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The ‘‘weaken-fill-repair’’ model
for cell budding: Linking cell wall
biosynthesis with mechanics

Yu Liu,1,2,7,8,* Chunxiuzi Liu,1,2,3,7 Shaohua Tang,1,2,3,4 Hui Xiao,1,2 Xinlin Wu,1,2 Yunru Peng,1,2 Xianyi Wang,1,2

Linjie Que,1,2 Zengru Di,1,2 Da Zhou,5 and Matthias Heinemann6
SUMMARY

The interplay between cellular mechanics and biochemical processes in the cell cycle is not well under-
stood. We propose a quantitative model of cell budding in Saccharomyces cerevisiae as a ‘‘weaken-fill-
repair’’ process, linking Newtonian mechanics of the cell wall with biochemical changes that affect its
properties. Our model reveals that (1) oscillations in mother cell size during budding are an inevitable
outcome of the process; (2) asymmetric division is necessary for the daughter cell to maintain mechanical
stiffness; and (3) although various aspects of the cell are constrained and interconnected, the budding pro-
cess is governed by a single reduced parameter,c, which balances osmolyte accumulation with enzymatic
wall-weakening to ensure homeostasis. This model provides insights into the evolution of cell walls and
their role in cell division, offering a system-level perspective on cell morphology.

INTRODUCTION

Cell growth and division involve an intricate genetic andmetabolic network that controls the timely execution of the bioprocesses involved in

the start and completion of the cell cycle.1–4 Despite the intricacy of this network, the highest-level determinants of morphological changes

related to cell cycle progression are the laws of physics. Specifically, it is the Newtonian mechanics of the cell’s boundary that ultimately gov-

erns any changes in cellular size and shape, allowing for cell expansion and, eventually, cell division.5–7 However, how the interplay between

mechanics and other cellular processes influences the manifestation of the cell cycle is poorly understood.8

In cells with cell wall, the wall imposes a major physical constraint for morphogenesis. Morphogenetic events induce deformations of the

cell wall,9,10 which in turn depend on cell wall expansion,11 turgor pressure,12–14 and the mechanical properties of the cell wall.15,16 There is

empirical evidence that on time scales in the order of minutes, the cell wall behaves as an elasticmaterial, like a spring network13,17,18; while on

longer time scales (e.g., hours), the wall behaves as a plastic material or viscous fluid (like a pitch), that is, if any deformation of the cell wall

(caused e.g., by the stress exerted by osmotic pressure) exceeds a certain threshold, this deformation is then irreversible.10,19 Although the

deformation threshold is difficult to determine and often takes an arbitrary value in models, the growth and expansion of the cell are thought

to be the results of this irreversible deformation.20,21 Understanding how the interplay between these factors defines cell cycle-related

morphogenetic events is challenging.22–24

Here, we developed a quantitative, dynamic model—which could be summarized as an iterative ‘‘weaken-fill-repair’’ process—based on

variables including the geometrical parameters, the mechanical properties of the cell and the dynamics of osmotic pressure, particularly for

budding yeast Saccharomyces cerevisiae whose process of cell division is characterized by morphogenetic asymmetry.6,25,26 This model de-

scribes how the Newtonian mechanics over the cell wall, coupled with the biochemical processes that change the mechanical properties of

the wall, exert control over the budding process. By relying solely on those variables, our model predicts an unexpected, yet experimentally

observed, size oscillation of the mother cell compartment during budding, and demonstrates the interplay of these variables as key morpho-

genetic factors. Furthermore, our model suggests that Newtonianmechanics play a significant role in determining the asymmetry of yeast cell

division, and this asymmetry enables the newborn daughter cell to maintain mechanical stiffness similar to that of its mother. Our model

serves as a quantitative tool to investigate morphogenesis from a systemic perspective, offering insights that could be utilized both for char-

acterizing developmental events27,28 and for investigations of cell size control.
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Figure 1. Representation of the cell in the model

(A) Sketch of the whole cell. Note that each part of the cell is not a complete sphere; thus, for example, when calculating the volume of the mother, we only

consider the volume of the white part.

(B) Three distinct states during the budding process.
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Model

The geometry of the cell

To construct a quantitative biophysical model of the budding process, we assumed that the whole yeast cell consists of two partial spheres

(Figure 1A). We call the part on the left-hand side of the vertical dash line the mother and the right-hand side the daughter. The overlapping

region of these two incomplete spheres is a circle, whose radius is denoted as r, corresponding to the chitin ring formed during yeast cell

budding, which is rigid and stays almost unchanged during the whole budding process.6,17 We assume that the mother can be approximated

by a sphere, and thus, any element on the mother’s surface has the same radius of curvature, denoted as R, which is equal to the radius of the

projected sphere. The radius of curvature of the daughter r is defined in the same way.

During budding, the shape of the cell changes. We can define three different time points corresponding to three states of the cell (Fig-

ure 1B). The first is the initial state when the cell is about to deform. At this initial state, the rigid chitin ring has been formed, and both the

daughter and the mother have the same radius of curvature. Note that even though the cell has not deformed yet, we still call the gray part in

Figure 1B as the daughter. The second state is the critical state when the daughter has grown to the extent that its radius of curvature, r, equals

the chitin ring’s radius. We call it the critical state because, before this state, r decreases as the daughter grows, while after this state, r in-

creases as the daughter grows (that is, after the critical state, r is always equal to the radius of the daughter, from which the size indicators

such as volume and circumference can be calculated). The last state is the ending state. It is when cytokinesis occurs and the daughter de-

taches from the mother.

Empirical-data-based assumptions

Based on the aforementioned cellular geometry, we develop a quantitative model of the cell wall expansion and budding process, using the

following assumptions, which are based on empirical observations:

1. The whole budding process is quasi-static, which means that, most of the time, the entire cell wall surface is in mechanical equilibrium,

i.e., the net force exerted on any small element of the cell wall is zero.29–31.

2. Every now and then, the mechanical equilibrium is temporarily broken by (1) a slight weakening of the daughter’s cell wall at the

budding position due to enzymatic activity6,32 and (2) the accumulation of osmolytes inside the cell.8,22,33 Such temporarily broken equi-

librium is rapidly replaced by a new mechanical equilibrium achieved by a slight adjustment of the mother’s and daughter’s radius,

which results in a slight expansion of the cell. We call this the ‘‘weaken-fill’’ process.

3. Then, new cell wall materials are integrated into the weakened wall of the daughter to relieve its increased strain and restore its

strength.34–36 We call this the ‘‘repair’’ process.
This whole ‘‘weaken-fill-repair’’ process repeats, resulting in the bud’s growth, and the derivation and simulation of this process will be

discussed later. In fact, there exists experimental evidence indirectly supporting the ongoing weakening processes of the cell wall, and

the concept that the growing cell wall must be ‘‘weakened’’ to expand its surface is derived from various biophysical, biochemical, and phys-

iological considerations.37,38 Refer to STARMethods - method details for additional empirical evidence supporting our assumptions, and for

the differences between our model and the classic model of cell growth, the pump-leak mechanism (PLM).39,40 Our model does not explicitly

include the interactions between gene regulations and cell growth41–44; Instead, it considers that the effects of these factors ensure that the

cell wall meets quasi-static conditions during the budding process. Our model also differs from phenomenological models,45,46 as our
2 iScience 27, 110981, October 18, 2024
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emphasis is on the mechanism from a mechanical perspective, enabling us to develop the model by integrating the process over time from

scratch.

Mechanical equations for the cell

Now, we derive the mechanical equations that govern the cell’s state. At any stage during the whole budding process, for any small element

on the wall surface (Figure 1A), Newton’s second law governs its spatial movement. Choosing the direction away from the center of the sphere

as the positive direction, the Newtonian equation can be written as:

P $pR2 � sh$2pR = M$a (Equation 1)

whereP [N=m2] is the difference of osmotic pressure inside and outside the cell,47 s [N=m2] is the mechanical stress exerted by this element

(namely, the intensity of the internal force that arises within the element as a reaction to external forces applied to it), h [m] is the element’s

thickness,M [kg] is its mass, and a [m=s2] is its acceleration. The first term comes from the osmotic pressure difference, which results in a me-

chanical force pushing this element outwards; while the second term comes from the stress exerted by this wall element’s neighboring ele-

ments, which results in a mechanical force dragging this element inwards.

