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By using Krasnoselskii’s fixed point theorem, we study the existence of at least one or two positive solutions to a system of fractional
boundary value problems given by —D;iyl(t) = Ma () f(y, (1), »,(8)), —Dgiyz(t) = Aa,(t)g(y,(t), y,(t)), where Dy, is the
standard Riemann-Liouville fractional derivative, v;,v, € (n — 1,n] forn > 3 and n € N, subject to the boundary conditions
$2(0) = 0 = y(0), for 0 < i < n—2,and [D& y,(t)],.; = 0 = [D% y,(1)],p, for 1 < & < n—2, 0r y7(0) = 0 = y(0), for
0<i<n-2,and [Dgy, ()], = ¢ (y1)s [Dgs y,(D)] oy = ¢, (3,), for 1 < @ < n—2,¢,,¢, € C([0,1], R). Our results are new and
complement previously known results. As an application, we also give an example to demonstrate our result.

1. Introduction

The purpose of this paper is to consider the existence
of multiple positive solutions for the following system of
nonlinear fractional differential equations:

- Dgi)/l () =Aay (&) f (71 (), 35 (1))

¢Y)
- Dgi)’z () = Aya, (1) g (3, (1), , (1)),

where t € (0,1), v;,v, € (n—1,n] forn > 3andn € N,
and A;,A, > 0, subject to a couple of boundary conditions.
In particular, we first consider (1) subject to

WO =0=y"0), 0<i<n-2

[Dg+)/1 (t)]tzl =0= [Dg*yZ (t)]t:p

)

1<a<n-2,

where f,g € C([0,00) X [0,00),[0,00)), and a,a, €
C([0,1],[0,00)). We then consider the case in which the
boundary conditions are changed to

WO=0=30), 0sisn-2,

[Dg+)’1 (t)]tzl =¢ ()’1)>
[Dg+)’2 (t)]tzl =¢, ()’2)>
l1<a<s<n-2,

(3)

where ¢,, ¢, € C([0, 1], R).

Fractional differential equations arise in many fields,
such as physics, mechanics, chemistry, economics, and engi-
neering and biological sciences; see [1-11] for example. In
recent years, the study of positive solutions for fractional
differential equation boundary value problems has attracted
considerable attention, and fruits from research into it emerge
continuously. For a small sample of such work, we refer the
reader to [12-20] and the references therein. The situation
of at least one positive solution has been studied in many
excellent monograph; see [12-19, 21] and other references
therein. In [22], by means of Schauder fixed point theorem,
Su investigated the existence of one positive solution to the
following boundary value problem for a coupled system of
nonlinear fractional differential equations:

Diy (1) = f(t.y, (), Dhy, (1), 0<t<1,

DLy, (t) = g(t.y, (1), Dy (1), 0<t<1,


http://dx.doi.org/10.1155/2014/817542

7 0)=»1)=»0)=y,010)=0,
(4)

wherel <a, B<2, ,v>0, a—=v2>1, f-pu=>1.

In [21], Goodrich established the existence of one positive
solution to problems (1)-(2) and (1), (3) by using Krasnosel-
skii’s fixed point theorem. Different from the above works
mentioned, in this paper we will present the existence of at
least two positive solutions to problems (1)-(2) and (1), (3) by
using the similar method presented in [21]. Moreover, under
different conditions, we also present the existence of at least
one positive solution to problems (1)-(2) and (1), (3) with
A=A, =1

2. Preliminaries

For the convenience of the reader, we present here some
definitions, lemmas, and basic results that will be used in the
proofs of our theorems.

Definition 1 (see [23]). Let v > 0 with » € R. Suppose that
y: [a,+00) — R.Then the vth Riemann-Liouville fractional
integral is defined to be

Dy 0= o | yOU-9ds

whenever the right-hand side is defined. Similarly, with v > 0
and v € R, we define the vth Riemann-Liouville fractional
derivative to be

DLy (®) = YO g (o)

;d_"r—
S T(—-wdt" Ja (¢ — st

where n € N is the unique positive integer satisfyingn — 1 <
vy<nandt>a.

Lemma 2 (see [24]). Let g € C"([0,1]) be given. Then the
unique solution to problem —Dy, y(t) = g(t) together with the

boundary conditions y(i)(O) = 0 = [Dy. y(t)],-;, where 1 <
a<n-2and0<i<n-2,is

1
y(®) =j G(t,5) g (s)ds, %
0
where
i S)v:(:)_ U S)H, 0<s<t<l
G (t’ S) = -1 v—a—1
-9 0<t<s<l
I'(v)
(8)

is the Green function for this problem.

