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Abstract

Brain rhythms emerge from synchronization among interconnected spiking neurons. Key
properties of such rhythms can be gleaned from the phase-resetting curve (PRC). Inferring
the PRC and developing a systematic phase reduction theory for large-scale brain rhythms
remains an outstanding challenge. Here we present a theoretical framework and methodol-
ogy to compute the PRC of generic spiking networks with emergent collective oscillations.
We adopt a renewal approach where neurons are described by the time since their last
action potential, a description that can reproduce the dynamical feature of many cell types.
For a sufficiently large number of neurons, the network dynamics are well captured by a con-
tinuity equation known as the refractory density equation. We develop an adjoint method for
this equation giving a semi-analytical expression of the infinitesimal PRC. We confirm the
validity of our framework for specific examples of neural networks. Our theoretical frame-
work can link key biological properties at the individual neuron scale and the macroscopic
oscillatory network properties. Beyond spiking networks, the approach is applicable to

a broad class of systems that can be described by renewal processes.

Author summary

The formation of oscillatory neuronal assemblies at the network level has been hypothe-
sized to be fundamental to many cognitive and motor functions. One prominent tool to
understand the dynamics of oscillatory activity response to stimuli, and hence the neural
code for which it is a substrate, is a nonlinear measure called Phase-Resetting Curve
(PRC). At the network scale, the PRC defines the measure of how a given synaptic input
perturbs the timing of next upcoming volley of spike assemblies: either advancing or
delaying this timing. As a further application, one can use PRCs to make unambiguous
predictions about whether communicating networks of neurons will phase-lock as it is
often observed across the cortical areas and what would be this stable phase-configuration:
synchronous, asynchronous or with asymmetric phase-shifts. The latter configuration
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also implies a preferential flow of information form the leading network to the follower,
thereby giving causal signatures of directed functional connectivity. Because of the key
position of the PRC in studying synchrony, information flow and entrainment to external
forcing, it is crucial to move toward a theory that allows to compute the PRCs of network-
wide oscillations not only for a restricted class of models, as has been done in the past, but
to network descriptions that are generalized and can reflect flexibly single cell properties.
In this manuscript, we tackle this issue by showing how the PRC for network oscillations
can be computed using the adjoint systems of partial differential equations that define the
dynamics of the neural activity density.

This is a PLOS Computational Biology Methods paper.

Introduction

The phase-resetting curve (PRC), popularized by Arthur T. Winfree in 1980 [1], is one of the
central tools to study properties and mechanisms of biological rhythms. The PRC is a measure
that tracks down the phase shift of a rhythm when a transient perturbation is presented at a
determined phase of the oscillatory cycle. The PRC is particularly well adapted to clarify essen-
tial dynamical features across a variety of biological contexts [2, 3]. For instance, it has proven
to be especially efficient to predict the phase-locking behavior of coupled neural oscillators [4]
and rhythms emergent in neural populations [5], to study information flow in networks of
bio-chemical oscillators [6], to illustrate the impact of neuromodulation in single neurons
experimentally [7] and has been a key classical technique in chronobiology [8].

For oscillatory systems described by ordinary differential equations, the adjoint method
provides an accurate procedure to compute the so-called infinitesimal PRC (iPRC) [9]. In the
case of vanishingly small perturbation amplitudes, PRC and iPRC become proportional to
each other, and therefore, any oscillating dynamical system can be reduced to a single phase
equation:

d
000 =0 +2(0(0) - p(1).

Here 6 is the oscillation phase, w is the natural frequency of the oscillator, p(t) represents the
time dependent-perturbation, and the function Z the iPRC.

Data suggest that most cortical rhythms emerge from the interactions of irregular spiking
cells [10, 11]. Thus the brain oscillatory’s activity results from synchronisation among firing
events of large neuronal populations. So far, deriving elementary dynamical systems for such
macroscopic oscillation could not be done without drastic simplifications of the individual
neurons. From now on, to avoid confusion, we term macroscopic PRC (mPRC), the PRC
extracted for an oscillation emerging at the network scale. Initial attempts to derive mPRCs for
emergent oscillations [12, 13] required quadratic integrate-and-fire models to describe the
neurons. As a consequence, extracting the PRCs of realistic oscillating spiking networks has
remained elusive despite its relevance to study brain rhythms [14].

In this paper, we tackle this issue adopting a mean-field description of networks where a
given cell is characterized by the amount of time passed by since its last action potential, i.e.
the age of the cell.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1010363  August 1, 2022 2/31


https://doi.org/10.1371/journal.pcbi.1010363

PLOS COMPUTATIONAL BIOLOGY Macroscopic Phase-Resetting Curves

Originating from the beginning of the 20th century with the paper of Sharpe and Lotka in
1911 [15] and the work of McKendrick in 1926 [16], the study of population dynamics with an
age-structured modeling approach has never lost interest within the scientific community.
Such models track the time evolution of ages of single individuals and are very well adapted to
capture the essential dynamical features of actual data in a wide variety of biological context.
They have proven to be especially effective in epidemiology [17-19], cellular proliferation
[20-22] and population dynamics [23, 24].

Among the different ways of formulating the problem stands out the von Foerster equation;
a continuity equation named after the Austrian American physicist Heinz von Foerster [25].
Written in the form of a partial differential equation, the von Foerster formalism has the tre-
mendous advantage of entailing the other age-structured formulations. So its use is nowadays
widespread and favored by theoreticians. The interested reader may find several textbooks in
mathematical biology that dedicate a chapter to it [26-28].

Applied to neural systems, this continuity equation is known as the refractory density
equation. It was first implemented by Wulfram Gerstner and Leo van Hemmen in 1992 [29].
The refractory equation can rigorously be derived starting from the stochastic process [30],
and is amenable to mathematical analysis [31]. Moreover, this continuity equation has been a
major tool for studying emergent synchronized assemblies [32], transient dynamics [33], low
dimensional reduction [34], and finite-size network activity fluctuations [35-38]. We recom-
mend the reader the textbook [39] for an intuitive introduction on the refractory density
equation.

The construction of the refractory density equation relies on a mean-field description of
spiking networks where a given cell is characterized by the amount of time passed by since its
last action potential. There are undoubtedly alternative ways to describe neurons, however,
such a formalism is general as it can effectively reflect many spiking formulations. For
instance, renewal processes such as the noisy integrate-and-fire [40-42], or spike response
models [32], can be expressed within this framework. Furthermore, this approach provides
approximation schemes for complex biophysically-realistic models [43, 44], for correlated
noise [45], generalized linear models [46], and for neural adaptation [35, 48], see [48] for a
recent review. As a consequence, the refractory density equation can be seen as a general
description of spiking neural networks.

