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Abstract

Mathematical models have a long history in epidemiological research, and as the COVID-19 pandemic progressed, research on 
mathematical modeling became imperative and very influential to understand the epidemiological dynamics of disease spreading.

Mathematical models describing dengue fever epidemiological dynamics are found back from 1970. Dengue fever is a viral 
mosquito-borne infection caused by four antigenically related but distinct serotypes (DENV-1 to DENV-4). With 2.5 billion peo-
ple at risk of acquiring the infection, it is a major international public health concern. Although most of the cases are asymptomatic 
or mild, the disease immunological response is complex, with severe disease linked to the antibody-dependent enhancement (ADE) 
- a disease augmentation phenomenon where pre-existing antibodies to previous dengue infection do not neutralize but rather en-
hance the new infection. Here, we present a 10-year systematic review on mathematical models for dengue fever epidemiology. 
Specifically, we review multi-strain frameworks describing host-to-host and vector-host transmission models and within-host mod-
els describing viral replication and the respective immune response.

Following a detailed literature search in standard scientific databases, different mathematical models in terms of their scope, 
analytical approach and structural form, including model validation and parameter estimation using empirical data, are described 
and analyzed.

Aiming to identify a consensus on infectious diseases modeling aspects that can contribute to public health authorities for disease 
control, we revise the current understanding of epidemiological and immunological factors influencing the transmission dynamics 
of dengue. This review provide insights on general features to be considered to model aspects of real-world public health problems, 
such as the current epidemiological scenario we are living in.
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1. Introduction

Mathematical models have a long history in epidemiological research. As formal frameworks to convey ideas about 
the components of a host-(vector)-pathogen interactions, epidemic models act as a tool to understand and to predict 
infectious disease dynamics under various conditions, and are often used to evaluate the impact of public health 
intervention measures for disease control.

Mathematical models describing dengue fever epidemiological dynamics are found back from 1970 [1]. Dengue 
fever is one example of a viral mosquito-borne infection, a major international public health concern. Most of the 
cases are asymptomatic or mild. Caused by different serotypes with severe disease linked to the Antibody-Dependent 
Enhancement (ADE), a disease augmentation phenomenon where pre-existing antibodies do not neutralize but rather 
enhance the new infection.

With well-known complex epidemiological dynamics, mathematical models for dengue fever try to incorporate 
factors focusing on several different aspects of the disease and vectors, which can imply rich dynamic behavior even 
in the most basic dynamical models. The existing models are developed to evaluate, for example, the effect of co-
circulation of multiple strains (or variants), the immunological path for disease severity, and the impact of vaccination, 
similar to what is now known about COVID-19 epidemiology.

Following a review on dengue models to assess the impact of future dengue vaccines published in 2011 [2], a careful 
review of deterministic dengue modeling was published in 2012 [3], where two main approaches were considered, the 
vector-host and the host-to-host transmission models. Both reviews studied a collection of papers proposing different 
structural approaches and parameter assumptions to describe dengue epidemiological dynamics as well as the impact 
of the available intervention measures for disease control. However, those papers date back from 2012 and an updated 
revision of the state-of-the-art is timely.

1.1. Dengue fever epidemiology

Transmitted to humans through the bites of infected female Aedes mosquito [4,5], dengue fever is a major public 
health problem, with more than one-third of the world population being at risk of acquiring the disease [5,6]. Caused 
by four antigenically distinct but related viruses, named DENV-1 to DENV-4 serotypes [7–9], dengue infection can 
result in a wide range of clinical manifestations, ranging from inapparent (asymptomatic) and mild disease (an acute 
febrile viral disease frequently presenting with headaches, bone or joint and muscular pains as symptoms), to a severe 
and occasionally fatal hemorrhagic clinical picture [5,10]. Modeling estimate indicates that over 390 million dengue 
infections occur every year, of which 96 million manifest symptoms with any level of disease severity [11].

While primary natural dengue infection is often asymptomatic, a secondary dengue infection with a heterologous 
serotype is considered the main risk factor for developing a severe form of the disease [12–15]. Individuals infected 
with one serotype maintain a life-long protective immunity to infection by the homologous virus, but protective 
immunity to infection with heterologous serotypes is only temporary [16]. When the short-term cross-protection 
wanes, patients experiencing a secondary heterologous dengue virus infection are at higher risk of severe disease [15,
17–22], via the so-called ADE process [15,18,21,23,24]. The ADE theory postulates that a heterotypic virus causing a 
secondary dengue infection is recognized by antibodies produced during the first infection. Instead of neutralizing the 
new dengue serotype, the pre-existing antibodies promote the enhancement of the infection by facilitating the entry of 
the complex antibody-heterologous virus into target cells. This disease augmentation phenomenon and its occurrence 
in dengue has been used to explain the etiology of severe disease [15,25–27], which has been shown to be correlated 
with higher viral loads [28–34].

There is no specific treatment for dengue infection. While uncomplicated dengue cases involve only supportive 
care, severe dengue cases require hospitalization. Due to the dengue-specific complexities described above, vaccine 
development focuses on the generation of a tetravalent vaccine aimed at providing long-term protection against all 
dengue virus serotypes [35]. A safe, effective and affordable dengue vaccine against the four strains would represent 
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a significant advance for the control of the disease and could be an important tool for reducing disease transmission 
and mortality.

Several candidate tetravalent vaccines are at various stages of development [36,37]. Two tetravalent dengue vac-
cines have now completed phase 3 clinical trials: Dengvaxia [38–40], a product developed by Sanofi Pasteur that is 
now licensed in more than 20 countries, and the DENVax vaccine, developed by Takeda Pharmaceutical Company 
[41–43].

In mid-April 2016, the World Health Organization’s Scientific Advisory Group of Experts on Immunization 
(SAGE) recommended the use of the Dengvaxia vaccine in individuals aged 9-45 years in highly endemic popu-
lations [44], based on a mathematical modeling exercise evaluating the impact of this vaccine administration [45]. 
Two large mass vaccination programs were implemented, in the Philippines and Brazil, with 1 million children and 
adolescents vaccinated without any pre-vaccination testing. Dengvaxia resulted in a higher rate of hospitalized severe 
dengue cases when given to seronegative children, compared with age-matched seronegative controls [40], with the 
risks of Dengvaxia administration being extensively discussed [46–50]. Following the long-term safety data stratified 
by serostatus [51], a new recommendation by the World Health Organization (WHO) was published [52,53] proposing 
a screening test prior to vaccination to restrict vaccine administration to seropositive individuals only [36].

As for the DENVax vaccine, efficacy against virologically confirmed dengue disease and hospitalization was shown 
to be more balanced between seronegatives and seropositives [41,42], however, similar to what was observed for 
Dengvaxia, the individual serostatus prior to vaccination is also a determinant for vaccine efficacy [43]. Recent results 
have shown that vaccine efficacy continues to decrease over time [43,54], and hence, long-term surveillance consisting 
of prudent and careful observation of the DENVax vaccine phase 3 recipients is required.

In the absence of an effective and safe dengue vaccine, vector control remains the only alternative to prevent dengue 
transmission. Epidemic models are often used as guiding tools for decision-making, but what is the value of such tools 
in the public health context?

1.2. Mathematical models for dengue fever

Developing new mathematical tools to guide public health strategies for control of dengue transmission is challeng-
ing. Very complicated models are often developed to understand the dynamics of transmission of infectious diseases. 
However, due to the high degree of correlation between parameters, the evaluation of the results becomes difficult. 
Even though using the appropriate statistical methods and model techniques to provide optimal guidance for disease 
control, modelers are often lost with the amount of “realistic assumptions” required to be included in the modeling 
framework (by the field, clinical and public health workers), and the frequent lack of appropriate data needed to 
evaluate disease dynamics.

Huge modeling efforts focusing on dengue control strategies have been performed in the past 10 years. Rather 
than being an extensive history of dengue transmission models, this paper will present a systematic review of multi-
strain modeling approaches for dengue transmission and control. Following a detailed literature search in standard 
databases, we describe different mathematical models in terms of their scope, mathematical approach and structural 
form, including model validation and parameter estimation using empirical data. Besides different epidemiological 
aspects involved in dengue transmission, we present a detailed description of the mathematical frameworks recently 
published, aiming to identify a consensus on infectious diseases modeling aspects that can contribute to public health 
authorities’ capacity for implementing intervention measures for disease control.

