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Abstract
The accelerated failure time model is an alternative to the Cox proportional hazards model in survival analysis. However,

conclusions regarding the associations of prognostic factors with event times are valid only if the underlying modeling

assumptions are met. In contrast to several flexible methods for relaxing the proportional hazards and linearity assump-

tions in the Cox model, formal investigation of the constant-over-time time ratio and linearity assumptions in the accel-

erated failure time model has been limited. Yet, in practice, prognostic factors may have time-dependent and/or nonlinear

effects. Furthermore, parametric accelerated failure time models require correct specification of the baseline hazard func-

tion, which is treated as a nuisance parameter in the Cox proportional hazards model, and is rarely known in practice. To

address these challenges, we propose a flexible extension of the accelerated failure time model where unpenalized regres-

sion B-splines are used to model (i) the baseline hazard function of arbitrary shape, (ii) the time-dependent covariate

effects on the hazard, and (iii) nonlinear effects for continuous covariates. Simulations evaluate the accuracy of the

time-dependent and/or nonlinear estimates, and of the resulting survival functions, in multivariable settings. The proposed

flexible extension of the accelerated failure time model is applied to re-assess the effects of prognostic factors on mor-

tality after septic shock.
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Introduction
In most cohort studies of disease occurrence, progression, treatment or mortality, times to relevant clinical outcomes
depend on multiple risk or prognostic factors, and exposures. Thus, whether the main focus is on etiology or on prediction,
multivariable time-to-event analyses are essential. Yet, multivariable survival analyses require specifying a formal statis-
tical model that describes how covariates are associated with the event times. Here, different survival models postulate
different modes of covariates’ action, typically assumed to be common to all covariates. To facilitate both estimation
and interpretation, most standard regression models restrict the corresponding adjusted regression coefficients (e.g.
ratios of hazards, odds or survival times) for all covariates to remain constant over time. However, it is often plausible
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that true effects of some covariates are not consistent with this underlying modeling assumption, requiring extending the
model to incorporate time-varying coefficients. In addition, for each continuous covariate one has to specify a suitable
functional form of its relationship with the outcome.1 Both aforementioned modeling complexities have received consid-
erable attention within the vast literature on hazard-based models that dominate medical applications of survival analysis2

but they are equally relevant for other multivariable survival models. In this manuscript, we attempt to address these chal-
lenges within the framework of multivariable accelerated failure time (AFT) model.

The AFT model provides an alternative to the proportional hazards (PH) model to analyze time-to-event data.3,4 Instead
of the log hazard ratios estimated in the PH model, in the AFT model the covariate effects are expressed directly on the
event time scale and estimated by the log event time ratios. For example, if the event time ratio (treated vs. control)
equals 1.25, then the time corresponding to any given survival probability is 25% longer for the treated than the control
subjects, implying accelerated failure times among the controls. Recently, the AFT model has become increasingly
popular, partly because it avoids the noncollapsibility5,6 and resulting built-in selection bias of PH-based hazard
ratios.7,8 However, in contrast to the Cox PH model, the parametric AFT models require specifying the event time distri-
bution,4,9 which is difficult in many real-life applications. To avoid this restriction, several semiparametric AFT models
were proposed,10–16 including our recent spline-based model.17

However, almost all the aforementioned semiparametric AFT models implicitly impose the conventional assumptions
underlying the classic AFT model that (i) for all covariates, time ratios, i.e. “acceleration factors,” are constant over time
and (ii) continuous covariates have linear relationships with the logarithm of event time18 (see Appendix A.1 in
Supplementary material for more details). Yet, in multivariable analyses either assumption may be violated, for some cov-
ariates. Indeed, real-life applications of flexible extensions of the Cox PH model,19–24 reported frequent violations of the
corresponding assumptions of (i) constant hazard ratios (PH)25,26 or (ii) linear covariate effects on log hazard,27 or even
both assumptions, for the same continuous covariate.28,29

In contrast, relatively little work has focused on flexible modeling of covariate effects in the AFT framework.
Specifically, whereas alternative AFT partial linear models permit estimating nonlinear (NL) effects, through spline
smoothing or piecewise linear functions,30–32 they require additional assumptions about the error distribution30 or seem
restricted to the univariate setting.31,32

Similarly, only a few studies permit modeling nonconstant log time ratios, e.g. as a linear function of the follow-up time
t.33 Cox and Oakes18 outlined a more general AFT model, which can handle either time-varying covariates Z(t) or time-
dependent effects:

S(t|Z) = S0

∫t
0
ψ [Z(u)|β]du

( )

where function ψ(·) links Z to survival, and β is the associated parameter vector. Setting ψ [Z(t)|β] = exp(β(t)Z) yields AFT
model with time-dependent effects (β(t))18:

S(t|Z) = S0

∫t
0
exp[β(t)Z]du

( )

However, the authors do not discuss either parameter estimation or interpretation of the estimated time-varying effects, and
do not apply the proposed model to either simulated or real-life data.18

Recently, in an arxiv manuscript, Crowther et al.16 have proposed a flexible AFT model with restricted cubic splines
modeling of the event time distribution. They develop an elegant full likelihood estimation framework and provide prac-
tical implementation in Stata and R. Importantly, Crowther et al’s.16 model builds on the aforementioned Cox and Oakes’
model,18 to incorporate modeling of time-varying effects, on the cumulative scale:

S(t) = S0

∫t
0
η(X , t; β)du

( )
= S0(t × ϕ(X , t; β))

where

ϕ(X , t; β) = exp −Xβ −
∑P
p=1

xps(log(t)|γp, kp)
( )

Crowther et al.16 estimate time-varying covariate effect by a spline function s(·) of the log time and estimate variance
through inversion of the negative Hessian. Whereas their model allows for multivariable analyses, the time-varying
event time ratio seems only directly interpretable for univariate modeling of a binary exposure. Indeed, the ratio of the

