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Abstract: Although various phenomena have confirmed that surface geometry has an impact on
surface energy at micro/nano scales, determining the surface energy on micro/nano curved surfaces
remains a challenge. In this paper, based on Lennard-Jones (L-J) pair potential, we study the geomet-
rical effect on surface energy with the homogenization hypothesis. The surface energy is expressed as
a function of local principle curvatures. The accuracy of curvature-based surface energy is confirmed
by comparing surface energy on flat surface with experimental results. Furthermore, the surface
energy for spherical geometry is investigated and verified by the numerical experiment with errors
within 5%. The results show that (i) the surface energy will decrease on a convex surface and increase
on a concave surface with the increasing of scales, and tend to the value on flat surface; (ii) the effect
of curvatures will be obvious and exceed 5% when spherical radius becomes smaller than 5 nm;
(iii) the surface energy varies with curvatures on sinusoidal surfaces, and the normalized surface
energy relates with the ratio of wave height to wavelength. The curvature-based surface energy
offers new insights into the geometrical and scales effect at micro/nano scales, which provides a
theoretical direction for designing NEMS/MEMS.

Keywords: surface energy; geometrical effect; curvatures; Lennard-Jones potential

1. Introduction

Surface energy or surface tension plays an important role in determining various
natural and industrial phenomena, including surface bulking, phrase separation, welding
and solidification, diffusion and transportation, etc. [1–4]. At micro/nano scales, surfaces
are highly curved to achieve a lower energy, leading to a greatly increased ratio of surface
area to volume. Surface effects become significant for mechanical properties at small
scales, such as effective elastic moduli of nanocomposites, the bending, vibration, and
buckling responses of nanosized structural elements [5–7]. Hence, much effort has been
directed to determine the surface energy by means of experimental methods, dynamical
simulations and theoretical modeling over the last few decades. Experiments determining
surface tension mainly depend on the Laplace method, which relates the excess pressure
at a curved surface with the principal radius of curvature at a point on the surface [8],
for example maximum bubble pressure [9] and maximum pressure in a drop [10], sessile
drop [11], and pendant drop [12], etc. The tested surface energy values will be varied in
a range, which are affected by temperature, pressure as well as experimental errors [13].
Atomic simulations can assist to calculate surface energy due to the development of
computing technology, such as classical thermodynamics calculations, molecular dynamics
simulations, ab initio calculations, and density functional theory [14]. Vollath et al. used
the atomistic approach to study surface energy of nanoparticles and discussed the influence
of particle size and structure [15]. The surface energy density on rough metal surfaces is
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investigated by atomistic calculations, and the simulation results suggest an analytical
model to determine the surface energy density of rough surfaces by the surface geometric
parameters and the surface energy density of planar surface [16]. Vega et al. estimated the
surface tension of water with several models by using the test-area simulation method [17].

Besides experiments and simulations, some models have been proposed to study the
surface energy and tension. For example, a unitary approach has been proposed for the
calculation of surface energy and surface tension of nanoparticle being in equilibrium with
its saturated vapor on both flat and curved surfaces at given temperature [18]. Through ex-
tensive theoretical calculations of the surface tension of most of the liquid metals, Aqra et al.
used the fraction of broken bonds in liquid metals to calculate surface tension and surface
energy [19,20]. An analytical approach is developed to estimate the surface energy density
of spherical surfaces through that of planar surfaces using a geometrical analysis and the
scaling law [21].