2. Material and methods

2.1. Search terms and databases

This review was carried out between May and November 2021. We have used four distinct databases, PubMed, 
Web of Knowledge, Mendeley and ScienceOpen, to search for scientific papers dealing with mathematical models 
developed for dengue fever disease. In each database, the keywords “dengue models”, “multi-strain dengue model”, 
“two strain dengue model”, and “multi-strain epidemic models” were systematically used.

2.2. Inclusion and exclusion criteria

The following inclusion criteria were used: (i) Full-text peer-reviewed published articles describing host-to-host, 
vector-host, and within-host modeling frameworks applied to dengue fever epidemiological dynamics, published from 
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Fig. 1. Schematic flow diagram for the selection process with inclusion and exclusion criteria. PubMed, Web of Knowledge, Mendeley and Sci-
enceOpen databases were used to search for scientific papers dealing with mathematical models applied to dengue fever epidemiology.

2010 up to June 2021. (ii) Deterministic, stochastic, and spatial modeling approaches. (iii) Studies using (or not using) 
empirical data for model parametrization and model validation. (iv) Multi-strain models dealing with intervention 
measures for dengue control, i.e., vector control, vaccination, or both combined. The following exclusion criteria 
were applied: (i) For vector-host or host-to-host structural approaches, single-serotype models were excluded since 
they were not epidemiologically relevant to explain the immunopathogenesis of severe disease. For that, at least two 
infections caused by different dengue serotypes were needed to be considered in the modeling framework. (ii) Re-
search articles solely on virology, immunology, or entomology without containing a multi-strain modeling framework 
to describe either dengue transmission dynamics or dengue control strategies at the population level or within-host 
dengue immunological responses were also excluded.

2.3. Model features and selection

The search and selection process is shown in Fig. 1. Research papers obtained from the search and selection pro-
cess described above were assessed, and models features were identified, as shown in Table 1. The following modeling 
features were collected manually in an Excel matrix for vector-host, host-to-host, and within-host frameworks: deter-
ministic, stochastic, or spatial approaches; with or without data validation/parametrization; with or without disease 
control, i.e., vector control, vaccine, or both, including optimal control, and other features, such as seasonality or 
co-infection.

From all four databases, 280 full-text articles describing single- and multi-strain frameworks for vector-host, host-
host and within-host models were obtained. Duplicates, preprints and conference proceedings articles were excluded. 
A total of 225 abstracts were screened, and 164 papers dealing with single-serotype vector-host and single-serotype 
host-to-host models were excluded. An exception for the multi-strain selection criteria was applied to within-host 
modeling framework that often does not consider serotype stratification. Nevertheless, within-host dynamical models 
are of major importance to evaluate the impact of imperfect vaccines, and such framework was not included in the 
most recent review papers on dengue models. Among the remaining 61 selected papers, 5 did not contain a model 
framework for dengue specifically and were later excluded as well.

Following the inclusion and exclusion criteria above, a total of 56 articles were included in this study, covering 
research on multi-strain host-to-host models (15 papers), multi-strain vector-host models (23 papers) and within-host 
models (18 papers) that were published between January 2010 and June 2021.
M. Aguiar, V. Anam, K.B. Blyuss et al. Physics of Life Reviews 40 (2022) 65–92
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Table 1
Comparison of modeling features in selected research papers for vector-host, host-to-host and within-host frameworks included in this review.
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Fig. 2. (a) Yearly distribution of single-strain models, multi-strain and within-host models. In (b) and in (c) pie-charts for single-strain models and 
multi-strain/within-host models distribution respectively. In total, 56 (out of 225) papers are considered. That is because 5 papers were excluded 
only after the full-text papers were assessed in detail.

3. Results

Although the number of models developed to understand the dynamics of dengue transmission at population and 
at within-host levels has increased during the last decade, most of the published papers were using a single-serotype 
framework, as shown in Fig. 2 a). The distribution of the listed papers per year is shown in Fig. 2 b), for single-serotype 
models, and in Fig. 2 c), for multiple-serotype and within-host models. The distribution of the selected papers included 
in this study is shown in Fig. 3, with host-to-host models plotted in pink, vector-host models plotted in green, and 
within-host models plotted in yellow. Note that more than a half of the papers were published in the last 5 years.

4. Dynamic models for dengue

Epidemic models of disease transmission are developed to understand patterns of interactions between pathogens 
and hosts. From a microscopic (within-host dynamics) to a macroscopic (transmission dynamics at population level) 
perspectives, most of the proposed models try to incorporate factors focusing on several different aspects of the disease 
(multi-strain structure, cross-immunity period and ADE, co-infection, for example) and some biological aspects of 
the mosquito vector (biting rate, transmission capacity). Once validated with data, those frameworks are extended to 
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Fig. 3. (a) Pie-chart for the distribution of the selected papers included in this review: multi-strain host-to-host models in pink, multi-strain vector-
host models in green and within-host models in yellow. In (b) yearly distribution of the papers included in this review.

S I R
β γ

α

Fig. 4. State-flow diagram of a simple epidemiological SIR-type model. The disease-related stages are Susceptible S, Infected I and Recovered R. 
For a host population of N individuals, the transitions from one to another disease-related state are parameterized by infection rate β , recovery rate 
γ , and waning immunity rate α.

answer questions about the impact of the available control measures making them effective tools for public health 
decision making.

4.1. Host-to-host transmission models

Multi-serotype host-to-host dengue dynamics have been modeled with different extensions of the classical 
susceptible-infected-recovered (SIR) models, as represented in Fig. 4.

This approach focuses on the multi-strain aspect of the disease and its effects on the host population, taking effects 
of the vector dynamics only into account by the effective parameters of the SIR-type model, i.e., seasonality in the 
infection rate, but not modeling the mosquito dynamics explicitly. Mathematically, that is justified since in vector 
borne diseases the human hosts’ epidemiological dynamics often acts on a much slower time scales than the one 
of the mosquitoes transmitting the disease, due to their vastly different life spans. To investigate how far the fast 
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time scale of the mosquito life span and its ability to transmit the virus is slaved by the slower human infection 
immune response dynamics, a model with susceptible (S), infected (I) and recovered (R) humans and susceptible 
(U) and infected (V) mosquitoes was investigated by Rocha et al. [111]. The authors have shown that the human 
time scale is the only essential dynamics for the understanding of the available long term data on disease cases, only 
slightly perturbed by the mosquito dynamics. This analysis of the SIRUV model was qualitatively in agreement with 
a previously investigated simpler SISUV model, hence a feature of vector-borne diseases in general [112–114].

Biologically, these findings are of use since the current vector control measures for dengue alone have limited 
impact, with a successful broad-scale application being difficult to achieve and even harder to be sustained [115]. 
Therefore, the use of simpler mathematical models to guide how to best integrate interventions against a compli-
cated, multi-strain pathogen with complex transmission dynamics, like dengue, would have important benefits on the 
practical predictability of the dynamical system [116].

Trying to explain the irregular behavior of dengue epidemics, mathematical models describing the transmission 
of dengue viruses have focused on multi-strain aspects, ADE and Temporary Cross-Immunity (TCI). A multi-strain 
mathematical model proposed by Ferguson et al. [117], developed to explore the effect of ADE on dengue transmis-
sion dynamics, has shown deterministically chaotic dynamics when strong infectivity of secondary dengue infection 
was assumed. This model did not consider the cross-immunity period, and co-infection was possible. Therefore, in-
dividuals could simultaneously belong to multiple compartments of infection with one and another strain. Chaotic 
desynchronization in multi-serotype dengue model with ADE was described by Billings et al. [118]. This model also 
did not include the cross-immunity period, however, cross-infection was not possible as long as an individual was 
primarily infected. As a result, all compartments were distinct.

Aguiar et al. [119,120] have investigated a minimalistic two-infection dengue model, an extension of models ini-
tially suggested and preliminarily analyzed in [117,118]. By assuming that a secondary infection could only occur with 
a different serotype to the one causing the primary infection, the TCI was introduced through additional compartments 
for individuals recovering from a primary infection, becoming susceptible again after a short cross-immunity period. 
The addition of a TCI period in such models has shown, for the first time, a new chaotic window in an unexpected and 
much wider parameter region, including for the reduced infectivity on secondary infection [119,120]. The restrictive 
assumption of much higher transmission rates for secondary infections, that was previously necessary to generate 
complex dynamics resembling the oscillations observed in empirical data, could be relaxed significantly. This finding 
indicated that deterministic chaos was much more important in multi-strain models than previously thought, opening 
new ways to analyze the existing data sets.