Lemma 3 (see [24]). Let G(t, s) be as given in the statement of
Lemma 2. Then one finds that

(i) G(t,s) is a continuous function on the unit square
[0,1] x [0, 1];
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(ii) G(¢t,s) = 0 for each (t,s) € [0,1] x [0, 1];
(iii) max[o 1) G(t, s) = G(L,s), for each s € [0, 1].

Lemma 4 (see [24]). Let G(t, s) be as given in the statement of
Lemma 2. Then there exists a constant y € (0, 1) such that

in G(t,s) 2 G(t,s) =yG(l,s).
NI R A )
To prove our results, we need the following Krasnoselskii’s fixed

point theorem which can be seen in Guo and Lakshmikantham
[25].

Lemma 5 (see [25]). Let E be a Banach space, and let P be a
cone. Assume that Q,, Q, are open bounded subsets of E with

0 ¢ QI,Q_l C Q,, and let T : Pﬂ(Q_z\Ql) — Pbea
completely continuous operator such that

@) 1Tull < llull,Yu € P0Q,, and |Tul = |lul,vYu €
P 0Q,; or

() 1Tull = llul,Yu € P(0Q,, and |Tu| < |ul,Yu €
P00,

Then T has a fixed point in P ((Q, \ Q,).

3. Main Results

In this section, we apply Lemma 5 to study problems (1)-(2)
and (1), (3), and we obtain some new results on the existence
of multiple positive solutions.

3.1. Problem (1)-(2) in the General Case. In our consider-
ations, let E represent the Banach space of C([0,1]) when
equipped with the usual supremum norm, || - ||. Then put
X := E x E, where X is equipped with the norm [[(y,, y,)Il :=
Iy, + 1y, |l for (34, y,) € X. Observe that X is also a Banach
space (see [26]). In addition, we define two operators T}, T, :
X — Eby

1
T, (J’p)’z) ) =M JO G, (t,8)a, (s) f ()’1 (), 7, (5)) ds,

1
T, (022 =1, | Gy 650,904 9,3 9) s

(10)

where G,(t,s) is the Green function of Lemma 2 with v

replaced by v, and, likewise, G,(t, s) is the Green function of

Lemma 2 with v replaced by »,. Now, we define an operator
S:X — Xby

Sy 22) @) == (Ty (31 32) ), T, (31 32) (1))

1
= <A1 L G, (t,s)ay () f (¥, (s),p,(5))ds,

1
A, L G, (t,s)a, (s) g ()’1 O (S)) ds) .
(11)
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We claim that whenever (y;, y,) € X is a fixed point of the
operator defined in (11), it follows that y,(t) and y,(t) solve
problems (1)-(2). That is, a pair of functions y,,y, € X is
a solution of problems (1)-(2) if and only if y,, y, is a fixed
point of the operator S defined in (11) (see [26]).

In the following, we will look for fixed points of the
operator S, because these fixed points coincide with solutions
of problems (1)-(2). For use in the sequel, let y; and y, be the
constants given by Lemma 4 associated, respectively, with the
Green functions G, and G,, and define y by y := min{y,, y,},
and notice that y € (0, 1).

For the sake of convenience, we set

fi=  lim fory)

1y2) = (070" Y1+ ¥,

= lm 9O y2)
G132) = (00,07 Y1 + ¥
(12)
f00= lim f(yl’yz))
1y2) = (00,00) Yy + Yy
do=  lim 90 2)
(1:y2) = (00,00) Y1 + ¥,
Now we list some assumptions:
(FI) fO) gO € (0’ +OO);
(FZ) fOO’ goo € (0) +OO);
(F;) there are numbers @, ®,, where
1t o
®, := max - J yG, (1,5) a; (s) foods] ,
2Lhp
17 (! o
3 J yG, (1,5) a, (s) goods] ]» ,
LJ12
(13)
1 (! -
@, := min 3 J G, (1,5)a, (s) fods] ,
L Jo
el -1
z L G, (1,8)a,(s) gods] } ,
such that @, < A, A, < ©,.
Next, we define the cone K by
K= {(ypyz) €X:y,y,20,
(14)

Jmin O+ 0] =7 “()’1»)’2)”} :

Lemma 6 (see [21]). Let S be the operator defined by (11). Then
S:K — K.

Lemma 7. S is a completely continuous operator.

Proof. The operator T} : K — E is continuous in view
of nonnegativeness and continuity of G,(t,s), f(y,, y,) and
a; (t).

Let O € K be bounded; that is, there exists a positive
constant M > 0 such that [|(y,, y,)| < M, forall (y,, ¥,) € Q.