This paper is organized as follows. First, we present the network and neuron model that
will be used throughout. Then, we obtain the adjoint system which gives access to the PRC.
We finish the paper by illustrating a possible application of our framework by studying macro-
scopic phase locking.

Results
Spiking and mean-field description

To describe spiking neurons as renewal processes we need to take into account h(t), the total
input a neuron receives and r, the time since the last action potential. Denoting S(h(t), r) the
escape rate, then, the probability that a firing event occurs during a time interval dt is given by
S(h(t), r)dt. Note that the escape rate reflects the individual properties of neurons, as an exam-
ple, we take an escape rate that captures the dynamics of pyramidal cells [39]. As soon as an
action potential is triggered, the neuron’s age r is reset to zero. The population activity can be
extracted and is given by the sum of all the occurring spikes:

A0 = 33000 1) (1)
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where & is the Dirac mass, N the number of neurons and #, the firing time of the cell numbered
k. The total input current is given by

h(t) = L () + L(1),

where I,,,(t) is an external current and the synaptic I(t), which defines the current feedback of
the network, is given by

—t/1
I(t) = Jx x Ay(t) with k(t) = eT 7

s

here J, is the synaptic efficiency, k the normalized synaptic filter and 7, the synaptic decay.

In the limit of an infinitely large number of neurons N (the thermodynamic limit), the full
network description reduces to a single partial differential equation. Denoting g(t, r) the prob-
ability density for a neuron to have at time ¢ an age r, the density profile evolves according to
the continuity equation:

9 q(r)+ 5 qlt,r) = ~S(h(0) Pa(t, ). @
Because once a cell emits an action potential its age is reset to zero, the natural boundary con-
dition is
q(ta O) = A(t),

where A(#) is the neural network activity and is defined as
400
Aw = [ s gter)ar. ()
0

We recall that in the thermodynamic limit the total input current is given by

h(t) =I1,(¢) + L(t) with L(t) = J.x % A(¢).

The mean-field Eq (2), also termed the von Foerster equation in Mathematical Biology [25],
defines a conservation law and expresses three different processes taking place at the cellular
level: a drift process due to the time passing between action potentials, an escape rate generated
by the randomness of firing events and the individual cell properties, a non-local boundary
condition which describes the reset of the neurons that just fired. As we illustrate in Fig 1, the
essential shape of the full network activity is well captured by the mean-field Eq (3).

Emergent macroscopic oscillatory dynamics

to investigate the emergence of macroscopic oscillations we analyze the refractory density
Eq (2). after algebraic manipulations—see method for details—we find that the mean activity
in the asynchronous regime a., and the mean input ki, are given by

+00 r
A;el - / 67 j;) Sx (5) ¢ dr’ hoc = Iext + ]sAoc’ (4)
0
note that we have used the notation:
S.o(r)=S8(h,).

Linearizing around the steady state we extract the characteristic equation, whose solutions
give the eigenvalues of the linearized operator, see also [32]. The time-independent solution
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Fig 1. Dynamics for a recurrent excitatory network. Comparison of firing activity. A) Time evolution of the stimulus
I./(t). B) Raster plot of 100 neurons, the blue line displays the resulting firing activity Eq (1) of the full network. C)
Firing activity obtained from a simulation of the mean-field Eq (3). The simulation was initiated with a similar
Gaussian profile for the full network and the mean-field equation, parameters: S(h, r) = exp(h)H(r — T (1 — exp(~(r
= Trep) 7)), Tyer= 10 ms, 7,= 10 ms, 7= 5 ms, ], = 15 mV.ms, N = 5000 and At = 0.05 ms.

https://doi.org/10.1371/journal.pcbi.1010363.9001

loses stability and an oscillatory limit cycle gains stability as soon as an eigenvalue has a posi-
tive real part. The characteristic equation reads

c(n) :]skk/ Soc/ aas_;loqooe—fxsxﬂds dx dr
0 0

oS R s
+1—-JK, 8—;(1“ dr —/ S.e Josra dr
0 0

where &, is the Laplace transform of the synaptic filter x and g, the steady density profile,
see Method for details.

The bifurcation line, which separates an oscillatory dynamic from an asynchronous steady-
state regime, can be obtained numerically by solving:

C(iw) = 0.

As we can see from Fig 2C, for a sufficiently large synaptic strength J; and external current
I.» the asynchronous state undergoes a bifurcation toward oscillations. The simulated spiking
activity of the full network in Fig 2D and 2E confirms the emergence of a transition from an
asynchronous to a synchronized activity regime when parameters are taken below or above
the bifurcation line.

Note that in Fig 2C, the stability line is only found for 7 = 0. Indeed, in this case, the charac-
teristic equation reduces to a simpler equation which can be solved numerically. We find that
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Fig 2. Emergent oscillations. A) Illustration of the escape rate S(h, r) for different values of the parameter 7, (h =2 mV). B)
Comparison between the steady state firing activities with J; = 1 mV.ms, blue dots for the full network, and the black line for the
theoretical prediction given by (4). C) Bifurcation line in the parameter space (blue curve). The grey shaded region corresponds to
an oscillatory regime of the neural network, the white region corresponds to a stable asynchronous mode of the network. D) and
E) Raster plots of the spiking activity of 100 neurons. Panel D corresponds to the black asterisk lying in the asynchronous (white)
region of panel C, whereas panel E depicts the activity that corresponds to the black asterisk lying in the oscillatory (grey) region of
panel C. parameters: S(h, r) = exp(M)H(r — Tyep) (1 — exp(=(r — Tyep) /7)), Trep= 8 ms, T, = 10 ms, 7= 0 ms, N = 5000 and At = 0.1 ms.

https://doi.org/10.1371/journal.pchi.1010363.g002

taking 7 to be non-zero affects the position of the stability line. The parameter 7 plays the role
of an effective noise level and the bigger 7 is, the more current I,,, and/or larger synaptic
strength J; is required to induce oscillations.

Finally, let us emphasize that the observed oscillation is an emergent feature of the network.
Individual cells being described by stochastic processes, they cannot produce a regular, i.e.
periodic, firing activity. However, at the network level, a self-sustained oscillation emerges, see
[49] for another approach on neural syncronization. The oscillation properties can be charac-
terized by the PRC. Such a measure relies on the assumption that additional perturbations are
weak enough.

