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Abstract

We are transforming Radial Threshold Clustering (RTC), an O(N2) algorithm, into

Extended Quality Clustering, an O(N) algorithm with several novel features. Daura

et al’s RTC algorithm is a partitioning clustering algorithm that groups similar frames

together based on their similarity to the seed configuration. Two current issues with

RTC is that it scales as O(N2) making it inefficient at high frame counts, and the

clustering results are dependent on the order of the input frames. To address the first

issue, we have increased the speed of the seed selection by using k -means++ to select

the seeds of the available frames. To address the second issue and make the results

invariant with respect to frame ordering, whenever there is a tie in the most populated

cluster, the densest and most compact cluster is chosen using the extended similarity
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indices. The new algorithm is able to cluster in linear time and produce more compact

and separate clusters.

Keywords: algorithms, cluster chemistry, molecular simulation

Introduction

As the amount of data that can be generated continues to increase largely thanks to

advances in hardware, such as the widespread adoption of graphical processing units for

molecular dynamics (MD) simulations, it is critical that the methods and algorithms used

to analyze this data remain efficient so as to avoid becoming a bottleneck.1–3 The data

generated from a MD simulation is typically in the form of a high-dimensional trajectory

which can contain a multitude of information such as atomic positions and velocities, forces,

etc., and in turn can be used to generate derived data such as coordinate RMSD (root-mean-

square deviation) from a reference structure, dihedral angles, secondary structure content,

and so on.4,5 Although the raw high-dimensional trajectory provides a complete picture

of the dynamics of a biomolecule, this is usually impractical for analysis. Hence, it is often

useful to employ some sort of dimensionality reduction to only retain the dominating features

of a simulation.6–9 One such very popular method is clustering, in which conformations or

states are classified and grouped together based on some sort of similarity metric.10–18 Cluster

analysis can be thought of as unsupervised learning, which itself is a form of machine learning

that does not have available labels, but instead classifies the data using only information

about its internal structure. Clustering is especially useful in the case of MD simulations,

where it can be employed to figure out some of the most representative configurations of a

system, as a starting point to build kinetic models, and to aid in virtual screening and free

energy perturbation pipelines, just to name a few.1,14,18–22

Non-hierarchical clustering algorithms have been a widely used clustering method for

their simplicity, scalability, and efficiency, such as k -means,19,23 and k -medoids.24 Radial

Threshold Clustering (RTC) was introduced by Daura and colleagues.12,13 Essentially, it
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clusters frames in a trajectory that is within the RMSD threshold from the seed (the grow-

ing point of a cluster). This is a very popular clustering strategy, with the Taylor-Butina

clustering25 algorithm sharing the same idea as Daura’s radial threshold clustering (RTC)

algorithm but its main applications are found in cheminformatics and it uses similarity met-

rics specific to cheminformatics, like the Tanimoto index. Another algorithm that has been

compared to the RTC algorithm is the quality or diametral threshold clustering.26 Quality

Threshold Clustering is a diametric clustering algorithm that groups similar frames based

on their similarity to every accepted member of a cluster for every iteration. This algorithm

requires two loops; one to iterate every frame to propose its cluster and another one to iterate

every member in a cluster to calculate similarity with a candidate which, if not implemented

carefully, quickly becomes an O(N5) time complexity method.26,27 Although it preserves the

quality of the cluster just like the RTC, the diameter-based approach is certainly far from

ideal for bigger datasets.

A common theme between these two techniques is the requirement to pre-compute the

RMSD pairwise matrix as the input, which has O(N2) time and memory complexity.28 Re-

cently, we have proposed a new way to compare molecules and conformations based on com-

bining multiple objects at the same time, that is, using n-ary functions, which have a much

more attractive O(N) scaling.29–33 This technique has been previously applied in sampling,

chemical space exploration, dissecting epigenetic libraries, in mass spectrometry studies, and

in hierarchical and k -means clustering.30,33–37 Here, we propose to leverage the efficiency of

the n-ary metrics, as well as k -means to propose a linear scaling variant of RTC. The key

is to use these methods to quickly identify potential cluster centroids, without the need to

explore every single conformation. We incorporate our extended quality (eQual) method in

our Molecular Dynamics Analysis with N -ary Clustering Ensembles (MDANCE) package,

which is a software with several clustering modules with applications to not only molecular

simulation, but also to cheminformatics, mass mass spectrometry, and other fields.28,38 We

currently have similarity metrics implemented for cheminformatics and the MD simulations
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use but additional similarity metrics can be easily integrated into our current framework.