Let L = maXOStSl’OS"(},D},Z)"SM|01(t)f(yl(t), yz(t))l + 1; then,
for (y,, ¥,) € Q, we have

Ty (315 32) )]

1
<M L G, (Ls)a, (5) f (3, (5), ¥, (s)) ds

1 (15)
<\ J G, (1,s) Lds
0

1

< LD, J G, (1,s)ds < +o0.
0

Hence, T, (Q) is bounded.

On the other hand, given ¢ > 0, setting § =
min{(1/2)(T(v,)e/L®,)""" ™V T(v,)/(v, — 1)LD,}, then, for
each (y,,y,) € O, t,,t, € [0,1],t; < t,,andt, —t; < §, one
has |T; (v, ¥,)(t,) — T; (1, ¥,) ()| < €. That is to say, T(Q) is
equicontinuity. In fact,

|T1 (y1>32) () =Ty (715 1) (tl)l

1
Ay L G, (tys)a; (s) f (31 (), 5 (5)) ds

1
-\ _L G, (tl’s) a, (s) f ()’1 (), 7, (5)) ds

Ay Ll [Gl (t2>5) -G (tps)] a, (S)f()’l () 7, (5)) ds

t
+ A J; (G (t555) = Gy (t1,8)] ay (5)
X f(y1(8), 3, (s))ds

1
+ A L (G, (t25) = G, (t1,5)] 4, (5)

X f (3 (s), 3 (s))ds
CDZL h vi—a=1 (-1 »-1
< T(n) [L (1-5s) (t2 t )ds

1
a1 -1 -1
+Jt (I-s) ¢ I(t;1 —t) )ds
2

t
+ J (1-sn ! (t;‘_1 - t?_l) ds]
ty

O, L 1 (tvl—l _tv1—1)

[(v)n -« ? !
®2L -1 v, -1

< t =t
r(*’l)(2 ' )

(16)

In the following, we divide the proof into two cases.



Case 1.1f§ < t; < t, < 1, then we have

|T1 )’1»)’2)(5) T1 )’1’)’2 1)|

< (DZL (thfl—l _tvl—l)

" T(n) '
) (17)
F( )(’/1 )(tz‘tl)t;l ’
(Dz
1)d <e,
F( ) (7/1 ) €
where t; € (£;,1,).
Case 2.1f0 < t; < 3§, t, < 20, then we have
|T1 (1> 22) (t2) = Ty (91> 32) (tl)l
(DzL v -1 v, -1
< tt =t
T (v) (& ) (18)
oL, - o,L _
< AT e A8 <
T(n) T(v)

By the means of the Arzela-Ascoli theorem, we have that
T, is completely continuous. Similarly, T, is completely
continuous. Consequently, S : K — K is a completely
continuous operator. This completes the proof. O

n [21], Goodrich established the following result.

Theorem 8 (see Theorem 3.3 in [21]). Suppose that (F,)-(F;)
are satisfied. Then problem (1)-(2) has at least one positive
solution.

From Theorem 8, the following problem is natural:
whether we can obtain some conclusions or not, if f; = f., =
90 =9 =0 0r fy = foo = gy = Goo = 007 In the rest of this
paper, we give some answers to this problem.

For the sake of convenience, we make some assumptions:

(H,) there exist constants p;, A, > 0, such that

F3),9(s ) <ATpy for 0 |[(yy, 3)] < pis

(19)
(H,) there exist constants p,, A, > 0, such that
fOo3),9 (0 3) 2 450, for o, < (31 2)] < 23

(20)
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(P,) there are numbers A |, A ,, where

17 (! -
A= maX{E[J yG, (1,8)a (s)ds] ,
1/2
1t o
E[L/ZYGZ(LS)% (s)ds] ]»,
(21)
-1
A,:=m {A?“ L(L,s)a (s)ds] ,
A, -1
T[J G,(1,8)a, (s)ds] ]»,
suchthat A} <A, A, < Ay
(P,) there are numbers A ;, A ,, where
Ayl (! o
A5 := max {TZ[J G, (1,8)q (s)ds] ,
1/2
A, [ (! -
4] soamne] |
(22)
1] (! o
A, := min {E[L G, (1,9)q (s)ds] ,

“01 G, (1,9)a (5) ds]_l} ,

N | =

suchthat A; <A, A, <A,

Theorem 9. Suppose that f, = foo = Go = Goo = 00 and
(H,), (P,) are satisfied. Then problem (1)-(2) has at least two
positive solutions (yf, yg), (31, ,), such that 0 < ||(y?,yg)|| <
pr < I )l

Proof. From Lemma 7, S is a completely continuous operator.
At first, in view of f, = g, = 00, we have f(y,, y,) = M(y, +
¥2)s for 0 < lI(yy, Il < i < pi5 gy, 2) = My, + p),
for 0 < [[(y1, »,)Il < r; < p;, where M satisfies M > 1. Set
po := min{r],r;}. So we define Q, by Q, = {(y;,y,) € X:
||l(1y1,y2)|| < po}- Then for each (y;, y,) € Kﬂano, we find
that