Based on the Van’t Hoff equation, which is a quantitative relationship between osmotic pressure and solute concentration, the difference

of osmotic pressure inside and outside the cell can be written as48:

P = l $ ðN =V � cexÞh l$CðN;R; rÞ (Equation 2)

where l [J/mol] is a constant, equal to the product of the Van’t Hoff index of osmolytes, the gas constant, and the temperature, N [mol] is

the total osmolyte amount inside the cell, cex [mol=m3] is the osmolyte concentration outside the cell, and V [m3] is the cell’s total volume,

a function of R and r (note that V is also a function of the rigid chitin ring radius r, as illustrated in Figure 1; but since r remains constant

during the budding process, it is incorporated as a fixed parameter in the calculation of V). For convenience, we write the term

ðN =V � cexÞ (namely the difference of osmolyte concentration inside and outside the cell) asC [mol=m3], a function ofN, R and r, with treating

cex as a constant.

Now, we can derive the Newtonian equations for the mother. By employing Equation 2, we can rewrite Equation 1 specifically for an

element from the mother cell:

ðlC $R = 2 � smhmÞ $R = Mmam = ð2pÞ (Equation 3)

where the subscript m represents the quantities from the mother. We further assume that the wall materials of the mother are incompress-

ible,18,49 so the volume of the wall stays constant:

Sm0 $ hm0 = SmðRÞ$hmðRÞ (Equation 4)

where Sm is the surface area of the mother. Note that Sm and hm are functions of R, and the subscript ‘‘0’’ represents quantities at the initial

state (Figure 1B).

Moreover, we assume that the wall materials of themother are linear-elastic and isotropic,18 so we can employ Lagrangian strain and apply

Hooke’s law to this element47:

emðRÞ = LmðRÞ=lm � 1 (Equation 5)
sm = km$emðRÞ (Equation 6)

where em is the Lagrangian strain (a dimensionless quantity) of mother’s cell wall, describing its deformation compared to the original shape;

and km [N=m2] is a constant which represents the stiffness of the mother’s cell wall (corresponding to Young’s modulus). The ratio Lm= lm rep-

resents the circumferential extension, where Lm is the stretched circumference of themother’s wall (namely the circumference of thewhite part

in Figure 1A), and lm is the unstretched circumference, i.e., lm is the circumference of the mother’s wall when the osmotic pressure inside and

outside the cell are identical. We further assume that themechanical properties of themother’s wall are constant, i.e., km and lm stay constant.

Because of the quasi-static assumption asmentioned, at the initial state, any element on the cell wall is inmechanical equilibrium,meaning

that the net force exerted on each element is zero, and thus the acceleration is zero. So, at the initial state, we have

lC0 $R0=2 � kmem0hm0 = 0 (Equation 7)

By incorporating Equation 4 - Equation 7 into Equation 3, we have the overall Equation 8 for Newtonian mechanics of the mother:�
C

C0

R

R0
� em

em0

1

Sm=Sm0

�
$
R

R0
=

am
plC0R2

0

�
Mm

(Equation 8)

Following the same logic, we can derive an equation to describe the mechanics of the daughter (see STAR Methods - method details).

From this point on, we will normalize the equations for both the mother and daughter cells, to facilitate more convenient analysis in sub-

sequent steps. Using normalized quantities instead of quantities with physical units has several advantages. Most importantly, all quantities
iScience 27, 110981, October 18, 2024 3



Table 1. Normalization for all quantities

Mother’s radius of curvature ~R = R=R0

Daughter’s radius of curvature ~r = r=R0

Chitin ring radius ~r = r=R0

Osmolyte amount inside the cell ~N = N=N0

Total volume of the cell ~Vð~R;~rÞ = VðR; rÞ=V0

External osmolyte concentration ~cex = cex=ðN0 =V0Þ
Osmolyte concentration difference ~Cð ~N; ~R;~rÞ = CðN;R; rÞ=C0

Surface area of mother ~Smð~RÞ = SmðRÞ=Sm0

Circumference of mother ~Lmð~RÞ = LmðRÞ=R0

Circumference of daughter ~Ldð~rÞ = LdðrÞ=R0

Unstretched circumference of mother ~lm = lm=R0

Unstretched circumference of daughter ~ld = ld=R0

Lagrangian strain of mother ~emð~RÞ = emðRÞ=em0

Lagrangian strain of daughter ~edð~r ;~ldÞ = edðr ; ldÞ=em0

Acceleration of mother’s element ~am = am=am0

Acceleration of daughter’s element ~ad = ad=ad0

Surface modulus of daughter ~h = h=h0

Unstretched volume of the cell ~Vu = Vu=V0

Osmotic pressure difference ~P = P=ðlC0Þ
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are then relative, which is often more robust than measurements in absolute units. Secondly, the number of parameters in equations can be

largely reduced. Last but not least, biological quantities in one equation can differ by many orders of magnitude, which makes the numerical

solution of the equation very unstable. This means that a small error in the parameters of the equation will lead to very different solutions.

Writing equations in the normalized form naturally solves this problem. See STAR Methods - method details for the normalization details,

and see Table 1 for what these quantities stand for. Equation 8 is normalized as Equation 9, the Newtonian equation of the mother, while

Equation 23 (in STAR Methods - method details) is normalized as Equation 10, the Newtonian equation of the daughter:

�
~Cð ~N; ~R; ~rÞ $ ~R � ~emð~RÞ

~Smð~RÞ

�
$ ~R = ~am (Equation 9)
½ ~Cð ~N; ~R; ~rÞ $ ~r � ~h $~edð~r ;~ldÞ� $ ~r = ~ad (Equation 10)

where ~h is the surface modulus of the daughter, representing the stiffness or ‘‘strength’’ of the daughter’s wall, and ~ld is the unstretched

circumference of the daughter (both are normalized quantities). Notice that a quantity with a superscript tilde � above always represents

a normalized quantity. Finally, it is important to note that the formulas describing the mother and the daughter (Equations 9 and 10) are

different. This is because we assumed that the mother’s cell wall is incompressible (Equation 4), whereas the daughter’s cell wall changes

properties during budding.

Specifically, more wall materials will be integrated into the daughter during budding (see STARMethods - method details). As a result, the

daughter’s cell wall does not have the same constraint as the mother that can be expressed in the form of Equation 9. Therefore, we simply

encompass the mechanical properties of the daughter’s cell wall into a variable ~h, the surface modulus, which represents the stiffness or

‘‘strength’’ of the wall.

Mechanical equilibrium and dynamics

Until now, we merely described the state of the cell, with the dynamics missing. Now, we will incorporate the dynamics into the model. To do

so, we will make several assumptions, and then couple the Newtonian equations of themother and the daughter, to finally give a quantitative

description of the whole budding process.

The first assumption is thatmost of the time during the budding process, each element on the cell wall surface is inmechanical equilibrium,

that is, the net force exerted on each element is zero, and the acceleration is thus zero (note that this is the quasi-static assumption, and the

mechanical equilibriumwill be broken now and then to allow for wall expansion, as we shall see later). Therefore, the right-hand side of Equa-

tions 9 and 10 are zero, and then we arrive at the two most fundamental equations:

~Cð ~N; ~R; ~rÞ $ ~R � ~emð~RÞ = ~Smð~RÞ = 0 (Equation 11)
4 iScience 27, 110981, October 18, 2024



Figure 2. A schematic representation of the budding process in the model

The dots indicate that the corresponding value stays at its previous value. Every complete calculation loop colored in red represents an ‘‘iteration step’’,

denoted as i.
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~Cð ~N; ~R; ~rÞ $ ~r � ~h $~edð~r ;~ldÞ = 0 (Equation 12)

Another assumption is that the following two infinitesimal processes occur in turn and iteratively, resulting in bud growth (referring to

Figure 2 for an overview):

I. ‘‘Weaken-fill’’ process. During this infinitesimal process, the daughter’s cell wall is slightly weakened enzymatically (i.e., ‘‘weaken’’) and

the osmolyte amount inside the cell is slightly increased (i.e., ‘‘fill’’). Consequently, themechanical equilibrium is broken. Then, the radii

of the mother and daughter are adjusted immediately so that a new mechanical equilibrium is achieved. Note that, as the daughter’s

wall is slightly weakened, in order to achieve a newmechanical equilibrium, the daughter’s radius will slightly increase and thus bemore

strained.