In 2011, the minimalistic two-infection dengue model proposed by Aguiar et al. [119] was extended by including 
seasonality to mimic the effect of the vector dynamics [68]. The seasonal model has shown complex dynamics and 
demonstrated good qualitative agreement between model simulation and empirical data when a short cross-immunity 
period was combined with the ADE effect, reducing the baseline disease transmission of secondary infections. That 
assumption was justified by the epidemiological association of increased risk of severe disease observed in sec-
ondary infections. The authors have assumed that individuals experiencing a primary dengue infection would become 
asymptomatic or with mild symptoms, and hence would still be mobile and able to transmit the infection. However, 
individuals experiencing a second infection with a heterologous serotype would likely develop severe symptoms, be-
ing admitted to a hospital, which would decrease their chance to transmit the disease, as compared to primary infected 
individuals.

Nonetheless, the introduction of stochasticity was needed to explain the fluctuations observed in some of the 
available dengue data sets, revealing a scenario where noise and complex deterministic skeleton strongly interact 
[67]. Stollenwerk et al. [66] have revisited the parameter estimation framework for dynamical systems describing 
biological populations, and have applied it to calibrate the dengue model proposed in [67]. With wide likelihood 
profiles obtained for some of the parameters, the maximum likelihood iterated filtering technique offers a promising 
perspective on parameter values inference from dengue cases notifications.

Using bifurcation theory, Kooi et al. [64] have analyzed and compared three multi-strain dengue models proposed 
in [68,117,118], giving insights into the origin of long-term dynamics behavior. Using the same parameter set for all 
models, the duration of the cross-immunity period and the ADE factor were varied as bifurcation parameters. Besides 
endemic equilibria and periodic solutions, chaotic behavior originating via different routes were identified. Lyapunov 
exponent calculation was used to quantify the complex behavior in those models. An interesting dynamical aspect 
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found by Kooi et al. [64] was a torus bifurcation as a route to the chaotic dynamics in the model proposed in [68], a 
dynamical behavior never described in epidemiology before.

The cross-protection assumption combined with the ADE effect have been modeled in different ways. Despite 
incorporation of TCI in rather complicated models, the ADE effect would always increase the transmissibility or 
susceptibility in secondary infections [55,58,62,65,69]. While Woodall and Adams [61] have assumed partial cross-
protection after a primary dengue infection, Reich and colleagues [65] have proposed a model with the enhancement 
factor acting on individual susceptibility, i.e., assuming that individuals with immunity to one serotype would be more 
likely to acquire a second infection. By evaluating the fit of their model to the available dengue data from a hospital 
in Thailand, the authors confirmed that models including short-term cross-protection are better able to fit their data 
than models without cross-protection. They estimate the optimal length of cross-protection period to be two years. 
The addition of a serotype-specific transmission rate in their model deteriorates the fitness of the model to data.

The approach proposed by Aguiar et al. in, e.g., [63,68,119] combine a short period of temporary cross-immunity 
between primary and secondary infections, with a second infection contributing less to the force of infection than a 
primary infection, an assumption justified by disease severity and hospitalization decreasing the human interaction 
and hence, disease transmission.

A comparison between the basic two-strain dengue model, which captures differences between primary and sec-
ondary infections including TCI, with the four-strain dengue model, introducing the idea of competition of multiple 
strains in dengue epidemics have shown that the combination of TCI period and ADE effect is the most important 
feature to drive the complex dynamics in the system, more than the detailed number of dengue serotypes to be added 
in the model [63]. Until that time, the TCI factor was never actively explored, but it is now recognized as an important 
feature to obtain a realistic dengue model.

The role of the number of subsequent infections versus detailed number of dengue serotypes included in the model 
framework, and the human immunological aspects associated to disease severity was also discussed in detail by Aguiar 
et al. [56]. In this survey, extensions of the two infection multi-strain model proposed in [63] are compared, identifying 
the implications of extra compartments for model dynamics.

The n-strain epidemiological model with primary and secondary dengue infections proposed in [63] can be written 
as follows

Ṡ = μ(N − S) −
n∑

i=1

β

N
S

⎛
⎝Ii + ρN + φ

⎛
⎝ n∑

j=1,j �=i

Iji

⎞
⎠

⎞
⎠ ,

and for i = 1, ..., n serotypes

İi = β

N

⎛
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⎛
⎝ n∑

j=1,j �=i
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⎞
⎠

⎞
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⎛
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With chaotic dynamics found to happen in the same parameter region of interest (describing the fluctuations ob-
served in empirical data) for both two- and four-strain models, without significant change in terms of prediction 
horizon in time series, the minimalistic two-strain model was later extended to include vaccination, and to evaluate 
the impact of the up-to-date only licensed imperfect dengue vaccine [57].

Although the frequency of tertiary and quaternary dengue infections are low, models assuming third and fourth 
heterologous infections are often developed. Wikramaratna et al. [69], have constructed a framework to examine the 
effect of third and subsequent infections on dengue epidemiology, with results indicating that the qualitative nature of 
the dynamical behavior in models with and without third and fourth infections is predominantly similar.

Many of the multi-serotype models have assumed symmetric infection rates for dengue serotypes. Heterogeneity 
in serotype transmission rates is discussed in [62]. Authors investigate different transmissions rates among serotypes 
and have found that asymmetry between serotypes increases the persistence of all strains and that there exists an 
optimal ADE factor value that maximizes the likelihood of serotype persistence. On the other hand, Kooi et al. [60]
have investigated epidemiological asymmetry between the strains, assuming different force of infection rates but 
keeping all the other epidemiological parameters the same. The robustness of a two-strain symmetric dengue fever 
model with respect to asymmetry is studied using bifurcation analysis. Results have shown that while in symmetric 
models the two-strain system is always endemic, in the asymmetric models a one-strain system can also be endemic. 
Moreover, the asymmetry of the strains stabilizes the long-term dynamics, with chaotic behavior (needed to describe 
the oscillations observed in empirical data) occurring only for smaller parameter regimes.

A new approach to dengue modeling considering partial cross-enhancement on secondary infection is proposed by 
Woodall and Adams [61]. Three previously proposed models were modified to include partial cross-enhancement: a 
base model without TCI [117], a model with stochastic seasonality and co-infection [121], and a vector-host model 
with cross-temporary class and deterministic seasonality [68]. The authors argue that the enhancement alone is not 
driving the observed multi-annual oscillations in dengue dynamics, but rather modifying the effects of other drivers. 
Bosch et al. [58] have used a pattern-oriented modeling (POM) approach to fit and assess a range of dengue models, 
driven by combinations of temporary cross-protective immunity, cross-enhancement, and seasonal forcing, in terms 
of their ability to capture the main characteristics of dengue dynamics. The authors have found that to reproduce the 
patterns in a low seasonality setting, a larger cross-protection period is needed, while in a setting of strong seasonal 
forcing, an ADE parameter is required.

Regarding the evaluation of control measures, Pandey and Medlock [59] have developed standard SIR-type deter-
ministic dengue models to explore short- and long-term effects of vaccine introduction. In its simplicity, the model 
has shown that when vaccination is introduced, large transient spikes in disease cases may occur. These spikes are ex-
pected within at least 15 years from the start of vaccination with both intermediate efficacy and coverage. Despite the 
capability of vaccinations to decrease cumulative infections in the long term, the authors emphasize that the probable 
occurrence of large spikes should be considered when designing health policies. Indeed, those results were published 
well before any vaccine trial data were publicly available. An age-structured model was developed by Aguiar et al. 
[57], validated and parametrized with the available vaccine trial data [40], and has shown that a significant reduction 
of hospitalizations would only be possible when this vaccine is given to individuals with history of a previous dengue 
infection (seropositive individuals). However, a significant increase of hospitalizations was predicted, if this vaccine 
is administrated without a previous population screening, including vaccination of seronegative individuals.

In a more recent study, Kabir et al. [55] proposed a model for studying the effect of ADE for two vaccination types, 
the so-called primary and secondary vaccination standing for individuals who are seronegative and seropositive prior 
to vaccination, respectively. Applying the vaccination game approach, the authors have investigated the relationship 
between ADE and cost-efficiency of voluntary vaccination. As expected, model results have shown that if vaccines 
are effectively protecting seronegatives, vaccination of seropositives is not needed. Nevertheless, up to now, the only 
licensed dengue vaccine should not be administered to seronegative individuals, and therefore, results from this study 
are not compatible with the reality.