Pang et al. 2527

https://journals.sagepub.com/doi/suppl/10.1177/09622802211041759


times when the “exposed” (t for X = 1) versus the “unexposed” (t0 for X = 0) reach any given survival probability (1−q)
is estimated by t

t0
= exp(β + s(log (t)) . However, it is less clear how to estimate the ratio of the corresponding event times,

for fixed (1−q), for more complex contrasts, involving either continuous covariates or multivariable analyses, where event
time ratios may depend on the other covariates. Both comprehensive simulation studies and a real-life application, reported
by Crowther et al.16 illustrate the advantages of flexible modeling of the event time distribution, but involve only constant
acceleration factor(s), and one or two covariates. Thus, the accuracy of the estimated time-varying covariate effect(s) and
performance of their model in multivariable analyses need to be further assessed. Furthermore, similar to Cox and Oakes,18

Crowther et al.16 do not discuss modeling of potential NL effects of continuous covariates.
Furthermore, to the best of our knowledge, no published AFT model permits estimating both time-dependent (TD) and

NL effects of continuous covariates. Yet, simulations suggest that, under the PH model framework, the relevant TD and NL
effects of all continuous covariates should be simultaneously accounted for to avoid biased estimates and inaccurate
inference.22,34

To address these challenges, we propose a flexible extension of the AFT model that permits accounting for potential TD
and/or NL covariate effect(s) while allowing for arbitrary distribution of the event times. Section “Methods” describes our
model and the estimation algorithm. Simulation studies are reported in the section “Simulation studies.” In the section
“Real-life application,” our flexible extension of the AFT model identifies TD and/or NL effects of some prognostic
factors in real-life multivariable analyses of mortality after septic shock. We conclude with a discussion of our results
and their implications.

Methods
In the conventional AFT model, the natural logarithm of the event time, logT, is modeled as a linear function of the cov-
ariate vector X3,4:

logT = −βX +W (1)

where W is a random error and β is the vector of regression parameters, i.e. the logarithms of time ratios, which describe
how the changes in covariate values are associated with either accelerated or decelerated event time.

The equivalent hazard-based specification of the AFT model is 4:

λ(t|X ) = exp (βX )λ0(exp (βX )t) (2)

where λ0(t) is the baseline hazard function corresponding to X= 0 and β is the same log(time ratio) vector as in (1).
Both formulations of the AFT model (1) and (2) imply (i) a linear relationship between each continuous covariate and

the log event time and (ii) constant-over-time log time ratios β, i.e. log acceleration factors. In this article, we propose a
flexible extension of the AFT model to simultaneously relax both these conventional assumptions and to account for pos-
sible TD covariate effects on the hazard and/or NL effects of continuous variables.

Joint flexible modeling of NL and TD effects in the AFT model
First, to relax the linearity assumption, the AFT model (1) can be generalized to:

logT = −
∑
j

βjgj(Xj)+W (3)

which is sometimes referred to as the “AFT partial linear model.”30,32 The function gj(Xj) is a possibly NL transformation
of continuous covariate Xj that estimates its association with the logarithm of event time. An equivalent NL extension of the
hazard-based AFT model (2) is:

λ(t|X ) = exp
∑
j

βjgj(Xj)

( )
λ0 exp

∑
j

βjgj(Xj)

( )
t

( )
(4)

However, both models (3) and (4), as well as other published flexible NL extensions of the AFT model,15,30,32 restrict the
covariate effects gj(Xj) to be constant during the follow-up. To relax this assumption, we propose to further extend the NL
hazard-based AFT model (4), by replacing constant log acceleration factor βj by a flexible function of follow-up time βj(t).
The resulting model (5) below allows for both TD effects of all covariates on the hazard and NL effects of continuous
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covariates:

λ(t|X ) = exp
∑
j

βj(t)gj(Xj)

( )
λ0 exp

∑
j

βj(t)gj(Xj)

( )
t

( )
(5)

This extension involves modifying the hazard-based AFT models (2) and (4), rather than the mathematically equivalent
classic AFT models (1) and (3), to avoid complex constraints required for modeling the density or the survival functions.20

In flexible model (5), the effect of a continuous variable Xj on the log hazard, at time t, is modeled as a product of two
covariate-specific estimable functions: βj(t) and gj(Xj). First, gj(Xj) defines a functional form for Xj, i.e. its possibly NL
dose-response function. Secondly, the time-dependent function βj(t), reflects the dynamic changes, during the follow-up,
in the strength of the covariate effect on the log hazard, expressed by gj(Xj). Notice that the estimated values of βj(t) do not
represent time-varying log event time ratios, i.e. time-varying acceleration factors. However, model (5) implicitly allows
for the ratios of event times associated with different values of Xj to vary over time, because the constant coefficient βj in
(2), mathematically equivalent to constant log time ratio in classic AFT model (1), is replaced by the TD function βj(t).
Section “Reconstructing time-dependent time ratios” explains in detail how time-varying event time ratios for any contrast
in Xj can be reconstructed based on the βj(t) estimate in (5). Then, Appendix A2 in Supplementary material permits asses-
sing the accuracy of the resulting estimates of (i) reconstructed time ratios, and (ii) survival functions conditional on time-
varying covariate effect(s), based on our proposed model (5), in simulations where the data-generating model was not spe-
cified in terms of βj(t) in (5).