1
T (00 D=4, |Gy (190, (9 (1 ()3 (9) s

1
>\, J G, (Ls)a, (5) f (3, (5), ¥, (s))ds
12
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1
>\ L/z G, (Ls)a, (s) M (y, (s) + v, (s)) ds
1
>\ L/z ¥G, (1,9) a, (s) M ||(yy, )| ds

M 1
> 210wl = 5 102l
(23)

So IT,(y1, y)ll = (1/2)(yy, yo)ll for (yy, y,) € K[10Q,, .
Similarly, we find that | T5,(y,, y,)Il = (1/2)I(y;, ¥,)| for

(y1, ¥,) € KN 0Q,, . Consequently,

||(T1 ()’1’}’2) T, ()’1»)’2))”

+ T, (31, )| (24)

HS ()’1))’2)” =
= "Tl ()’p)’z)"
= "()’1’)’2)"’

whenever (y;, y,) € K[10Q, . Thus, S is cone expansion on
K[)oQ,,.

Next, since f,, = g, = 00, we have f(y;, y,) = M,(y; +
y2) for yi+ yp = 1" > pis g ys) 2 My + )
for y, + y, > r2 > p;, where M, satisfies M; > 1. Set
pro := max{r, ", r;"}. Let p; = max{2p,, (p,/y)} and ng =
{y132) € X Iy, y)Il < pg} Then (yy,3,) € K[0Q,
implies

1 () + 3, (F) > mm [y @) + 3, ()]

(1/2),1] (25)
> 7|y 22l = 7P = Pro-

So we obtain

1

T, (1 3) (1) = lj L(1,5)ay (5) £ (31 (5), 2 () ds

0

vV

1
LG9 f (0 6).5 ) ds
1/2

[\

1
A J G, (Ls)a, (s) M, (3, (s) + », (s)) ds
12

1
=M L/z G (1 s) a (5) M, | (y1, )| ds

M 1
2 71 [ 2)|| = 5 s )l
(26)

So I Ty (y1> y)Il = (1/2)[I(y1> )l for (31, y,) € K109,
Similarly, we find that |15, (y,, y,)Il = (1/2)I(y;, ¥,)| for
(V1 32) € Kﬂaﬂpg-

Consequently, [IS,(y1, ) = (31, )|, whenever
(y1>2) € K[10Q,;. Thus, S is cone expansion on K []0€Q,,..

Finally, let Qpl = 1Ay yy) € X 2 (v vl < p). For
(y1>y,) € Kﬂanl, from (H,), (P,), we have

1
ITy O3l = Ay L Gy (L) ay (5) £ (31 (9)» 1, () ds

-1

<A
2

1
H G, (1,5)a (s) ds
0
1
X J G, (1,5)a, (s)dsA]'p,
0

1
=2 =210 »l.
(27)

Similarly, we find that |T,(y;, »)I <
(y1> ,) € KﬂaQPI.
Consequently, [S(yy, ¥)II < I(y;, ¥2)|, whenever (y,,
y2) € K[10Q,, . Thus, S is cone compression on K {1]0Q,, .
So, from Lemma5, S has a fixed point (3?,59) ¢
Kﬂ(ﬁp1 \ Q, ) and a fixed point (¥, 7,) € K ﬂ(ﬁpg \Q,).
Both are positive solutions of BVP (1)-(2) with

(1/2NCyy> y)I for

<Gy < < 17N (28)

The proof is complete. O

Theorem 10. Suppose that f, = foo = gy = Goo = 0 and
(H,), (P,) are satisfied. Then problem (1)-(2) has at least two

positive solutions (y?, yg), (31, 7,), such that 0 < ||(y?,yg)|| <
P <1 ¥l

Proof. At first, in view of f;, = g, = 0, we have f(y;,y,) <

€1+ 32), 9(y1> 32) < E(yy + 35), for 0 < [(y1, )l < p < o,
where ¢ satisfies € < 1. Let Q, = {(vi9) € X (s vl <

p}-
Then for each (y;, y,) € K[09Q,, we find that

1
T, Gl =44 | G (190 ) f (31 5). 3, () ds
1
<), j Gy (L) ay (s) € (1 (5) + 7, (5)) ds
1
<A L G,(1,8)a, (s)e ||(y1,y2)|| ds

£
E " )’1’)’2)" <5 “ )’1>)’2)”
(29)

Like Theorem 9, we get [|S(y;, y,)Il < (v, ¥)ll for (v, y,) €
Kﬂan.