4.2. Vector-host transmission

To answer questions regarding the vector-host-pathogen interactions and disease control strategies, such as vector 
control and vaccination, more variables and assumptions, based on the available empirical data, are needed to be 
included into the model framework.
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Fig. 5. Schematic flow diagram for vector compartments. With vector population size M = U + Vi + Vj , susceptible vector population (U ) and 
infected vector population carrying i, j dengue strain (Vi , Vj ), with i, j = 1, 2, 3, 4 and i �= j . For host population size N , the infection rate is 
parametrized by β , and φ is a scaling factor used to differentiate the infectivity φβ of secondary infections with respect to the baseline infectivity 
β of primary infection.

Hu et al. [89] have compared three models varying in complexity, a host-to-host model (without vector dynamics), 
a vector-host model (with latency class for vectors only, i.e., an extra model compartment where the mosquitoes 
are infected but not infectious, and hence unable to transmit the disease during the period of latency time), and the 
vector-host model (with latency compartments for both, vector and host dynamics). The authors have shown that 
the introduction of vector dynamics explicitly stabilizes the complex dynamics found in the host-to-host framework. 
As the assumption of cross-protection alone was not enough to explain the complexity of the data, the ADE effect 
increasing disease transmission of secondary infections, as opposed to the results presented in [60,63,68], was needed 
to describe the epidemiological data.

Integration of vector dynamics within host-to-host models is straightforward, with a simple Susceptible-Infected 
(SI) type model, as proposed in [71] and presented in Fig. 5.

For the multi-strain vector-host minimalistic transmission model, assuming two dengue serotypes and only two 
possible infections, as proposed by Rashkov et al. [71], the complete ODE system can be written as shown in Equation 
System (2).

Ṡ = − β

M
S(Vi + Vj ) + μ(N − S),

İi = β

M
SVi − (γ + μ)Ii,

İj = β

M
SVj − (γ + μ)Ij ,

Ṙi = γ Ii − (α + μ)Ii,

Ṙj = γ Ij − (α + μ)Ij ,

Ṡi = αRi − μSi − β

M
SiVj , (2)

Ṡj = αRj − μSj − β

M
SjVi,

˙Iij = β

M
SiVj − (γ + μ)Iij ,

˙Iji = β

M
SjVi − (γ + μ)Iji,

Ṙ = γ (Iij + Iji) − μR,

U̇ = − β

N
U(Ii + φIji + Ij + φIij ),

V̇i = β

N
U(Ii + φIji) − νVi,

V̇j = β
U(Ij + φIij ) − νVj .
N
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This is a host-vector model for dengue with two strains, TCI for the hosts, and possible secondary infections. The 
authors investigated the existence of endemic equilibria in one-strain and two-strain models, performed bifurcation 
analysis, and compared the results to the host-to-host two-strain model described in [68]. Similarly to the observations 
described in [89], results have shown that the explicit inclusion of vector dynamics into the host-to-host models 
significantly reduces the complexity of the system. However, by introducing yearly seasonal forcing in mosquito 
biting by means of a sinusoidal time variation of the number of mosquitoes, complex dynamics is also observed (for 
the same range of parameter values where complex dynamics occurs in [68]), see [71, Fig. 16].

Murillo et al. [88] presented a two-genotype-strain model using vertical transmission, in which the competitive 
dynamics between dengue virus genotypes is introduced in the vector-host dengue model. In the presence of vertical 
transmission, results showed that even a low probability of vertical transmission can have a major impact on the 
long-term dynamics of dengue fever. This determines the difference between failed outbreaks or invasions, as well 
as the possibility for the disease to become endemic in a population. Later, Anggriani et al. [75] have developed and 
analyzed a multi-serotype model with possible reinfection with homologous dengue serotype. A sensitivity analysis 
was performed showing that the reinfection parameter significantly influences the dynamics of primary and secondary 
infections. The biological assumption of hosts experiencing a more infectious secondary infection with a homologous 
dengue serotype is debatable, see [16,122] and [123].

Lourenço et al. [90,92] used a multi-strain vector-host model that includes an explicit mosquito vector component, 
TCI after primary infection, and seasonal forcing in mosquito biting. In [92], stochastic simulations were performed 
to explore the invasion dynamics of a novel dengue genotype in an endemic population with four co-circulating 
serotypes. The determinants for fixation success and rate, as well as their epidemiological consequences, were evalu-
ated. While viral fitness is linked to invasion success and competitive exclusion of the resident genotype, the authors 
demonstrated that the epidemiological environment is more important for successful serotype emergence. In [90], the 
authors explored spatial and non-spatial multi-strain dengue models. They showed that even in the absence of im-
munological rivalry, spatially explicit multi-strain systems can display all of the specified epidemiological dynamics.

Another complex model was proposed by Coudeville and Garnett [91]. An age-structured, vector-host and 
serotype-specific compartmental model, including seasonality, was developed and analyzed. The authors have shown 
that short-term cross-protection (between 6-17 months) is critical to replicating real-world data. The assumption of 
individuals being able to be sequentially infected by all four serotypes, instead of only two, performed well in terms 
of data fitting. Results suggest that vaccination can decrease the frequency and magnitude of outbreaks, and alter the 
age distribution of disease cases. By adding vaccine dynamics to their model, they show that the overall impact of 
vaccination depends on the efficacy and the duration of protection that the vaccine confers.

Similar to the model proposed in [91], Knerer and colleagues [85] have developed a model featuring seasonality, 
age-structure, and consecutive infection by all four serotypes of dengue. The model was able to describe the national 
data from Thailand when incorporating seasonality and TCI between serotypes. The impact of combined vector-
control and vaccination strategies on disease transmission was evaluated and although combining vaccination with 
other control strategies was shown to be more effective, their results have shown that a vaccine with low efficacy would 
have a positive impact on dengue transmission. Using the same model, the authors examine the cost-effectiveness of 
well known measures against dengue and its combinations [74]. The impact and cost-effectiveness of Wolbachia as a 
vector control strategy deployed at scale on a nationwide basis was evaluated through an exploratory analysis.

The effects of Wolbachia on dengue transmission dynamics were also evaluated by Ndii et al. [82,86]. The authors 
developed a vector-host mathematical model in the presence of two dengue serotypes, suggesting that the presence 
of Wolbachia significantly reduces the transmission of dengue [82] and will be beneficial in the presence of multiple 
dengue serotypes [86].

A two-serotype vector-host model with ADE, cross-protection, and seasonality was proposed by Knipl and 
Moghadas [87]. Based on estimates of vaccine efficacy from [38,39], their results have shown that disease eradi-
cation was not feasible. While higher vaccination coverage leads to lower numbers of infections, severe cases would 
increase due to ADE or waning immunity.

Maier at al. [80] have developed a model including ADE to examine the optimal vaccination age against dengue 
in Brazil. Using epidemiological data from Brazil, the authors have estimated the basic reproduction number and 
the optimal vaccination age for each of the four dengue serotypes, showing that the optimal vaccination age varies 
depending on the serotypes in circulation. A mathematical model with two virus strains, vector mosquito population 
and TCI was proposed by González Morale et al. [81] to investigate the effects of various vaccination strategies based 
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on vaccine efficacy values, transmission intensity, and cross-immunity period. Results have shown that the period of 
cross-immunity plays a crucial role for disease incidence reduction and overall disease transmission dynamics.

Hendron and Bonsall [84] developed an epidemiological model for dengue virus transmission between vector and 
hosts to explore the combined effects of vector control using genetic variants of the sterile insect technique (SIT) and 
vaccination in small networks. The authors demonstrated that while mixed strategy solutions are more effective, the 
use of imperfect control strategies may be counterproductive, with host migration throughout this limited network 
increasing the severity of epidemics.

A model to examine the fundamental roles of demographic and spatial structures in epidemic initiation, growth and 
control is proposed by Falcón-Lezama [83]. By dividing the human population into patches according to the mobility 
and adding epidemic submodels for host and vector populations, authors focus on the role of highly mobile groups to 
show that the key factors promoting disease spreading are local dilution and spatial connectivity, characterized by the 
vector–host ratio and by the extent of habitually variable movement patterns, respectively.

