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ABSTRACT

Background and Aims: The two-compartment model is generally used in pharmacokinetics to
illustrate the distribution and excretion of drugs. In this study, we evaluated the distribution patterns
of morphine and fentanyl by using a two-compartment model. Methods: Using numeric analysis
techniques, non-linear ordinary differential equations were used to mathematically analyse drug
distribution, transition, and concentration in the body compartments. Math Works, Inc., MATLAB,
version 2023a, a programming tool, was used to characterise the impact of initial concentration
and rate constants on the kinetics of the drug. For a definite therapeutic concentration of morphine
and fentanyl in blood, pharmacokinetic characteristics were plotted. Results: The study results
showed the time taken by morphine and fentanyl to reach a target concentration in the blood that
is sufficient to generate the preferred therapeutic effects. The mathematical models comparing
morphine and fentanyl pharmacokinetics showed that fentanyl reached the target therapeutic
concentration 125 minutes earlier than morphine and was metabolised and removed from the body
more rapidly (44 minutes earlier than morphine). Conclusion: These comparative mathematical
models on morphine and fentanyl enable the determination of drug dosages and understanding
of drug efficacy that facilitates optimising dosing regimens. The right choice between them can
be made based on the time to reach the target therapeutic concentration in the blood, elimination
time, severity of pain, and patient characteristics.
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INTRODUCTION

equations, stochastic models, and network models.*”
Compartmental modelling is a frequent approach used

Pain is a negative sensation that combines both physical
and emotional experiences. It can be linked to injury
or the possibility of injury."? Alternatively, analgesia
refers to alleviating pain that may be achieved via
various pharmacological and mnon-pharmacological
methods, which rely on the nature and intensity of the
pain.*¥ Pharmacokinetics entails evaluating the processes
involved in its transitions through the human body,
from its administration to elimination.” Mathematical
modelling uses mathematical equations and can

take many forms, such as differential and difference

in pharmacokinetics to explain the movement and
elimination of drugs inside the human body."""*%
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The two-compartment model includes a central and
peripheral compartment.'*'¥  Three-compartment
modelling segregates the human body into
central (highly perfused organs, such as the heart, liver,
and kidneys, where the drug distributes relatively
quickly) and peripheral compartments (lesser
perfused tissues, such as fat and muscle, where the
drug distributes slowly).*] The movement of the
drug between the compartments is explained by the
differential equations that incorporate the drug’s
pharmacokinetic parameters, such as clearance, the
volume of distribution, and absorption rate. Morphine
is a potent analgesic that binds to specific brain and
spinal cord receptors, decreasing pain perception.!*57]
Fentanyl is considered to be 50-100 times more potent
than morphine and is available in various forms,
including parenteral, transdermal patches, lozenges,
and nasal sprays.!*®19

This study compared different types of mathematical
models to understand drug pharmacokinetics. The
effect of rate constants and initial concentration on
the drug kinetics was studied. Models specific to
morphine and fentanyl were developed to study their
efficacy and long-term behaviour in the human body.

METHODS

This study is a system pharmacokinetic modelling that
describes the relationships between different variables
in a system. This study does not involve any animal
or human participants, and the detailed mathematical
simulation process is described in this section.
The behaviour of drugs inside the human body is
described using these models when administered via
oral and intravenous routes using Math Works, Inc.,
MATLAB, version 2023a, as the simulation platform.
These models are then extended to capture the
pharmacokinetic behaviour of morphine and fentanyl
in particular. This mathematical analysis provides
optimised solutions for complex problem statements,
making it crucial to establish mathematical models
for estimating drug concentration at various places
and in the blood.**??! When administered orally, the
drug dissolves and releases the medication in the
gastrointestinal (GI) tract. The drug then reaches the
blood and sends it to the site where therapeutic effects
occur.® The excretory organs gradually clear the drug
from the blood. The different body parts are treated as
compartments to characterise the flow of drugs within
the body, and the movement of drugs into and out of
each compartment is tracked. The rate at which the
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drug travels between the compartments is described
using first-order kinetic expressions.'? Suppose x(t)
is the drug concentration at time ¢ seconds.