In the following sections we introduce MSD as a convenient and efficient metric, discuss the

eQual algorithm, and show that it closely matches the RTC results, but without having to

generate a memory- and time-intensive pairwise RMSD matrix.

Theory

Radial Threshold Clustering

Introduced by Daura et al, radial threshold clustering is a popular clustering algorithm

that partitions the simulation data using a radial threshold to form spherical clusters.39 (The

prototypical radial clustering algorithm is represented in Fig. 1.) It starts with a matrix of

pairwise RMSD values between all frames. This is already an O(N2) method. Following the

mathematical notation in Daura et al. xk ∈ Sm represents the seed, or the growing point

of a cluster. Sm is your matrix. Sm is a N × N matrix, where N is the number of frames.

Sm(i, k) is the RMSD between frame i and j. Am,k(θ) = {xi ∈ Sm : rmsdki < θ} is the set of

frames that are within the threshold distance of the seed, xk. Am(θ) = {Am,k(θ) : k ∈ Im}

means for every index, k in all indices Im, every available configuration proposes a cluster,

Am,k(θ). Every cluster, Am,k(θ), is compared to other proposed clusters Am(θ) and ranked

by the size, |Am,k(θ)|, in the cluster. The cluster with the most objects is the winner. If

there is a tie, the most common settlement is to take the first cluster on the winner list as

the ultimate winner. The winner is then removed from the list and the process is repeated

until there are no more frames left.

Mean Squared Deviation. Although root-mean-square deviation (RMSD) is a stan-

dard similarity metric for its straightforward implementation and ease of interpretation,

calculating the full pairwise RMSD matrix demands O(N2) time and memory complexity.

To alleviate these issues, we incorporate the notion of n-ary comparisons, that allow process-

ing N objects with only O(N) cost. We have shown that this approach can be transformative
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in drug-design studies, as well as in the analysis of MD simulations, in which case we use

the Mean Squared Deviation (MSD) as a way to quantify the separation between multiple

conformation/frames. To calculate the MSD between a group of frames the column-wise

sum of the normalized N × D matrix is calculated, in which we can rank the similarity of

frames in the set.

RMSD =

√√√√ 1
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Extended Quality Features

The defining advantage of eQual is that it does not require computing the pairwise

RMSD matrix. Additionally, it provides an intuitive tie-breaking criterion that make the

resulting method completely invariant to the order of the input frames, which makes it

completely reproducible. Remember that although RTC can produce high-quality clusters,

it is effectively an O(N2) algorithm because every available configuration is proposing a

cluster for every iteration. In addition, whenever there is a tie between densely populated

clusters of the same size, the winner is varied because the winner is picked at random. We

hope to improve on these shortcomings without compromising the final cluster accuracy.

Seed selection. Several seed selection methods are implemented in eQual, which are

ultimately the key to turning this into a linear-scaling method. The two studied in this pub-

lication are complementary similarity using MSD and the k -means++ algorithm. Comple-
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Figure 1: eQual schematics.

mentary similarity way stratifies the matrix of frames, allowing to easily distinguish between

high- and low-density regions. After which, a diversity selection is performed to select the

most representative, yet diverse frames as seeds for initializing eQUAL. The k -means++

algorithm uses a relatively similar intuition.23 It finds the most different centroids in ev-

ery iteration, which are spread according to a probability distribution function that tends

to maximize their separation. (It is important to remark that any other O(N) clustering

method could be used in this step, for example, k -means NANI, however, we decided to use

k -means++ instead to make eQual as stand-alone as possible.) Both seed selection methods

are similar in finding a diverse set of seeds for initializing the cluster formation. A critical

advantage of complementary similarity is that it is deterministic because it aims for the

lowest extended similarity between the current seeds and the candidate seed.30 On the other

hand, k -means++ results can vary due to its random nature of iterating through different

centroids. However, this variability is more pronounced in the outlier sectors of the clusters,

and since we are only interested in the cluster centroids, we did not observe appreciable

variability in several eQual runs.