Using two different models, Mishra and Gakkhar [73,79] have examined the vector-host dynamics of dengue. 
In [79], a vector-host model considering two patches with different dengue serotypes in each patch is developed to 
evaluate the effect of human migration on the prevalence of dengue. The authors have concluded that emigration from 
a patch decreases the basic reproduction number for that patch while immigration has the opposite effect. A vector-
host model for two dengue serotypes incorporating ADE was analyzed in [73], suggesting that a higher ADE factor 
allows for the second serotype to further persist.

Champagne and Cazelles [78] have compared deterministic and stochastic modeling frameworks for the dengue 
transmission disease. Five compartmental models, increasing in complexity by incorporating vector-borne transmis-
sion, explicit asymptomatic infections and interacting virus serotypes, are compared as they were able to reproduce 
dengue data from rural Cambodia. Results have shown that although the deterministic models provide a good approx-
imation of the mean trajectory for a low computational cost, the stochastic frameworks better reflect and account for 
parameter and simulation uncertainty.

A significant amount of research on vector-host dynamics of dengue has also focused on optimizing interven-
tions to mitigate the disease [70,72,76,77]. Optimal control aims to identify solutions of optimization problems in 
dynamical systems with the aim of minimizing outcomes (e.g. infections, deaths) and the cost of implementing the 
interventions/controls [124]. Three controls generally appear in the vector-host dengue literature—precautionary mea-
sures (u1(t)), vector control (u2(t)), and more recently, vaccination (u3(t)). Precautionary measures are controls that 
inhibit contact and/or transmission between a susceptible host and an infected vector. These typically include encour-
aging the use of mosquito nets and public awareness campaigns. Vector controls include the use of larvicides and 
fumigation to directly reduce the population size of vectors. Finally, vaccination measures decrease the number of 
susceptible hosts.

These controls are time-varying functions that may take values between 0 to 1, with 0 representing no usage 
of the controls and 1 representing full implementation of the control at time t . One can incorporate these controls 
in our generic vector-host model as additional parameters. Precautionary measures may be represented by the factor 
(1 −u1(t)) multiplied to the transmission term between the susceptible hosts and infected vectors. Vector-control may 
be represented by adding u2 in the death rate for mosquitoes. Finally, the vaccination control may be incorporated by 
adding a removal term in the susceptible host population represented by u3S.

A generic optimal control problem in a vector-host dengue model can be summarized as follows. One searches to 
minimize a cost function

min

tf∫
0

(
I1(t) + I2(t) + I12(t) + I21(t) + w1u

2
1(t) + w2u

2
2(t) + w3u

2
3(t)

)
dt, (3)

which is optimized under the constraints of the dynamical vector-host model by using Lagrange multipliers λi(t). The 
solution for the optimal control problem can be obtained by applying Pontryagin’s Minimum Principle [124,125], that 
derives the necessary conditions to find the optimal solutions as follows: if (x, u) is an optimal solution of an optimal 
control problem, then there exists a non-trivial vector function λ = (λ1, λ2 . . . λn) satisfying the following equalities

dx = ∂H(t, x,u,λ)
,

dt ∂λ
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Fig. 6. State-flow diagram of a minimal within-host SIV model. With susceptible target cells S, infected cells I and viral particles V , the transitions 
from one to another state are parametrized by a, the infection rate of susceptible target cells, κμi , the viral replication with disease induced mortality 
rate μi of infected cells, and b the removal rate of viral particles during the infection process of a susceptible target cell.

0 = ∂H(t, x,u,λ)

∂u
,

dλ

dt
= −∂H(t, x,u,λ)

∂x
.

Numerical solutions can be obtained through a Forward-Backward Sweep Method (FBSM). We refer the reader 
to [124] for further details on this algorithm. Ultimately, the resulting solutions are values of the control function 
u1(t), u2(t), u3(t) varying with time t that would minimize both the number of infections and cost of the controls. 
This is a tool that may aid health policymakers in designing key policies that both mitigate disease spread while 
avoiding unnecessary economic losses.

Bock and Jayathunga [76] developed a multi-patch vector-host model for dengue incorporating mosquitoes infected 
with the Wolbachia bacterium as control measure, either by reducing the level of virus in the mosquitoes or by 
shortening the vectors’ life span. Numerical results show that Wolbachia vectors reduces the vector population, thus 
reducing disease spreading. A mathematical vector-host model of dengue transmission and vaccination was developed 
by Shim [77]. The model considers the effect of ADE and different immunological profiles for the human host. The 
optimal control problem for the dengue vaccination model is formulated to minimize the cost associated with dengue 
infection as well as vaccination for a finite time.

Ghosh et al. [72] have presented a qualitative analysis and optimal control for a multi-strain dengue model allowing 
co-infections. Three control strategies to reduce the infection in human and mosquito population, namely awareness 
efforts to protect human from mosquito bites, treatment efforts for infected human and mosquitoes killing efforts. 
The model was analyzed first by considering all the control efforts constant, and then, by considering that all that 
the controls are time dependent. Using Pontryagin’s maximum principle, results were compared. Positive impact for 
implementing three controls to reduce infections was demonstrated, with awareness efforts to protect humans from 
mosquitoes bites along with treatment been more effective than the mosquitoes killing efforts along with treatment.

More recently, Xue and colleagues [70] have developed a two-infection multi-strain vector-host dengue model, 
including a latent (exposure) class for the host and for vectors. Via a sensitivity analysis, the authors have identified 
the important factors that impact the transmission dynamics of dengue virus. Although the models consider TCI, this 
parameter was not explored. Incorporation of two control variables representing i) improving the awareness of humans 
and ii) enhancing mosquito control to mitigate disease transmission, were evaluated under optimal control aspect by 
applying the Pontryagin’s Maximum Principle, taking into account the corresponding economic costs.

4.3. Within-host transmission

Within-host models considering the dynamic interaction between free virus and susceptible target cells have been 
proposed, see e.g. [109,110,126,127], with models differing on the functional form to model viral infectivity, immune 
response, and viral clearance dynamics.

At microscopic level, within-host models are able to explore the dynamics of viral load and antibodies responses 
during dengue infections. Although the role of pre-existing dengue serotype specific antibodies in a secondary dengue 
infection with an explicit mechanism to explain its protective or enhancing effect has not been deeply explored yet, this 
approach becomes essential to understand the role of TCI and ADE, and to evaluate the impact of vaccination. The first 
step to develop a within-host model is the formulation of a simple SIV model to describe viral replication dynamics 
during the initial infection process. The state-flow diagram is shown in Fig. 6, where S denotes the susceptible target 
cells, I denotes the infected cells and V stands for free viral particles that are produced and released during the dengue 
infection process.
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The process of viral replication during a primary infection without immunological response, as recently proposed 
by Sebayang et al. [22], is given by

Ṡ = πS − μSS − aSV,

İ = aSV − (μi + μS) I, (4)

V̇ = κμiI − bSV,

where πS and μS are, respectively, the production and mortality rate of susceptible target cells. While a is the infection 
rate, μi the mortality rate of infected cell, κ is the viral replication factor, and b is the removal rate of viral particles 
during the infection process of susceptible cells. We noted that a �= b since more than one viral particle is needed to 
generate one infected cell.

A target cell limited model was proposed by Ben-Shachar and Koelle [109]. With a model framework includ-
ing a class of natural killer cells N and interferon F , a group of signaling proteins produced and released by host 
cells in response to the presence of several viruses [128], the authors have investigated three models with increasing 
complexity. Focused on determining the critical components of the innate and the adaptive immune responses able 
to reproduce features of dengue infections, the authors suggested that the innate immune response alone would be 
enough to capture the characteristic features of a primary symptomatic dengue infection, while a higher infectivity 
rate (mimicking ADE) and infected cell clearance by T cells are additionally needed to describe the characteristic 
features observed for a secondary dengue infection. The same authors have proposed a model to understand the in-
dividual viral load dynamics and the clinical manifestation of dengue infections [107]. By fitting the models with 
empirical data, they have shown that cellular immune response plays an important role in regulating viral load during 
a secondary dengue infection, providing statistical support for ADE and disease severity. Later, the authors have stud-
ied the transmission-clearance trade-offs virulence evolution. Using viremia measurements data from symptomatic 
dengue-infected patients, it was shown that high viral loads come at the cost of accelerated viral clearance in both 
primary and secondary dengue infections. Moreover, the role of epidemiological context in shaping dengue virulence 
evolution was investigated, with optimal virulence, defined as disease severity, depending on the epidemiological 
setting of one or two dengue serotypes circulation.