Although many works have been done, determination of surface energy on curved
surface remains unsolved, especially at small scales. For example, the testing of surface
energy at nano scales will be very difficult considering environmental influence as well
as non-negligible errors [22,23]. Experimental methods are hard to measure the surface
energy on curved solid surface directly [24,25]. For the atomic simulations, Malfreyt et al.
pointed out that the simulated system-sizes has an impact on the calculated surface ten-
sion values [26]. Moreover, the uncertainty increases if one questions its dependence on
particle size or more complicated geometry. Generally, considerations based on classical
thermodynamics lead to the prediction of decreasing values of the surface energy with
decreasing particle size [27]. However, the atomistic approach, based either on molecular
dynamics simulations or ab initio calculations, generally leads to values with an opposite
tendency. Vollath et al. points out that an insufficient definition of the particle size can lead
to this result [15]. Besides size effect, calculating surface tension by atomic simulation takes
a long time and a large amount of computation. Although some theoretical models have
discussed the surface energy and tension on spherical particles using empirical parameters,
there is a lack of models for more complicated curved surface.

The present paper is aimed to investigate the effect of surface geometry on surface
energy by theoretical modelling. The interaction pair potential between particles is as-
sumed to be Lennard-Jones (L-J) potential, which can describe intermolecular interactions
between electronically neutral atoms or molecules [28]. As the L-J potential is a short-range
interaction, the surface particles will mainly interact with local particles in the neighbor-
hood. The surface energy is expressed as a function of principle curvatures based on the
homogenization hypothesis. The theoretical results for liquid metals are compared with
experimental values in the literatures to confirm the reliability. The effect of curvatures are
discussed based on spherical particles and compared with numerical experimental results.
The geometrical effect on surface energy is investigated on more complicated structures
such as sinusoidal surfaces based on curvature-based expression. This work provides a
new perspective to understand the geometrical effect on surface energy at small scales,
which will provide a direction on the design of MENS/NEMS.

2. Models and Methods

L-J potential models the soft repulsive and attractive interactions, which is usually
expressed as,

ULJ = 4ε

[(σ

r

)12
−
(σ

r

)6
]

, (1)

where r is the distance between two interacting particles, the depth of the potential well
ε is referred to as dispersion energy, and σ is the distance at which the particle-particle
potential energy ULJ is zero [28]. For simplification of calculation, a negative exponential
potential form U(r) = C/rn is used to model L-J pair potential. For n = 12, C = 4εσ12 and
n = 6, C = −4εσ6, L-J pair potential can be taken as a superposition of negative exponential
form taking n = 6 and 12.
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As shown in Figure 1, particles are supposed to be hard spheres with the equilibrium
radius τ. A homogenization hypothesis is used by assuming particles distributed uniformly
in the body with the number density of particles ρv. Then, the interaction potential for a
particle P on the surface of the semi-infinite flat surface can be expressed as,

Usur f (τ) =
2πρvC

(n− 3)τn−3 n ≥ 4, (2)
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Figure 1. The schematic models: (a) The interaction for a particle P on the semi-infinite surface body;
(b) The interaction for a particle P inside the body.

In the theory of solid physics, particles on the surface have higher energy than inside
particles, as the surface particles interact with less particles [29]. The surface energy and
surface tension have different physical meanings. The additional energy for the surface
particle compared to inside particles is surface energy [30]. Surface tension is the external
energy to form a new unit surface area [31]. For liquids, they are almost the same value,
as the atoms can move freely from inside to the surface. For solids, as the surface layer
cannot slide freely, the equilibrium for surface tension has to contain the shear stresses
between the interiors of the solid and the surface layers, which lead to quite different values
of surface energy and surface tension in solids. Here, we use the definition of surface
energy to calculate values, as the experimental calculated values from Young’s equation is
surface energy.

As shown in Figure 1b, the interaction potential for a particle inside body is twice the
value of a surface particle interacted with semi-infinite surface body,

Uinside(τ) =
4πρvC

(n− 3)τn−3 n ≥ 4, (3)

According to the definition of surface energy density, it can be written as the additional
energy for a surface particle compared to inside particle per area, i.e.,

γ =
Usur f −Uinside

A
=

2πρvC
(n− 3)τn−3 ·

1
πτ2 = −

2ρvC
(n− 3)τn−1 , (4)