Next,inviewof f, = g, = 0,wehave f(y,, y,) < &+

2), 931 32) < &1(y1 + o), for yy + 3, 2 p' > p,, where g
satisfies &; < 1. We consider two cases.

Case 1. Suppose that f is unbounded; there exists p* > p’
such that

FOuy) < fOy) foro<|(ysy)]<pe
Iyl =p

Since p* > p',onehas f(y,, y,) < f(¥1, ¥3) < & (y; +y5) for
0 < [[(y1, y)Il < p*. Then, for (yy, y,) € Kand [[(y;, y,)Il =
p”, we obtain

1
||T1 ()’1’)/2)" = Jo G, (1,8) a (S)f()ﬁ (), 7, (5)) ds

1

<A Jo G, (Ls)a, (s) & (3, (5) + »,(s))ds
1

<A Jo G, (1,8)a, () & [[(y> 3)| ds

51 ” )’1>)’2)|| 5 "(J’h)’z)" .
(31)

Case 2. Suppose that f is bounded; there exists L, such that
fns ) < Ly forall (yy, y,) € K. Taking p* > max{2p,, L},
for (y;, y,) € Kand [(y;, y,)Il = p*, we obtain

1
I sl =21 [ 61 9a 6 £ (51 9.3 90 s

1
<A J G, (L,s)a, (s)L,ds
0

I/\

P
2

1
71 = 5 “(J’p)’z)”'
(32)

Hence, in either case, we always may set Q. = {(y;, ;) €
X : vy, yo)ll < p*} such that | T, (v, y2)Il < (1/2)(yys v,)1I
for (y;, y,) € KN 0Q,-. Like Theorem 9, we get [[S(y;, y,)Il <
||()’1’ )’2)||> for ()/1,)/2) € Kﬂan*

Finally, set QPZ =1y, ) € X :
(y1> y2) € K[10Q,, implies

I(y1> ¥l < p,}. Then

¥y, (1) + y, () > min [yl (t) + y, (1)]
te[(1/2),1 33)

27| (v 32| = 7po-

Hence we have

1
ﬂUm@@=MLQU&%®f@@MﬂM%

1
> A, J G, (1,8)a (s) A;lpzds
1/2

p

A
Az P2 = =3 "(J’pyz ”

(34)
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Consequently, [|T,(y;, ) = (1/2)[I(yy, y)l for (yy, y,) €
KN 8sz. Like Theorem 9, we get [[S(y;, ¥,)Il = I(y;, ,)ll for

(y1> ) € Kﬂanz.
So, from Lemma5, S has a fixed point (3?,59) ¢

Kﬂ(ﬁp2 \ Q,) and a fixed point (y,,,) € Kﬂ(ﬁp* \ Q).
Both are positive solutions of BVP (1)-(2) with

0 <]l < e <1GL T (35)
which complete the proof. O

3.2. Problem (1)-(3) in Case A; = A, = 1. In the following, for
the sake of convenience, set

B, := max {2 Jl G, (1,8)a, (s)ds,2 Jl G, (1,8)a,(s) ds} ,
0 0

B, := min {2 Jl G, (1,s)a, (s)ds,2 jl G, (1,5)a,(s) ds} .
1/2 1/2 6)
Assume that there exist two positive constants p; # p, such
that
(H3) f(y1>¥2), 91> 32) < Bl_lpl’ for 0 < [[(y, y2)Il < i3
(Hy) f(1: 32, 91> 22) 2 By pysfor 7y < Iy p)ll < po.
Theorem 11. Suppose that (H;) and (H,) are satisfied. Then

problem (1)-(2), in the case where A, = A, = 1, has at least one
positive solution (yf, yg) such that ||(y(1),yg)|| between p, and

Pa:

Proof. With loss of generality, we may assume that p; < p,.

Let Q, = {(y1, 1) € X : (31, )l < pi}. For (yy,9,) €
K([)0Q,, ,one has

1
%@mﬂthqum%wﬂhwwwws

B1 P = ”()’p)’z)“

(37)
Like Theorem 9, we get [|S(y;, y,)Il < (y1, o)l for (31, y,) €
K20,
Now, set Q, = {(y1, y2) € X : [[(y1, y2)Il < p,}. Then for
(y1>y2) € K[10Q, , one has

@)+ y, )z min [y (@) +y, )]

te[(1/2),1] (38)
= 7“()’1>)’2)” =yp>

Thus, we get

1
ﬂ@m9m=MLQU&%®fM@MMw%

1
> A, J G, (1,8)a (s) B;lpzds
1/2

p

B,
> =B, Pz =z "()’1’)’2 ”

(39)
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Like Theorem 9, we get [|S(y, ¥,)Il = [(y1, ¥,)ll for (v, ¥,) €
K109, . Hence, from Lemma 5, we complete the proof. [

Remark 12. In [21], problem (1)-(2) with A; = A, = 1 is not
considered.