Clapham et al. [106,110] have developed mathematical models similar to the model proposed by Nuraini et al. 
[126], including four state variables and the adaptive immune response for infection clearance. The model described 
in [110] was parametrized by fitting data of plasma viral titers of primary and secondary infections with DENV-1 
serotype in Vietnam. Different parameter sets were needed to describe primary and secondary cases, with infection 
rate enhancement resembling the well known ADE effect in heterologous secondary dengue infections. Moreover, 
the authors have investigated the effect of Chloroquine treatment on viral dynamics, a medication primarily used to 
prevent and treat malaria but that has biochemical properties that might be applied against some viral infections [129]. 
Results have shown that the therapy is only effective if started before the symptoms manifestation. Further model-
ing refinements were investigated by Clapham and colleagues in [106]. The authors have developed a multi-serotype 
modeling framework that was parametrized using data for antibody titres and viral load measurements recorded se-
quentially during infection from 53 Vietnamese dengue patients. Results have shown that the antibody kinetics are 
playing a critical part in controlling viral replication, giving insights into the role of different mechanisms for infection 
clearance.

The model described in [106] was further used by ten Bosch et al. [101], coupled with human demographic projec-
tions, to quantify the net infectiousness of individuals across the spectrum of dengue infection severity and to estimate 
the fraction of transmission attributable to people with symptomatic disease.

Thibodeaux and colleagues [95,105] have analyzed the within-host model described in [106,110] by considering 
a non-constant monocyte production rate. As theoretical papers, stability analysis was performed and the net repro-
ductive rate of the virus was obtained. Sensitivity analysis to investigate different treatment strategies was performed. 
While antiviral medicines to decrease the viral replication in infected monocytes are observed to be beneficial, im-
munostimulatory medicines to remove infected monocytes shows an even better results. Another theoretical exercise 
is performed by Gulbudk and Browne [96]. The authors have proposed a multi-scale modeling approach to couple the 
immunological and epidemiological dengue dynamics. The multi-serotype model includes TCI and ADE. Stability 
analysis with the basic and the invasion reproduction numbers as a function of immunological variables was per-
formed. Borisov and Dimitriu [98] developed a model including mature and immature dengue viruses, motivated by 
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data presented in [130]. Stability analysis was performed and the basic reproduction number, as a function of infected 
cells producing noninfectious virions was computed.

Using the method of population of models (POMs), Mapder et al. [99] have explored the intrinsic variability of 
viremia of dengue-infected patients. To predict efficient intervention to control measures for dengue, the authors have 
used a population of bang-bang switches of defective interfering virus which is, in its simplicity, a spontaneously 
generated virus mutant from which a critical portion of the virus genome has been deleted [131]. A multi-scale 
immuno-epidemiological model of dengue infection is proposed by Nikin-Beers et al. [100]. The within-host virus 
dynamics is coupled to a population-level model through a system of partial differential equations to investigate 
the roles of order and type of infection in driving the long-term persistence of co-circulating dengue serotypes in a 
population.

A non-linear model for dengue primary infection incorporating the role of T immune cells as well as antibodies in 
the dynamics is proposed in [104], where a time delay during the process of antibodies secretion is considered. This 
model has been further extended in [93] by adding the response of the innate immune response through a class of 
interferons.

A more complex model including several other immunological classes, was proposed by Perera and Perera [102]. 
The authors have developed a computer simulation mathematical model, including both innate and adaptive immune 
responses, to understand the viral kinetics during dengue infection. Sensitivity analysis was carried out to identify 
key parameters describing disease dynamics related to different clinical manifestations. More recently, to explore the 
features of viral replication, antibody production and infection clearance over time, a model framework developed to 
describe qualitatively the dengue immunological response mediated by antibodies was recently proposed by Sebayang 
et al. [22]. The model complexity increases gradually by including an extra target cell, macrophages, that differentiate 
into an antigen presenting cell, triggering the antibodies production. Complexes virus-antibodies are generated to clear 
the infection. The ADE effect is lead by primary infection pre-existing antibodies which are activated by the presence 
of a new viral particle.

Nikin-Beers and Ciupe [108] developed a model considering both primary and secondary infections to determine 
the role of cross-reactive antibodies on severe disease clinical manifestations. The model was fitted with published 
data on viral load levels of patients who had confirmed a secondary dengue infection [132]. Results have shown 
that while a secondary infection with a homologous serotype is cleared immediately, infections with a heterologous 
serotype generate a higher viral load, which has been shown to be correlated with disease severity [32]. More recently, 
Camargo et al. [94] have investigated a model for a secondary heterologous infection, focusing on the role of anti-
body neutralization and enhancement. The authors have shown that while neutralizing antibodies generated after the 
secondary infection plays a major role in protection from the virus, the infection-enhancing activity of pre-existing 
antibodies is an important mechanism involved in disease severity due to the higher occurrence of dengue hemorrhagic 
fever and dengue shock syndrome (DHF/DSS) promoted by the ADE phenomenon.

Models to investigate simultaneous infection of a host by multiple pathogen species are often proposed. As an 
example, dengue and Zika viruses, closely related viruses, transmitted by the same vector and causing similar clinical 
symptoms. Those viruses are often co-circulating in regions where conditions for disease transmission are present. 
Given the phylogenetic proximity of dengue viruses to Zika virus, Tang et al. [97] have developed a model to investi-
gate antibody-dependent enhancement on disease severity of Zika virus and dengue virus sequential and co-infections. 
Through numerical simulations, authors show that ADE is the key factor determining a sharp increase/decrease of viral 
load near the peak time in any secondary infection. While a prior dengue virus infection would increase the severity or 
protect the human host during a Zika virus infection is still an open question, a clearer understanding on the sequence 
of those infections are of major importance for endemic countries.

4.4. Dengue and COVID-19 co-infection modeling

Numerous articles published in the last two years ([133–147] to name a few) alert of the profound medical con-
cern of the COVID-19 and dengue co-epidemic or syndemic (terms commonly used to refer to the conjunction of 
the COVID-19 pandemic and dengue in dengue-endemic regions, such as South America, Africa and the Southeast 
and South Asia). Both viruses present common clinical symptoms (cough, muscle aches, fatigue, skin rash, and pe-
techiae), long incubation periods, serological cross-reactivity and pathophysiological similarities (such as capillary 
leakage, thrombocytopenia, and coagulopathy), which hinder their timely diagnosis [148,149]. Indeed, there are even 
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confirmed case reports of patients infected with both viruses (e.g., [150–157]), but there are also cases in which early 
or incomplete tests may lead to misdiagnosis (a situation that is more prone to occur in regions with limited medical 
resources), as in the case reports [138,158] where false-positive were obtained from serological testing for dengue in 
a (subsequently confirmed) COVID-19 infected patients. And the overlapping of both diseases not only worsens the 
condition of patients who are doubly infected or misdiagnosed, but it aggravates the overall burden on healthcare sys-
tems (with its terrible economic and socio-political consequences). However, almost none of the mathematical models 
used to describe these diseases in epidemiological terms so far consider their association, including those currently 
used to assist the decision-making on public health policies.

Omame and collaborators [159] are the first (and the only ones to our knowledge) to implement a determinis-
tic compartmental model for the co-interaction of COVID-19 and dengue transmission dynamics, whose parameters 
were estimated after fitting with the cumulative confirmed daily COVID-19 cases and deaths (from Feb. 1, 2021 to 
Sep. 20, 2021) in Brazil (a highly dengue-endemic country). In essence, this model leaves aside the impact of multi-
ple COVID-19 strains and seasonality or wave effects of the two diseases, and assumes that: individuals have equal 
probability of contact with each other, COVID-19 infected individuals are susceptible to dengue and vice versa, co-
infected individuals can transmit either COVID-19 or dengue at the same time or can recover from only one disease 
at the same time, and the rate of transmissibility for singly infected and co-infected individuals is the same. They also 
extend the model by including optimal control strategies and their cost-effectiveness analyses. Despite the apparent 
simplicity of the model, their results indicate that dengue only or COVID-19 only control strategy substantially di-
minishes new co-infection cases; being the strategy that implements control against incident COVID-19 infection the 
most effective in preventing the number of co-infection cases, and the strategy implementing control against incident 
dengue infection the most cost-effective in controlling dengue and COVID-19 co-infections. However, as the same 
authors fairly acknowledge, there are difficulties in estimating the parameters, in particular, those that explain the 
susceptibility of dengue-infected individuals to COVID-19 and the susceptibility of COVID-19-infected individuals 
to dengue.

