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By generalizing the concept of spoof surface Plasmons (Science 305, 847), we analytically demonstrate that
subwavelength quarter-wave and half-wave plates can be realized in a metal hole array (MHA) sandwiched
by two thin-layer materials, whose optical responses can be characterized by their optical conductivities.
These abilities of polarization conversion can be attributed to the novel eigenstates induced by the
hybridization of the spoof surface plamsons with the current generated in the thin-layer. Due to this
mechanism, the robustness of the system is promised. The analytic predictions are verified numerically by
modeling the thin-layer material as an experimentally feasible topological-insulator/SiO2 multilayer.
Moreover, the possibility of extending the principle to a broad range of materials is dicussed.

M
anipulating the polarization of a terahertz (THz) wave, especially that of the circularly polarized THz
wave, has proved to be challenging1, because most THz sources are based on optical rectification2 or
transient dipole radiation3. Typically, the manipulation of the polarization of THz wave can be achieved

by using THz polarization pulse shaping technology4, fabricating helix electrodes5, building a Fresnel prism6, or
using birefringent metamaterial7. However, helix electrodes can only generates elliptically polarized light, and the
later two approaches (Fresnel prism and birefringent metamaterial) introduce substantial material loss and
Fresnel loss, because of their thicknesses comparable with wavelength. Thus, the working bandwidth and the
intensity of THz wave are rather limited. On the other hand, the existing proposals of wave plate, which base on
the accidental fit of the polarization conversion conditions, have either low conversion efficiency8–12 or special
requirements to the incident direction and polarization13. To overcome these limits, we will explore in this work
some possible eigenstates, which can serve as THz quarter-wave and half-wave plates working in the subwave-
length regime.

Let us consider a metal hole array (MHA)14–16 sandwiched by two thin-layer materials supporting in-layer
currents. The thickness of each thin-layer is much smaller than the wavelength of interest so that the response of
the layers to the external electromagnetic field can be described by the optical conductivities of the layers. We
suppose that the conductivities in the two layers are the same in magnitudes and denoted as sxx (the longitudinal
conductivity) and sxy (the Hall conductivity). Further, we denote the periodicity of the MHA as d. Throughout the
study, the side length of the square holes l and the thickness of the MHA h are set to be l 5 d/3 and h 5 d/10
respectively. Without loss of the generality the normally incident x-polarized light is assumed to propagate
upward along z-direction. By generalizing the mode expansion formalism16–18, a group of equations coupling
the modes at the two sides of MHA are obtained19 with mathematical details outlined in the method section:P
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z h measures the coupling strength between the a waveguide mode at the two sides of holes, and
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Sb;n̂i
a ~ ah jn̂i| bj i is the coupling between different waveguide modes

in the presence of optical Hall currents in the lower (i 5 1) or upper (i
5 2) thin layer. In the above expressions,cm,n,s and Ya are the admit-
tances of the grating modes and waveguide modes,jaæ denotes the
tangential component (parallel to the metal surface) of the a wave-

guide mode, k
I

m,n,s
��� E

indicates the tangential component of grating

modes in open space, the Bra-notation indicates the complex con-
jugate of the corresponding modes, n̂i is an unit vector, which
together with the electric field determines the direction of Hall cur-

rent ( J
I

xy~sxyn̂i|E
I

) in the lower or upper thin-layer, and the inner
products in the expressions are obtained by integrating the product
over the unit cell.

Results
Subwavelength quarter and half wave plate. Given that holes are
subwavelength, the waveguide modes exponentially decay along the
propagating direction. It is a good approximation to consider only
the fundamental modes, i.e. the transversal electric (TE) modes with
indexes (0,1) and (1,0). In the notation (m,n), the indexes m and n are
for x- and y-directions respectively. Taking the vector n̂i to be along
the same direction for the two thin layers, the transmission can be
obtained by solving Eq. (1) with the fundamental-mode
approximation:
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where GS~G0,1
0,1z

4p
c

sxx{S0,1, GC~
4p
c

sxyS1,0;n̂
0,1 , and GV~GV

0,1. In

the above, we have taken the facts: G0,1
0,1~G1,0

1,0, S0,1~S1,0, GV
0,1~GV

1,0

and S1,0;n̂
0,1 ~{S0,1;n̂

1,0 ~8=p2 due to the geometry of the holes. As the
holes are subwavelength, S0,1 and GV are purely imaginary. Moreover,
the real part of G0,1