Phase resetting curve and adjoint method

When a brief depolarizing current is applied to the oscillatory network, the global firing activ-
ity shifts in time (see Fig 3A-3C). Having the network in an oscillatory regime, that is, having
a periodic solution (g, 1) of (2), we find (see Method for details) the mPRC as the solution of
the mean-field adjoint equation:

D2 = Lz = s(ho). 1) (Zq(t, 1)~ 2,(t,0) —i—i ,ﬁ)), (5)
and
a0 =-20 [ (200200 -Lz,0) RE@.nac0d  ©
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Fig 3. Macroscopic phase-resetting curve. A-B) Raster plot of 100 neurons from a simulation of a non-perturbed/perturbed network.
C) Resulting firing activity of the networks obtained from Eq (1), the dashed line in black for the non-perturbed network and full line in
blue for the perturbed one. D) Illustration of the stimulus. E) The panel gives the periodic solution of the synaptic current I(f) extracted
from the mean-field Eq (2). F) Illustration of the periodic solution of the density function q(#, r) obtained by solving the mean-field Eq
(2). G) The panel gives the periodic solution of the first component of the adjoint system (5). H) The panel illustrates the periodic
solution of the adjoint density function Z(t, r) obtained via (5). I) Tllustration of normalizing condition (7). J) The network PRC, the
black line illustrates the solution of Eq (5), while blue dots indicate the PRC obtained via direct perturbations. K) Solution of the mPRC
(6) for different values of the parameter 7. Parameters: S(h, r) = exp(R)H(r — Typ) (1 — exp(=(r = Tyep) /7)), Lexy = 2 mV, Tpop= 10 ms, 7, =
10 ms, T =5 ms, J;= 15 mV.ms, N = 5000 and At = 0.05 ms. Direct perturbations in panel D were made with a square wave current pulse
(amplitude 3 mV, duration 5 ms) on the full network, and in panel ] with a square wave (amplitude 8 ms, duration 0.8 mV) on the mean-
field system (2).

https://doi.org/10.1371/journal.pchi.1010363.g003
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satisfying the normalisation condition

e 0 _ d- . 2n
|zt gatndavz,0 510 =7, @

where T is the oscillation period. Note that we made used of the following notation:

h(t) = L, +1(1).

Although we obtain two functions from the adjoint method, Z, and Z, , since incoming per-
turbations come through the synapses, Z; should be interpreted as the mPRC of the macro-
scopic oscillation. In Fig 3E-3H, we show an example of a periodic solution and its associated
periodic adjoint. The adjoint solution is normalized according to (7), see Fig 31. We note that
the analytically determined mPRC agrees with a PRC obtained from direct perturbations of
the spiking network (see in Fig 3]); both are type I. Note that the PRC depends on cell proper-
ties, for instance, changing parameters of S, e.g. the strength of intrinsic noise (“softness” 7 of
threshold), gives a higher mPRC amplitude as illustrated in Fig 3K, which in turn can impact
the locking behavior of multi-network rhythms [5].

Note that, as stated in the introduction, the PRC is a general measure that can be applied to
any oscillating dynamical system. For instance, it has been defined for regular spiking cells
producing periodic fining and has been argued to reflect the single neurons’ intrinsic excitabil-
ity properties [50]. In this contribution we computed a macroscopic PRC for the oscillations
emerging at the network level. In this setting, individual cells within the network do not have
to be all oscillators (with a significant proportion being excitable), and so, the PRC of an indi-
vidual neuron may not be defined. Indeed, in our networks we have considered stochastic cells
forced to fire by random noise which do not have a periodic firing. However, at the network
scale, an oscillation emerges from the interaction of irregular spiking activity. We term the
PRC computed for the network as the macroscopic PRC (mPRC).

ISI density and hazard rate

In this section, we briefly recall how to construct the hazard rate function S(h, r) for neurons
modeled as time-dependent renewal processes. The class of renewal processes is a wide class of
neuron models. Interestingly, it can also be constructed using the interspike interval (ISI) den-
sity. We also show how the hazard rate function can be related to the PRC and define its
characteristics.

The estimation of the ISI density from experimental data is indeed very common. The
interval distribution can be interpreted as a conditional probability density. It is the probability
that the next spike occurs in the interval (t, t + dt) given that the last spike occurred at time
zero. The hazard rate, also called age-dependent death rate or hazard has the following inter-
pretation that, in order to emit a spike at time 7, the neuron has to “survive” without firing dur-
ing the time interval (0, r) and then fire at a time r. The hazard rate can be determined from
the ISI density and its expression is known for decades, see for instance [39]:

S(h,7) = ISr (h,r) 7
1-— / ISI(h,s)ds
0

which can also be written as:

ISI(h7 r) = S(h’ 1’)67 j; S(h,s)ds‘
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Given the interdependence of the hazard rate and the ISI density, one of these functions suf-
fices to apply our theoretical finding exposed in the previous sections and fully determine the
PRC. It only requires to have the numerical solutions of g(t, r) and I,(f) along the oscillatory
cycle, and the expression of the derivative of the hazard rate:

0 " "o
5 %ISI(h,r) <1—/0 ISI(h,s)ds ) —|—ISI(h,r)/0 %ISI(h,s)ds

o (1 [ o)

The only assumption underlying our methodology to compute the phase-resetting curve for

collective rhythms is to have renewal-type spiking neurons.

The difficulty resides in the expression of S and its derivative which are written as quotient.
In practice, it can be hard to express numerically the values of the hazard rate and its deriva-
tive. It is for instance the case for a popular model widely used in theoretical neuroscience—
the leaky integrate-and-fire (LIF) neuron model. Although the ISI density function of the
noisy LIF is known, it can be written as a Volterra integral or as an inverse Laplace transform
of hypergeometric functions. In practice, it becomes difficult to implement numerically an
expression of S and its derivative. Note that the difficulty is numerical and not theoretical.

Another difficult example to deal with is the gamma function. Often used in the literature,
the gamma function is known to provide a good fit to the ISI distribution of actual data. It is
given by:

e i
ISI,(h,1) = mr”"le’” .
Once again, having the expression of the ISI distribution is sufficient to determine the hazard
rate function and from there apply our finding to extract the PRC. However, numerical simu-
lations become tricky and the computation of the derivative of the hazard rate is very unstable.
Once again, the difficulty is numerical and not theoretical.

In Fig 4 we present several examples used in textbooks to model ISIs or hazard rates of
actual neurons [39]. The hazard rate is shown together with the mPRC extracted from our
adjoint theory. To compare with results obtained in the previous section, the network is
chosen to be purely excitatory. As we can see from the extracted mPRC, the hazard rate func-
tion—or the ISI distribution—of the neuron shapes the mPRC differently. This allows to link
dynamics of individual neurons, cell type, and the network connectivity to the properties of
emerging oscillations at the network scale. Indeed, single cell dynamics clearly have an impact
on the macroscopic synchronization properties of the networks. This has been shown in
numerous studies. For example, seminal results in [51] showed, using weakly coupled oscilla-
tor analysis, how the intrinsic properties of the neurons impact their synchronization proper-
ties. It was also shown that the macroscopic oscillation can be shaped by the ISI distribution of
single cells [32]. These single cell properties are well documented to be reflected in the hazard
function or the ISI distribution [34, 46] and hence a link can be drawn between these and
global synchronization of such diverse neurons, see for instance [35] for the role of adaptation.

