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GRAPHICAL ABSTRACT

The frequency bifurcation in the fractional-order inductive power transfer system with series-series compensation topology is analyzed, in which the
working range and transfer characteristics of the conventional inductive power transfer system can be improved by adjusting the fractional order.
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solutions of frequency bifurcation equation are solved by using Taylor expansion method. By analyzing
the three bifurcation frequencies solved, it can be found that the frequency bifurcation phenomenon
can be effectively eliminated by controlling the fractional order, and the boundary of critical distance
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and critical load is reduced, thereby expanding the working range of the conventional inductive power
transfer (IPT) system. Furthermore, the output power and transfer efficiency at the three bifurcation fre-
quencies are analyzed, it can be observed that the output power and transfer efficiency at the high bifur-
cation frequency and low bifurcation frequency are close and basically keep constant against the
variation of transfer distance, and the output power is obviously higher than that at the intrinsic fre-
quency. In addition, the output power at the three bifurcation frequencies can be significantly improved
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by adjusting the fractional order. Finally, the experimental prototype of FOIPT is built, and the experi-

mental results verify the validity of theoretical analysis.

© 2020 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

Fractional calculus was born as early as 300 years ago, dating
back to the Leibniz’s note in his letter to L'Hospital [1]. For three
centuries, the theory of fractional calculus developed mainly as a
pure mathematical theory. However, during the last five decades,
fractional calculus is present in the field of electrical engineering,
including circuit theory [2], chaotic system [3] and control system
[4], etc. In the fractional-order (FO) circuit analysis, the impedance
properties of FO RLg and RC,, circuit were studied in [5,6], the step
and square wave responses of the FO RC,, circuit were studied in
[7], resonance phenomena of FO RLyC,, circuit was analyzed in [8]
where the quality factor and resonance frequency of the circuit
can be adjusted freely, and a generalized method of solving tran-
sient states of RLgCy circuit was described in [9]. In the FO compo-
nents, the generalized concept of fractional-order mutual
inductance (FOMI) was proposed in [10], in which a special case
that the orders of primary and secondary side are equal are ana-
lyzed and the equivalent T-model of FOMI was presented. In addi-
tion, the construction and implementation of FO inductors and
capacitors are investigated in [11-16], the finite element approxi-
mation method of using RL or RC ladder structures to approximat-
ing the impedances of FO elements is the most common [11], but
the fractional order is less than 1 and the different fractional orders
require to change all the parameters of circuit. The research on the
construction of fractional-order capacitors (FOC) is especially
abundant, including the realization of FOC based on electrochem-
istry theory [12], standard silicon process [13], the combination
operational amplifiers and passive elements [14,15], and power
electronic converter [16], in which the most valuable for engineer-
ing applications is the use of power electronic converter to realize
the high power FOC with order greater than 1.

Moreover, wireless power transfer (WPT) technology has
attracted more attention both in academia and industry in recent
years. However, the modeling and characteristic analysis of the
conventional WPT system are based on integer-order inductance
and capacitance elements, its inherent problems, such as medium
distance but high resonant frequency and low output power, etc.,
have prevented the WPT technology from being fully commercial-
ized and civilianized, thus, it is great significance to explore the
novel WPT. In fact, the ideal integer-order inductors and capacitors
do not exist [17,18], the orders of most inductors and capacitors in
the practical application are close to 1, so their fractional-order
characteristics are neglected. Inspired by the above statement,
the fractional-order wireless power transfer (FOWPT) have
emerged [19]. The circuit model was established in [20], and the
output power, transfer efficiency and resonant frequency were
analyzed, it is proved that FOWPT system has better transfer per-
formance and greater design freedom. Meanwhile, the fractional
coupled model of FOWPT system was presented based on
coupled-mode theory [21], which provides a valuable tool for the
analysis of FOWPT system, constant current output that is inde-
pendent of load was achieved [22]| and a FOWPT insensitive to res-
onant frequency was proposed [23]. However, there is no literature
on the study of reactive compensation, frequency bifurcation and
transfer characteristics of FOIPT system.