3.3. Problem (1), (3) in the General Case. Consider the
following.

Lemma 13 (see [21]). A pair of functions (y,,y,) € X isa
solution of (1), (3) if and only if (y,, y,) is a fixed point of the
operatorU : X — X defined by

Uy 0,) (1)
= (U1 (yl, )’2) (t) ’UZ ()’1’ y2) (t))

1
- (,31 )¢, (1) + A4 L G, (ts)a, (s) f
X (31 (s), ¥, (5)) ds, (40)

1
By ()¢, () + Ay L G, (t,s)a,(s) g
% (31 (5), 32 (9)) ds) ,

where f3;, 3, : [0,1] — [0, 1] are defined by

T'(v - a)

t) = A
PO 6
(- a) “w
_ T Vy— &)
Bo(t) = — R

Lemma 14 (see [21]). Each of B,(t) and B,(t) is strictly
increasing in t and satisfies 3,(0) = B,(0) = 0 and B,(1),
B,(1) € (0,1). Moreover, there exist constants Mg and Mp,
satisfying Mg , Mg € (0,1) such that min,e( 1151 (t) >
Mﬁl 13,1l and minte[(l/z),l]ﬁz(t) 2 M/;Z 1Bl

Let one define a new cone K, by

K= {(J’v;"z) €X:y, 20,
(42)

te[r(rll/ig)l] n @)+, 0] =y ||(;V1’;V2)"} g

where y, := min{y, Mg , My }. It is obvious that y, € (0, 1).

Lemma 15 (see [21]). U : K, — K is a completely con-
tinuous operator.
Now, one assumes

(Dl) ¢1()’1) < ”)’1”/4» (/52()’2) < ")’2”/4f0r each (}’1))’2) €

Ky;

7
(Ps) There are numbers A 5, A ¢, where
1] (! -
As = max{—“ Y0G1 (1,5) g (s)ds] ,
ARV
1 -
z“ yoGz(l,s)az(s)ds] ,
1/2
(43)
AT B
Ag:= miny— J Gy (1,8)a,(s)ds| ,
4 [Jo
1 _1
ﬁ“ Gz(l,s)az(s)ds] },
4 LJo
suchthat A5 < Ay, A, < Ag.
(P,) There are numbers A 5, A4, where
Al [ -
A, := max —ZH G, (1,8)q (s)ds] s
2 Lhp
. -1
ﬁ“ Gz(l,s)az(s)ds] ]»,
2 Lhp
(44)
1 o
Ag = min{Z[J- G, (1,5)a, (s)ds] )
0

d

such that A, < Ay, A, < Ag.

0

Jl G, (1,8)a,(s) ds]l} R

Theorem 16. Suppose that f, = fo, = gy = Goo = 00 and
(H,), (D,), (Ps) are satisfied. Then problem (1), (3) has at least
two positive solutions (Y, y3), (3,,7,), such that

0 <Oy <P < 1GLT)I- (45)

Proof. At first, in view of f;, = g, = 0o, we have f(y,,y,) >
My +32) g(y1s y2) = My, + y,), for 0 < [[(yp, o)l < po <
p1» where M satisfies M > 1.

Let Q, = {(y1,»,) € X : (31, ¥,)ll < po}. Then for each
(y1> ¥2) € K; [10Q,, , we find that

1

Ui W24 |69 0 f ()., ) ds

1
>\ J G, (L,s)a, (s) M (y, (s) + ¥, (s)) ds
12

[\

1
M J-1/2 Y0Gi (1,8) a; (s) M "(J’v)’z)" ds

Y
N

1
(s )| = 5 [ )]
(46)

So [Uy(y1, y)ll = (1/2)(yy, y,)ll for (yy, 3,) € Ky [10Q,, .



Similarly, we find that [[U,(y;, y,)ll =
(b ya) € KN 0Q,, . Consequently,

1/l (yy> y,) for

“U ()’1’)’2)" = “(Ul (1 32)5Us ()’1>;V2))”
= Uy o )l + 102 (s 22l (47)
2 “(J’l’)’z)”>

whenever (y;, ;) € K; [ 0Q,, . Thus, U is cone expansion
on K[ 0Q,,.

Next, since f,, = g, = 00, we get f(y;, ¥,) = M,(y; +
12 91> 92) = Mi(yy + y,)s for yy + 93 2 pyg > p1, where
M, satisfies M} > 1. Let p; = max{2py, (po/y,)} and Q. =

{1y2) € X2l )l < poks then, (1, y,) € K(10Q,
implies

Y1 () +y, () = in [ @)+ y, ()] .