The phase equation and emerging locking modes

We now illustrate how the PRC can be used to investigate the dynamical emergence of phase
locking states between oscillatory spiking circuits. Such an analysis relies on the assumption
that synaptic interactions across networks remain sufficiently weak and that the connection
between circuits is fully symmetric. Such an assumption, which guarantees that the perturbed
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exp(WH(r — Tyepe(r — Trep)s Lext = 2.5 mV, Ty = 6 ms, 7, = 10 ms, ;=4 mV.ms, € = 3 and At = 0.05 ms. B-E-H) S(h, r) = exp(h)H(r — T,y) tanh(exp(h)(r
= Trep), Loxs = 2.5 mV, Ty = 5 ms, 7= 10 ms, J; = 3 mV.ms and At = 0.05 ms. C-F-I) S(h, r) = exp(h)H(r — T ) tanh(exp(h)(r — Trep) (1 + & cos(wr)), Ly
=2.5mV, Tyep= 10 ms, 7,= 3 ms, 7= 5 ms, ] = 15 mV.ms,e = 3,w = 1 and At = 0.05 ms. On panels A-B-C) and D-E-F) the hazard rate function and
corresponding ISI densities are plotted for h = I,,.

https://doi.org/10.1371/journal.pcbi.1010363.9004

macroscopic oscillations remain close to the unperturbed oscillation, allows us to place our
study within the framework of weakly coupled oscillators [2, 3]. We emphasize that within
each circuit, neurons are not weakly coupled. The assumption of weak coupling is only made
upon the projection across circuits. Within the weakly coupled framework, see [2, 3] for
instance, the bidirectionally delayed-coupled neural circuits reduce to a single phase equation
(see Method for details):

d 0(t) = G(0

5 0(0) = G(0(1)),

where 0(t) is the phase lag—or the phase difference—between circuits and the G-function the
odd part of the shifted interaction function (see [2, 3]):

G(0)=H(0—d)—H(-0—4d).
Here d is the conduction delay between circuits and the interaction function H is given by:

HO) = £ /O TZ,(S)A(S—G) ds

T

where T is the oscillation period, £G; denotes the connectivity strength between circuits, see
Fig 5, and the activity A(¢) in the equation is defined as the activity of one isolated circuit along
the oscillatory cycle. Note that the coefficient € is here to emphasize the weak coupling across
circuits.

Studying the emergence of a particular locking mode can be done by looking at the zeros of
the G-function. Each zero of the G-function corresponds to a steady state phase lag and its sta-
bility can be assessed by looking at the sign of the derivative: zero crossings with a negative
slope give stable phase-lags.

In Fig 5A, we display the two quantities of importance to compute the interaction function:
one period of the activity and the mPRC obtained via the adjoint method. In Fig 5B we plot
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Fig 5. Locking modes of interacting circuits. Top panel: illustration of the two circuits in interaction, £G; represents the coupling
strength across networks, J; represents the internal coupling strength, d represents the delay across circuits. A) The panel displays one
period of the activity as well as the mPRC. B) The G-function for different parameter values of the delay, dark/light colors correspond to
small/large delay. C) Zeros of the G-function for different parameter values of the delays. The circles are filled for stable fixed point and
empty for the unstable points. D-E-F) Raster plot of the spiking activity of the two neural networks, black dots indicate the spike timing
of the first network, coloured dots indicate the spike timing of the second network. Parameters: S(h, r) = exp(h)H(r — T,p) (1 — exp(—(r -
Tref) 17))s Iext = 2 mV, Tyop= 10 ms, 7,= 10 ms, 7= 5 ms, J; = 15 mV.ms, N = 5000 G; = 0.2 mV.ms, At = 0.005 ms for all the panels and D)
d=0.5ms,E)d=25ms,F)d=4.5ms.

https://doi.org/10.1371/journal.pcbi.1010363.9g005
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Fig 6. Locking modes of interacting circuits for different ISI densities. A-C) The G-function for different parameter values of the delay. D-E) Zeros of the G-
function for different parameter values of the delays. The circles are filled for stable fixed point and empty for the unstable points. Parameters: A-D) S(h, r) = exp
(WH(r = Tyope(r = Trep)s Lext = 2.5 mV, Trp= 6 ms, 7,= 10 ms, J; =4 mV.ms, € = 3 and At = 0.05 ms. B-E) S(h, r) = exp(h)H(r — T,y tanh(exp(h)(r = Tre)), Lo = 2.5
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https://doi.org/10.1371/journal.pcbi.1010363.9006

the resulting G-functions for different values of delay. To get a better understanding, we con-
struct the corresponding bifurcation diagram (Fig 5C) which shows the phase mode positions
with respect to delay across circuits. While the stability of the in-phase mode is kept for small
delays, for larger transmission delays, a switch of stability takes place allowing the emergence
of a whole possibility of phase lags, eventually for large enough delay anti-phase solutions
become stable. In Fig 5D-5F we validate this theoretical prediction by showing rasters of the
spiking circuits that reflects the modulation of the emerging phase lag by the delay.

In Fig 6, we illustrate how the phase transition is modulated when changing the ISI density
of single cells, that is, the individual dynamical feature. It shows how single neuron dynamics
(hazard rate/ISI densities) influence macroscopic synchronization properties of connected

networks.

Complementary approach for conductance-based models

In this section, we remind the reader of another use of the renewal framework in Computa-
tional Neuroscience. In the seminal work [44], the authors have constructed a particularly rele-
vant mapping between voltage-based models and the renewal equation at the core of this
paper, see also [48] for a recent review. For instance, starting with the leaky integrate-and-fire
model, see [52]:
dv

CE =—G(v—=V,)+h(t) +an(t),
together with a threshold V7 and a reset V, to account for the emission of an action potential.
Here h(#) is the total stimulus, C is the capacitance, G, the conductance, V7, the reversal poten-
tial, and o the scaling of the white noise 7. The authors have shown that this is equivalent to the

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1010363  August 1, 2022 12/31


https://doi.org/10.1371/journal.pcbi.1010363.g006
https://doi.org/10.1371/journal.pcbi.1010363

PLOS COMPUTATIONAL BIOLOGY Macroscopic Phase-Resetting Curves

formulation (see [52]):

O qlt,r) + oralt.r) = ~S(ult, ), (e, )a(t.n),

where u(t, r) is given by
C 2u(t r) +gu(t r) | = —=G(u(t,r) — V) + h(t)
ot or B ’ ¢ '
The boundary conditions of the two partial differential equations are given by
+00
60 = [ S(ult,n), it )g(e.r) dr,
0

and for u, it is given by
u(t,0)=V,.