0,1 can always be neglected in subwavelength regime.
Thus, when the dissipative parts of sxx and sxy are small, GS and GC

can be regarded as an imaginary number and a real number respec-
tively. Consequently, the coefficient Txx would have p/4 phase diffe-
rence from Txy. Moreover, the two transmission coefficients would be
equal to each other in magnitude with Gc+ImGS~+ImGV . Under
the above condition the denominators of the transmission coefficients
become vanishing, which means that the resonances of the system

coincide with the polarization changes. Following the similar analysis,
it can be shown that the reflected light should be also circularly
polarized (see supplementary material). Moreover, one can further
verify that the reflected and transmitted lights are of the same
strength and handedness at the resonance frequencies of the system
(see supplementary material). Based on these observations, we may
conclude that the system supports circularly polarized eigenstates,
which is exotic for a planar system much thinner than the wavelength.

When the vectors n̂i of the two layers point to the opposite direc-
tions, the reflection coefficients from the system are given by:
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GS
2zGC

2{GV
2 {1, Rxy~

{2 8=9p2ð ÞGC

GS
2zGC

2{GV
2 : ð3Þ

As motioned, when the dissipative parts of sxx and sxy are small, in
subwavelength regime Im GS ? Re GS 5 8/9p2, the denominator of
the coefficients can be expanded as:

GS
2zGC

2{GV
2<{ GSj j2zGC

2z GVj j2zi2 8=9p2
� �

Im GSð Þ, ð4Þ

Given the smallness of the imaginary part in the denominator, the
resonance of the system is roughly determined by the condition
{ GSj j2zGC

2z GVj j2~0. Thus, one observes that at the resonance

condition Rxx<
i2 8=9p2ð ÞIm GSð Þ
i2 8=9p2ð ÞIm GSð Þ

{1~0. This indicates that the

polarization of the reflected light is rotated by 90u at the resonant
frequencies of the system. Similar analysis to the transmission coef-
ficients indicates that Txy simply vanishes (see supplementary mater-
ial), which means that the polarization of the transmitted light is
preserved to be the same with the incident one. According to Eq.
(3), the magnitude of the reflected light depends on the magnitude of
optical Hall conductivity explicitly.

The phenomena outlined above are the consequence of the split-
ting of the so-called spoof surface Plasmon14 by the surface Hall
conductivity (see Eq. (1)). Only when sxy is large enough, the res-
onant modes of the system can be well separated so that the polar-
ization of the outgoing wave is converted completely. The minimal
value of sxy to achieve complete conversion cannot be obtained
analytically and should be determined numerically.

Numerical verification. To quantitatively verify the above analytical
results, we assume that the thin-layer materials have a multilayer
structure, consisting of alternating 3D topological insulator (TI)
thin film (Bi2Se3) and dielectric SiO2 spacer film (See Fig. 1). As it
has been reported, when the distance between two TI surfaces is
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Figure 1 | Schematic illustrations of quarter-wave and half-wave plates realized in MHA sandwiched between two thin-layer materials made of TI/SiO2

multilayer structure: (a) quarter-wave plate; (b) half-wave plate. The red wavy lines denote the incident linearly polarized wave, blue wavy lines are the

transmitted and reflected waves, the circles and arrows in blue denote the polarization of the transmitted and reflected waves, yellow circles denotes the in-layer

currents, and the black arrows denote the directions of n̂i (definitions are in the text) in the lower (i 5 1) and upper (i 5 2) thin-layer materials.
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smaller than 5 quintuple layers (,5 nm), the Dirac fermions on the
neighbored TI surfaces would be hybridized and hence gapped19.
Moreover, the sign of the gap depends on the distance20,21. We
further assume that each TI layer is isolated by SiO2 space layers
of sufficient thicknesses (i.e..5 nm) so that adjacent TI layers are
decoupled. The thickness of a multilayer containing a few tens of TI/
SiO2 unit cells can still be much smaller than the typical THz
wavelength (,300 mm) so that the treatment of the multilayer as
thin film is valid. Considering the success of growing ultrathin high-
quality films of Bi2Se3

21, such a multilayer structure can be fabricated
by available technology. For each TI surface, the gapped fermions are
described by the below effective Hamiltonian23–26:

H~vF kxŝy{kyŝx
� �

zDŝz, ð5Þ

Where vF is the Fermi velocity, ŝi (i 5 x, y, and z) are the Pauli
matrices, kx (ky) is the x- (y-) component momentum of the quasi-
particles, and 2D, whose sign determines the direction of n̂i,
measures the gap between the valence and conduction bands. The
optical conductance of the thin-layer containing N TI/SiO2 unit cells
should be 2N times of a single TI surface, which can be calculated by
Kubo’s formula22,23.