%=input rate of the drug-— (1)

output rate of the drug

If the drug is administered orally, it diffuses into the
blood via the GI tract, forming the first and second
compartments. Suppose X, is the initial concentration
of the drug, and x (t) and x,(t) are the concentration
in the GI tract and bloodstream compartments,
respectively,? then,

dx, (t
a;t( ) —kyx, (t) (2)
dX;t(t) =k;x, (t)-kx,(t) (3)

where k, and k_ are the rate constants at which the
drug travels from one compartment to another. Solving
Equations (2) and (3), we obtain,

X (1) = xpe (4)
Xk
X, (t)=—0"1 (g7ket _g7kit (5)
Z( ) kl _ke ( )

In clincial situtations, where administration of drug via
oral route is not feasible, intravenous administration is
preferred, where medication is directly administered
into the bloodstream. Blood is treated as the first
compartment to which the drug is administered,
and the tissue is the second compartment with a
therapeutic effect. The drug reaches tissue at a rate
constant k, from the blood and is excreted with a
rate constant of k. Redistribution of drugs happens
to blood from tissue with a rate constant of k. If the
concentration of the drug in the blood is x, (t) and that
in tissue is x (t), the mathematical model for the drug
is described using the following set of equations: [

dx, (t
$=—[kb +k,)x, (1) + kox, (1) (6)
dx, (t

dt
The three-compartment model describes the
characteristics of a drug after the intravenous

administration in the three compartments: the central
compartment (depicting plasma), the highly perfused
peripheral compartment indicating well-perfused
organs and tissues, and the scarcely perfused peripheral
compartment representing poorly perfused organs
and tissues. If x (1), x,(t), and x,(t) are concentrations
in the central and peripheral compartments, the
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following equations define the characteristics of drug
concentration in all three compartments:**

dxcllt(t) = —(kyg + kyy +kyg)xy (1) + kg X, (1) + kyy x4 (1) (8)

dx, () _ Koy (1) +kyyx, (1) ©)
dt

dX;t(t) = kyy%y (1) + Ky x4 (1) (10)

Intravenous bolus injections are commonly used
for short-term drug administration, providing rapid
effects within 1-30 minutes. Suppose we specifically
focus on intravenous bolus of morphine. It can
potentially affect the central nervous system rapidly;
thus, appropriate dosing is crucial.”® The usual
dosage of morphine ranges from 0.1 to 0.2 mg/kg.[2%7
Suppose an adult weighing 50 kg with a normal
physiological state is administered morphine
intravenous bolus of 5 mg (0.1 mg/kg). In that case,
it is essential to know the drug kinetics in the body,
which will also help to decide the interval for the
next dosage.

Molecular weight of morphine = 285.34 g/mol®

Amount of morphine

Concentration of bolus= in_the bolus

Volume of bolus

For reaching a minimum of 50 ng/mL of morphine in
the blood,

Minimum
concentration
in the blood

molecular weight

Therapeutic concentration =

=1.7523x10""mM

Fentanyl dosage varies between 1 and 2 ug/kg.*®
Suppose the same person is treated with a fentanyl
intravenous bolus of 0.1 mg (2 ug/kg).

Molecular weight of fentanyl = 336.471 g/mol®®

For setting a minimum of 50 ng/mL of fentanyl in the

blood: Minimum

concentration
in the blood
molecular weight

Therapeutic concentration =

=1.486x10""mM
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The fourth-order Runge-Kutta method, a numerical
analysis technique, is used to solve these ordinary
differential equations for parameter estimation.?%
For the given ordinary differential equation, which is

in the form of % = f(x,t), the new value of x can be

computed as follows:
X, = xo+(D, +2D, + 2D, +D,)/6 (11)

For a particular step size h and initial values x, and

D, =hx f(xy.,ty),D, =hX flxy+h/2, ty,+D,/2),Dy =
hxf(xy+h/2, ty+D,/2),D,=hXflx,+h, t,+D,).

RESULTS

Based on the first-order kinetics, Figure 1 illustrates the
drug kinetics considering the whole body to be a single
compartment for various rate concentrations with the
oral drug dosage. It also illustrates the drug kinetics
with varying dosages. Drug concentration gradually
decreases with time. A more significant rate of constant
results in quicker absorption, preventing the residues of
the drug in the body and minimising its adverse effects.