The hazard rate function S has been computed for different models, see [48] for a review. It
would therefore be extremely interesting to see how to extract the mPRC, that is, to compute
the adjoint equation. Of course, simulations would have to be performed to see how the theo-
retical result compares with simulations. While a full treatment for two coupled partial differ-
ential equations is beyond the scope of this paper, our initial computations seem to carry out
smoothly: in the appendix we lay out a pathway to compute the adjoint for this description.

Discussion

Rhythms are ubiquitous in the nervous system e.g., across the cortex as well as within the spi-
nal cord [10]. They reflect synchronized spiking activity of neurons and are classified in fre-
quency bands: delta (0.5-4 Hz), theta (4-10 Hz), alpha (8-12 Hz), beta (10-30 Hz) and
gamma (30-100 Hz). Brain oscillations are known to be involved in numerous functions such
as perception, motor coordination and cognition. Excess or deficit in oscillations or synchrony
may lead to neurological disorders. To better understand the informational properties of neu-
ral oscillations, recent experimental studies have made use of numerically compiled neural
population PRCs [53] to show how the brain rhythms react to inputs.

Previous efforts to go beyond these numerical compilations to population PRCs required
restrictions on the neuronal models used [13]. Notably, in our previous work we computed
macroscopic PRCs for exact reduced networks [5, 13] semi-analytically, but this required the
single cells to be modelled by the quadratic-integrate-and-fire neurons with Lorentzian hetero-
geneity. Adjoint methods for wider classes of networks has been an outstanding question to be
resolved.

Another recently developed approach deals also with computing phase response curves for
infinite dimensional equations, in particular, for drift diffusion systems [12], see also [3] for a
review on the subject of drift diffusion and reaction diffusion. However, in neural context, this
method is limited in application to diffusion systems with periodic boundary conditions, and
therefore allows, once again, to treat only the quadratic integrate-and-fire neuron model with
threshold and reset at infinity. Our approach has the advantage to be more general and allows
to treat in theory any neuron model belonging to the class of renewal processes.

In this computational methods paper, we develop a theoretical framework to compute the
PRC of emergent macroscopic network-wide oscillations in population models described by
refractory density equations. Our methodology, here applied to spiking networks of excitatory
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cells, provides a path to study the links between microscopic cellular excitability properties, the
network coupling and the informational properties of the emerging brain rhythms.

Interestingly, recent studies have shown that the refractory framework, known as the von
Foerster framework in Mathematical Biology [25], is powerful enough to entail many cell type
dynamics. Such a generality of the refractory density approach relies on the quasi-renewal
approximation [47]. This approximation was first introduced to include adaptation due to cal-
cium entry after spikes and neurotransmitter release acting over larger time scales. A recent
study has shown that quasi-renewal approximation permits the transition from General Linear
Model (GLM) to the escape rate function [54]. GLM point-processes being able to encapsulate
the dynamical aspects of most single cell types [46], the refractory density equation can serve
as paradigmatic model to describe general network activity. Therefore, the methodology pre-
sented here can be applied to a wide variety of network models and architectures (see Methods
for the generalization of our results to excitatory-inhibitory networks).

Importantly, as we just mentioned, our method is general enough to entail many cell types.
Indeed, having the expression of the ISI distribution is sufficient to determine the hazard rate
function and from there apply our theoretical finding to extract the mPRC. However, numeri-
cal simulations can be tricky and unstable. Let us emphasize that the difficulty is numerical
and not theoretical, and therefore our approach is currently limited to neural dynamics having
a closed form expression of the hazard rate function. Another current limitation is the simple
architecture of the network. Although it is possible to compute the mPRC for an E-I network
(see Method), it results in a system of two coupled partial differential equations which might
be hard to solve numerically.

To illustrate our theoretical finding, we have studied the macroscopic phase-locking
behaviour between two oscillatory circuits. Within the weakly coupled oscillator framework
[3], we have illustrated how the mPRC allows us to construct a bifurcation diagram predicting
locking modes between circuits depending on relevant parameters such as synaptic delay,
connectivity, etc. Further applications could initiate further studies and benefit our under-
standing of brain oscillations. For instance, PRC can serve the study of entertainment to peri-
odic inputs, coding and information transfer [6, 55, 56]; or, expanding on our previous work
[5], to study the impact of cellular properties on the different phase-locking patterns underly-
ing directed signaling and functional connectivity in single and intercoupled oscillatory net-
works [57-61].

We believe that our approach can be applied widely to intercoupled networks with individ-
ual elements whose complexity can be incorporated into the mean-field continuity equations
(e.g. cell proliferation [20-22], population dynamics [23, 24], epidemiological models [17-
19]). The von-Foerster equation at the core of this paper is indeed a paradigmatic approach
employed to study the population dynamics in many different contexts in Computational and
Mathematical Biology [26-28].

Methods

In the subsequent sections, we present the extended details yielding to the derivations of the
framework introduced in the main text. The Method section is structured as follows: we
remind the refractory density equation. Then give the expression the steady states and its sta-
bility properties are discussed. Next, we derive the main result: the adjoint equation giving
access to the infinitesimal phase resetting curve of the network. The normalisation condition is
presented. Numerical details about the procedure of to solve the adjoint equations are given.
We finish describing the extension of our results to excitatory-inhibitory networks.
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Mean-field description

Denoting q(t, r) the probability density for a neuron to have at time t an age r, the refractory
density profile evolves according to the continuity equation:

9 q(t1)+ 5 qlt,r) = ~S(h(0) Ma(t, ). (5

The function S(h(%), r) is the escape rate which reflects the individual properties of neurons.
The total input current h(t) is given by

h(t) = Iext(t) + Is(t)7
where I,,, is the external current and I the synaptic current:
I(t) = J k= A(r).

Here J; is the synaptic efficiency, A(f) the firing activity defined as
400
Aw = [ s ngter)ar,
0

and « the normalized synaptic filter

with 7 the synaptic decay.
The mean-field Eq (8) is endowed with a boundary condition:

q(t,0) = A(t).

Steady state

The asynchronous state can be computed as the time independent solution of the refractory
density equation. Let us denote g.,(r) the steady state, and A, the mean firing rate. We have
the following equation

%qw(r) = —S(h,1)q,(r),

where we have noted
hOC = IGX[ + ]SAOO'
The equation can be integrated and gives us

i S(hao,s) ds

0. (1) = Ae b,
where we have used the natural boundary condition
2..(0) = A.