In the proposed model (5), similar to a more constrained hazard-based AFT model (2), the covariate affects the
hazard function by not only shifting the baseline hazard λ0(t) in the time scale horizontally, as reflected

by λ0 exp
∑
j
βj(t)gj(Xj)

( )
t

( )
, but also shifting it vertically by a multiplicative factor exp

∑
j
βj(t)gj(Xj)

( )
. For a binary

covariate, gj(Xj) = Xj. We propose to model βj(t) for each covariate Xj, gj(Xj) for each continuous covariate Xj, and the
baseline log hazard, using low-dimension unpenalized regression B-splines with degree p and m interior knots:

gj(Xj) =
∑L
l=1

al,jAl,j(Xj) (6)

βj(t) =
∑Q
q=1

bq,jBq(t) (7)

λ0 exp
∑
j

βj(t)gj(Xj)

( )
t

( )
= exp

∑K
k=1

γkSk exp
∑
j

βj(t)gj(Xj)

( )
t

( )( )
(8)

where Al,j(Xj), Bq(t) and Sk exp
∑
j
βj(t)gj(Xj)

( )
t

( )
are the B-spline basis functions, and al,j, bq,j and γk are the spline coef-

ficients to be estimated for gj(Xj), βj(t) and λ0 exp
∑
j
βj(t)gj(Xj)

( )
t

( )
, respectively. As a default option, we suggest using

quadratic splines (p= 2) with one interior knot (m= 1) for estimating βj(t) and gj(Xj), and cubic splines (p= 3) with 2
knots (m= 2) for modeling λ0(t). (Appendix A3.1 in Supplementary material provides the rationale and more details).

The full log-likelihood based on model (5) for right-censored data is derived as:

logL =
∑n
i=1

δi log (λ(ti|Xi))+ log (S(ti|Xi))

=
∑n
i=1

δi
∑
j

βj(ti)gj(Xij)+
∑K
k=1

γkSk exp
∑
j

βj(ti)gj(Xij)

( )
ti

( )( )[

− ∫
ti

0
exp

∑
j

βj(u)gj(Xij)

( )
exp

∑K
k=1

γkSk exp
∑
j

βj(u)gj(Xij)

( )
u

( )( )
du

]
(9)
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where ti is the event or censoring time for subject i, and δi is an indicator of the event (δi = 1) or censoring (δi = 0).
We can estimate the three sets of spline coefficients a, b and γ by maximizing the above full log-likelihood in (9).

Substituting â and b̂ into (6) and (7), the NL ĝj(Xj) and the TD β̂j(t) estimates can be obtained. Then, the hazard and survival
functions, conditional on covariate vector X , can be computed as in (10) and (11):

λ̂(t|X ) = exp
∑
j

β̂j(t)ĝj(Xj)

( )
exp

∑K
k=1

γ̂kSk exp
∑
j

β̂j(t)ĝj(Xj)

( )
t

( )( )
(10)

where β̂j(t) =
∑Q

q=1 b̂q,jBq(t) and ĝj(Xj) =
∑L

l=1 âl,jAl,j(Xj).

Ŝ(t|X ) = exp

∫t
0
−λ̂(u|X )du

{ }
(11)

Alternating conditional estimation
Estimating the parameters a, b and γ simultaneously, by maximizing the complex likelihood function in (9), would be chal-
lenging. First, model (5) involves a product of two estimable functions βj(t) and gj(Xj) for the same continuous covariate,
inducing non-identifiability.22 Furthermore, both a and b vectors need to be estimated to capture the NL and TD effects but
must be considered as fixed and “known” when estimating coefficients in γ for the log hazard function. To address these
challenges, we rely on an iterative alternating conditional estimation (ACE) algorithm.35 The algorithm iterates across the
three consecutive steps, each involving estimating only one of the above coefficient vectors, conditional on the previous
estimates of the two other vectors.

Appendix A3.2 in Supplementary material describes the ACE algorithm in detail and Appendix A3.3 in Supplementary
material discusses bootstrap-based pointwise 95% confidence bands around the estimates.

Reconstructing time-dependent time ratios
The time-dependent estimate βj(t) in flexible model (5) describes how the effect of Xj on the hazard changes over time.
However, in contrast to the constant β in the conventional AFT models (1) and (2), β(t) in model (5) does not represent
time-dependent changes in the logarithm of the time ratio. In fact, given the β̂j(t) estimate, the corresponding time-
dependent time ratios for a contrast between two subjects with different values of Xj not only vary across time t but
also depend on the values of other covariates for the subjects compared.

We propose to describe time-dependent covariate effects, within the AFT framework, in terms of the times to reach a
specific quantile of the event time distribution. For a binary exposure X, we focus on the ratio ψ(q) = tq0

tq1
of the times when

the unexposed (tq0 for X= 0) and the exposed groups (tq1 for X= 1) reach the qth quantile of the event time distribution (q),
corresponding to survival probability (p= 1−q). For example, if 80% survival probability (q= 0.2) for the unexposed and
exposed group is reached by 7 and 11 months, respectively, then ψ (0.2) = t0.2,0 / t0.2, 1 = 7 / 11 = 0.636. If the exposure
has a truly time-varying effect, then e.g. ψ(0.4) differs from ψ(0.2). In contrast, in the conventional AFT model, the time
ratio is constant: ψ(q) = exp(β) for all q.18

Yet, in multivariable analyses based on our model (5), reconstructing the time-dependent time ratio comparing survival
for subjects with different covariate patterns requires complex transformations of β(t) and g(X ) by inverting the survival
functions in (11). Because analytic solution is difficult, we rely on a grid search to find the q-quantiles of the respective
event time distributions. For example, for a setting with two continuous covariates that both have TD and NL effects,
to reconstruct the time-dependent time ratio comparing two subgroups with X1 = x1 + 1 versus X1 = x1 but the same
value of X2 = x2 in both groups, we need three steps. Step (1) calculates

Ŝ(t|x1 + 1, x2 ) = exp ∫
t

0
−λ̂(u|x1 + 1, x2)du

{ }

= exp

∫t
0
− exp (β̂1(u)ĝ1(x1 + 1)+ β̂2(u)ĝ2(x2)) exp

∑K
k=1

γ̂kSk(exp (β̂1(u)ĝ1(x1 + 1)+ β̂2(u)ĝ2(x2))u)

( )
du

{ }

and

Ŝ(t|x1, x2 ) = exp

∫t
0
− exp (β̂1(u)ĝ1(x1)+ β̂2(u)ĝ2(x2)) exp

∑K
k=1

γ̂kSk(exp (β̂1(u)ĝ1(x1)+ β̂2(u)ĝ2(x2))u)

( )
du

{ }
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for discrete times t with extremely small increments. The following two steps are: (2) search, separately, for the times tq1
and tq0 such that Ŝ(tq1|x1 + 1, x2 ) = Ŝ(tq0|x1, x2 ) = 1− q; (3) calculate ψ(q) = tq0 / tq1. These calculations are repeated
across the relevant range of q values and the resulting function ψ(q) is plotted to describe the time-dependent time ratio for
this specific contrast. Similar calculations can be performed for any contrast of interest, but the results will vary depending
on the values of all other covariates in the model. Figure 4 and Figure A2.1(a) to (c) and Table A5.1.2 in Supplementary
material illustrate examples of reconstructed time ratios for, respectively, simulated and real-life data.