Another approach that has proven fruitful in capturing intrinsic properties of modeling infectious diseases is the 
generalization to fractional-order derivative of basic models. In particular, Rehman and collaborators [160] proposed 
a model for COVID-19 and dengue co-infection. They explored the effects of using different nth fractional order 
values (which, although the order nth is not a biological parameter, serves to describe the dynamic) for different 
fractional-derivatives (in the Caputo, Caputo–Fabrizio and Atangana–Baleanu sense) and pointed out that Caputo 
operator shows still better results in terms of stability. In a similar manner, this kind of modeling framework has 
been applied to study the co-dynamics of COVID-19 with malaria [161] and with tuberculosis [162]. Also, there exist 
studies where each disease has been analyzed independently: for instance, Hamdan and Kilicman [163] employed a 
fractional-order SIR-based model for dengue, while Owusu-Mensah et al. [164] developed a fractional-order SEIR 
based model for COVID-19.

From a different viewpoint, Aguiar et al. [165] explored the parallelism between some compartmental models 
commonly used to dengue and COVID-19, and elaborated a fully parametrized model for COVID-19, but without 
integrating dengue into the description, as mentioned in the previous section. It is worth noting that even if any of 
the models developed to describe dengue or COVID-19 (such as SIR or SHAR) could be extended to include the 
concomitance, the values of its fitting parameters might vary after the model’s generalization.

A further possibility is explored by Cavany et al. [166] by using an agent-based model to determine how dengue 
incidences differ under a lockdown scenario. The model simulates the dengue transmission coupled to a realistic 
model of human movement (based on the city of Iquitos, in the Peruvian Amazon) and average distribution of mo-
bile mosquito agents (following spatio-temporal estimates of abundance based on household surveys). Their findings 
qualitatively reproduce the observed behavior [147,167,168]: COVID-19 lockdown measures taken against COVID-
19 may adversely alter the epidemiology of dengue. In the same vein, Jindal and Rao [169] extend the analysis of the 
impact of different lockdowns strategies on outbreaks of mosquito-borne diseases.

The presented approaches serve as a guide and open the door to future developments seeking to address the mutu-
ally dependent case of a pandemic disease with another endemic disease. As with the Omame et al. model [159], the 
parameter fitting problem due to missing data still hindrance in all these models, but as more data become available, 
the predictive models can be improved and cross-checked.
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5. Discussion and conclusions

This paper is an extensive review of a variety of mathematical models used to describe dengue fever epidemiology, 
including the within host approach which is restricted to a small number of studies so far. With many open questions, 
modeling dengue dynamics is still a challenging task, and this review is of great utility to guide future mathematical 
research on the dengue fever epidemiology.

In the present work, multi-strain deterministic, stochastic and spatial modeling frameworks to describe dengue 
epidemiology were reviewed. Research papers describing the immunological dynamics during dengue infection were 
also included, counting 15 for the host-to-host, 23 for vector-host and 18 for within-host structural approaches. Our 
review of mathematical models for dengue fever epidemiology is timely, dealing with mathematical models applied 
to infectious diseases of major public health importance.

The restrictive keywords searching up to the selection and exclusion criteria have limited the number of papers 
studied for this review. We are aware that we might not citing all the important publications on dengue modeling 
published during the past 10 years, and we apologize in advance for any references missing. For earlier studies, we 
also refer to the references in articles cited here.

Addressing the limited understanding of epidemiological and immunological factors influencing the transmission 
dynamics of dengue, our study provides insights on general features to be considered to model aspects of real-world 
public health problems, such as the current pandemic scenario we are living in. Focused on future research directions 
of modeling new pathogens able to cause explosive outbreaks, considerations of new COVID-19 variants and the 
current vaccination programs using imperfect vaccines are discussed on the basis of recent experiences in dengue 
vaccine modeling.

5.1. Components of dengue models

The development of mathematical models involves formulation, analysis, interpretation and validation. After de-
ciding on the system to be modeled, the basic framework is developed according to the underlying assumptions of 
the system, with mathematical equations governing the system in respect to the used parameter values that are often 
estimated by empirical data.

Different types of modeling approaches are used to model infectious disease dynamics. The approach is defined 
based on the specific problem to be described and understood. Although most of dengue models are deterministic, 
often formulated in terms of a system of differential equations to describe disease transmission in a population, some 
of them include stochastic features, which are essential to describe real world epidemics. Spatial models aim to 
understand the role of mobility (both of hosts and vectors) on disease spreading by including spatial interactions, 
either on individual levels or in metapopulation settings. The modeling approach for each of the mathematical models 
included in this review is shown in Table 1.

As for the host-to-host modeling framework, besides the transmission rate and recovery rate, the ADE effect, often 
described as the contribution of secondary infection to the overall force of infection, and the TCI, which refers to 
the temporal window of immune protection against secondary infection by any serotype, are common features used 
to describe dengue fever epidemiology. Life-long immunity to a specific serotype causing the infection is a common 
assumption. While TCI is only recently included in modeling, formulations of the ADE effect vary, with the parameter 
acting, most of the time, to enhance susceptibility or transmissibility. The combination of both are, however, impor-
tant to understand the immunopathogenesis of severe disease. Seasonality is often used to mimic the effect of vector 
dynamics in simple host-to-host models. Nevertheless, many studies including explicitly the dynamics of mosquitoes, 
coupled with a host model, introduce seasonal forcing in the vector population dynamics. Then additional parame-
ters such as incubation period, biting rate and the vector life span are considered. Those parameters are, however, 
difficult to be estimated due to the lack of good data and their wide ranges and different conditions in laboratory and 
nature.

Other features for dengue modeling are, for example, disease co-infection (either different pathogens or eventually 
different variants of the same microorganism), and control measures such as vector control and vaccination that are 
also modeled as combined strategies and used for optimal control evaluation.

Regarding within-host modeling, parameters are used at microscopic scales, dealing with concentration levels 
obtained by blood samples. The time scale is much faster than the ones used at macroscopic level (in months or years) 
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Table 2
List of parameters used in host-to-host modeling.

Parameter definition Range of values References

Birth and death rate (year−1) [ 1
50 , 1

70 ] [56–60,62–65,67–69]
Recovery rate (year−1) [26, 100] [55–60,62–69]
Transmission rate [70, 400] [55–58,60,62–69]
Temporary cross-protection period (year−1) [1.8, 50] [56–58,60,63–65,67,68]
Secondary infection contribution to force of infection [0, 4] [55–60,62–64,67–69]
Enhancement of susceptibility [1, ∞] [58]
Enhancement of transmissibility [1, 1.4] [65]
Amplitude of seasonality [0, 0.35] [58,61–63,68,119]
Degree of cross-protection [0, 1] [61,89]
Vaccination coverage [0, 1] [57,59]
Vaccine efficacy∗ [negative, 1] [55,57,59,62]

∗Note that some vaccine efficacy values were observed to be negative during the vaccine trials [40,57].

Table 3
List of parameters used in vector-host modeling.

Parameter definition Range of values References

Birth and death rate for hosts (year−1) [ 1
50 , 1

70 ] [61,70–72,74,75,78,81,84,85,88,89]

Birth and death rate for vectors (day−1) [ 1
30 , 1

7.7 ] [61,70–75,78,79,81,84,85,87,88]

Recovery rate for hosts (day−1) [ 1
12 , 1

3 ] [61,70–76,78–83,85–89,91]
Transmission rate from vector to host (day−1) [0, 0.5] [61,70,72–76,78–82,84–86,88,90,92]
Transmission rate from host to vector (day−1) [0, 0.75] [61,70,72,73,75,76,78–82,84,86,88,90–92]
Vector biting rate (day−1) [0.26, 0.67] [73,80,82–84,86,90–92]
Enhancement of susceptibility after primary infection [1, 3.95] [75,91]
Reduction of susceptibility after primary infection [0, 1] [87]
Enhancement of transmissibility [1, ∞] [61,74,85,87,89,91]
Immunity for same strain [0, 0.5] [75]
Incubation rate for hosts (day−1) [0, 1] [70,74,76,78,80–83,85–87,90–92]
Incubation rate for vectors (day−1) [0, 1] [70,74,76,78,80,82,83,85,87,91]
Disease-induced mortality for hosts (day−1) [0, 10−3] [70,72–74,79,85]
Degree of cross-protection [0, 1] [61,74,85,87,89]
Temporary cross-protection period (day) [2, 365 × 5] [61,71,74,81,85,87,89,90,92]
Enhancement of disease severity after primary infection [1, 2.8] [91]
Vaccination coverage [0, 0.95] [74,80,81,84,85,87,91]
Vaccine efficacy [0, 0.95] [74,80,81,84,85,91]
Vaccination protection period (year) [1.8, 10] [74,80,81,84,85,91]
Enhanced transmissibility after waning of vaccination 2 [87]
Reduced susceptibility after vaccination [0.25, 0.55] [87]
Amplitude of seasonality [0, 1] [78,82,86,90,92]
Transmission rate from Wolbachia carrying mosquito to host [0, 0.7] [76,82]
Transmission rate from host to Wolbachia-carrying mosquito [0, 0.7] [76,82,86]
Death rate of Wolbachia-carrying mosquito (day−1) [0, 0.1] [76,82,86]

and it is often evaluated per hour or day. Within-host parameters refer to laboratory data on viral load and antibody 
concentration, and on the immunological characteristics of human cells production, viral replication and infection 
clearance, for example.