Finally, the asynchronous mean firing rate can be computed using the conservation property
of the neural network
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and we get

A;} :/ e—j; S(hyo,s) ds dl’,
0

Note that the mean firing rate is only implicitly given since /., does depends on A.
With our choices of functions

S(hoo7 r) = ehmH(r - Tref)7
we can push further the computation, and after algebraic manipulations, we find that the
mean firing activity A, is solution of the nonlinear equation

Ay = (T + el )™ ©)

which can be solved numerically.

Stability analysis

To study the stability of the asynchronous state, one needs the eigenvalues of the differential
operator once a linearization around the steady state has been performed. We therefore con-
sider a small perturbation and write the solution in the form

q(t,1) = q..(r) + 4, (t,7) + O(e?), A(t) = A + €A (1) + O(&).
Plugging these expressions into Eq (8)—keeping the first order terms only—yields the partial
differential equation

0 0 oS
51 (67) + o (1) = =S(hee, 1)a (1) = Jo g (hoe, 1) (1)K % A, (B),

and for the activity

+00 68

a0 = [ shonatnd e [ a0

0

Since we are interested in the long term behavior of the perturbation we express the perturba-
tion in eigenvalue mode

q,(t,r) = e'q,(r), A,(t) =€"A,.
After algebraic manipulations, we get that the perturbation obeys to

ML)+, (r) = (S )+ 204,(1) — A, o0 (b P ()R ),

where we have introduced % the Laplace transform k:
k(\) = / K(s)exp (—As) ds,
0
and for the activity

w1150 [ R hnanrar) = [ st
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Integrating this solution with the variation of constants method, we get
[ s s ~ " oS [ s s
0 = A B A k) [T e e B as
0
which implies

+00
| stongar
0
+o0 r .
B _]SAl’%<k)/ $(hocr %) / 2 (e M. (e S0 aear
0 0

+00 r )
+4, / Sl re oSt gy,
0

and we finally arrive on the equation

400 r
- / S(h, r)eifo Sl gy — 0.
0

We therefore write down the characteristic equation of the eigenvalues as

+o0 as

+00 "
CO‘) =1- ]JAC(}\) % (l’loc, T)qoc (7‘) dr — / S(h007 r)e7 fu Slhiog )42 ds dr
0 0

"0S

+oo r
RO / Sthesr) [ 53 (s () Jo SOt g gy
0 0

With the special choice

S(hy,r) = e"~H(r = T,),

we can push further the computation, and after algebraic manipulations, we find:
COL) = — JAR(N)A,, + e~ — =T,

The bifurcation line, which separates an oscillatory dynamic from an asynchronous regime,
can be obtained numerically by solving

C(iw) = 0.

The adjoint equation
To compute the PRC, we first rewrite the synaptic filtering as a differential equation. Having

e—t/t).

I(t) =Jx=A(t), x(t) = o

s
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is equivalent as having:

d
rsals(t) = —I(t) + JA(t).

We then assume that there is a stable oscillatory solution (q,, I, ) of period T for the mean-
field equation. Considering a small perturbation around the stable solution, we write
q(t,r) = q,(t,r) +eq,(t,r) + Oe), (1) = I () + &L (1) + O(&*).

Plugging these expressions and only keeping the first order term, we get that the perturbation
obeys to the following set of equations

O )+ (6r) = —S(h, (0, )gy (1.7) — 0 (h, (1), P, (), (1),

where

and for the activity

08

a0 = [ st0ge0d+ 10 [ 00000 d

0 0

the boundary condition follows as
q,(1,0) = A, (1),

with
d 1 =-I A
Ts_lf sp(t) - sp(t) +]s p(t)

Now, we can define a bilinear form as

q, b +oo
<< )7 ( >§t> = / q,(t,7)qy(t, ) dr + L (t)L,(¢).
I I 0

Different approaches exist to compute the PRC. These have been previously reviewed and
the interested reader can look at the textbook [56] as well as at the review on experimental
approaches to PRC measurement [62]. The PRC can be computed using a singular perturba-
tion approach or a more geometrical approach relying on isochrons, see [56]. Whereas each
approach has its own advantage, both of them are difficult to generalize when it comes to par-
tial differential equations. Interestingly, a very simple method has been proposed relying only
on dot products and algebraic computations [9], see also [56] for a review regarding the three
different approaches. Namely, we use the fact that the asymptotic phase to an infinitesimal per-

turbation
Z, 9p
z, )\,

is independent of time for small perturbation g,, I, We recommend the reader to look at [9,
56] for a mathematical justification. Therefore the PRC (Z,, Z;) would be given by the
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(WINER

Developing the first term we get that

following property

d +00

+0o0 8 a
7 i Z,(t,r)q,(t,r)dr = /0 q,(t,r) an(t, r)+Z,(t,1) aqp(t, r) dr,

and plugging the expression of 7, g, (, r) inside the equation, we obtain

d +oo
E/o Zq(t, r)qp(l‘7 r)dr

— /0 qu(t, r) (%qp(t, r) — S(h,(t),7)q,(t, 1) — g(ko(t), r)q,(t, r)Isp(t)) dr

+o0 8
+/0 qp(t, r)EZq(t, r) dr,

developing the terms lead to

d +00
7 i Z,(t,r)q,(t,r)dr

+oo a +00
= [ ztngaend- [ zenshong6n0d

+0oo 85 +oo a
1,0 [ zen gm0 [ g0 5z
0 0

Applying an integration by parts we get

+00 8 N +oo 8
/ Zq(t7 1’) _qp(t’ r) dr = [Zq(t7 r)qp(t7 r)]oJr - / _Zq(ta r)qp(t7 7’) dr
0 or 0 or
+00 a
— 2,0 t0) - [ Sz ngndr

- _Zq(t70)Ap(t)—/0 oc%Zq(t,r)qp(t,r)dr.

Therefore we have

d +0o0 +00 a
G| ztngena=zeoam+ [ Lzengend

_/0 "2, (1)S(h,(£),7)a, (1. 7) dr

1,0 [z tnands [ g gz
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which is equivalent to

%/0 OOZq(l‘,r)qp(l‘,r) drz/U OC(%Zq(l‘,r)—|—%Zq(l‘,r)—S(l/to(t),r)Zq(l‘,r)>qp(t,r)dr

+2(004,0) < 1,0) [ 2,60 5 00, 0a (e dr

We now develop the second term

& [z,0n,0] =1,0 52,0+ 2,00 51 )

and recalling the fact that

we obtain

Now, putting everything together

Zq qp +00
%< ( ) , §t> = %/U Z,(t,r)q,(t,r) dr—i—% {le(t)lsp(t)}7

z.) \1

p

which gives

d “ ” it /HO(BZ(t r)+gZ (t,r) — S(h,(t),r)Z (t r)) (t,r)dr
dt ZIS’I’_O ot or 1 o\ )20 T) [T