An R program that implements model (5) and includes functions to estimate the NL and TD effects and reconstruct
time-dependent time ratios for an arbitrary contrast in any covariate is available at GitHub (https://github.com/
MenglanPang/Flexible-AFT-Model).

Simulation studies

Design of primary simulations
To evaluate the performance of the proposed model inmultivariableAFT analyses, we simulated a hypothetical cohort ofN
= 1000 subjects followed until the event or administrative censoring, at 6 years. Event times were generated from the
extended AFT model, conditional on three covariates (binary X1 and continuous X2, X3):

λ(t|X ) = exp (β1(t)X1 + β2(t)g2(X2)+ β3(t)g3(X3))∗
λ0(exp (β1(t)X1 + β2(t)g2(X2)+ β3(t)g3(X3))t) (12)

with a Weibull baseline hazard λ0(t) = (α / ρ)(t / ρ)α−1. Two simulated scenarios assumed different shape parameters of the
increasing baseline Weibull hazard (ρ = 3 vs. ρ = 6), with a common scale α = 1.5. Both scenarios assumed a TD effect
of binary X1 and both TD and NL effects of continuous X2. However, X3 had a linear TD effect in scenario 1, but a
constant-over-time NL effect in scenario 2. Figures 1 and 2 show “true” TD and NL covariate effects, respectively.
Appendix A4.1 in Supplementary material provides details of data generation.

Results of primary simulations
For both scenarios, three multivariable models were fit to each of the 100 simulated samples: (i) the “conventional” para-
metric Weibull AFT model with linear covariate effects and constant time ratios; (ii) the “nonlinear” Weibull AFT model
with NL effects for X2 and X3 but constant time ratios; and (iii) our proposed flexible extension of the AFT model (5) with
all possible TD and NL effects, and baseline hazard estimated by splines, without distributional assumptions. NL and TD
effects were estimated with quadratic B-splines with one interior knot at the median of the covariate or follow-up times
distributions, respectively.

Estimation of the TD and NL functions
To assess the accuracy of the covariate effects estimated with our model (5), Figures 1 and 2 compare the 100 TD and NL
estimates (gray curves) against the corresponding true functions (black dashed curves), respectively for scenarios 1 and
2. (The estimates are rescaled, as explained in Appendix A3.4 in Supplementary material). In scenario 1, most of the esti-
mates correctly recover the TD effects of different shapes (Figure 1(a), (b) and (d)), and the NL estimates for X2 and X3

(Figure 1(c) and (e)). The TD estimates show more variability in the tails, where the events are less frequent and regression
splines are less stable.36 Yet, the mean values of all spline-based estimates (white curves) trace fairly close the correspond-
ing true TD/NL functions, indicating lack of under- or over-fit bias, even for the truly linear effect of X3 in Figure 1(e).

Figure 2 shows that for scenario 2 almost all spline-based TD and NL estimates are also reasonably unbiased, including
TD estimates of the truly constant-over-time effect for X3 (Figure 2(d)). The only exception is the failure of TD estimates to
recover a decreasing effect of X1 in the later phase of follow-up, where there are fewer events (Figure 2(a)).

Appendix A4.2 in Supplementary material shows that generally similar results for scenario 1 were obtained with dif-
ferent sample sizes (N= 650, 1500) and event rate (40%). Appendix A4.3 summarizes results from the more constrained
AFT models (i) and (ii) that illustrate the impact of mis-specifying the covariate effects.
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Figure 1. Results of the estimated TD and NL effects by the flexible AFT model using 100 samples in simulation scenario 1. The gray

curves are the individual estimates from 100 samples, and the pointwise mean is shown by the white curve. The black dashed curve

represents the true rescaled NL and TD functions.

TD: time dependent; NL: nonlinear; AFT: accelerated failure time.
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Figure 2. Results of the estimated TD and NL effects by the flexible AFT model using 100 samples in simulation scenario 2. The gray

curves are the individual estimates from 100 samples, and the pointwise mean is shown by the white curve. The black dashed curve

represents the true rescaled NL and TD functions.

TD: time dependent; NL: nonlinear; AFT: accelerated failure time.
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Hazard and survival estimates
Figure 3 compares model-specific hazard and survival estimates (gray curves) in scenario 1, for covariate vector
X1 = X2 = X3 = 0, against the corresponding true functions (black dashed curves). (Appendix A.4.4 in Supplementary
material shows similar results for other selected covariate patterns). For the Weibull AFT models (i) and (ii), both the
hazard (Figure 3(a) and (b)) and the survival function (Figure 3(d) and (e)) estimates are systematically biased, even
though event times were generated assuming Weibull baseline distribution. This illustrates the impact of ignoring TD

Figure 3. Estimated baseline hazard functions (the first row) and survival curves (the second row) by the three alternative models

using 100 samples in simulation scenario 1. The gray curves are the individual estimates from 100 samples, and the pointwise mean is

shown by the white curve. The black dashed curve represents the true baseline hazard and survival functions.