II. ‘‘Repair’’ process. After the mere mechanical response at the end of ‘‘weaken-fill’’, a small amount of new wall materials is integrated

into the daughter’s wall (i.e., ‘‘repair’’), releasing its strain that increased in the previous process. A new mechanical equilibrium is

achieved again. After that, the two processes repeat.

Now, we explain the ‘‘weaken-fill’’ process in more detail. During this process, the daughter’s cell wall is slightly weakened, i.e., the surface

modulus ~h is changed to ~h0 = ~h � D~h where D~h> 0; and the osmolyte amount changes to ~N0 = ~N+D ~N. We use the prime0 to denote quan-

tities at the end of ‘‘weaken-fill’’. Consequently, the mechanical equilibrium is broken. The radii of the mother and the daughter need to be

adjusted immediately to achieve a new equilibrium. So, based on Equations 11 and 12, the following two equilibrium equations have to be

satisfied:

~Cð ~N + D ~N; ~R 0; ~r 0Þ $ ~R0 � ~emð~R0Þ = ~Smð~R 0Þ = 0 (Equation 13)
~Cð ~N + D ~N; ~R0; ~r 0Þ $ ~r 0 � ð~h � D~hÞ $~edð~r 0;~ldÞ = 0 (Equation 14)

Note that, as can be seen in Equation 14, the weakening process only changes ~h but does not affect its unstretched circumference, i.e., ~ld
stays unchanged. Now, given D ~N and D~h, we can solve for the two unknowns ~R0 and ~r 0. Therefore, at the end of ‘‘weaken-fill’’, the state of the

whole cell becomes ð ~N +D ~N; ~R0;~r 0;~h � D~h;~ldÞ.
Next, we explain the ‘‘repair’’ process inmore detail. After ‘‘weaken-fill’’, the daughter’s wall gets weakened andmore strained. Here, in the

‘‘repair’’ process, we assume that the increased strain of the daughter will be restored (equivalently, the ‘‘strength’’ of the daughter’s wall will

be recovered), by integrating new wall materials into the weakened daughter’s wall; and we further assume that in ‘‘repair’’, the shape of the

whole cell (~R0;~r 0) and the osmolyte amount ~N0 stay the same as the previous process. In the following, we can derive two equations to calculate

the state of the cell at the end of ‘‘repair’’. First, the newly-integrated wall materials will increase the unstretched circumference of the

daughter so that the daughter’s wall strain is restored to 1, the initial value. So,

~ed
�
~r 0;~l00d

�
= 1 (Equation 15)
iScience 27, 110981, October 18, 2024 5
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fromwhich~l00d can be calculated. We use the superscript 0 0 to denote quantities at the end of ‘‘repair’’. Second, as ~R0 and ~r 0 do not change in

‘‘repair’’, the two equilibrium equations at the end of ‘‘repair’’ are written as

~Cð ~N + D ~N; ~R 0; ~r 0Þ $ ~R0 � ~emð~R0Þ = ~Smð~R 0Þ = 0 (Equation 16)
~Cð ~N + D ~N; ~R0; ~r 0Þ $ ~r 0 � ~h00 $ 1 = 0 (Equation 17)

Note that Equation 16 is exactly the same as Equation 13, and thus satisfied automatically. The first term in Equation 17 is identical to the

first term in Equation 14, so in order for Equation 17 to be satisfied, we must have

~h00 = ð~h � D~hÞ$~edð~r 0;~ldÞ (Equation 18)

To conclude, Equations 15 and 18 are the two equations to calculate the state at the end of ‘‘repair’’. It can be interpreted in the following

way: Since new wall materials are integrated, not only does the unstretched circumference of the daughter increase from ~ld to ~l00d , but the sur-

face modulus of the daughter’s wall also increases from ð~h �D~hÞ to ~h00. At the end of ‘‘repair’’, the status of the cell becomes ð ~N +D ~N; ~R0;~r 0;~h00;
~l00dÞ. This new state is then used as the ‘‘initial’’ state for the next iteration, and so forth. The dynamics of budding are summarized in Figure 2.

Finally, it is important to note that the enzymatic weakening of the cell wall (the ‘‘weaken’’ process, described by the parameterD~h) and the

accumulation of osmolytes within the cell (the ‘‘fill’’ process, described by the parameter D ~N) are two independent factors driving the whole

budding process in our model. Knowing the values of D~h and D ~N allows us to calculate and simulate the entire budding process. As we em-

ployed the normalized equations, we only need to know the ratio D ~N=D~h (which we denote as c), which determines the solution. Now, we

explain how to interpret c: By definition, we have

j =
D ~N

D~h
=

D ~N=Dt

D~h=Dt
/

Dt/0
_~N
_~h

(Equation 19)

where
_~N is the normalized osmolyte accumulation rate, and _~h is the normalized wall-weakening rate. Intuitively, c can thus be interpreted as

how fast osmolytes accumulate inside the cell, compared to the wall-weakening process. Low c values mean that, compared with the wall-

weakening process, ~N accumulates slowly, and vice versa. To calculate the budding process, knowledge of c is required. In fact, c should be a

function of time t, namely jðtÞ (or a function of the iteration step i, namely ji ), but in this paper, we focus on the simplest scenario, assuming

that c is a constant (the typical value of which will be discussed in detail in the third subsection in RESULTS). For a detailed discussion on c and

how to simulate the budding process based on this model, see STAR Methods - method details (the results shown in results are all based on

these simulations, and all codes are publicly available at Dryad50).

RESULTS
Dynamics during a cell cycle: Mother expands and shrinks

To explore the evolution of the cell wall during the progression of the cell cycle, we set j = 0:2 (an arbitrary value between 0 and themaximum

1). Note that as our model did not consider the point of cytokinesis (namely, detachment), we show the budding process in a way as if cyto-

kinesis never occurs (Figure 3). This enables us to investigate the budding process, and to ‘‘predict’’ when the detachment ‘‘should’’ occur. This

is why we later observe that the daughter grows larger than the mother, although this does not occur in a normal cell cycle.

From Figure 3, we can observe that:

1. Themother’s radius of curvature ~R (which can be considered as the radius of themother) increases first to amaximum value 1.1 (i.e., 10%

larger than the initial radius of the mother), and then decreases, suggesting that the mother expands and then shrinks back during the

cell cycle.

2. For the radius of curvature of the daughter ~r, we can see that beyond the critical state, ~r (which can then be considered as the radius of

the daughter) increases continuously, even beyond 1 where 1 represents the original radius of the mother.

3. For the osmolyte concentration difference between the inside and outside of the cell, ~C, we can observe that ~C (also equivalent to the

osmotic pressure difference ~P, and the osmotic pressure inside the cell) first slightly increases, followed by a roughly stationary period,

and then drops sharply, suggesting that when the size of the daughter ~r exceeds that of the mother’s, the osmotic pressure starts to

drop sharply.

4. For the surface modulus of the daughter ~h: We can observe that ~h has a similar trend as the daughter’s radius of curvature (~r) before a

certain time point (in this case iz4300), after which it drops sharply, though. This suggests that when the size of the daughter ~r exceeds

that of the mother’s, the daughter’s cell wall weakens sharply.