The central compartment includes plasma and tissues,
where drug distribution occurs rapidly. The peripheral
compartments comprise tissues in which the
distribution of the drug is relatively slower compared
to compartment 1 [Figure 2].

Morphine bolus injection is modelled for the central
(blood) and peripheral compartments (tissue)
[ANNEXURE 1]. The characteristics give a time of
4570 minutes for morphine to leave the blood and
tissues [Figure 3]. Approximately 220 minutes are
taken by the human body to achieve the therapeutic
concentration of 50 ng/mL (1.7523 X 107 mM).

Fentanyl bolus injection is modelled for central (blood)
and peripheral compartments (tissue) [ANNEXURE 2].
As per the characteristics, fentanyl takes 4526 minutes
toleave the blood and tissues [Figure 3]. Approximately
95 minutes are needed for the human body to
achieve the therapeutic concentration of 50 ng/mL
(1.486 x 107! mM). Figure 4 provides a comparative
analysis of morphine and fentanyl characteristics in
the plasma and tissues.

DISCUSSION

Opioids are highly effective in relieving pain; they
are usually reserved for severe pain or if any other
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Figure 1: Variation of drug concentration at different rate constants and dosages
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Figure 2: Drug distribution with intravenous administration in the three compartments
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Figure 3: Morphine and fentanyl clearance from tissue after a bolus injection of 5 mg and 0.14 mg, respectively

non-opioid treatments fail.’¥ They could lead to  and physical dependence.?***! Morphine is known
significant adverse effects, including the potential as a first-line opioid used to manage pain due to
for abuse, addiction, and overdose.’'*? Frequent surgery, trauma, or some serious injuries.** Fentanyl
dependence on these opioids might result in tolerance ~ has shown more potency than morphine and hence
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Figure 4: Comparison of morphine and fentanyl characteristics

requires monitored dosing and administration to avoid
overdosage and respiratory depression.7-%%

In this study, various mathematical models were
used to characterise the drug behaviour inside the
human body. With the aid of compartment modelling,
morphine and fentanyl pharmacokinetics were
plotted, and fentanyl was found to take less time to
reach the target therapeutic threshold set in the blood.
Compared to morphine, fentanyl left the body earlier.
Pharmacokinetic models are crucial in defining drug
interactions inside the human body, optimising dosing
regimens, predicting drug effects, and designing
clinical trials.* These mathematical models predict
and quantify drug-drug interactions due to one drug
altering the effects of another and enhancing the
understanding of drugs’ effects on multiple targets
and pathways. However, these models apply only to
the bolus injection of the drug by splitting the human
body into two compartments. These models consider
definite volume in the compartments and reaction rates
to be constant. These models also treat every patient
similarly reacting to the drug. More complex models
can be developed by increasing the compartments in
the models to achieve better accuracy in the results.

Although many researchers have focussed on
investigating the synergistic pharmacokinetic effects
resulting from the administration of both drugs,
there have been no studies to compare the kinetics
of morphine and fentanyl."** In a study, Feizabadi
et al*! explained a two-compartment model for
anti-cancer agents. Cherruault and Sarin explained
the three-compartment model with a time lag.[*”
Khanday et al.*® developed a mathematical model

Indian Journal of Anaesthesia | Volume 68 | Issue 1 | January 2024

characterising the drug diffusion process within the
transdermal drug delivery system. These models
focus on drug delivery dynamics within the body
and quantify the absorption rates in different layers
of the skin and subcutaneous tissues. Performing
data analysis from many individuals enables one
to estimate the variation in drug responses due to
age, gender, genetics, and medical condition. Using
this information, drug dosing for specific patient
populations can be determined. Determination of drug
efficacy reduces the number of clinical trials and thus
accelerates drug development.

These models aid in knowing the safety of a particular
drug to predict the possible adverse effects and guide
drug developers. Hence, this is an efficient drug
development and pharmacology strategy, enabling
researchers and clinicians to gain information about
drug behaviour-optimised therapies and improved
patient outcomes. By comparing the drug kinetics and
distribution of morphine and fentanyl, clinicians can
make informed decisions about the dosing patterns,
ensuring effective treatment while considering
individual patient characteristics and minimising
potential adverse effects.