Figure 4. Results of the estimated log time ratios by the flexible accelerated failure time (AFT) model using 100 samples in simulation

scenario 1, comparing two covariate patterns for each covariate. The two covariate patterns are shown in the labels on the top of each

panel, along with the true survival times in both groups corresponding to specific q-quantile of the survival time. The gray curves are

the individual estimates from 100 samples, and the pointwise mean is shown by the white curve. The black dashed curve represents the

perspective true time ratios.
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and—for model (i)—NL covariate effects. In contrast, the hazard and survival estimates based on the proposed flexible TD/
NL extension of the AFT model (5) are reasonably unbiased (Figure 3(c) and (f)), suggesting potential advantages of the
flexible modeling in multivariable settings with complex covariate effects. Figure A4.4.3 in Supplementary material shows
similar results for scenario 2. Appendix A4.5 in Supplementary material describes additional, univariate simulations that
provide further evidence of the importance of accounting for NL effects of continuous covariates.

Time-dependent time ratios
Figure 4 shows the estimated adjusted time-dependent time ratios (gray curves), reconstructed using methods of the section
“Reconstructing time-dependent time ratios,” in scenario 1 for selected contrasts (see figure legend for details), against the
true time ratios (black dashed curves). The shapes of the reconstructed time-dependent time ratios for X1 and X3

(Figure 4(a) and (c)) generally agree with the corresponding TD estimates β(t) in model (5) (monotonically decreasing
in Figure 1(a) and U-shaped in Figure 1(d)). For X2, because we assumed g(X2 = 1) = g(X2 = 0), the true time ratio
equals 1 across the follow-up, and our spline-based estimates (gray curves in Figure 4(b)) recover well this constant
null effect. Thus, consistent with simulations results in Appendix A2 in Supplementary material, even if the TD estimates
from our model (5) represent covariate effects on the hazard, combined with the additional computations of the section
“Reconstructing time-dependent time ratios,” they recover reasonably well different true patterns of time-varying or con-
stant event time ratios. However, as illustrated in Appendix A4.6 and A6 in Supplementary material, in some situations, the
pattern of changes over time in the adjusted time ratios for specific contrasts, may (a) substantially diverge from the esti-
mated shape of β(t) for the same covariate; and/or (b) vary considerably depending on the values of other covariates.
Therefore, real-life applications should rely on the approach of the section “Reconstructing time-dependent time ratios”
to reconstruct the event time ratios for clinically relevant contrasts in prognostic factors.

Comparison of goodness of fit
Table 1 shows that, as expected, when true time ratios were time-varying for some covariates, the proposed flexible model
(5) yielded better fit to data than the more constrained AFT models (i) and (ii) (mean Akaike information criterion (AIC)
differences of 44–125 points). In contrast, in additional simulations with data generated from the conventional AFT model
(1), with constant time ratios and linear effects, our flexible model (5) yielded AIC worse by, on average, 10–13 points than
the two simpler AFT models (Appendix A4.7 in Supplementary material), which correctly suggested the lack of systematic
TD and NL effects. These results confirm the usefulness of goodness-of-fit comparisons for “model diagnostics.”37

Real-life application

Data source
We applied the model (5) to a real-life study to re-assess the role of important prognostic factors for 3-month all-cause
mortality after septic shock.38,39 Time zero corresponded to initiation of vasopressors in response to septic shock, and
patients alive at 90 days after the septic shock were censored.39 Details on baseline covariates, measured at admission,
were reported elsewhere.38,39 Our analyses included 858 patients who had appropriate antibiotics therapy and complete
covariate data. There were 433 (50.5%) deaths during the 1478 patient months of follow-up (median duration: 63.5 days).

Flexible AFT analyses
We assessed five important baseline prognostic factors, selected a priori, based on the literature38: age, and Sepsis-related
Organ Failure Assessment (SOFA) score, with higher scores indicating a worse organ dysfunction, and three binary variables:
immune suppression (yes vs. no), infection site (urinary tract vs. other), and Knaus score of activity limitations (normal or
moderate vs. severe or bedridden).38 Three additional binary covariates were considered for inclusion if they improved
the model’s fit to data: presence of the germ, infection type (community-acquired vs. nosocomial) and cirrhosis status.

Table 1. Comparison of mean Akaike information criterion (AIC) in simulation studies from three alternative models.

Flexible AFT model (df= 26) Conventional Weibull AFT model (df= 5) Nonlinear Weibull AFT model (df= 9)

Scenario 1 2516.16 2641.49 2600.69

Scenario 2 2255.64 2331.04 2299.25

AFT: accelerated failure time.
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Appendix A5.1 in Supplementary material describes the 3-stage procedure used to select specific TD and/or NL effects,
and the additional covariates, into the final multivariable model (5). The pointwise 95% confidence bands for the baseline
hazard, and the selected TD and NL functions, were estimated based on 300 bootstrap resamples.

Alternative models
We estimated three additional models, with the same covariates, as selected into our final flexible model (5): (i) the “conven-
tional”Weibull AFT model, with constant time ratios and linear effects of continuous covariates, (ii) the “nonlinear”Weibull
AFT model that allowed for NL effects (see the section “Results of primary simulations” for details), and (iii) the extension of
constant/linear AFT model (i) which modeled baseline hazard in (2) with splines, to avoid distributional assumptions.17

Notice that models (i)–(iii) could not accommodate potential TD effects and only model (ii) allowed for NL effects.

Results
The spline-based estimate in Figure 5(a) shows that the baseline all-cause mortality hazard decreases monotonically with
time since septic shock. For each prognostic factor (row), Table 2 compares the effects estimated with the four AFT models

Figure 5. Results of the flexible AFT model in study on mortality after septic shock. (a) Baseline hazard function (for individuals with

all binary covariates equal 0, age equals to the minimal age of 20 years, and SOFA score equals to the minimal value of 3); (b) TD effects

of the cirrhosis status and nosocomial infection; (c) NL effect of age relative to the mean age of 66 years; (d) TD effect of age; (e) NL

effect of SOFA score relative to the mean score of 11; and (f) TD effect of SOFA score. Estimates are represented by the black curve,

and the shaded gray areas correspond to the 95% pointwise confidence bands, based on 300 bootstrap resamples. The NL effects are

constrained to equal 0 at the reference value corresponding to the mean covariate value, and thus the estimates at the reference value

show no variation. The empirical distributions of the observed event times (panels a, b, d, f), age (panel c), and SOFA score (panel e) are

shown by rug plots at the bottoms of the respective graphs.