Frequency bifurcation occurs under certain conditions, such as
misalignment (coupling coefficient changes), load changes, etc.,
which is one of the most important characteristics of the

traditional IPT system and adversely affects the efficient and stable
operation of the system [24]. In the FOIPT system composed of
fractional-order elements, there may be more unique and novel
properties and associated dynamics. Therefore, to better under-
stand the merit of the FOIPT system, it is extremely important to
study the frequency bifurcation and transfer characteristics of
the FOIPT system to achieve an efficient power transfer.

In this paper, the frequency bifurcation phenomenon and
transfer characteristics of FOIPT system were first proposed and
analyzed, which provides a preliminary theoretical basis for the
further development and application of FOIPT system. In
Section ‘System structure and circuit model’, based on fractional
calculus and circuit theory, the circuit model of FOIPT system
was established, and the general expressions of output power
and transfer efficiency were given. In Section ‘Frequency bifurca-
tion and transfer characteristics’, the bifurcation frequency
analytical solutions are first solved by Taylor expansion, which is
beneficial to visually distinguish the three bifurcation frequencies
and determine the bifurcation conditions. Then, the frequency
bifurcation properties and transfer characteristics are analyzed
in detail, which provides a theoretical basis for the good under-
standing and design of FOIPT system. Section ‘Experimental
verification’ gives the results of experimental verification and
Section ‘Conclusions’ elaborates the conclusions.

System structure and circuit model

In order to study the frequency bifurcation phenomena of the
FOIPT system, we consider a series-series compensated configura-
tion, the equivalent circuit diagram is shown in Fig. 1. In general, a
series-series compensated FOIPT consists of an ac power source us,
primary-side circuit, secondary-side circuit and load R.. My is FOMI
with order y€(0,2), which is used to transfer energy between pri-
mary side and secondary side. The primary-side circuit is com-
posed of a fractional-order inductance (FOI) Lg; with order
B1€(0,2), a fractional-order compensated capacitance (FOCC) Cy;
with order o1€(0,2) and an internal resistance R;. The secondary-
side circuit is comprised of a FOI Lg, with order $,<(0,2), a FOCC
Cy2 with order o,€(0,2) and an internal resistance R,.

Based on Kirchhoff’s voltage and current laws, the differential
equations of the FOIPT system can be written as

R

Fig. 1. The equivalent circuit diagram of a series-series compensated FOIPT system.
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Assuming zero initial conditions and applying the Laplace
transform to (1), we have
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where s is Laplace transform operator.
Knowing that s = jw, the impedance of FOIs can be described as
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The impedance of FOMI can be written as
Zmy = (j)’My = Rm_eq +J0OM;_eq
Pl 1 T
= y
chos(z)Jr]w[w M51n<2>] (5)

where the subscript n = 1, 2 represents the primary side and sec-
ondary side, respectively. Rigneq and Ligneq are equivalent
integer-order frequency-dependent resistance and inductance of
the FOIL, Rcuneq and Ccyneq are equivalent integer-order
frequency-dependent resistance and capacitance of the FOCC. Ry_eq
and My _cq are equivalent integer-order frequency-dependent resis-
tance and mutual inductance of the FOMI.

And the input impedance seen by the power source can be
derived as

2
Zyyy

Ry +Ru+Zipp +Zcoa

Zin=Ri+Ziypn +Zcar + (6)

In addition, the currents of primary and secondary circuits can

be obtained as

(Ry + Ru+ Zipp + Zew2) Us
(Rl +Zip + ch) (Rz +R+Zip + ZCaz) + Zﬁ/,y

(7)
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And the output power and transfer efficiency of the system can
be written as
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tom sign function that is used to indicate that the FO elements have
negative resistance characteristics when the order is greater than 1,
which means that their equivalent frequency-dependent resis-
tances do not consume electric energy [16].