CONCLUSION

In this study, different mathematical models were
discussed to expand the knowledge of the kinetics
of morphine and fentanyl within the human body.
The non-linear ordinary differential equations helped
determine the time required for the drugs to reach the
minimum effective concentration in the blood and
the time it takes to leave the body altogether. Future
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studies are needed on routes of administration of
analgesics to improve pain relief and minimise the
side effects.

Study data availability

De-identified data may be requested with reasonable
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corresponding author) and shall be shared upon
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ANNEXURE 1

MATLAB code for morphine pharmacokinetic characteristics

mv_morphine = 285.34;
mmol_bolus = =g _belus / mw_morphine;
C_beolus = =mol_bolus / V_bolus:
kg_patient = §
V_pex_kg = €000;
V_1 = V_per_Xkg‘kg_patient;
= V_per_kg‘kg_patient:
Cli = mmol _bolus / V_1;
C3i = (10/=w_morphi.
CS: = (S/mw_morphirne)/
C_therapeutic = SE-8/=w_morphirne;
zenal_clearance =
to_peripheral = 40;
kl = 1E-€ * =w_morphine;
kd = 3E-€ * =w_morphine;
kt = to_peripheral/V_pex_kg;
ke = kg_patient‘renal_clearance/V_per_kg;
t_end = 72°60;
©=0:2:500
Cl = Cli * exp(-(kl+kt+ke)‘s):
C2 = (ke*mmol_bolus/V_2)* (exp(
t_sherapeutic = 220;
kold on
plot(s,Cl, 'z",¢,C2, 'b", 'LinelWideh', 2
box on

= interpl(s,Cl,c_therapeuti

yi=

{El+kt+ke)*t] - exp(-kd*t))/(-kl-kt-ke+kd):

xlabel ime (min)'),'FontWeight', 'bold'):

ylim( [-1E-8 6E-8])

ylabel ('Morphine concentration (=M)','FontWeight', 'bold')

.SE-8, 'Therapeutic concentration','FontWeight', 'bold')

tnew=0:10:5000;

plot(tnew,C_therapeutic, '.-",'LineWideh',2)
hold off

legend( 'Central','Feripheral',’
fontsize(gca, 20, 'points’)

', 'Therapeutic level')




ANNEXURE 2

MATLAB code for fentanyl pharmacokinetic
characteristics

mg_bolus =
V_bolus =
mv_£enta = 336.471;

mmol_bolus = =g_bolus / =»_£entas
C_bolus = mmol _bolus / V_bolus:
kg_patient =
V_pes_kg = €000;
V_per_kg‘kg_patient:
V_per_kg‘kg_patient:

C_therapeutic = SE-8/mw_fentas
zenal_clearance :
to_peripheral = 40;

kl = 1E-€ * =x_fentas

kd = 3E-€ * =w_fentas

kv = to_peripheral/V_per_kg:

ke = kg_patient‘renal_clearance/V_pe:z_kg:

£=0:2:5000;

Cl = Cli * exp(-(klskt+ke)‘s);

C2 = (ke*mmol_bolus/V_2)*(exp(-(kl+kt+ke)*t) - exp(-kd*t))/(-kl-kt-ke+kd):

t_therapeutic = 85;

box on

hold on

plot(s,Cl,'c',¢,C2,'D", 'LinelWideh',2)

yi = intezpl(s, ¢_therapeutic):

text (t_therapeutic,yi+.SE-8, 'Therapeutic concentration','Font3ize’,V

40, 'Unics’', 'normalized')

plot(c_therapeutic, yi,'c*’,'

tnew=0:10:5000;

plot{znew,C_therapeutic, '.-",'LineWideh',2)

hold off

legend( 'Central’,'Feripheral','’,’'
'

Wideh',2)

rapeutic level')

xlabel( ( s 'FontlWeight', 'b b}

ylabel ('Fentanyl concentration (=M)','FontWeight', 'bo.
ylim -4E-9])

fontsize(gca, 20, 'points’)