=10 [ 22l = vop5 = pro-
So for (y1, ,) € K, ] 0€,,;, we obtain

1
UiGu ) W24 |Gy (L9a 0 f (1 6), 7, (0) ds
1
>\, J G, (Ls)a, (s) M, (3, (s) + , (s)) ds
1/2

1
> L/z %G (L,s) ay (s) My || (1> 3,) ds

1l = 3 10n -

(49)

That is, U, (yp, )l =
K[ 09,

Similarly, we find that |U,(y, )l = (1/2)I(yy> ¥l
for (y,y,) € KlﬂaQPJ. Consequently, [[U(y;, y,)lI =
I(y1> ¥)ll, whenever (y,,y,) € K; ﬂaQPJ. Thus, U is cone
expansion on K []0€;.

Finally, let Q, = {vi,») € X (v vl < py). For
(y1> 2) € K[10Q,, , from (H,), (D, ), and (Py), we have

/DNy y)I for (y1,y,) €

1
10, Gl = 6 ) 44 | G5y an(9)

Xf(yl (5):)’2 (5))d$
(50)
bl ﬁAgl :
4 4
1
<2 =2 ounl.

Similarly, we find that [|U,(y;, ) < (1/2)I(y, ,)| for
(y1> 2) € K [10Q,, . Consequently, [U(y;, y,)I < (y1, y2)ll,
whenever (y;, y,) € K, [)0Q p,- Thus, U is cone compression
on K; (100, .

The Scientific World Journal

So, from Lemma5, U has a fixed point (37,y5) €
KN (€2, \Q, ) and a fixed point (¥, 7,) € K, N (ng \Q,).
Both are positive solutions of BVP (1), (3) with

<|GH ) < i < 1GL7II- (51)

The proof is complete. O

Theorem 17. Suppose that f, = fo, = gy = Goo = 0 and
(H,), (Dy), (P,) are satisfied. Then problem (1), (3) has at least

two positive solutions (), y3), (¥,, ¥,), such that

<Gy < 22 < 17N (52)

Proof. At first, in view of f, = g, = 0, we have f(y,, y,) <

e(y1+12): 91> y2) < e(yy+y,) for [[(yy, yo)Il < p < p,, where
e satisfies & < 1. Let Q, = {(y1, 32) € X : [(yy, »)I < p}.

Then for each (y;, y,) € K; [19Q,, we find that

“Ul ()’1’)’2)”
1
<00+ | Gea 9 f (O O)ds (g

||y1|| HCBNIEE A}

Like Theorem 16, we get [U(yy, ¥,)Il < (31, yo)ll for (4, ,) €
K, [)0Q,.
Next, inview of f = g, =0, wehavef(yl,y2 <&y +

¥ 91 y2) < & + ya) for yy + 3, 2 p' > py, where g
satisfies €; < 1. We consider two cases.

Case 1. Suppose that f is unbounded and there exists p* > p'
such that

Fuy) < fhhys) foro<|(y,y)|<p’

Iyl =p

Since p* > p', one h'is FOuLy) < fOry) < ey +3)
for 0 < [|(yy, )l < p”.
Then, for (y,, y,) € K, and [|(y;, y,)|l = p*, we obtain

"Ul (yl’yz)“

1
< (7)) + Ay L Gy (6,9)ay (5) f (31 (5), 5 () ds

nl, e !
S u + o)l £ 5 10l

\S)

(55)
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Case 2. Suppose that f is bounded; there, exists L, such
that f(y,,y,) < L, for all (y;,5,) € K,. Taking p* >
max{2p,, L}, for (¥, ¥,) € K; and [[(y,, y,)l = p*, we obtain

"Ul ()’1:)’2)"

1
<P 00+ A | Ges)a 9 £ (1 () 9)ds

1 (56)
<P 00+ A | Gies)a (o) Lds
bl b L
4~ 2 el
Hence, in either case, we always may set Q. = {(y}, ;) €

IN

X+ Iy, y2)Il < p*} such that [U; (yy, y,)I < (1/2)11(yy p,)1I
for (y1,y,) € K;(10Q,..