where Uy is voltage rms of power source, sn(x) = { is a cus-

Frequency bifurcation and transfer characteristics

At present, the research on FOI is still in its infancy, while the
relization of the FOC with arbitury orders is relatively developed,
therefore, the study of FOIPT system with various fractional orders
2,<(0,2) and constant integer orders 8, = y = 1 is of great signifi-
cance. To simplify the analysis, in this part, only the case of various
fractional order o is discussed. It is noted that the following anal-
ysis method is not only limited to the case of single fractional order
o4, but it can be also applied to the case of multiple fractional-order
parameters, including FOs of FOI and FOML

Frequency bifurcation

Substituting o, = 1 = f2 =y = 1 and (3)-(5) into (6), the input
impedance can be written as
op +1
Zin =Ry + 2 Llcot("‘l") +jol, < “’11—1>
+ ?M? (1 1)

‘yzvl 2 +1
Ry+Ry -2 —Lacot(45) +jwl, 17ﬁ

Here, L, and L, are inductances of the primary and secondary
coils, respectively. M is the mutual inductance. w; and w, are
intrinsic resonant angular frequencies of primary-side RLC, and
secondary-side RLC circuits, which are expressed as [14]

W = {LllCzl sm(a]zn)} (12)
w; = ﬁl_c (13)

Since the frequency bifurcation phenomenon refers to the fact
that the corresponding frequency has multiple values when the
angle between the input AC voltage and current is equal to zero,
that is, the input impedance seen by the AC power source is pure
resistance, which can be described by Im(Z;,,) = 0. Combining with
(11), we can get the bifurcation equation as

» i1 2
(1 _:i,)%: +]> |:R2 + Ry + wiZ LzCOt( ):| +

2752 w1 ! w2 71 2 51212 w2 1 (14)
0] L2<1 —ﬁ) <1 *#) - w’k L2<1 —wzz—_,> =0
where k = M/+/L1L, is coupled coefficient.

By carrying out the first order Taylor expansion, (w;/w)* "'
and (w,/w)™ ! can be approximated as
o + 1
le—&-(a"—o—l)(E—l) (15)

Assuming m; = w, = @y and substituting (15) into (14), we can
get
[(oc1 +1) —%kz]aﬁ —wp [3(0:1 1) —%kz]wz
(16)
+of(en +1) [+ 3]w — wf(en + 1) [ + 1] =0

where Q,;, = Q,Q,/(Q2 + Q) is the loaded quality factor of the sec-
ondary coil, Q; = woLy /R, is the unloaded quality factor of the sec-
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ondary coil, Q; = woL, /Ry is external quality factor of the secondary
coil.
Factoring (16), we can obtain

2
(@ — @) {wz —o(2+ )@ +—833 (2 + 2, +8Q3, +4XkQ§L>} =0
2L

(17)
where y, = k%/ [(oh +1) - %kz].

Therefore, the three angular frequency solutions of (14), which
is referred as bifurcation frequencies, can be solved as

Wy = Wy (18)

1 1 1
Wpy = o []+2XI<+2J(2+AI<) (szQ;L)] (19)

1 1 1
Wy = Wo l1 Tyl z\j 2+ 1) <ch Zleﬂ (20)

According to the requirement that the bifurcation frequencies
are nonnegative, it is possible to obtain that the above bifurcation
frequencies exist if

G ) 21)
114Q%
2oLk
R < Ripe = ———2— R, (22)

2000 +1) — I

where k., which is denoted as the bifurcation coupling coefficient,
represents the value of the coupled coefficient at which frequency
bifurcation occurs. Ry is referred as critical load, which represents
the value of the load at which frequency bifurcation appears.
From (18), (19) and (20), it can be observed that ), depends
only on intrinsic resonant angular frequency of coil, while wpy
and wy,; are a function of the fractional order o4, intrinsic resonant
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Fig. 2. Imaginary components of input impedance versus normalized operating
frequency w/wo under o = {1, 1.02, 1.04, 1.08, 1.1, 1.2, 1.3} and k = 0.32.