These simulations thus shows that the daughter is able to grow in size and cell wall strength. Second, although different aspects of a cell

(described by different parameters and variables) are strictly constrained by physical laws and thus intricately interconnected, the cell’s dy-

namics are governed by a single parameter c, namely, the ratio of the accumulation rate of osmolytes inside the cell over the rate of the

wall-weakening of the daughter (referring to Equation 19). Third, the predicted cell cycle dynamics exhibit a prominent feature: the mother

cell’s radius (which also corresponding to its volume) first expands and then shrinks back. In the third subsection in RESULTS, after we have

spanned our model’s parameters and examined the bird’s-eye view, we will provide an intuitive explanation for why the mother exhibits this
6 iScience 27, 110981, October 18, 2024



Figure 3. The dynamics of a single cell during the budding process, simulated by the model

The key parameter is set to j = 0:2, and other parameters are: ~r = 0:28, ~cex = 0:84 and ~Vu = 0:4. The figure shows the evolution of the radius of curvature of the

mother (~R) and the daughter (~r), the surfacemodulus of the daughter (~h), and the osmolyte concentration difference ( ~C). Note that ~C is always equal to the osmotic

pressure difference ~P, because from Equation 2, we can see thatP is always equal to C times a constant, so when we normalizedP to lC0, we always have ~P =
~C; and that this curve of ~C can also represent the osmotic pressure inside the cell because the external osmotic pressure is always the same. The x axis represents

the iteration step count, which is not equal to but is proportional to real-time (see STAR Methods - method details for more details). The vertical dashed line

indicates the critical state. Note that before the critical state, ~r first decreases to the minimum value 0.28, which is the radius of the chitin ring, ~r (this is

actually nothing special but a mathematical property because before the critical state, ~r is not an indication of the daughter’s size but the curvature as it is,

so it must decrease till the minimum value ~r, related to Figure 1). The vertical solid line indicates the time point when the mother shrinks back to its initial size.
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kind of volume oscillation behavior; and in the last subsection in RESULTS, we will provide experimental evidence that supports this

prediction.

Timely detachment facilitates biophysical homeostasis

Next, we are investigating when the daughter ‘‘should’’ detach from the mother. The intuition is that when the daughter detaches from the

mother, the status of the cell—characterized by different variables and parameters such as the radius of curvature of the mother ~R and the

surfacemodulus of the daughter ~h—‘‘should’’ be unchanged compared to the initial status of the cell cycle, i.e., homeostasis should bemain-

tained. In fact, as a whole system, these variables of the cell are interconnected and cannot change independently. It is thus not automatically

guaranteed that an overall homeostasis can ever bemaintained, i.e., all of these variables are kept unchanged after one cell cycle. Our model

allows us to investigate this possibility quantitatively.

As we have observed in the first subsection in RESULTS, the mother’s radius first increases and then decreases. With the intuition

mentioned above, we hypothesize that when the mother shrinks back to its initial size, the daughter should detach from the mother (i.e., cor-

responding to cytokinesis). We denote this time point as DETACH, and any quantity X at this point is denoted as XDET.

Now, we analyze the behaviors of the quantities at DETACH (see Figure 3 where the vertical solid line indicates DETACH):

1. For the radius of the daughter at DETACH, we observe that ~rDET = 0:95. This value suggests an appropriate point for detachment, as it

indicates the daughter is slightly smaller than the mother, allowing room for further growth. If detachment does not occur at this junc-

ture, subsequent growth may result in the daughter surpassing the mother in size, as illustrated in Figure 3. Such a scenario is unde-

sirable, potentially leading to progressively larger daughter cell sizes in future generations.

2. Regarding the osmolyte concentration difference at DETACH, namely, ~CDET, we have ~CDET = 1 exactly (equivalently, the osmotic pres-

sure difference is always ~PDET = 1, too). This signifies an optimal detachment point, because the osmolyte concentration difference

between the inside and outside of the cell (including both the mother and the daughter) remains unchanged after one cell cycle (so as

the osmotic pressure difference), contributing to maintaining homeostasis.

3. For the surface modulus of the daughter at DETACH, we observe that ~hDET is nearly at its maximum, with a value of 0.95. From the

aspect of the surface modulus, we could imagine that this is a good time point for detachment because: on one hand, this is the

time point when the daughter’s cell wall is almost the strongest ever possible (which is desirable); on the other hand, it has not sur-

passed the mother’s strength, allowing room for further growth (otherwise, the daughter’s cell wall would become stronger and stron-

ger over generations, potentially limiting the reproductive capacity of the cells due to excessive cell wall strength).

In summary, the cell cycle dynamics, as modeled and characterized by a single governing parameter c, suggest that detachment at the

right time (specifically, at DETACH) enables the daughter to grow to the mother’s size and wall strength. Concurrently, the mother maintains
iScience 27, 110981, October 18, 2024 7
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Figure 4. The dynamics of a single cell during the budding process, simulated by the model

Theeight subfigures (A–H) are foreightdifferentc.Otherparameters are identical to that of Figure 3 (note that (F) is identical to Figure3, shown for comparison). Each

subfigure shows the evolution of the radius of curvature of themother (~R) and thedaughter (~r), the osmolyte concentration difference ( ~C), and the surfacemodulus of

the daughter (~h). The x axis represents the iteration step count, which is not equal to but is proportional to real-time (see STAR Methods - method details for more
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Figure 4. Continued

details). In each subfigure, the vertical dash line indicates the critical state; while the vertical solid line indicates DETACH. In (A) and (B), there are no such vertical

solid lines, because themother never shrinks back to its initial size, as per the definition of DETACH. The two black dots on the axis of each subfigure indicate two

time points we chose to represent the state before and after DETACH, namely, G0:53103 iteration steps, referring to Figure 5.
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relative stability in size, osmolyte concentration, and osmotic pressure. This indicates that, despite the stringent constraints and complex in-

terconnections among these cellular parameters, there exists a coordination point conducive to achieving homeostasis.

An appropriate j is required to maintain homeostasis

Above, we have discussed the dynamics of a cell for a particular j. In order to have the bird’s-eye view, we now set j to different values to

investigate its effects on the cell cycle. The results are shown in Figure 4, in which we observe that:

1. As long as j> 0, the mother’s radius always first increases and then shrinks back.

2. The radius of the newly-born daughter at DETACH, ~rDET, increases with c. When ja0:25, we have ~rDET > 1, i.e., the daughter is then

larger than the mother.

3. The surface modulus of the newly-born daughter, ~hDET, increases with c. When ja0:25, we have ~hDET > 1, i.e., the daughter’s wall

strength is stronger than the mother’s.

4. As long as j> 0, we always have ~CDET = 1 (equivalently ~PDET = 1), i.e., the osmotic pressure of the cell stays unchanged.

Understanding the oscillation behavior of the mother cell

Now, we like to derive understanding from themodel simulations, starting with the oscillation behavior of themother cell. First, let us address

why the mother cell initially expands. The enzymatic weakening of the daughter’s cell wall is the first driving factor in the entire budding pro-

cess. After weakening, the daughter’s wall has to get more stretched (namely, more strained) to provide additional force to balance the orig-

inal osmotic pressure. This increased stretching implies the growth of the daughter cell. Note that before the critical state (Figure 1B), the

daughter’s enlargement actually means that the value of ~r decreases. This is because only after reaching the critical state, the curvature ~r be-

comes equal to the daughter’s radius, which is simply a mathematical property and not something unusual, as mentioned in the caption of

Figure 3.

At this stage, the mother cell’s radius ~R does not have to change to achieve a new mechanical equilibrium. However, due to the influx of

osmolytes (D ~N> 0)—which increases osmolyte concentration and osmotic pressure—~R must increase to counterbalance the increased os-

motic pressure. In fact, as can be seen in Figure 4B and if there is no osmolyte influx (D ~N = 0), the mother’s radius ~R does not increase;

and as can be seen in Figure 4A and if osmolytes flow out (D ~N< 0), ~R even decreases. Now the question is: Is the osmolyte influx essential

for budding? The answer is yes. Because from Figures 4A and 4B we can see that if D ~NG0, the daughter cannot grow properly. Therefore,

the cell must by some means increase the concentration of osmolytes. So we can say that the mother first expands because of the influx of

osmolytes, which is essential for budding. Although there have been few studies focusedon the necessity of influx, a recent article51 states that

the rate of osmolyte uptake is a critical factor for cell growth: Specifically, osmolyte uptake induces water inflow, which in turn causes the cell

wall to undergo elasto-plastic deformation, and without this influx, cells would not expand.