Sp

+2,(04,0 1,0 [ 2,00 5 (0.0)a. (0 )

(092,00 - 22,01, (0+ 2 2,04,0)

We now use the fact that

a0 = [ sthOngendr+,0 [ G0N0

0

we obtain

[ (Gaten + gaten -s0,0.0 (400 - 2060 - 22,0) Ja o)

N

5,0(550-120- [ (400-200-L2,0) Zoonwena) <o

T

s
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Since this is true for every perturbation, the PRC must solve

—%Zq(t, r) —%Zq(t7 r) = =S(h,(t),r) [Zq(t, r)—Z,(t,0) — i—iZIS(t)], (10)
and
Ga0==22,0- [ 200 -260-L2,0| G 00 N0 )

Normalization condition

The adjoint equation being linear, its solution is unique under a normalization condition. In
what follows we check that

—1
dt
The computations that follow give rise to long mathematical expressions. We thus drop the

function variables. After algebraic manipulations, we find that the above condition is equiva-
lent to

0

atsdro ") e\ ort

d_o( 1 . \_
+&Z,Sa(—r—lsg —I—T—Aa) = 0.

N N

o, _ 0 d_ d <o _ 0 0
&anqodr—l——Z —I + V4 (—— D_SD%) dr

where we have introduced the new notations:

+00
A= [ sadr s=st0.0).
0

Now developing, we get

9, 0 0
i T <_Eqa - Saqo> dr

+00
_ az( 99 o 0, d)

—z(-=2q, -8 —q,— |
Lo\ araede T 2ol T ap do g

<99 _ 0 0 0s, d o 1
- 0 aazqaqo_zqso&qa_Zq%qoalsu dr — {anq0:|o

<99 0 o as, d d
_ 27 -q—28—q —Z —2q—1 dr+Z(t,0)—A
, Otor 1100 #0205 90 ~ Zagp G gyt T q(’o)dt

0*

We now use the fact that

d ™~ 9 >0s, d
ZA = S, —q.d “q. 21 d
e /0 e N R Tl et
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Using this expression, we get that

o, _ 0 0 d_ d 1 J;
/0 (%ant<8rq“8”q”> dT+dZ dt( _EISOJrTAO)

s s

00 a (9 ]s
Eé%q(m%&4+4@®&fﬁjgm

d a8, ],
+EI" <le/rs -] q, [Zq —Z,(t,0) — T—le} dr).

N

Putting everything together, we arrive to

d e 9 d
E|:/0\ Zqqudr‘i’ZI di :|
J.

+o0 a a a s
=/ 5 1 (6th+8 Z, - SUZq+Zq(t,O)SG+T_SOZIS> dr

N

d d 98, J.
—IL | =Z —Z - Z —Z(t,0)—=Z |dr|.
+dt So (dt I IS/TS /0 ah qo|: q q( 70) TS IS:| r)

We now remind that the adjoint system is given by

0 0 J,
_Ezq - Ezq =-=8,2,+Z,(t,0)S, + r_ss"Z’s’

and

d 08, J,
_aZIS - ZIS/TS - /0 oh 9, |:Zq - Zq(t7 0) - ‘E IS:| d?’,

we therefore arrive to

d o d
— Z —q,dr+Z7Z =0.
dt[/0 TR T ] 0

The mPRC will be the unique solution satisfying the normalization condition:

t 9 d 2n
A TR R e

where T is nothing but the period of the oscillation.

Numerical procedure

The mean-field Eq (8) can be readily integrated. We denote
r,=jAt, Vj >0, t, = nAt, Vn >0,
the discretization space/time variables, and
g =aq(t",r), §=S(k"1),
W=h(t"), I =L, (8) L= 1(t"),

the corresponding solution at the discretized points. Although theoretically r € [0, co), for
numerical purposes we need to truncate r. We have observed that the numerical methodology
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works as long as we truncate r at a value r,,,,, large enough such that the whole population has
produced a spike so g(t, r) — 0 for r > 7,,,.. We have observed 7,,,, = 1.25T to be a good
estimate.

Considering the initial state to be given, the mean-field Eq (8) can be numerically solved
along the characteristic curves. On the characteristics, the dynamics reduce to a nonlinear dif-
ferential equation that can be integrated with the following first order numerical scheme:

a4\ = q; — AtS/q]
L = I+ At(=L /7 + T A7)

n+l An+1

q;
n+l __ n+1 n+1
AT = Atkz:Sj q;
>1

hn+l — In+l + IVI+1'

ext

The proposed numerical scheme (12) is thus well defined and produces results in excellent
agreement with simulations of the full network.

Using procedure (12) we find solutions of period T = MAt for the mean mean-field Eq (8)
which we denote as g(t,r) and I (¢, r). Next, we use the solutions (¢, r) and I (¢, r) for solving
the adjoint system (10) and (11).

Since the solution of the adjoint equation has an opposite stability with respect to the
mean-field, we must integrate it backwards in time. We denote

Z;J ::Zq(l’n,rj)7 Zz ::ZIS(tn)y — S(E"7}’])

Qn
J

=8 i), i =1 1

; 6h ext
Considering the end state to be given, the adjoint system (10) and (11) can be once again
numerically solved along the characteristic curves. On the characteristics, the dynamics of the
adjoint system (10) and (11) reduce to a linear differential equation that can be integrated with
the following backward first order numerical scheme:

n—1 __ r7n Qnlrzn n n
Z‘fj—l - Zﬂj - AtSj [Zq] - qu - ]sZIS/Ts}

Znt =270 for I = max(j) (13)

q-1

Zit =7y — AW(Zp [t + > OSiZE — 78— .Z¢ [T gAY

k>1

The proposed numerical scheme (13) is once again well defined and produces T periodic
solutions Z ,(t,r) and Z ,(t) matching the PRC obtained by the direct perturbation method
(see the main text). Next, we remark some numerical recipes which enhance the stability (and
thus the convergence) of the procedure in (13). First, we iterate the scheme (13) over the peri-
odic solutions g(t,r) and I (¢, r) (recall g;*™ = g/). We also recommend computing the inte-
gralin (11) (that is, the sum for ZI”S’1 in (13)) by using precise integration routines such as the
trapezoidal rule or the Simpson’s method. Finally, since the procedure in (13) is based on back-
wards integration, it does not provide the value of Z,(t,, ;) at r = max(r;). This value can be
obtained by simple extrapolation (as we propose in (13)) or by using accurate extrapolation
routines taking into account a larger set of values of Z,(t,,, ;). We remark that, although the
smaller the At value the higher the accuracy of solutions, the usage of the above mentioned rec-
ipes generates very precise results for time steps At ~ 0.005. We also remark that the procedure

on (13) relies on the periodic solutions y(¢,7) = {g(¢,7),I,(¢)} obtained from (12). To ensure
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stability of (13), it is necessary to consider integration times large enough so the periodic solu-
tions y(t, r) are accurate enough (that is, ||y(t, ) — y(t + T, r)|| ~ 0, with ||-|| the Euclidian
norm).