60 . .
— Sou — Sfor— [

Bifurcation frequencies f'(kHz)

kbc
Y

)

0.4 0.38 0.36 0.34 032 03
Coupling coefficient &

Fig. 3. Bifurcation frequencies versus coupling coefficient k under oy = {1, 1.02,
1.04,1.08, 1.1, 1.2, 1.3} and R = 3.8 Q.
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1.3} and k = 0.32.

angular frequency wyg, coupled coefficient k and loaded qualify fac-
tor Q1. By controlling o4, the three bifurcation frequencies can
degenerate into one, the frequency bifurcation can be avoided
effectively, as shown in Fig. 2, which is different from the fre-
quency bifurcation phenomenon of the conventional integer-
order IPT system. The values of parameters used in numerical sim-
ulation are L; = 42.3uH, L, = 42uH, wo = 2*1*50 kHz, R, = 0.25 Q,
R, = 0.27 Q, k = 0.32, R, = 3.8 Q, C; = 241.24nF, Cy; varies with
oy according to (12).

According to (21) and (22), it can be noted that both bifurcation
coupling coefficient ky,. and critical load Ry, are determined by the
loaded quality factor Q,; and fractional order ¢4, as shown in Fig. 3
and Fig. 4. With the increase of o, bifurcation coupling coefficient
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kyc increases (or, equivalently, the strong coupling region of occur-
rence of frequency bifurcation become narrower), which indirectly
indicates that the application of FO elements can expand the dis-
tance that the IPT system effectively transfer power. Similarly, as
o4 increases, the values of Ry gradually decreases. When the load
R, is higher than this value, the frequency bifurcation disappears.
In other words, the application of the FO elements can widen the
range of the load compared with the integer-order IPT system. Fur-
thermore, from Fig. 3 and Fig. 4, it can also be seen that three bifur-
cation frequencies degenerate into one as the coupling coefficient k
decreases (or as the load resistance R, increases) under a constant
o4, once k is lower than k. (or R is higher than Ryy), the bifurca-
tion phenomenon disappears and the FOIPT system works at the
intrinsic resonant angular frequency of coil wg, which is similar
to the bifurcation property of the traditional IPT system. Here, f}, =-
wp/(2T), fon = @pu/(27) and fpL = wp/(27). The solid blue line rep-
resents the high bifurcation frequency fyy, the solid black line
represents the low bifurcation frequency fy,, the solid red line rep-
resents the intermediate bifurcation frequency f,,, which is equal to
the intrinsic resonant frequency of coils fo = @wo/(27).
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Let us consider the cases of @ = wy,, wpy Or Wy, substituting

them into (9) and (10), the corresponding output power and trans-
fer efficiency are presented as
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where & =1/Q, + cot(%%) /23, Q; = woly /R, is the intrinsic qual-
ity factor of the primary coil, i, (m = 1, 2 and 3) represents the nor-
malized bifurcation frequency, which is denoted as
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order IPT system.
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From (23) and (24), it can be known that the output power Py
and transfer efficiency # of the system are the functions of the frac-
tional order 4, and the output power is infinite in a certain frac-
tional order o, in which the power source is short-circuited, it is
caused by the negative resistance characteristics of FOCC when
oy > 1, in which case the input impedance is zero, that is, the neg-
ative resistance generated by the FOCC exactly cancels out all the
loss resistances of the system. Taking the case of i, = 4; = 1 as
an example, the specific fractional order o can be derived as

Ql]+ kZQzL)} (26)

If the fractional order «; is fixed, the output power has an infi-
nite value at a special distance, which can be derived by (26), that
is

1 T 1
ko = \/—Q—ucot(§a1> “0.0s (27)

Zarce|(
oy = ——arccot
b

Fig. 7. Experimental prototype of FOIPT system.