Like Theorem 16, we get [U(y;, »,)Il <
(1 y2) € K4 ﬂan*-

Finally, set Q, = {(y1,y,) € X :

(y1> 2) € K1 [10Q,, implies

A\

I(y1> y)l, for

(1> y)Il < py}. Then

n®+y@= mn 7 () + 3, ()] )

> Y |71 22)| = Yopo-

Hence we have

1
U, (72 (1) 2 A, L/Z Gy (1,5)ay (5) ;' pods
(58)

A, 1
= —"A, Pz = P = E “()’17)’2)"'

So, [Uy(y1, )1 = (1/2)1 (31, y,)l for (31, y,) € K; (109,
Like Theorem 16, we get [U(yy, ) = (¥, v,)l for
(y1> ¥2) € K;[10Q,,. So, from Lemma 5, U has a fixed point
(y?,yg) e K, ﬂ(ﬁp2 \ Q,) and a fixed point (¥,,¥,) €
K, ﬂ(ﬁp* \ Q). Both are positive solutions of BVP (1), (3)

with 0 < ||(y?,y‘2))|| < py < (3, 7,)ll, which complete the
proof. O

3.4. Problem (1), (3) in Case A, =A,=1. In [21], the author
obtained that problem (1), (3) with A, = A, = 1 having at
least one positive solution. In the following, we also establish
the existence of one positive solution to problem (1), (3) with
A, = A, = 1 under different conditions.

For the sake of convenience, set

1

1
B; := max {4J G, (1,8)a,(s) ds,4j G, (1,5)a,(s) ds} .
0 0

(59)

Assume that there exist two positive constants p; # p, such
that

(Hs) f(y1 32), 9(y1> y2) < B;1P1 for 0 < l(yy, Il < pis

(He) f(y1>32),9(3152) = By'p, for yop, < ll(yp, po)ll <
Pa-

Theorem 18. Suppose that (Hs), (Hg), and (D,) are satisfied.
Then problem (1), (3), in the case where A, = A, = 1, has at
least one positive solution ( y?, yg ) such that ||(y,, y,)|l between

py and p,.

Proof. With loss of generality, we may assume that p; < p,.

Let Q, = {(y1,2) € X : Iy 1)l < pi}. For (31, ;) €
K;[10Q,, , from (H;), (D;), one has

1
“U1 (J’l’yz)” <S¢ (y)+ L G, (t,s)a, (s)

X f(y,(5),y,(s))ds  (60)
P1

By -1
S_+ZB3P

p 1
4 1= ?1 = 5 "(J’l’)’z)"'

Like Theorem 16, we get [U(y;, y,)Il < (31, y)ll for (3, ) €
K, 09,

Now, set Q, = {1, y,) € X -
(y1>2) € K{[10Q, , one has

(v, vl < p,}. For

YO+, ()= min [y &) +y, ()]

te[(1/2),1] (61)
= (71, 7)1 = vop2-
Thus, from (Hy), we get
! 1
U, (1 35) (1) 2 ) J G (L,s)a, (s) B, pyds
12 (62)
B,
> =B, Pz = =3 ”()’p)’z)“

Like Theorem 16, we get [U(y;, »)Il = II(yy, )l for (yy,
y2) € K;[10Q, . Hence, from Lemma 5, we complete the
proof. 0

4. An Example

To illustrate how our main results can be used in practice, we
present one example.

Example 19. Consider the following BVP, for t € (0, 1):
D2y, (t) = 164500e % [(yl ) + v, (1)

+ () +y, (t))z] )

(63)
— D%y, (1) = 164000 [ (3, (£) + , (1)
3
O+, 0)]
subject to the boundary conditions
y 0 =yP0) =0 0<i<4, (64)
D[ 0]y = D[y 0], =0 (63)
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Obviously, problem (63)-(65) fits the framework of problem
(1)-(2) with

v, = 5.2, v, = 5.95, o = 1.5,

(66)

A, = 164500, A, = 164000, n=6.

In addition, we have set

1/2 2

Fuy) = +y) "+ +3)

1/3 3
guy) = +) "+ + ) (67)

a (t) := e ™,

a, (t) = e,

We can see that f,g : [0,+00) x [0,+00) — [0,+00) and
are continuous. The functions a,(¢) and a,(t) are obviously
nonnegative.

Now, observe that f, = fo, = gy = goo = 00 holds. Again
set A, = 1/850, because f(y,,,), g(y;,y,) is monotone
increasing function for (y,, y,) > 0, taking p;, = 4; then, when
I1Cy1s y2)Il € [0, py ], we get

fny,) < "(J’v)’z)"l/z + "(J’l’)’z)"2

<2+16=18<4x850=A]'p,
(68)
1/3

g y) < ey + "(}’1’)’2)"3

<4+ 64 <4x850 = AT'p),

which implies that (H,) holds.

On the other hand, to calculate the admissible range of
the eigenvalues A, A,, as given by condition (P, ), observe by
numerical approximation, we find that

A, ~163530, A, =~ 164547.25. (69)
Thus, for any A, A, satisfying 163530 < A;, A, < 164547.25,
condition (P,) will be satisfied.

Consequently, by Theorem 9, problem (63)-(65) has at
least two positive solutions.
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