum at the frequency 1.01, which is shifted away from the 2-3 transition resonance
frequency.

The spectrum of the third transmitted sub-pulse, located in time interval IV, contains maxi-
mum at the frequency about of 0.8 (this means a substance emission presence (Fig 6D)) and it
contains also a number of false absorption frequencies. The fourth reflected sub-pulse is dis-
torted as well. In the frequency range v<0.7 the spectrum shape is similar to that of the third
reflected sub-pulse. Thus, the same mechanism of the spectrum distortions exists. However,
the other part of the spectrum is quite different: the spectrum minimum at the frequency 0.8 is
still present but it is shifted to the range of lower frequencies, and the spectrum minimum at
the frequency 0.9 is observed, unlike the third sub-pulse in which the spectrum minimum is
located at the frequency 1.01.

Fig 6E demonstrates comparison of reflected sub-pulses spectra near the frequency 1.75
corresponding to 3-1 energy level transition. For the first and second sub-pulse, the spectral
intensity maximum at this frequency is absent. The third and fourth sub-pulse spectra have
the maximum near the frequency 1.75. It means that those sub-pulses can be used for the sub-
stance identification. However, the fourth sub-pulse is very weak and is significantly distorted
even in this frequency range.

Thus, we have demonstrated the cascade mechanism of high energy level excitation and the
emission frequency observation corresponding to the transition 3-1 in the spectra of both
pulses reflected from or transmitted through the substance. Since this frequency is observed in
the case of the covered medium, it may be used with success for the detection and identifica-
tion of the substance.

5. Conclusions

We develop the conservative finite-difference scheme for the problem describing an interac-
tion of the THz pulse, containing a few cycles, with the multilevel medium in the framework of
the Maxwell-Bloch equations. This finite-difference scheme is based on the Crank-Nicolson
scheme with using a new approximation of the artificial boundary conditions on the basis of
the Cabaret scheme. For a solution of the corresponding nonlinear difference equations, the
iterative process is proposed and its convergence condition is written.

We generalize the Bloch invariant for a multilevel medium and the conservativeness of the
developed finite-difference scheme with respect to this invariant as well as to the invariants of
the Maxwell’s equations were proved. The proposed finite-difference scheme allows to control
the positiveness property of the energy level populations at computer simulation by choosing
the mesh step in appropriate way.

We have demonstrated that the disordered structure covering of a medium results in
appearing of the false absorption frequencies. This effect arises from complicated interfer-
ence of the multiple sub-pulses reflected from various faces between layers of the disordered
structure.

We showed the appearing of the emission frequencies belonging to the range of high fre-
quencies in the sub-pulses spectra due to the cascade mechanism of high energy level excita-
tion for both transmitted and reflected THz signals. The disordered cover less distorts the
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spectral intensities of these frequencies. Therefore, they can be used with success for the sub-
stance detection and identification.
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