When the energy gaps (2D) in the upper and lower multilayers are
the same, the quantity Sb;n̂i

a should be of the same sign at the two sides
of MHA. The whole system is expected to be a quarter-wave plate. In
Fig. 2 (a) we plot the transmission in the log scale as a function of
frequency and the number of TI/SiO2 unit cells (N). Two resonant
modes can be identified and they are determined by the conditions
Im GS 2 Gc 1 Im GV 5 0 (the white dot in Fig. 2 (a)) and 2Im GS 2

Gc 2 Im GV 5 0 (the black square in Fig. 2 (a)) respectively. Given

the smallness of THz photon energy, the gap can always be made to
be larger than the photon energy, so with the increment of N the
optical Hall conductivity increases. Consequently, the resonant fre-
quencies of the modes become lower, which can be seen clearly from
the white dotted curve in Fig. 2 (a). In the meanwhile, to characterize
the handedness of the transmitted and reflected light, we define the
following quantities:

PT
z={~

Tzj j2{ T{j j2

Tzj j2z T{j j2
and PR

z={~
Rzj j2{ R{j j2

Rzj j2z R{j j2
, ð6Þ

where T+~ Txx+iTxy
� �

=
ffiffiffi
2
p

(R+~ Rxx+iRxy
� �

=
ffiffiffi
2
p

) are the trans-
mission (reflection) coefficients for the left (1) and right (2) hand
lights respectively. We then plot PT

z={ as a function of frequency for
N 5 10, N 5 30, and N 5 50 respectively in Fig. 2 (b). It can be seen
that the transmitted light near the resonant frequencies are indeed
nearly circularly polarized. Moreover, with the increase of the Hall
conductivity in layers, the bandwidth of the circularly polarized light
becomes wider. In Fig. 2 (c), the transmission and reflection spectra are
plotted for N 5 30 and N 5 50 cases. As it is expected from previous
analytical analysis, the strength of the transmitted light is equal to that of
the reflected light at the resonant frequencies. In Fig. 2 (d) both PT

z={

and PR
z={ are plotted as functions of frequencies for N 5 30 and N 5

50 cases. It proves that at the resonant frequencies the handedness of the
transmitted light is the same with reflected light. Based on the model,
the minimal number of TI/SiO2 unit cells to perform the complete
conversion of polarization is about N 5 20, which means that the
minimal sxy is about 20 e2/h. Thus, for the N 5 10 case shown in
Fig. 2(b) the value of PT

z={ is smaller than 1 accordingly.
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Figure 2 | (a) The transmission spectra (log scale) versus number of TI/SiO2 unit cells (TI layers are undoped); (b) The quantity PT
z={ (see text

for definition) plotted as a function of frequency for three different TI/SiO2 unit cell numbers (N 5 10, 30, 50): PT
z={~1 {1ð Þmeans that the wave is left

(right) handed, the three highlighted regions correspond to the nearly circularly polarized regions around the resonant mode denoted by the

white dots in (a), and the inset shows the behaviors at around the Wood’s anomaly U/h 5 2pc/d. (c) Transmission and reflection spectra for N 5 30 and N

5 50: at the resonant frequencies the transmission is equal to the reflection; (d) the quantities PT
z={ and PR

z={ plotted as functions of frequency for

N 5 30 and N 5 50: at the resonant frequencies (highlighted regions) the handedness of the reflected light and transmitted light are the same. In (a), the

white dots and black squares are obtained under the fundamental-mode approximation. In all the calculations, the gap D is set to be D 5 0.6 U.
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When the energy gaps in the two multilayers are different in sign,
the quantities Sb;n̂i

a at the two sides of MHA should also be opposite,
which means that the system is a half-wave plate. To characterize the
polarization of the reflected light, we define the quantity:

PR
xy=xx~

Rxy

�� ��2{ Rxxj j2

Rxy

�� ��2z Rxxj j2
: ð7Þ

In Fig. 3, we plot PR
xy=xx as a function of frequency and TI/SiO2 unit

cell number N. Along the resonant bands (see symbols in Fig. 3),
which is determined by the condition { GSj j2zGC

2z GVj j2~0, the
polarization of the reflected light is indeed rotated by 90u from that of
the incident light. One can also see that with the increment of N, the
resonant frequencies (of both bands) manifest a red-shift and the
bandwidth of the polarization rotation is broadened.