Tiebreaker criteria. After every seed proposes a cluster, the most populated cluster
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(within the given pre-selected threshold) is selected for that iteration. When there is more

than one most populated cluster, a criterion is needed to break this tie. In Daura’s algorithm,

he would take the first one in the list. However, this is not invariant to the order of the frames.

In eQual, the MSD similarity for each proposed cluster is calculated and the proposed cluster

with the lowest MSD will be selected for that iteration.

Materials and Methods

n-ary Continuous Similarity for Molecular Simulations

Only the coordinates of a trajectory are used and converted into a N × D matrix. N

is the number of frames or the number of points that were sampled within a simulation

time. D is three times the number of the selected atoms for (x, y, z) coordinates.40 It is then

normalized between a [0, 1] interval to be compatible with the extended similarity indices

which take in values in that range. The normalization is meant to agree with RMSD way of

ranking. The minimum and maximum are taken over all coordinates.

eQUAL Algorithm

Instead of an RMSD pairwise matrix, eQual only requires a N ×D matrix and a radial

threshold (given by the user as the only parameter in the procedure). The algorithm starts

with a seed, determined either by the k -means++ algorithm or the medoids of the set. The

seed is then removed from the matrix and the MSD of every frame to the seed is calculated.

The frames that are within the threshold distance are added to the cluster. The clusters are

then ranked by the number of frames in the cluster. The cluster with the most frames is

the winner. In the case of a tie, the ultimate winner is the one with the highest extended

similarity. The winner is then removed from the list and the process is repeated until there

are no more frames left. A dictionary is returned with the cluster number as the key and the

frames in the cluster as the value. An important point should be made about the use of k -
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means as a seed selector: typical applications of k -means need to identify an optimum value

for k. However, this is not necessary for the eQual workflow, since we only need an estimate

of the seed to grow the next cluster. For this, we just need to evaluate a few candidates.

This is why in eQual, whenever we use k -means to find potential seeds, we just run k -means

with a fixed value of k (typically, k = 5), and those 5 potential seeds are ranked as described

above.

Molecular Dynamics Simulation

The topology and trajectory files were taken from the github.com/LQCT/BitQT repo.

The atom selection follows Daura et al, which is Lys2 to Asp11, with N, Cα, C, O, and H

atoms. The terminal and side chain residues were ignored to minimize noise in the clustering.

Results and discussion

Figure 2: Screening of cluster numbers using the k -means++ vs comp sim seed selector.

In the following we compare both variants of eQual: using k -means++ or complementary

similarity to identify potential seed candidates. As expected, both methods produce largely

equivalent results, with the k -means++ variant resulting in slightly more compact and well-

separated clusters. Importantly, the eQual results are consistent with the RTC findings by
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Figure 3: Screening of clustering scoring indices using the k -means++ vs comp sim seed selector.

Table 1: Performance comparison of methods based on DBI and CHI metrics.

Absolute value 2nd deriv
Best 2nd best Best 2nd best

DBI
Greedy 0.0035 0.0050 0.0050 0.0035
Comp sim 0.0020 0.0035 0.0035 0.0060

CHI Greedy 0.0025 0.0020 0.0025 0.0080

Daura et al., indicating that the time and memory improvements in eQual come at no cost

in the final quality of the clustering.