Equation (4) is the surface energy density for a particle on a flat surface body. Then we
consider the surface energy density on an arbitrary curved surface, as shown in Figure 2.
As mentioned above, L-J potential is short-range and decreases fast with the increasing of
distance, which means particle only interacts with particles in the nearest zone. A cut-off
radius is used when calculating L-J potential in molecular simulations [32]. As shown in
Figure 2, coordinate system P− xyz is built with original point at particle P. For the uniform
of expression, we define that axis z points to the concave side of outer surface S of curved
surface body. Coordinate surface of x-y is coincide with tangent surface of S at particle
P, and axes x and y are along the principle tangent direction of P on S. In the differential
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geometry [33], the local shape of a curved surface S can be approximated by surface S0
depicted by two principle curvatures under principle coordinate system P-xyz [34],

z = f (x, y) ≈ 1
2
(c1x2 + c2y2), (5)
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concave surface.

In the previous work, we have expressed the potential of a particle on a curved
surface as [35],

_
Usur f =

2πCρv

(n− 3)τn−3

[
1 +

n− 3
n− 4

(ξτH)

]
, (6)

Here, H is the mean curvature with the relation between two principle curvatures as,

H =
1
2
(c1 + c2), (7)

Substituting Equation (6) into the definition of surface energy Equation (4) leads to the
expression of surface energy density on the curved surface,

γ =

_
Usur f−Uinside

A = − 2πρvC
(n−3)τn−3

[
1− n−3

n−4 (ξτH)
]
· 1

πτ2

= − 2ρvC
(n−3)τn−1

[
1− n−3

n−4 (ξτH)
] , (8)

ξ is a sign operator with ξ = −1 for convex surface and ξ = 1 for concave surface.
Equation (8) is the curvature-based surface energy based on L-J pair potential. When the
principle curvatures of surface tend to be zero (i.e., H = 0), Equation (8) degenerates to
the expression of surface energy on flat surface Equation (4). In addition, the value of τH
mainly determines the magnitude of curvature effect. As τ is the equilibrium radius of
particle and H is the mean curvature of curved surface body, τH will be much less than 1 as
the curved surface body is consisted of many particles, which means the term inside square
brackets of Equation (8) is positive. It is noted that the surface energy of Equation (8) is a
local value which is related with the mean curvatures on each points, which means it varies
with surface geometry instead of a constant value. Meanwhile, as it is derived from the
assumption of hard spheres and L-J potential, surface energy is only related with the hard
sphere equilibrium radius τ, the L-J parameters, the number density of hard spheres ρv and
the geometrical effect H. For the parameters such as temperature and pressure, their effect
will be taken into account by changing these parameters, which will be discussed later.

3. Results
3.1. The Surface Energy for Liquid Metals on Flat Surface

In the last section, a model is proposed to calculate the surface energy based on L-J
potential. The accuracy of the model (Equation (8)) is verified by comparing the theoretical
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results on flat surface with experimental results in the literatures. Here, liquid metals
are chosen as they are one element liquid with rich experimental values. As Equation (8)
is derived based on the assumption that the body is made up with spherical particles
homogeneously. The question is how to define equilibrium radius τ for liquid metals. We
transfer the crystal structure to a homogeneous model using following assumption. As
shown in Figures 3 and 4, taking body-centered crystal (bcc) as an example, there are two
full particles in this crystal, the L-J potential between each atom in this crystal is supposed
to be equal to the L-J potential between two spherical particles with equilibrium distance τ.
Similarly, there are four equivalent atoms within a cubic close-packed (ccp) crystal lattice
as shown in Figure 3. The potential relation can be expressed as follows:

n

∑
i=1

n

∑
j=1(j 6=i)

4εcicj

( σ

rij

)12

−
(

σ

rij

)6
 =

t

∑
i=1

t

∑
j=1(j 6=i)

4ε

[(σ

τ

)12
−
(σ

τ

)6
]