Discussion
When one tunes the gaps of Dirac fermions to be much larger
than the photon energy, all the optical conductivities become
vanishing, except for the quantized optical Hall conductivity22–25.
In this limit, given the accuracy of the fundamental-mode appro-
ximation for subwavelength holes, the resonant frequency can
relate to the fine structure constant. For examples, in quarter-wave
plate case the resonant frequency of the lowest resonant band
(white dots in Fig. 2 (a) and (c)) can be related to the fine struc-
ture constant a as:

p2

32N
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and in half-wave plate case, the resonant frequencies of the res-
onant bands relates to a like:
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We note that the fine structure constant only relates to the res-
onant frequency and the geometry parameters of MHA. This is
quite different from a pure TI film, where the fine structure con-
stant relates with the Kerr and Faraday rotation angle24,25.

Though our numerical calculations are based on TI/SiO2 multi-
layer structures, we have to emphasize that the mechanism presented

here is very general. The TI/SiO2 multilayers may be substituted by
magneto-optical materials26,27 or bi-anisotropic metamaterials28,29,
where the gyrotropic permittivity (gz) and chirality (C) can play
the role of sxy here. For an example, we can show numerically that
the polarization-conversion efficiency of MHA sandwiched between
magneto-optical thin films with gz 5 1 is almost equivalent to MHA
sandwiched between two N 5 20 TI/SiO2 multilayers (see supple-
mentary material). We emphasize that the generalization of the
mechanism to bi-anisotropic metamaterials should be important to
extend the physics presented here to other frequency regime, since
this kind of material has be realized in a much broader frequency
range30.

To conclude, we demonstrate that a MHA sandwiched by two
thin-layer materials characterized by general optical conductivities
can serve as subwavelength quarter-wave and half-wave plates in
Terahertz frequency regime. These are achieved by the hybrid reso-
nances coupling the spoof surface plasmons with the currents in the
thin layers.

Methods
Following the geometry of the system, the tangential components of the electro-
magnetic fields in each region are given by Refs. 16, 17:
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where region I and III are the open space, and region II is the MHA sandwiched

between two thin layer materials. In the above, k
I

m,n,s
��� E

denotes the tangential

components of Bloch waves in the free space, jaæ denotes the tangential components
of a waveguide modes in the holes, Ya is the admittance of the waveguide modes,
cm,n,s is the admittance of the Bloch waves, rm,n,s is the reflection coefficient of the
Bloch mode labeled by m, n and s, tm,n,s is the transmission coefficient of the Bloch
modes labeled by m, n and s, Aa is the coefficient for the a waveguide mode prop-
agating forward, and Ba is the coefficient for the a waveguide mode propagating
backward.

The boundary conditions are as follows. The continuity condition for the electric
field is given as:

k
I

i,si

��� E
z
P

m,n,s
rm,n,s k

I

m,n,s
��� E

~
P
l,s,s

Al,s,szBl,s,sð Þ q
I

l,s,s
��� E

P
l,s,s

Al,s,seiq(l,s)
z hzBl,s,se{iq(l,s)

z h

 �

q
I

l,s,s
��� E

~
P

m,n,s
tm,n,seik(m,n)

z h k
I

m,n,s
��� E

8>><
>>: : ð13Þ

In the presence of the thin-layer materials, which support the in-layer currents, the
boundary condition of magnetic fields at the interfaces of different regions would be
different. To account the effect of in-layer currents, we firstly calculate these current
and then put them into the boundary conditions. Following Ohm’s law, the surface
currents at the two interfaces are given by:

J
I

I,II

T
~sxx EIj izsxy n̂1| EIj i

J
I

II,III

T
~sxx EIIj izsxyn̂2| EIIj i

8<
: : ð14Þ

The boundary conditions of the magnetic fields at the two interfaces are then
written as:

{ẑ| HI z~0ð Þj i½ �{ {ẑ| HII z~0ð Þj i½ �~ 4p
c

sxx EI z~0ð Þj izsxy n̂1| EI z~0ð Þj i
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Figure 3 | PR
xy=xx as a function of frequency and number of TI/SiO2 unit

cells (TI layers are undoped), where PR
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polarization is along y- (x-) direction. The symbols are the resonant

frequencies predicted by following the fundamental-mode

approximation.
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Combining Eqs. (10) and (12), after some simplifications, we arrive at Eq. (1) in the
main text: P
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