Now, let us consider why the mother cell shrinks during the later stages of the cell cycle. Likewise, firstly, the daughter’s wall weakens,

followed by an increase in the daughter’s volume (at this stage, it has surpassed the critical point, so ~r is increasing). However, as the daughter

cell is already quite large, a slight increase in ~r results in a significant increase in the overall cell volume. Therefore, even with a comparable

influx of osmolytes as before and even with ~R unchanged, it is no longer possible to prevent the osmotic pressure from decreasing. Conse-

quently, at this stage, the radius of the mother cell, ~R, has to decrease to help maintain the osmotic pressure as stable as possible, in order to

facilitate achieving a newmechanical equilibrium. The same logic can explain why the osmotic pressure continues to drop when the daughter

becomes larger than the mother. That is, when ~r > ~R, even if ~R decreases, it is not enough to maintain the osmotic pressure as before.

The appropriate value of j

To make systematic comparisons, we sketched the cell’s configurations before, at, and after DETACH, under different c (Figure 5). We can

observe that: (1) the daughter’s size increases along the upper-right direction, till even larger than themother; (2) the daughter’s wall strength

also increases along the upper-right direction, till even stronger than themother (referred to the green square zones); (3) only at DETACH, the

osmolyte concentration difference ~C is able to stay unchanged (note that ~C also represents the osmotic pressure inside the cell, as we have

explained before).

The observations indicate that in order for a cell to bud properly (i.e., the daughter grows to a state similar to its mother, and the mother

itself maintains homeostasis), the cell needs to ‘‘regulate’’ c to an appropriate value, but only needs to ‘‘regulate’’ this one parameter, that is,

the ratio of the accumulation rate of osmolytes inside the cell over the rate of the wall-weakening of the daughter. If c is too low, the daughter

cell may not grow sufficiently large, its cell wall may not be strong enough, and themother’s volume and osmotic pressuremight not bemain-

tained. Conversely, if c is too high, the newly born daughter cell may grow larger and have a stiffer wall than the mother, and the mother may

not be able to return to its original size, thereby disrupting homeostasis over generations. Therefore, we infer that for a normal cell, c should

be between 0.15 and 0.2.While the values 0 and 0.3 were arbitrarily chosen to span the parameterc0s range, the ‘‘regulated’’ value emerges as
iScience 27, 110981, October 18, 2024 9



Figure 5. Diagram of the cell’s configuration in different scenarios

Each cell is defined by the blue boundary. The black dashed circle on the mother side represents the original radius of the mother, namely when ~R = 1 (the

horizontal gray thin line indicates the boundary of the mother when ~R = 1, for comparison across cells). The thick green circle on the daughter side

represents the strength of the daughter’s cell wall, h (the darker, the stronger). The red-yellow color inside the cell represents the osmolyte concentration

difference, ~C, which can also represent the osmotic pressure inside the cell (the darker, the higher the osmotic pressure; and the six cells in the middle

column always have ~C = 1). The upper green area marked ‘‘strong wall’’ indicates that h is larger than 1; while the under green area marked ‘‘weak wall’’

indicates that h is much smaller than 1.

ll
OPEN ACCESS

iScience
Article
a natural consequence of our model. The term ‘‘regulate’’ here is metaphorical; cells do not consciously regulate c, but it is likely an evolu-

tionary adaptation that has positioned c around this value.

Experimental observations supporting model predictions

Finally, we aimed to establish links between our model predictions and experimental observations. First, our model suggests that daughter-

specific cell-wall weakening is essential. Indeed, there is experimental evidence demonstrating daughter-specific processes that contribute to

cellular asymmetry. For example, ASH1mRNA is transported into the growingbud, accumulating solely in daughter cells.52 Similarly, the Ace2

transcription factor is exclusively found in daughter cells, where it activates the expression of specific target genes.53 Notably, among these

Ace2-regulated genes are several glucanases and an endochitinase,53 which implies that cell-wall weakening occurs primarily in daughter

cells, in alignment with our model.

In this context, it is also interesting to investigate the daughter cell size upon Ace2 deletion. Here, assuming a constant osmolyte uptake rate

upon Ace2 deletion, our model predicts a slightly larger daughter cell size at cytokinesis, while experimental findings indicate that the daughter

cell size at cytokinesis remains unchanged compared to the wild type.52 In this context, however, it is critical to recognize that experimentally

mothers of an Ace2 deletion are larger as well.52 This discrepancy between the model and the experiment is likely due to the fact that Ace2

also has other targets, such as Cln3, which are not captured by the model. This highlights a challenge when comparing model predictions

with experimental perturbations: Experimental perturbations, such as gene deletions, often are not overly specific and often have off-target ef-

fects, or lead to cellular compensatory responses, making a comparison with themodel difficult. Yet, in the context of comparing themodel with

the real cell, it is interesting to note that, for instance, the protein Lre1 was found to be a negative regulator of cell size,54 and at the same time, it

was found to induce accumulation of the osmolyte trehalose and to repress chitinase expression.55 The three aspects of this protein—namely, its

involvement in regulating cell size, osmolyte synthesis, and chitin/cell wall activity—are notably all at the core of our model.

Likely the best way to compare the model with reality is to look at global behavior that is predicted by the model. Here, most prominently,

the model predicted oscillatory dynamics of the mother’s radius (correspondingly also the cell volume), which first expands and then shrinks

back (see Figure 3). Remarkably, this oscillatory behavior in the volume of the mother compartment during the cell cycle has been observed

experimentally: In single-cell measurements using a microfluidic platform, Huberts et al. found volume oscillations of mother cells.56 This

finding was confirmed in a recent study, which applied machine learning tools to automatically identify individual cells. Having more reliable

measurements of the volume changes in mother cells during cell cycles, this study also revealed volume oscillations of themother cell.57 Inter-

estingly, it was also reported that mother cells after every daughter division do not fully shrink back to the original size, meaning that the

mother gets larger and larger with ‘‘reproductive age’’.56 This suggests that in reality yeast cells do not manage to accomplish full homeo-

stasis. Also, this aspect can be captured by our model. If one assumes that cytokinesis does occur slightly before what we defined as the

optimal point from a homeostasis point of view (referring to the left of the black solid lines in Figure 4), we can see that the mother cell is

slightly larger than it is prior to budding.
10 iScience 27, 110981, October 18, 2024
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Finally, in the third subsection in RESULTS, we argued that we would expect c to be in a range of 0.15 and 0.2, as this range allows cells to

maintain homeostasis over generations. Within this range of c value, our model predicts that, when going from 0.15 to 0.2, the volume of

daughters would vary by 39.6% at cytokinesis (see STAR Methods - method details). Interestingly, this range of daughter cell size variation

is also found in experiments. Specifically, it was found that in a yeast wildtype grown on glucose, the daughter cell size at cytokinesis varies

44% considering the interquartile range of the measured cell size distribution.58 Thus, taken together, decent agreement exists between our

model predictions and experimental observations.

DISCUSSION

In the model developed in this paper, we linked Newtonian mechanics over the cell wall and the biochemical processes that change the me-

chanical properties of the wall together (which leads to budding) in a quantitative manner. Our model reproduces experimentally observed

behavior without fitting. In specific, our work suggests that the asymmetry of cell division is a prerequisite for the daughter cell to sustain

budding-compatible mechanical stiffness, and the ‘‘expand and then shrink’’ behavior of the mother is an inevitable consequence of the

budding mechanism. This ‘‘expand and then shrink’’ behavior is consistent with empirical observations in the literature,56,57 suggesting

that our model captures the mechanisms of the budding process correctly.

Our model demonstrates important homeostatic features. In specific, although various variables of the cell (such as osmotic pressure, wall

strength, and size) are strictly constrained and intricately interconnected, there is an appropriate time point when they are desirably coordi-

nated so that homeostasis can be automatically achieved. Our model suggests that this time point is when the mother shrinks back to its

original size, and it is also when the daughter is slightly smaller than the mother. This gives a mechanism-based explanation of why the

daughter needs to detach when it is smaller than the mother, i.e., asymmetric division.