One of the key insights that we can gain from eQual is how the MSD threshold selected

by the user ultimately affects the partitioning of the data. Every radial-based clustering

(be it Taylor-Butina, BIRCH, BitBIRCH, RTC, etc.) is expected to follow the same general

trend regarding the number of clusters vs. threshold tendency, with both the low- and

large-threshold limits corresponding to low cluster counts (but with quite disparate overall

partitions), with the general trend resembling an inverted parabola with usually a clear

maximum in the number of clusters. At low distance threshold values the few clusters

observed correspond to tightly-packed “hyper-spheres”, indicative of the centers of the high-

density regions in the data. In this regime, it is to be expected that a substantial fraction

of the conformations shows as singletons, so they are essentially considered “noise”. On

the other hand, large distance thresholds result in virtually every point being assigned to a

handful of very diffuse clusters. So, while no explicit outliers are found by the algorithm,
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Figure 4: Using the k -means++ seed selector, (a) is the population of cluster found with the
minimum DBI, (b) is the population of cluster found with maximum 2nd derivative DBI.

Figure 5: Structural overlaps β-heptapeptide shown for the eight top clusters. Clustering was
conducted using the radial threshold with the maximum 2nd derivative DBI (MSD = 0.005), k -
means++ seed selector,.

the clusters formed in this region could be very heterogeneous, and thus of low quality. As

shown in Fig. 3, eQual follows this same trends, with the k -means++ and complementary

similarity variants having almost parallel behaviors across the range of MSD values explored.

The next obvious question to ask is then: which MSD thresholds one should use to

analyze the data? In lieu of some pre-determined criterion (e.g., maybe we are just interested

in studying changes up to a given maximum deformation from the cluster centers), this

problem demands doing a scan of possible threshold values, and then using some clustering

quality indicator to evaluate how well-separated is the data for each MSD. In Fig. 3, we
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Figure 6: Structural overlaps β-heptapeptide shown for the seven top clusters. Clustering was
performed using the radial threshold with the minimum DBI (MSD = 0.0035), k -means++ seed
selector,.

show the results for the k -means++ and complementary similarity. Here, we decided to

test two well-known clustering quality metrics: the Davies-Bouldin41 and Calinski-Harabasz

indices42 (DBI and CHI, respectively). These indices essentially quantify how compact and

well-separated are the clusters, with the DBI slightly favoring the former, while the CHI

tends to favor the latter. The traditional way of analyzing the results of these quality indices

has been to look for the absolute minimum (DBI) or maximum (CHI) values, which tend to

correspond to a better partitioning of the data. However, it has been noted before that these

absolute comparisons might be biased to extreme situations, as can be seen in Fig. 3. Note

how the DBI and CHI tend to favor the very low MSD regime, which is not surprising, since

this leads to the smallest cluster sizes which are, by construction, more tightly-packed and

with relatively sparser centroids. This is why we have proposed to complement the global

analysis of the DBI and CHI values with a local analysis based on the relative variation of the
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Figure 7: Structural overlaps β-heptapeptide shown for the eight top clusters. Clustering was
conducted using the radial threshold with the maximum 2nd derivative DBI (MSD = 0.005), k -
means++ seed selector,.

indices relative to neighboring MSD thresholds. In short, the second derivative of the indices

at each MSD value contains information on how stable is a given partition. In this context, a

large (small) second derivative for the DBI (CHI) is preferred. These results are summarized

in Table 1. Note how the DBI k -means++ analysis is quite consistent, with both the global

and local analyses agreeing in that the 0.0035 and 0.0050 thresholds are favored. The DBI

complementary similarity results also highlight 0.0035 as producing a stable segmentation

of the frames, but the 0.0020 and 0.0060 thresholds indicate less robust results than the

k -means++ seed selection. As observed in the case of k -means NANI, the CHI analysis

is not as useful, since for this indicator the tendency to prefer very low cluster counts is

the ultimate determining factor, as exemplified by the very low MSD thresholds in Table 1.

This is why we suggest the use of the global and local DBI analysis as the preferred way to

identify optimum clustering conditions. Finally, both for DBI and CHI Fig. 3 shows that

the k -means++ seed selector tends to outperform the complementary similarity selection.
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This was expected, since the latter is a one-shot procedure (the potential seeds are selected

once and are kept fixed), while the k -means++ procedure allows the initial candidate seeds

to be optimized, by converging the k -means++ partitions at every step.