TD: time dependent; NL: nonlinear; AFT: accelerated failure time; SOFA: Sepsis-related Organ Failure Assessment.
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(columns). (Table A5.1.1 in Supplementary material shows details of model selection). For variables for which no TD
effects were selected, all four models estimate similar constant-over-time time ratios, with longer survival associated
with absence of immunosuppression, urinary infections and less severe Knauss scores.

The last column of Table 2 indicates which TD and/or NL effects were selected into our final flexible model (5). TD
estimates in Figure 5(b) show how the strength of the effects of infection type and cirrhosis on the hazard vary over the
first 60 days after the septic shock. The association of nosocomial infection with higher mortality becomes stronger
with longer follow-up (dashed curve), whereas the impact of cirrhosis increases rapidly during the first 10 days and
then stabilizes (solid curve). Table A5.1.2 in Supplementary material shows the resulting time ratio estimates. Both TD
effects substantially improve the model’s deviance (3-df likelihood ratio test (LRT) statistics of 8.93 and 22.24, respec-
tively), implying also rejection of the H0 of no association with survival.40 In contrast, all simpler models (i)–(iii), that
did not allow for TD effects, suggested constant-over-time effects of both factors were marginally nonsignificant
(Table 2) and under-estimated their long-term impact, relative to our TD time ratio estimates in Table A5.1.2.

Our final flexible model (5) included also NL and TD effects for age and the SOFA score (last column of Table 2). The
nonmonotone J-shaped NL effect of age (Figure 5(c)) suggests mortality is lowest at about 45 years and increases for both
younger and older patients. The TD effect for age in Figure 5(d) indicates that this impact becomes stronger over time. In
contrast, the NL effect of SOFA is weak (Figure 5(e)) and adding the NL term improves only marginally the deviance (4-df
LRT= 9.256, p= 0.055). While this association weakens over time, a higher SOFA at the time of septic shock is associated
with a risk increase even two months later when the 95% pointwise confidence interval still excludes 0 (Figure 5(f)).
(Figure A5.2.1 in Supplementary material shows NL effects of age and SOFA estimated, based on our model (5), at dif-
ferent follow-up times, and Figure A5.2.2 in Supplementary material shows their NL effects estimated by the “nonlinear”
Weibull model (ii).)

The proposed flexible extension of the AFT model (5) improved AIC by at least 30 points relative to simpler models
(i)–(iii) (bottom of Table 2), highlighting the importance of accounting for the effects NL and/or TD effects. (The Cox–
Snell residual plots are shown in Figure A5.2.3 in Supplementary material).

Discussion
To the best of our knowledge, the proposed model (5) is the first flexible extension of the AFT model that simultaneously
incorporates both the TD effects and NL effects of continuous variables on the logarithm of hazard function, along with TD
effects for categorical variables. The NL and TD effects, and the baseline hazard, are modeled using low-dimension unpe-
nalized regression B-splines. The NL estimate describes how the hazard varies with an increasing value of a continuous
covariate, whereas the TD estimate informs how the strength of the covariate effect changes during the follow-up.

In multivariable simulations, the proposed spline-based estimates of the NL and TD effects were reasonably unbiased,
and the methods of the section “Reconstructing time-dependent time ratios” permit reconstructing time-dependent time
ratios for arbitrary contrasts in the covariate values. Furthermore, the survival curves, conditional on multiple covariates

Table 2. The estimated event time ratios and AIC values from alternative models in study on mortality after septic shock.

Covariates

Conventional Weibull AFT

model (df= 9)

Nonlinear Weibull

AFT model (df= 13)

Spline-based AFT model

(df= 13)

Flexible AFT

model (df= 33)

Age (1-year decrease) 1.05 (1.03, 1.06) NL 1.01 (0.96, 1.04) NL + TD

SOFA score (1-point decrease) 1.51 (1.42, 1.59) NL 1.32 (1.17, 1.44) NL + TD

Immunosuppression (absence vs.

presence)

2.68 (1.88, 3.81) 2.72 (1.88, 3.81) 2.19 (1.23, 3.11) 2.31 (1.58, 3.25)

Cirrhosis (absence vs. presence) 1.53 (0.90, 2.61) 1.57 (0.98, 2.58) 1.42 (0.84, 2.05) TD

Knaus score (lower (A/B) vs.

higher C/D))

1.79 (1.27, 2.53) 1.70 (1.31, 2.33) 1.75 (1.06, 2.43) 1.51 (1.11, 2.34)

Infection site (non-urinary vs.

urinary)

0.40 (0.25, 0.63) 0.38 (0.23, 0.67) 0.46 (0.28, 0.80) 0.49 (0.30, 0.69)

Infection type

(community-acquired vs.

nosocomial)

1.40 (0.99, 1.98) 1.40 (0.99, 2.00) 1.30 (0.77, 1.61) TD

AIC 4191.217 4187.541 4195.138 4157.036

AFT: accelerated failure time; AIC: Akaike information criterion; TD: time dependent; NL: nonlinear; SOFA: Sepsis-related Organ Failure Assessment.
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with possibly complex effects, are accurately estimated. In contrast, simulations in Appendix A4.5 in Supplementary mate-
rial demonstrate that ignoring an important NL effect may bias survival curve estimates. This was expected, given similar
simulation results obtained within the PH modeling framework34 confirm that mis-specified models yield biased estimates.
Here, we note that in most of our simulations the data-generating mechanisms were structurally compatible with our pro-
posed flexible model (5). This helped assess the accuracy of the NL and TD estimates under a correctly specified model, but
future research should investigate more complex situations where the selection of TD/NL effects relies on data-dependent
criteria. However, in additional simulations in Appendix A2 in Supplementary material, even if the data-generating
mechanism avoided any explicit specification of time-dependent effects on the hazard, i.e. did not favor our model (5),
it still allowed an accurate reconstruction of group-specific survival functions, providing some further reassurance regard-
ing its usefulness.