, (9)

where n is the total number in a crystal lattice, i.e., n = 9 in bcc lattice and n = 14 in a
ccp lattice. ci and cj is the equivalent ratio for atoms i and j in a lattice, for example,
c = 1/8,1/2,1 for atoms on point angle, surface of lattice and inside crystal respectively. t
is the equivalent atoms number in a crystal lattice, i.e., t = 2 for bcc and t = 4 for ccp. The
number density in Equation (8) is calculated by ρv = t/a3, where a is the side length of
lattice shown in Figures 3 and 4. For other lattice types, Equation (9) is also adopted to
estimate the equilibrium radius τ. It is noted that Equation (9) is an estimation method
to define equilibrium radius τ, which considers the L-J potential in the nearest neighbor
contributions as crystal are periodic structures. It will be more precious to consider a
larger system to define equilibrium radius τ, but here the numerical results have shown
an acceptable approximation by considering one lattice. We have listed the crystal type,
L-J parameters, number density ρv, the equilibrium radius τ for several metals in Table 1.
The abbreviation of crystal type is cubic close-packed (ccp), body-centred cubic (bcc),
rhombohedral (rhomb), monoclinic (mo), trigonal (tri), and hexagonal close-packed (hcp).

The surface energy is calculated using Equation (8) and compared with the experi-
mental data in the literature for flat surface in Table 2. The error is defined as,

Error =
|Ther− Exp|

Exp
× 100%, (10)

From Table 2, the curvature based surface energy model is confirmed to be feasible, as
the error is within 5% for most cases. As the surface energy varies in a range according to
different experimental methods, it is acceptable when the theoretically estimated surface
energy is around experimental values.
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Figure 4. The equivalent atoms in a cubic close-packed (ccp) crystal lattice

Table 1. The parameters in Equation (8).

Metals Crystal ε (J) ρv (/m3) σ (nm) τ (nm) Ref for L-J

Ag ccp 2.2438 × 10−19 5.8464 × 1028 0.2648 2.2812 [36]

Au ccp 2.6426 × 10−19 5.8895 × 1028 0.2646 0.2841 [37]

Al ccp 2.3552 × 10−19 6.0214 × 1028 0.2548 0.2933 [38]

Ni ccp 4.2299 × 10−19 9.1417 × 1028 0.2239 0.1915 [39]

Cu ccp 3.3300 × 10−19 8.4678 × 1028 0.2297 0.2869 [40]

Pb ccp 1.2224 × 10−19 3.2980 × 1028 0.3189 0.2795 [41]

Pd ccp 2.9760 × 10−19 6.7953 × 1028 0.2451 0.2133 [42]

Pt ccp 4.3684 × 10−19 6.6192 × 1028 0.254 0.2189 [43]

Fe bcc 4.5210 × 10−19 8.4922 × 1028 0.2267 0.2804 [40]

Mo bcc 7.1165 × 10−19 6.4183 × 1028 0.2489 0.2132 [40]

Cr bcc 4.3086 × 10−19 8.3377 × 1028 0.2281 0.2831 [40]

W bcc 9.2891 × 10−19 6.3071 × 1028 0.2503 0.2127 [40]

V bcc 5.5791 × 10−19 7.2389 × 1028 0.2391 0.2042 [40]

B rhomb 2.6376 × 10−19 2.5641 × 1028 0.3543 2.4731 [44]

Bi mo 1.9520 × 10−19 2.8170 × 1028 0.059 0.0829 [45]

Sb tri 3.6896 × 10−19 3.1745 × 1028 0.354 0.8336 [46]

Zn hcp 1.0074 × 10−19 7.5140 × 1028 0.244 0.2217 [47]
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Table 2. Comparison of surface energy by Equation (8) and experimental data.