Moreover, we found that in order for a cell to bud appropriately, the cell needs to ‘‘regulate’’ one parameter—c, the ratio of the accumu-

lation rate of osmolytes inside the cell over the rate of thewall-weakening of the daughter—to an appropriate value, which also implies that we

can manipulate c to regulate a cell’s budding process. Cell wall weakening has been shown to occur via cell-wall degrading enzymes such as

Gas1 (a glycosyl-phosphatidylinositol-anchored plasmamembrane protein59,60) and the proteins belonging to the Bg12 family of endo-beta-

1,3-glucanases.15,38,61 In turn, recent findings suggest that certain biosynthetic processes are temporally segregated during the budding

yeast cell cycle.62 We envision that such segregation could control the rate of osmolyte accumulation. Together, the regulated activity of

cell-wall degrading enzymes and the temporally altering biosynthetic processes influencing the rate of osmolyte accumulation could set

the right ratio c for the cell budding process.

In conclusion, our model recapitulates the evolution of mother- and daughter-specific dynamics of cell size, as defined by continuous sin-

gle-cell measurements, providing a quantitative tool to investigate themechanisms linking observable phenotypic features andmechanics of

the cell with various internalmolecular processes. This quantitative description of how the cell wall evolves could provide valuable insights into

cell morphology from a system perspective.

Limitations of the study

Several limitations should be elucidated. Ourmodel primarily considers how osmotic effects and their coupling with cell wall synthesis govern

cell budding. While it successfully predicts often-overlooked oscillatory size changes in mother cells during budding, certain mechanisms

affecting cell morphology, such as the cytoskeleton, were neglected. These factors should be considered in the future, especially if more

precise predictions are needed. Meanwhile, perturbation experiments (e.g., altering genes involved in cell wall synthesis or intentionally

changing osmotic pressure) are highly desirable. These would help further validate themodel and identify key factors influencing cell division,

facilitating the manipulation of the cell cycle.
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MATLAB R2020b or above MATLAB Software Foundation https://www.mathworks.com/products/

matlab.html
METHOD DETAILS

More empirical evidence for model assumptions

There are various empirical observations for cell wall expansion and budding: (1) To initiate the budding, the cell wall of the bud region has to

be weakened to some extent.6,32 (2) The wall weakening is observed to be processed by wall-degrading enzymes such as Gas159,60 and the

proteins belonging to the Bg12 family of endo-beta-1,3-glucanases.15,38,61 (3) The concept that the growing cell wall must be ‘‘loosened’’ (or

weakened) to expand its surface is derived from various biophysical, biochemical, and physiological considerations. This idea has been

around for quite a while.37 In yeast, the polysaccharide cross-linking necessary to assemble the new fungal cell wall requires a mechanism

in which, for every new link formed, an existing link must be broken, allowing for the absence of free energy sources outside the plasmamem-

brane.38 During yeast growth and division, the cell wall is a highly dynamic structure subject to constant change.63 In the budding process of

yeast, several proteins are primarily expressed and active on the daughter cell side, where they participate in the hydrolysis or remodeling of

the cell wall. A notable example includes Crh1p and Crh2p, two transglycosylases; these enzymes assist in local cell wall remodeling bymodi-

fying b-1,3-glucan and chitin. Additionally, Chs3p is another critical protein that is mainly expressed at the bud site during budding, respon-

sible for chitin synthesis, thereby influencing the structure and function of the cell wall.64,65

(4) Weakening of the cell wall activates a cell wall integrity pathway, leading to compensatory changes in the wall and a balance between

the wall degradation and the biosynthesis.15,66 This is further supported by the fact that themechanical stress on the cell wall can be sensedby

sensor membrane proteins, for which theWsc andMid proteins are potential candidates.35,66 (5) The cell wall materials are integrated almost

exclusively into the daughter and not into themother.36,67 (6) Turgor pressure is defined to be themechanical force that pushes themembrane

against the wall.6 In mechanical equilibrium, turgor pressure is balanced by the osmotic pressure, which is linearly correlated with the osmo-

lyte (including various small molecules such as glucose and amino acids) concentration difference inside and outside of the cell. Previous

studies showed that the turgor pressure of the mother almost stays constant during the cell cycle.21,22,68 Based on these observations, we

made several reasonable assumptions, and then we derived our quantitative model.
‘‘Weaken-fill-repair’’ and ‘‘pump-leak’’

The ‘‘pumpand leak’’ model (or ‘‘pump-leak’’ mechanism, PLM) is a classicmodel that explains how the osmotic balance stabilizes cell volume.

Yet, there are several significant differences between PLM and our ‘‘weaken-fill-repair’’ model, although there is no conflict. The key distinc-

tions are: 1. PLM primarily addresses animal cells, which lack cell walls. It focuses on the balance across the cell membrane. But in our model,

we have to take into account themechanical properties of the cell wall, which differ significantly from those of themembrane. For instance, the

wall is extensible and can be viewed as incompressible, capable of providing considerable force (namely, mechanical stress), unlike the ‘‘soft’’

membrane, which offers limited stress. 2. In PLM, given the relative ‘‘softness’’ of the membrane, cells need to regulate their internal ion con-

centration and volume to prevent excessive swelling or shrinkage due to osmotic pressure differences; then, mechanical equilibrium is largely

a matter of osmotic balance on both sides of the membrane. However, in cells with a wall, the internal and external osmotic pressure can be

very different, making it necessary to consider the force provided by thewall. 3. Ourmodel specifically examines the budding process in yeast,

involving a very rigid chitin ring on the mother cell’s neck, the enzymatic weakening of the cell wall inside the ring (altering its mechanical

properties) to enable growth, among other factors. These aspects are not considered in PLM.

In fact, any substance that can affect the osmotic pressure of a cell is termed an osmolyte, which includes ions as well as other small mol-

ecules such as various amino acids, glycerol, ATP, and small nucleotides. These osmolytes are key factors affecting the osmotic pressure. In

our model, the variableN represents the total osmolyte amount inside the cell, as described in Equation 2. On the other hand, the key param-

eter of ourmodel,c, which significantly influences the entire budding process, is defined as Equation 19, andD ~N is the osmolyte accumulation

rate. Thus, from this perspective, our model does consider ions (as it considers osmolytes as a whole). The mechanical equilibrium of the cell

wall is derived from the interaction between the osmotic pressure produced by osmolytes and the mechanical stress exerted by the cell wall.

This is the foundation that allows us to formulate Equation 1 and, from there, derive the fundamental equations in our model, Equations 11

and 12.
iScience 27, 110981, October 18, 2024 15
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Mechanical equations for the daughter

Note that, although in Equation 3 we have taken a small element on the mother’s wall as an example, the same principle also applies to the

daughter. Now, we derive the Newtonian equations for the daughter. We rewrite Equation 3 specifically for an element from the daughter:

ðlC $ r =2 � sdhdÞ $ r = Mdad = ð2pÞ (Equation 20)

The subscript d represents the quantities from the daughter. Note that in the process of budding, there will be new wall materials inte-

grated into the daughter’s wall, so unlike the mother, the mechanical properties of the daughter are subject to change. Nevertheless, we

can assume that between the time interval in which no newmaterial is integrated, the daughter’s wall is completely linear-elastic and isotropic.

So we can still use the Lagrangian strain and apply Hooke’s law to this element:

edðr ; ldÞ = LdðrÞ = ld � 1 (Equation 21)
sd = kd$edðr ; ldÞ (Equation 22)

where ed is the Lagrangian strain of this element, Ld is the stretched circumference of daughter, and ld is the unstretched circumference. Unlike

lm, here ld is no longer a constant (that is why ed is a function of both r and ld ), but it changes as new wall materials are integrated into. In this

way, the biosynthesis of wall materials is taken into account.