The analyses of mortality after septic shock illustrate how our flexible NL/TD estimates may provide new insights into
the role of different prognostic factors. For age, the NL estimate suggests a nonmonotone effect on the hazard, whereas the
TD estimate indicates that its strength increases over time, possibly because mortality soon after a septic shock depends
mostly on the indicators of the severity of the patient’s initial condition (especially SOFA and Knaus scores) rather
than on age. In contrast, among those who survive this critical early period, older patients are more likely to die.
Furthermore, TD estimates for both nosocomial infection and cirrhosis suggest statistically significant increases in their
impact with longer time since the septic shock (Figure 5(b)). In contrast, all simpler AFT models, constrained to
constant-over-time event time ratios, did not yield evidence of systematic associations of either factor with survival.

Additional practical advantages of our flexible multivariable model (5), that extends the AFT model to account for NL
and/or TD effects of the covariates on the hazard, may include also improving both (i) the model’s fit to data (Section
“Results”) and (ii) accuracy of prediction for individual patients. Regarding (ii), in simulations our flexible model (5)
yielded practically unbiased estimates of survival functions, conditional on different covariate vectors, whereas simpler
AFT models constrained by the conventional assumptions of either constant time ratios or linearity, yielded markedly
biased estimates of survival probability, for selected covariate patterns (Figure 3 and Figures A2.1 and A4.5). Thus, our
proposed flexible model (5) may be of interest, both for etiology and prediction, especially in multivariable analyses,
where some covariates act consistently with the AFT assumption but other may violate the constant time ratio assumption.
Finally, because AFT estimates are not affected by noncollapsibility,5,6 in some applications flexible time-varying AFT
models, such as our model (5) or the Crowther et al.’s model,16 may help explore the reasons for TD effects identified
through flexible extensions of the PH model. Indeed, if for covariate X one finds decreasing-over-time effects in terms
of both event time ratios and hazard ratios, then it is less likely that the latter finding reflects just an omitted “susceptibility”
or frailty.7,41,42

To facilitate interpretation of the time-dependent covariate effects estimated through our model (5), section
“Reconstructing time-dependent time ratios” describes how to reconstruct the corresponding time-dependent event time
ratios. The time-dependent time ratio, for a given contrast in the covariate value (e.g. X = x2 vs. X = x1), conditional
on the values of other covariates in the multivariable model, quantifies the ratio of times (t2 / t1) when subjects with the
corresponding covariate values have the same survival probability S(t2|X = x2) = S(t1|X = x1). The time-dependent
effect β(t) in our model (5) allows the time ratio, for the same contrast in X, to vary depending on the “reference time”
(t1). In this sense, our model is an extension of the conventional AFT model, in which the time ratio for a given contrast
is constant, regardless of t1 or S(t1|X = x1), because S(t|X = x) = S0(exp (βx)t) for any t> 0. Interestingly, the time-
dependent time ratio reconstructed based on our model (5) is corresponding to the ratio of the corresponding cumulative
measures of time-varying effect in the flexible AFT extension proposed by Cox and Oakes.18

Several flexible methods were proposed to estimate time-dependent hazard ratios in the extended Cox
model.20,24,28,40,43 In contrast, to date, discussion of TD covariate effects in the context of AFT modeling, i.e. time-
dependent time ratios, has received relatively little attention and, to the best of our knowledge, is limited to the general
idea expressed by Cox and Oakes,18 an extended linear hazard model by Elsayed et al.,33 and the recent arxiv manuscript
by Crowther et al.,16 discussed later in this section. (Indeed, published flexible AFT partial linear models relax the linearity
constraint, but impose the constant time ratio assumption30–32). One reason may be related to a complex relationship of
time-dependent time ratio with the inverse survival function, as outlined in section “Reconstructing time-dependent
time ratios.” In the PH framework, the time-dependent hazard ratio for a given covariate at time t is independent of the
baseline hazard, or other covariates. In contrast, in the AFT framework, assessing the time-dependent time ratio for cov-
ariate Xj at time t requires inversing the survival probability at time t, S(t|X ), which depends on both (i) the underlying
baseline hazard and (ii) specific values of all variables included in the model. This implies not only analytical and com-
putational complexities, but also conceptual challenges. In the PH framework, it is rather straightforward to assume that the
impact of covariate Xj on the current hazard, at time t during the follow-up, changes according to some smooth function
βj(t). Accordingly, any reasonably flexible smoothing technique allows direct estimation of time-varying log hazard ratios.
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In contrast, in the AFT framework, it is more difficult to conceptualize the mechanism that generates a specific pattern of
time-varying changes in the log ratio of the times at which different subjects reach the same survival probability, because
S(t|X ) depends mostly not on the current hazard at time t but on the cumulative effect of hazards at all times in the past
0 < τ ≤ t.

Therefore, to facilitate separating possibly TD covariate effects from the baseline hazard, and to avoid difficulties in
modeling survival and/or density functions,20 we have implemented our model (5) as a flexible extension of the hazard-
based formulation of the AFT model (2), rather than of the “classic” event time-based AFT model (1). Specifically, we
replaced the constant β in model (2), mathematically equivalent to the constant time ratio in model (1),4,18 by the TD func-
tion of follow-up time β(t). Thus, our flexible model (5) assumes that the instantaneous impact of the covariate Xj on the
current hazard, at time t, estimated by βj(t), is common to all subjects, regardless of their values of other covariates, which
is often clinically plausible.26,40,44 However, the complex relationship between covariate effects on the hazard and survival
in the AFT framework, implies that the estimated TD effect of Xj on the hazard scale (βj(t)), cannot be directly interpreted
as time-dependent changes in the time ratio ψ(q) for Xj. To address this issue, in the section “Reconstructing time-
dependent time ratios,”we show the numerical transformations necessary to convert the βj(t) estimates into time-dependent
time ratios ψ j(q), i.e. ratio of times when subjects with different Xj values reach survival probability (1−q). Simulations in
the section “Simulation studies” and Appendix A2 in Supplementary material suggest that reconstructed time-varying
event time ratios are reasonably unbiased. Yet, one implication of our model (5) is that, for the same contrast in Xj,
the patterns of reconstructed time ratios may be quite different for subjects with different vectors of other covariates.
Figure 5 and Table A.5.1.2 in Supplementary material illustrate such discrepancies, for the effect of SOFA score on mor-
tality after septic shock. Furthermore, Figures A6.1 to A6.2 in Supplementary material provide two hypothetical analytical
examples where the shapes of (i) β(t) estimated in equation (5) versus (ii) the corresponding reconstructed time-dependent
time ratio ψ(q), differ substantially.