Metals γ in Equation (8)
(J/m2)

γ in Experiment
(J/m2)

Ref for γ in
Experiment Error (%)

Ag 0.9006 0.954 [48] 5.6

Au 1.1134 1.1154 [49] 0.18

Al 1.0210 1.1050 [50] 7.60

Ni 1.8464 1.854 [49] 0.41

Cu 1.2966 1.285 [51] 0.90

Pb 0.4390 0.458 [52] 4.15

Pd 1.5391 1.500 [53] 2.61

Pt 1.918 1.865 [54] 2.84

Fe 1.8194 1.820 [55] 0.03

Mo 2.5601 2.510 [56] 1.99

Cr 1.6865 1.700 [55] 0.79

W 2.4828 2.500 [57] 0.69

V 1.9852 1.950 [57] 1.81

B 0.9701 1.060 [58] 8.48

Bi 0.3785 0.379 [55] 0.13

Sb 0.3787 0.380 [59] 0.34

Zn 0.8104 0.816 [60] 0.69

3.2. The Surface Energy for Spherical Surface

To test the reliability of curvature-based surface energy (Equation (8)) further,
the surface energy on spherical particles is calculated by numerically integration
method. As shown in Figure 5, the sphere structures for metals are created by assuming
x2(i) + y2(i) + z2(i) ≤ (η ∗ a/2)2, where a is the length of lattice, and the radius of sphere
is set to η ∗ a/2, where η is an integer. The surface particles are chosen by satisfying
the condition [(η − 1)a/2] ≤ x2(i) + y2(i) + z2(i) ≤ (η ∗ a/2)2, supposing that the total
number of surface particles is n. Based on the L-J pair potential, the surface energy is
calculated by adding up the external energy for all surface particles compared to inside
particles and then divided by the total surface area nπτ2. Here, Fe and Al atoms are chosen
to compare the theoretical surface energy with numerical integration results, which are
shown in Figures 6 and 7, respectively. The specific calculating errors are put as figures
in Appendix A.
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Fe spherical particles.

From Figures 6 and 7, it is confirmed that the curvature-based surface energy based
on L-J potential is in accordance with numerical integration results with an error around
5%. This error is acceptable at nano scales as a result of homogenization hypothesis. The
curves in Figures 6 and 7 also indicate that the values of surface energy decrease with the
increasing of spherical radius. Here, spheres with larger radius is not considered for two
reasons, one is that the curvature effect will be negligible on spheres with larger radius, and
another reason is that the estimated error of curvature based surface energy will decrease
with the increasing of radius. In addition, the calculation task will also be huge and take a
long time, thus the testing error for sphere with larger radius is omitted here.

Then we consider several metals with two different surface geometries, i.e., the convex
spherical surface and concave spherical surface, the surface energy is shown in Figure 8.
It is confirmed that the surface energy will increase with the decreasing of curvatures
on concave surface. While for convex surface, the surface energy will decrease with the
decreasing of curvatures. Compared to surface energy on a flat surface, the surface energy
will increase on a convex surface and decrease on a concave surface with the decreasing
of scales. This is consistent with the facts that the surface energy comes from the lack of
bonds for surface particles compared to the inside particles. For particles on convex surface,
the lacking bonds will increase, leading to surface energy larger than flat surface, and
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this effect becomes significant on small scales. However, particles on concave surface will
have smaller lacking bonds compared to particles on flat surface, which leads to smaller
surface energy. From Figure 8, it is also noted that the effect of curvatures on surface energy
will exceed 5% compared to one for flat surface when the radius of spherical particles
becomes smaller than 5nm. Hence, the curvature effect will be non-negligible when the
surface curvatures become larger than 1/5 nm−1, which is in consistent with the conclusion
mentioned in Ref. [21].
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3.3. The Curvature Effect on Curved Body with Sine Surface

In this section, a more complex surface geometry with a sine surface will be considered.
As shown in Figure 9, the equation of the sinusoidal surface is set to,

z = h sin
(

2πx
λ

)
, (11)

where h and λ are the amplitude and wavelength of the sinusoidal surface respectively.
The principle curvatures of the sinusoidal surface are,

c1 = 0, c2 = −4π2h
λ2 sin

(
2πx

λ

)
1[

1 + 4π2h2

λ2 cos2
( 2πx

λ

)]3/2 , (12)
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Figure 9. The schematic model of sinusoidal surface.