Table 1
Experimental parameters.
Parameter Value Parameter Value
Vbe 17.7V L, 42 pH
L, 423 pH G, 241.24 nF
o 1.02 R 027 Q
Ry 025Q Ry 38Q

Therefore, in the design of FOIPT system, the fractional order of
FOCC should be chosen to be greater than 1 and kept away from oy,
that is 1 < o7 < op. Besides, if fractional order is fixed, the system
should avoid working at the above specific coupling coefficient k.

Based on the above analysis, Fig. 5 shows the comparisons of
output power and transfer efficiency at bifurcation frequencies,
in which the output power can be improved by controlling «; to
be slightly larger than 1, the output power at high bifurcation fre-
quency wpy and low bifurcation frequency wypy are close, and so is
the transfer efficiency. In order to observe the regulating effect of
o on the output power more clearly, Fig. 6 shows the comparison
of the output power of the integer-order and fractional-order sys-
tems with different coupling coefficients. It can be found that the
introduction of FOCC can significantly improve the output power.

Experimental verification

To practically validate the analysis of frequency bifurcation and
transfer characteristics in the FOIPT system, an experimental
mesurement has been setup as shown in Fig. 7, in which the FOCC
is constructed by power electronic system with closed-loop control
in [16]. The input voltage Us = v/2Vpc/m comes from the output
fundamental voltage of the half-bridge inverter, Vpc is the input
voltage of half-bridge inverter, and the main parameters are listed
in Table 1. Here, we just give the experimental results of o; = 1.02.

Fig. 8 shows the theoretical and experimental curves of three
bifurcation frequencies under a certain fractional order o; = 1.02,
and the corresponding output power and transfer efficiency at
the above three bifurcation frequencies are shown in Fig. 9. From
Fig. 8, it can be found that when o is set as 1.02, the FOIPT system
has three bifurcation frequencies if the coupling coefficient k is

547
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Fig. 8. Experimental results of bifurcation frequencies in FOIPT system under
oy = 1.02.
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Fig. 10. Experimental primary-side and secondary-side current waveforms under k = 0.32 and «; = 1.02: (a) At intrinsic resonant frequency; (b) At high bifurcation frequency;

(c) At low bifurcation frequency.

greater than a certain value k., which means that the frequency
bifurcation occurs. Once the distance exceeds the certain value,
the system works stably at the natural resonant frequency, the
experimental results closely follow the theoretical curves. Compar-
ing with the theoretical curves of integer-order IPT system, it can
be seen that the critical coupling coefficient ky. of FOIPT system
is relatively reduced, which indicates that the stable working range
of the IPT system can be effectively expanded by adjusting the frac-
tional order o;. Through Fig. 9, the experimental results of output

power and transfer efficiency are consistent with theoretical
curves, the output power and transfer efficiency of FOIPT system
at high and low bifurcation frequencies are close, and less sensitive
to the variation of coupling coefficient k. Comparing with the
theoretical results of integer-order IPT system, the transfer
efficiency is not affected by «; when o is slightly larger than 1,
while the output power is significantly improved. Fig. 10 shows
the experimental waveforms of primary-side current I; and
secondary-side current I, at the above bifurcation frequencies,
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which demonstrates the three bifurcation frequency values and the
corresponding current waveforms of primary side and secondary
side at a given k = 0.32.

Conclusions

This paper provides the anslysis of the frequency bifurcation
phenomena in the series-series compensated FOIPT system, the
exact bifurcation equation is built, and the analytical solutions of
bifurcation frequency, output power and transfer efficiency of the
FOIPT system are derived. Theoretical analysis shows that the frac-
tional order has a regulating effect on the frequecy bifurcation and
transfer characteristic of FOIPT system, the working range of the
system can be expanded, and the output power at the three bifur-
cation frequencies can be significantly improved. Furthermore, the
theoretical analysis is confirmed by experimental results of the
FOIPT system prototype. Therefore, the analysis of frequency bifur-
cation in this paper has an important reference value for further
engineering application, such as electric vehicle (EV) charging
application, portable electronic products charging application,
etc., and has theoretical guiding significance for the parameter
design and optimal working state of the system.
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