Our proposed methods have some limitations. First, when analyzing the simulated data, we have a priori decided to
estimate all potential NL and TD effects, regardless of which effects were present in the “true” data-generating model.
We were encouraged to observe that for covariates without true TD or NL effects, most of the TD estimates were approxi-
mately constant-in-time and the NL estimates approximated well a straight line (Figures 1(e) and 2(d)). Thus, over-fit bias,
a common concern for flexible modeling,23,36,45 was not a major issue in our simulations, with about 250 uncensored
events and three covariates. Additional simulations, with different event frequency and more covariates, may be,
however, necessary to further explore this issue.

Furthermore, due to the complexity of the likelihood function and the iterative ACE procedure, the computation time can
be long, especially for large datasets where several TD and/or NL effects need to be estimated. For example, the average run
time across the 100 simulations for scenario 1 in the section “Simulation studies”withN= 1000 and 80% event rate was 1.5 h
on computers with Ubuntu operating systemwith 3.20 GHz Intel Core i7-8700 CPU and 16 GBmemory. For the septic shock
application, it took 6.7 h to run the final model, with 7 covariates, 33 df’s and N= 858, on a Mac computer with 2.7 GHz Intel
Core i5 CPU and 8 GB memory. Yet, despite the computational burden, we were able to run multivariable simulations and
estimate TD and/or NL effects of 3 covariates. With rapid improvement of the computational power, future real-life analyses
of a single, even large, multivariable datasets will become increasingly efficient.

Further work is needed to systematically compare the proposed flexible NL/TD extension of the AFT model (5) with the
PH Cox model, and its flexible extensions. Our simulations were designed to evaluate the performance of the proposed
model under the AFT framework, therefore the data were generated accordingly. However, in many real-life applications,
the “true” data-generating model may be more consistent with the PH model, implying violation of the constant time ratio
assumption underlying the conventional AFT model, which may lead to biased estimates, unless the baseline hazard is
exponential or Weibull. In such situations, by allowing the time ratios to vary during the follow-up, our proposed flexible
model (5) with TD effects may still reasonably capture the relationships between the covariates and the hazard, but will
require more parameters than the PH model, with a single hazard ratio for each covariate. A reverse situation will occur
if the (unknown) data structure is more consistent with the AFT model. Therefore, further simulations comparing the
PH and AFT models, and their flexible extensions, under a broader range of assumptions concerning “true” data-generating
mechanisms, are necessary. Furthermore, in complex real-life studies with multiple covariates, neither the PH nor the AFT
assumption may be fully satisfied for all covariates. Then implementing alternative modeling strategies and using
goodness-of-fit criteria, supplemented by residual diagnostics, may help choose the final model, or alternative models,
but further simulations are necessary to systematically evaluate such diagnostic tools. Finally, because our main focus
was on accurate modeling of covariate effects within the AFT framework, we have not considered complex event time
distributions. This limitation should be overcome in future simulations, even if our recent work suggests that flexible
spline-based modeling of the baseline hazard ensures accurate estimation of constant-over-time covariate effects, i.e. con-
stant acceleration factors, under the conventional AFT model (1), regardless of the “true” (unknown) shape of the hazard.17
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Our flexible TD/NL model (5) can be considered an alternative for the flexible parametric AFT model proposed by
Crowther et al.16 The two models allow for assumption-free modeling of both the event times distribution and time-varying
covariate effects, in multivariable analyses, but use different mathematical formulations and estimation procedures.
Crowther et al. rely on an elegant full maximum likelihood estimation approach, with user-friendly implementation in
R and STATA, which facilitates variance estimation and, for a binary exposure in univariate setting, estimates directly
interpretable time-varying acceleration factor.16 Our model (5) allows more flexibility in accounting for possibly NL
effects of continuous covariates and is more directly adaptable to modeling possibly time-dependent covariate effects
on the hazard in multivariable analyses. In the general case, both models require additional calculations to estimate time-
varying event time ratios for specific contrasts in the values of a particular covariate, and in the section “Reconstructing
time-dependent time ratios,” we describe the procedures applicable to our model (5), in univariate or multivariable ana-
lyses. Future simulation studies and real-life applications should help systematically compare these two flexible extensions
of the AFT model with respect to accuracy of both estimation and inference about time-varying acceleration factors, and
computational efficiency. Other outstanding analytical challenges, that need to be addressed in future research on both
models, include developing and validating criteria and methods to assist in multivariable model building.

Overall, in simulations involving multivariable analyses, our proposed flexible extension of the AFT model yielded rea-
sonably accurate estimates of complex covariate effects on the hazards and allowed unbiased estimation of individual sur-
vival curves, conditional on these effects. The model can be implemented using our R programs, available at GitHub
(https://github.com/MenglanPang/Flexible-AFT-Model). Furthermore, our septic shock application suggests that the pro-
posed flexible extension of the AFT model may offer new insights into the role of prognostic factors in clinical studies.
Still, further comprehensive simulations and multivariable empirical analyses will be necessary to systematically
compare our estimates with those offered by alternative flexible extensions of either the PH model or the AFT model,
including the elegant flexible parametric AFT model recently proposed by Crowther et al.16 We also hope that our
work may encourage more widespread use of AFT modeling in time-to-event analyses and stimulate further methodolo-
gical research in this area.
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