At the initial state (Figure 1B), the mechanical equilibrium described by Equation 7 also applies to the daughter. Therefore, we can incor-

porate Equations 7, 21, and 22 into Equation 20, and then we have�
C

C0

r

R0
� kdhd

kmhm0

ed

em0

�
$
r

R0
=

ad

plC0R2
0

�
Md

For convenience, we rewrite kdhd as a single variable h [N/m] which corresponds to the so-called surface modulus, representing the

‘‘strength’’ of the daughter’s wall16; and let h0hkmhm0. Then, we obtain the overall Equation 23 for Newtonian mechanics of the daughter:�
C

C0

r

R0
� h

h0

ed

em0

�
$
r

R0
=

ad

plC0R2
0

�
Md

(Equation 23)

Normalization for equations of the cell

(1) First of all, we normalize every geometric quantity to a specific initial value.
16 i
(a) We normalize the mother’s and the daughter’s radius of curvature R and r to R0, that is, let ~RhR=R0 and ~rhr=R0. The superscript

tilde � always represents a normalized quantity.

(b) We normalize the circumference of the mother:
~Lmð~RÞ
=
LmðRÞ
R0

=
2R$½p � arcsinðr=RÞ�

R0
= 2

R

R0
$

�
p � arcsin

r=R0

R=R0

�

= 2~R$½p � arcsinð~r=~RÞ�
Then, we normalize the circumference of the daughter, which is a step-wise function. Before the critical state,

~Ld1ð~rÞ =
Ld1ðrÞ
R0

=
2r$arcsinðr=rÞ

R0
= 2~r$arcsinð~r = ~rÞ

while after the critical state,

~Ld2ð~rÞ
=
Ld2ðrÞ
R0

=
2r$½p � arcsinðr=rÞ�

R0
= 2

r

R0
$

�
p � arcsin

r=R0

r=R0

�

= 2~r$½p � arcsinð~r=~rÞ�
In summary,

~Ldð~rÞ =

	
~Ld1ð~rÞ; if before the critical state;
~Ld2ð~rÞ; if after the critical stat
(c) We normalize the surface area of the mother,
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~Smð~RÞ =
SmðRÞ
Sm0

=
2pR



R+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p �
2pR0

�
R0+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 � r2

q � =
R

R0
$

R


R0+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR=R0Þ2 � ðr=R0Þ2

q

1+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðr=R0Þ2

q

= ~R$
~R+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2 � ~r2

q
1+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ~r2

q = ~R2$
1+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ð~r=~RÞ2

q
1+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ~r2

q
As in Equation 23 the surface area of the daughter does not appear, there is nothing to normalize.
(d) We normalize the total volume of the cell, which is a piece-wise function. Before the critical state, the total volume is (note that if

Fðx; yÞ is a function of x and y, we denote the reference value F0hFðx0;y0Þ):
~V 1ð~R; ~rÞ = V1ðR; rÞ
V0

=

" 
2

3
� b3
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3
+ bm

!
pR3 +

4

3
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while after the critical state, the total volume is
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In summary,

~Vð~R; ~rÞ =

	
~V1ð~R; ~rÞ; if before the critical state;
~V2ð~R; ~rÞ; if after the critical stat

(2) After the geometrical quantities, we normalize the Lagrangian strain of any element from the mother,

~emð~RÞ =
emðRÞ
em0

=

LmðRÞ
lm

� 1

Lm0

lm
� 1

=

LmðRÞ=R0

lm=R0
� 1

Lm0=R0

lm=R0
� 1

=
~Lmð~RÞ=~lm � 1
~Lm0=~lm � 1

and normalize the Lagrangian strain of any element from the daughter,
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~edð~r ;~ldÞ =
edðr ; ldÞ
em0

=

LdðrÞ
ld

� 1

Lm0

lm
� 1

=

LdðrÞ=R0

ld=R0
� 1

Lm0=R0

lm=R0
� 1

=
~Ldð~rÞ=~ld � 1
~Lm0=~lm � 1

(3) Lastly, we normalize the osmolyte concentration difference,

~Cð ~N; ~R; ~rÞ =
CðN;R; rÞ

C0
=

N

VðR; rÞ � cex

N0

V0
� cex

=

N=N0

VðR; rÞ=V0
� cex

N0=V0

1 � cex
N0=V0

=

~N
~Vð~R; ~rÞ � ~cex

1 � ~cex

(4) Finally, we plug all of these normalized quantities into the original Equations 8 and 23. We then obtain the normalized Newtonian

equations for the mother (Equation 9) and for the daughter (Equation 10).
Reference values for normalization

Here are all the reference values that are used in all the normalized equations (referring to Table 1):

Sm0 hSmðR0Þh2pR0

�
R0 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 � r2

q �

V0 h4pR3
0

�
3

C0 hCðN0;R0; r0ÞhðN0=V0Þ � cex

em0 hLmðR0Þ


lm � 1h
2R0$½p � arcsinðr=R0Þ�

lm
� 1

am0 hplC0R
2
0

�
Mm

h0 hkmhm0

ad0 hplC0R
2
0

�
Md

Implementation of the model

The whole budding process can be calculated/simulated through the following procedure (referring to Figure 2):

1. Initialization. Set the iteration step count i = 0, and each variable to its initial value ~N0, ~R0, ~r0, ~h0 and 0~ld .

2. Set D~h and D ~N. In general, they can be different for each iteration step i, so we denote them generally as ðD~hÞi and iðD ~NÞ.
3. ‘‘Weaken-fill’’ process: calculate ~R0

i and ~r 0i based on Equations 13 and 14.

4. ‘‘Repair’’ process: calculate ~l00di based on Equation 15, and calculate h00i based on Equation 18.

5. Update variable values. Set ~Ni+1 = ~Ni + ðD ~NÞi , ~Ri+1 = ~R0
i , ~ri+1 = ~r 0i , ~hi+1 = ~h00i and ~ld;i+1 = ~l00di. Set 1i = i + .

6. Repeat from (ii).

With these procedures, we obtain the evolution of the cell’s states along i, namely ð ~Ni ; ~Ri;~ri;~hi ;
~ldiÞ. Note that i is the iteration step count

rather than real-time, so the evolution along i only represents successive changes of the cell (see STAR Methods - method details for more

details).

The simulation procedure above means that if we know ðD~hÞi and ðD ~NÞi at each iteration step i, we can completely calculate the whole

budding process. Note that our formulas and simulation procedures are derived based on infinitesimal steps, so only the ratio ðD ~NÞi=
ðD~hÞi (we denote this ratio as ji ) determines the solution, instead of their absolute values.We have the same argument when we use standard

techniques to numerically solve differential equations: The time interval Dt in the differential equation should be set sufficiently small; and as

long as Dt is sufficiently small (whatever the absolute value is), the numerical solution goes to the true solution. Above all, to completely simu-

late the budding process, we only need to know ji. However, due to the following two reasons, in this paper, we focus only on the simplest

case of assuming ji to be a constant c. Firstly, while c is well-defined, we currently lack experimental data to provide a time series of c. In fact,

experimentally measuring either D ~N=Dt or D~h=Dt is not straightforward (these are used to calculate c, as per the definition in Equation 19).

Secondly, the main motivation of this paper is to explore whether meaningful and logically consistent results (derived from themodel) can be

obtained in the simplest scenarios, thereby gaining insights into the mechanisms of budding. The empirical measurement of c is definitely

worth further investigation in subsequent work, which will allow us to more specifically simulate and study the budding process.
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Besides the key parameterc, there are three other parameters. The first is the radius of the chitin ring, ~r, which we set to 0.28, becausemost

chitin rings cover 1% to 3%of the total surface area of themother,17,69 andwe thus estimated ~rby settingp~r2=ð4p~R2
0Þ = 0:2. The second is the

external osmolyte concentration, ~cex , which we set to 0.84, as seen from the data in70 where the external and internal osmotic pressure in

normal conditions is around 1.38 MPa and 1.65 MPa, respectively. Thirdly, we need to know the unstretched circumference of the mother,
~lm, and the initial value of the unstretched circumference of the daughter,~ld0. Both of them can be calculated from ~Vu, the unstretched volume

of the cell initially, namely the volume if the internal and the external osmolyte concentration are identical (which is also the so-called non-

osmotic volume). For normal cells, ~Vu was measured to be around 0.4.23,70 Then, ~lm = 2ðp � arcsin~rÞ
ffiffiffiffiffiffi
~Vu

3
p

and ~ld0 = 2ðarcsin~rÞ
ffiffiffiffiffiffi
~Vu

3
p

. In addi-

tion, it is straightforward that other initial values are ~N0 = 1, ~R0 = 1, ~r0 = 1 and ~h0 = 1, because they are all normalized to their correspond-

ing initial values.
Meaning of ‘‘iteration step’’ in the model

The iteration step, denoted as i, refers to the number of iterations used during the calculation of the entire budding process. The ‘‘iteration

step’’ should be understood from a relative perspective. It is similar to solving differential equations, e.g., df ðtÞ=dt = c. To solve it numer-

ically, we need towrite it in the formof a difference equation,Df ðtÞ = c$Dt. By setting a value forDt, one can integrate it to calculateDf ðtÞ and
consequently f ðtÞ. The smaller the Dt, the more accurate the numerical solution for f ðtÞ will be, but it also requires more iterations. Generally

speaking, as long as Dt is sufficiently small, the final solution will tend to be precise.