Having established the k -means++ as the more robust seed selector, we proceeded to

study the concordance of the eQual/k -means++ results with those obtained through the

classical RTC algorithm. First, Fig. 4 shows the population analyses for both the 0.0035

and 0.0050 MSD thresholds. Both thresholds lead to remarkably consistent populations for

the top 10 denser clusters. In only one case (the 2nd most populated cluster) is the difference

bigger than 1% (1.1%), while for the remaining clusters the differences are never bigger than

0.8%, and in eight cases the differences are below 0.5%. As expected, the bigger MSD

leads to clusters slightly bigger, but for both thresholds the top 10 clusters include ∼20%

of the total conformations (19.8% for 0.0035 and 23% for 0.0050). These results compare

very favorably with the RTC findings. Daura observed that there are 6 clusters with more

than 100 conformations,39 and we found 6 and 7 of those clusters for the 0.0035 and 0.0050

thresholds respectively. Moreover, all such clusters when MSD = 0.0035 account for 15.8%

of the total population, and 19.6% in the case of MSD = 0.0050, which is very close to the

19% found by Daura.

The RMSD distributions (from all the conformations in a cluster to the cluster’s centroid)

for the top 7 most populated clusters (those with ∼100 elements) also closely follows Daura’s

results (Fig. 5). For MSD = 0.0035, all the curves are essentially centered around 0.5 Å,

which aligns perfectly with Fig. 4 in Ref. 39. Even a greater MSD = 0.0050 shows very tight

clusters, with the top 5 being closely packed around 0.5 Å, and only the lower-populated

6th and 7th clusters showing a displacement towards 1 Å and 1.5 Å, respectively. Yet again,

this mirrors Daura’s observations in Figs. 4 and 5 in Ref. 39. Also notice the close match

between the individual cluster populations reported by Daura in those figures and our results

presented in Fig. 4.

Finally, Fig. 6 and 7 presents the main conformations found at thresholds 0.0035 and
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0.0050. These conformations match those reported by Gonzalez-Aleman,26 with the same

characteristic “U”-, “S”-, and “scarf”-like patterns also observed in these cases. Once again,

the overlaps of some conformations (shown in blue) with the cluster representative (medoid,

shown in orange) highlight the ability of eQual of finding closely-packed clusters.
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Conclusion

In summary, we have presented eQual, a radial threshold clustering algorithm that greatly

improves on previous approaches by reducing the time and memory requirements, while not

sacrificing the quality of the final clusters. eQual builds on the very intuitive notion of radial

similarity to group related conformations, identifying promising starting seeds to grow the

different clusters. The defining feature separating our approach from other algorithms in

this family is that we do not have to explore every possible candidate starting point in order

to select key conformations from dense regions. The two seed selection procedures proposed

here (using complementary similarity, or just a few rounds of k-means++) produce largely

equivalent results when it comes to number of clusters and their populations. As expected,

the extra flexibility of the k-means++ initializer (that allows to relax the original selection of

the frames) results in slightly better-separated and more compact clusters. Both approaches

closely reproduce the RTC results, down to the populations of the denser clusters and the

more representative conformations found by each method. In a sense, eQual bridges the

gap between k-means and hierarchical approaches. On one hand, it has the same time

and memory requirements of k-means, while avoiding what seems to be the biggest factor

holding back the popularity of this method in the MD community: the need to pre-select

an optimum value of k. While we have argued elsewhere that this is not really an issue,

there is no denying that for most MD practitioners it is more natural to ask for clusters

defined up to a given RMSD threshold from a given reference or representative structure.

This is easily achievable in hierarchical methods, but these are plagued by highly inefficient

time and (specially) memory management (in the absolute best case, a hierarchical method

will be O(N2), and even this needs to be coded very carefully). eQual, on the other hand,

explicitly operates with a radial threshold, but without the need to pre-compute or store any

pairwise distance matrices. eQual is part of the MDANCE package, and it is freely accessible

at: https://github.com/mqcomplab/MDANCE.
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