The mean curvature is defined as H = (c1 + c2)/2. Taking Cu as an example, its
crystal type is fcc with lattice constant a = 3.615A. The ratio of surface energy on the
sinusoidal surface to one on flat surface is drawn in Figure 10a for h = 1 nm and λ = 5 nm,
which confirms the variation of the surface energy at different positions on sinusoidal
surface. The distribution of surface energy shown in Figure 10a is very similar to the one
calculated by DFT method in Ref. [16]. The relation between surface energy and wavelength
λ as well as amplitude h can also be obtained, which are shown in Figure 10b,c respectively.
The values of surface energy will increase with the increasing of amplitude h and decrease
with the increasing of wavelength λ. If we define the normalized surface energy on convex
part of sinusoidal period as,

γ̃ =
2
λ

∫ λ/2

0
γ(x)dx, (13)

The variation of normalized surface energy compared to flat surface energy with
different ratio of wavelength and amplitude is drawn in Figure 10d. The results show the
normalized surface energy is larger with higher ratio of wavelength and amplitude, and
tends to the surface energy on flat surface when wavelength becomes more than 20 times
of lattice constant a.
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4. Discussion

In this section, some discussions towards curvature-based surface energy are pre-
sented. Firstly, we want to compare the curvature based surface energy with the Tol-
man equation which builds the relation between surface energy and spherical radius
for nanoparticles [61].

γ

γ
=

1
1 + 2δ

r
≈ 1− 2δ

r
, (14)

where γ represents the surface energy of spherical particle, γ is the surface energy for flat
surface. δ is the length parameter which is related with the particle’s property, but the
physical meaning is unknown.

According to curvature based surface energy, the ratio for spherical surface energy
and flat energy is,

γ

γ0
= 1− n− 1

n
τ

r
n ≥ 4, (15)

If we compare Equation (15) with Equation (14), it is interesting that two become the same
if assuming δ = n−1

2n τ, which may give a physical definition for δ.
As mentioned above, it is noted that parameters of temperature and pressure have not

appeared in curvature-based surface energy (Equation (8)). However, they can affect the
equilibrium radius indirectly. Generally, higher temperature and lower pressure lead to
larger equilibrium radius, causing a decrease in surface energy. However, this effect is not
that obvious for solids, as the distance between atoms is not easy changed by temperature
and pressure.

At last, we want to discuss the application conditions for curvature based surface
energy. Firstly, it is derived based on the L-J pair potential between particles, which is
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a short-range interaction potential. It has not taken the long range interaction such as
electrostatic interaction into consideration. However, the geometrical effect of long range
interaction on surface energy is very small compared to short range interaction. Secondly,
the surface energy is derived based on the model of hard sphere model, which means the
determination of sphere equilibrium radius is important to the value of surface energy.
It is not easy to determine the equilibrium radius for system with various particles. The
equilibrium radius maybe decided based on the known surface energy for a flat surface,
and then the geometrical effect for surface energy on a curved surface can be estimated.

5. Conclusions

The curvature based surface energy is discussed based on the L-J pair potential.
The surface energy for flat surface and spherical particles are compared with results by
experimental and numerical integration method to confirm the reliability of the curvature-
based surface energy. By considering the surface energy on a spherical convex and concave
surface, it is confirmed that the surface energy will increase on the concave surface and
decreased on the convex surface with the increasing of scales, which will degenerate to
the value on the flat surface. The curvature effect will be obvious for the spherical surface
with the curvatures larger than 1/5 nm-1 with an increment more than 5%. The curvature-
based surface energy can estimate the surface energy on more complex surface such as
sine surface, and provide a physical meaning of the Tolmann length to understand the
curvature effect of surface energy for spherical particles.
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Appendix A

The parameters for the calculation of surface energy on metal particles are listed in
Figure A1, with the errors calculated by,

Error =
|Ther− Exp|

Exp
× 100% (A1)
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