The main components of the dengue models studied in this review are shown in the tables below. Definitions 
and ranges of the main parameters for host-to-host and vector-host transmission models are shown in Tables 2 and 3, 
respectively. Table 4 shows the main parameters used for within-host models, describing the immunological responses 
of dengue infections. For the sake of simplicity, the parameter representation is not shown in the tables since the studies 
often use different notations for the same definitions.
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Table 4
List of parameters used in within-host modeling.

Parameter definition Range of values References

Initial value for target cells (cell ml−1) [2 × 104,1 × 108] [97–99,103,108,109]
Initial value for free viral particles upon infection (cell ml−1) [1, 357] [22,97,132]
Initial number of infected cells (cell ml−1) [0,3 × 10−4] [101,103,108,109]
Target cell production rate (cell ml−1 day−1) [300,1.4 × 106] [22,97,101,102,106–108,110]
Death rate of susceptible target cells (day−1) [0.03, 0.333] [97,101,102,105,109,110]
Infection rate of susceptible target cells (viral particle−1 day−1) [5 × 10−11,1 × 10−8] [22,94,98,103,106]
Death rate of infected target cells (day−1) [0.14,3.5] [22,95,102,104–106,108,110]
Removal rate of infected cells per immune cell (day−1) [0.001,0.05] [95,102,105,110]
Viral replication factor [20, 10000] [22,98,103,105,106,108]
Virus clearance rate (day−1) [0.03, 9.562] [22,93,96,98,99,102,103,105,106,108,126]
Proportionality constant relating viral load to transmission rate [0,0.03] [100]
Antibody/Immune cells production rate (day−1) [0.0265, 13.89] [22,94,95,98,102,105,109]
Antibody decay rate (day−1) [1/365, 0.07] [102,104,105,108,170]
Incubation period (day) 5.9 [103]
Production rate of virions per infected cell (day−1) [1 × 104,1.1 × 105] [103,110]
Recruitment rate of Natural Killer NK cells (day−1) [0.52,0.0624] [95,109]
Killing rate of Natural Killer NK cells (day−1) [5.74 × 10−4,2 × 10−3] [98,102,103,109]
Recruitment rate of T cells ((cell ml−1)−1 day−1) [4.5 × 10−7,3 × 10−5] [98,103,109]
Killing rate of T cells (day−1) [1 × 10−6,1.2 × 10−4] [98,103,109]
Killing rate of infected target cells by Natural Killer NK cells (day−1) [0.002,0.077] [98,102]
Production rate of interferon INF (day−1) 0.8 [102]
Decay rate of interferon INF (day−1) [0.7,1.6639] [98,102]
Cross-reactive antibody activation rate 0.4 [96]
Specific antibody activation rate 0.5 [96]
Fraction of infected cells producing immature virus (0,0.9) [98]

5.2. Modeling dengue epidemiology in times of COVID-19

Mathematical models are storytellers. Built taking into account the epidemiological information about the disease, 
models are validated with real world data, giving insights into the disease spreading dynamics. They act as guiding 
tools to predict the future stages of epidemics, assisting public health authorities on decision making for disease 
control.

Since COVID-19 was declared as pandemic by the World Health Organization (WHO) [171], several modeling 
task forces were created to assist local public health managers and governments during the sanitary crisis. Able to 
describe the epidemic in terms of disease spreading and control, models developed within those task forces were able 
to give projections on the national health system and are still used to monitor the disease transmission during the 
application and lifting of control measures.

5.3. How dengue modeling experiences can help to understand the spread of COVID-19: features for a common 
modeling framework

Although dengue is a vector-borne disease, it is fair to say that disease epidemiology has similar features as 
observed for COVID-19. Both diseases are caused by pathogens with multiple variants (strains) and a significant 
proportion of the infected human hosts are asymptomatic or develop only mild symptoms, i.e., infected but still mo-
bile. Disease severity and death occurs according to a hierarchy of risks [172], with age, pre-existing health conditions, 
and eventually serostatus prior to infection, enhancing (or eventually protecting) disease severity. Existing vaccines 
play a major role in controlling the spread of the disease and preventing severe symptoms manifestation when properly 
administrated.

As it is for dengue, the role of asymptomatic infections contributing to the spreading of COVID-19 has been of 
great concern. Motivated by dengue epidemiology and its large number of asymptomatic individuals, and the well 
known ADE effect enhancing disease severity during an infection with a heterologous serotype, Stollenwerk et al. 
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[173] have proposed a SHAR (Susceptible-Hospitalized-Asymptomatic-Recovered) framework, an extension of the 
SIR epidemic model, to investigate the differences in transmission rates of symptomatic and asymptomatic infections. 
The model introduces a parameter φ to differentiate the infectivity φβ of mild/asymptomatic infections with respect 
to the baseline infectivity β of severe/hospitalized cases. The value of φ can be tuned to describe different situations. 
For dengue, a value of φ < 1 indicates that severe cases have larger infectivity (by assuming that individuals would 
have a higher viral load) than mild cases, while φ > 1 would indicate otherwise, describing the scenario in which 
asymptomatic individuals and mild cases contribute more to the spread of the infection, e.g., due to their higher 
mobility and the possibility of interaction as opposed to hospitalized individuals) than severe cases that are likely to 
be detected, hospitalized and therefore isolated.

While it is unlikely to observe ADE (via enhanced immune activation or via enhanced infection) in COVID-19 
[174,175], waning immunity and TCI are decisive for disease control. A detailed understanding on the immunological 
responses of recurrent infections with different variants, eventually co-infections with different pathogens, and vaccine 
effectiveness are needed to ensure the safety of medical interventions. Similarly, for COVID-19, the assumptions of 
φ being smaller or larger 1 can be justified as follows. While a value of φ < 1 indicates that severe cases have 
larger infectivity than mild cases (linked to enhanced coughing and sneezing), φ > 1 would be also used to describe 
the scenario in which asymptomatic individuals and mild cases contribute more to the spread of the infection (e.g., 
due to their higher mobility and the possibility of interaction) than severe cases (that are more likely to be detected 
and isolated). This model was refined to describe the epidemiology of COVID-19 [165]. The framework was later 
extended by including additional classes of Intensive Care Unit (ICU) admissions U , and deceased D, and for data 
analysis of cumulative disease data, also accounting the cumulative classes C, in the so-called SHARUCD framework 
[176,177]. The analysis of the reproduction ratio and growth rates from the data [178] led to improved model versions. 
This framework is now being used to monitor disease transmission, while control measures were implemented and 
gradually lifted. To investigate the role of mild and asymptomatic infections on COVID-19 vaccines performance, the 
SHAR model was also used as a baseline framework, give insights on how to best combine the use of the available 
COVID-19 vaccines, optimizing the reduction of hospitalizations [179].

The inclusion of heterogeneity, spatial distancing and investigations on the role of imported cases during a con-
trolling phase of an epidemic are examples of other (of many) aspects that are often investigated in different epidemi-
ological contexts. It would not be different for COVID-19 modeling approaches [180–182]. Our previous modeling 
experiences and intuition have definitely made the efforts and challenges to develop a flexible modeling framework to 
guide decision making during the COVID-19 pandemic a bit easier.
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