In this work, the ‘‘iteration step’’ i is analogous to the number of iterations used in the integration process for numerically solving differential

equation df ðtÞ=dt = c. Since, in this work, the process at each iteration is quasi-static, it allows us to solve for mechanical equilibrium at each

iteration (referring to Figure 2 for the calculation of each iteration), using algebraic equations instead of differential equations. Similarly, to

perform a numerical calculation, we need to set a value for Dt (the smaller Dt is, the more precise the calculated result will be, and a greater

number of iteration steps will be needed). Therefore, the iteration step i should only be understood from a relative perspective.

We do not need a mechanism to determine the number of iterations required; in principle, one could continue calculating indefinitely

(similar to differential equations, where t, or the iteration step i, can extend to infinity). Nevertheless, in this work, we choose to stop the calcu-

lation when the daughter cell’s size significantly exceeds that of the mother, as it then loses biological relevance. Therefore, we can only inter-

pret i relatively. In fact, the interval from i = 0 to the DETACH state can be considered as representing one cell cycle.
Daughter cell size variation

When j = 0:15, the daughter cell radius is 0.85 (as read from Figure 4E); thus, its volume is approximately 0:853 = 0:614.When j = 0:2, the

daughter cell radius is 0.95 (as read from Figure 4F); thus, its volume is approximately 0:953 = 0:857. Therefore, the volume variation is

ð0:857 � 0:614Þ=0:614z39:6%.
Abnormalities in wall integrity pathway

Here we examine if there are size changes in the newly-born daughters through budding inmutants with abnormalities in the cell wall integrity

pathway. In our model, the key parameter c is not directly linked to the integrity pathway, so we cannot observe their response by merely

altering c. However, we can modify Equation 18, which concerns the surface modulus of the daughter cell’s wall. Equation 18 indicates

that the daughter’s cell wall can restore its strength (namely, surface modulus) after being stretched (following wall remodeling by enzymes,

which is the ‘‘repair’’ process described by ourmodel). Yet, if themutant cell’s wall integrity pathway is compromised, it would not return to its

normal state. Here, we can ‘‘hack’’ into our model by forcibly altering the value of h00 (Equation 18) to, for example, 95% or 85% of its original

value, and then observe how the cell evolves thereafter. The results are shown in Figure S1.

From Figure S1A where the surfacemodulus h of the daughter cell wall only recovers to 95% compared to the previous time step, it can be

observed that the maximum value of h during the entire cell cycle reaches about only 50% of the original (as indicated by the green line). This

implies that regardless of when the daughter detaches from the mother, its cell wall strength will be significantly weakened. We can imagine

that with each generation, the wall strength diminishes further, undoubtedly compromising normal cellular functions. The situation is even

more severe when recovery is only 85%, as shown in Figure S1B.

The Abnormalities can be caused bymany factors, e.g., Ace2-D52,71 and Pkc1-Mpk1 pathwaymutants.72 The Pkc1-Mpk1 pathway regulates

the synthesis of the cell wall, besides its roles in responding to cell wall stress and cell cycle regulation. Upon activation of Pkc1, a cascade of

reactions ultimately activatesMpk1, which enters the nucleus to activate specific transcription factors. This, in turn, promotes the expression of

genes related to cell wall synthesis, such as glucan synthases and chitin synthases. If the wall integrity mechanism is compromised (e.g., due to

impairment of the Pkc1-Mpk1 pathway), experiments show that the size of daughter cells tends to decrease and their cell wall strength is

weaker than normal, which is indeed consistent with the predictions of our model.72

As for Ace2, according to Talia et al. (2009), cells containing Ace2 have a larger ‘‘critical size’’ than cells lacking these factors. This may be

the cumulative effect of numerous gene regulations.52 On the other hand, Ace2 may also regulate processes in the later stages of budding; it

is a transcription factor required for the destruction of the septum following cytokinesis. At the end of division, Ace2p specifically activates the

transcription of genes such as CTS1, SCW11, DSE2, DSE3, and DSE4 in the daughter cell. These genes encode chitinases and glucanases,

enzymes necessary for septum destruction and separation of mother and daughter cells post-budding. Ref. 71 shows that Ace2 D mutants

result in increased cell size, because the absence of Ace2 prevents normal detachment of the daughter from the mother, leading to
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continuous budding on the mother, hence increasing in size. In our model, this corresponds to the situation where, even after the mother

shrinks back to its original size, the daughter does not detach and continues to grow, where we can see this from Figure 4.
Effects of osmotic pressure

Concerning the impact of osmotic pressure on cell division, there are few articles that discuss the effects of minor osmotic disturbances. Much

research focuses on how cell division or the cell cycle changes under significant osmotic stress:

For instance, ref. 73 explores the dynamics and logic of yeast cells’ response to osmotic shock by constructing a mathematical model. It

was found that high osmotic pressure leads to the activation of a series of enzymes and gene expression, such as activating the HOGpathway

to produce more glycerol to counterbalance the stress, ultimately achieving homeostasis. Experiments74,75 also confirmed that under high

osmotic pressure conditions, yeast cells activate the HOG pathway, adjusting gene expression andmetabolism to adapt to this environment,

which results in an elongated cell cycle. More specifically, ref. 76 indicates that if osmotic pressure is applied during the G1 phase, osmotic

stress causes a temporary G1 arrest and the downregulation of cyclin expression, thereby delaying or temporarily blocking the transition from

G1 to S phase.

Additionally, other works discuss extreme cases, such as ref. 77, which states that under very high osmotic stress, plasmolysis may occur,

i.e., the cell membrane detaches from the cell wall, leading to growth stasis. Also, the study78 applied oscillatory osmotic stress and combined

glucose deprivation (which may frequently occur to cells in natural conditions). It was found that under this condition, cell division speeds up,

survival time increases, and transcriptional response decreases. The higher the frequency of osmotic stress, the lower the rate of cell division.

However, under normal physiological conditions, discussions on the effects of minor osmotic changes are scarce; our model here aims to

depict the budding process of yeast at normal physiological levels. Under such physiological conditions, the cell wall is quasi-static, meaning

that the osmotic pressure is mechanically balanced with the tension provided by the cell wall (although this balance is occasionally disrupted,

it is immediately restored). Therefore, even if the osmotic pressure changes, the cell state can be restored through self-regulation. As shown in

Figure S2, where we simulated two scenarios: following the budding of the cell, we either increased or decreased the concentration of os-

molytes in the extracellular environment, we can see the cell state undergoes a rapid change and then returns to normal. Ultimately, the

changes in the state of the mother and daughter cells are minimal, indicating that cells can quickly return to homeostasis after experiencing

minor osmotic disturbances. However, our model assumes that this homeostasis is achieved instantaneously—as depicted in the two figures

above, where at i = 2000, there is a sudden response of the cell to return to homeostasis. In reality, this recovery is not instantaneous and

would likely result in an extended cycle, a process not specifically captured in our model.
QUANTIFICATION AND STATISTICAL ANALYSIS

There are no quantification or statistical analyses to include in this study.
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