Coupled networks and the phase equation

Considering two bidirectionally delayed coupled networks where the coupling is made via
long projections from one network to another, the whole system reduces to a set of coupled
partial differential equation. For the first network, we have

9 oy = S0, (1), g,
and
O ot oy = =S (0) g,
The boundary conditions are given by
q,(1,0) = A, (1) = [, S(hy(t),r)q (¢, 7) dr,
and
0(£,0) = A,(t) = [ S(hy (1), r)ay(t, 1) dr.
The total input current is still given by

h =1

ext

+1, hy=1

ext

+1

59
the synaptic current I(f) is computed as

© 9L (0 = 1,0+ A (1) + G AL~ d),

and

rS%Isz(t) = I (t) + JAy(t) + eGA,(t — d).

Here G, denotes the connectivity strength across circuits, the parameter £ emphasises the weak
coupling assumption, and the parameter d is the conduction delay between the two networks.
Assuming that the two networks are oscillating and placing our study within the framework of
weakly coupled oscillators, that is, if we assume that

e << 1,
we can reduce the bidirectionally delayed-coupled neural circuits description to a single phase
equation:

d
20(t) = G(0(1).

Here 0(t) is the phase difference (or phase lag) between the circuits and the G-function is the
odd part of the shifted interaction function (the H-function), see [56] for instance:

G(0) = H(0 — d) — H(—0 — d),

with d, the time delay between the two circuits. In our case, the interaction function is
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mathematically described as

where T is the oscillation period.

Excitatory-inhibitory network

In the thermodynamic limit the network description of a pair of excitatory-inhibitory popula-
tions reduces to a set of coupled partial differential equations. Denoting g.(t, r) the probability
density for a excitatory neuron to have at time ¢ an age r, and g(t, r) for the inhibitory popula-
tion, the evolution of the density profiles evolve according to the continuity equations:

0 0
aqe + ch - _Se(he(t)7 r)qe7
and
0 0
aqi + 5%’ = _Si(hi(t)7 ")qz"
The boundary conditions are given by
+o00
a(t0) =40 = [ (0. dr
0
and
“+o00
at0 =40 = [ St dr
0

The total input current is still given by

he = str + Ise7 hi - Iéxt + Isi7
the synaptic current I (f) is computed as

ISZ =] kxA, -] KxA, Iva =J Kk*xA, —Jx*xA,.

We can now define the corresponding bi-linear form:

9., 4.,
I I +00 +o00
€1 2 . —
Q» ) q ’ t - /(; qel qu df + Iellez + /[J qil qi2 dT' + Iilli«_)'
i iy
L

i ia

Assuming to be known the periodic solution, (q, ,I, ) and (g, ,I, ), computations similar to

what is presented within the adjoint section, we find that the PRC must solves:

0 0

Je, )
— 2, — 52, = =S.(h,(1),1) {zqe ~Z,(£,0) —

=7, +=Z |,

s s
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and
d 1 o J.. 108,
I A B LA A R A RO
+oo
J.. 108,
_/ {zqi = 2,00+ 27 }ah (h, (£),7)q, dr.
0
similarly
d ) Jie Ji
_§Zqi — EZ%_ = —Si(hin(t),r) |:Z‘1i — Zq,-(t’ O) _’(_SZISE +‘C_SZISI:|’
and
d 1 +oa J.. 108,
b=t _/0 {zqe 2,(t,0) -2, }8}1 (h, (1), 1)q, dr

+00 ]” 88
_/0 {Zqi—Zqi(t,O) Gz, }Gh (h, (£),r)q, dr.

Incoming perturbation should get through the synapse, Z, should be interpreted as the mPRC
of the macroscopic oscillation. Two PRCs can therefore be defined Z, and Z, at the same
time. The PRC defined by Z; corresponds to excitatory input arriving upon tile E-cells, while
lei corresponds to excitatoryc input arriving upon the I-cells.

The normalisation condition is now given by:

g d g d, _om
7z 21 Z n
/U Za g9 9 + 21, 511, +/ w2, L, =

with again T the oscillation period.

Complementary approach for conductance-based models

In this section, we recall another framework in use in Computational Neuroscience. In [44],
the authors have constructed a mapping between voltage-based models and the von Foerster
equation. For instance, starting withe the integrate-and-fire model, see [52]:

C% =—G(v—V,) +h(t) + an(t),

together with a threshold Vrand a reset V, to account for an action potential. Here h(t) is the
stimulus, C, the capacitance, G, the conductance, V7, the reversal potential, and o, the scaling
of the white noise 7. It has been shown that this is equivalent to the following equations [52]:

0 0 .
8t (t T) +5q(tv 7’) = _S(u(t> r)au(tv F))q(t, 7’),
where u(t, r) is given by
C 0 0 =-G V) +h
<au(t, r) —I—Eu(t, r)) = —G(u(t,r) = V,) + h(s).

The boundary conditions of the two partial differential equations are given by

q(£,0) = [;7 S(u(t, 1), i(t,r)q(t, r) dr,
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and for u, it is given by

u(t,0) =V,

Defining the corresponding bi-linear form:

q Z,
+oo +oo
I, Z |;t :/ qudr—&—IZI—F/ uz, dr,
0 0
u Z

u

and assuming to be known the periodic solution, (q,, I, , u,), computations similar to what is

07 o

presented within the adjoint section, we find that the mPRC must solves:

0 0 J
—an - EZ" = =S, {Zq — Zq(t7 0) — TSZI“}’
and
0 0 G GOS, oS, ]
_EZ" _EZ” = _EZ“ + {E%% —%qo] [Zq — Zq(t,O) — r_SZI‘}’
and

d 1 er 1 ] oS 1
Sy A ZZ —=Z(t,0)—=Z, | =2q, —=Z,d
dt I8 TS I /0\ |:C q C q(? ) TS 15:| au qo C u r,

where we have used the notation:
So = S(”o(tﬂ r)? uo(t’ r))

Incoming perturbation should get through the synapse, Z, should be interpreted as the mPRC
of the macroscopic oscillation. The normalisation condition is now given by:

<0 d 0 2n
Z —qdr+27, —I Z,—u,dr =—
/0\ qatqa V+ Isdt sﬂ+/0 uatuo r TJ

with again T the oscillation period.

Supporting information

S1 Python script. Python script to compute the solution of the mean-field equation and its
associated adjoint.
(Z1P)
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