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Coronavirus disease 2019 (COVID-19) is a disease caused by severe acute respiratory syndrome coronavirus 2 (SARS CoV-2). It
was declared on March 11, 2020, by the World Health Organization as pandemic disease. The disease has neither approved
medicine nor vaccine and has made governments and scholars search for drastic measures in combating the pandemic.
Regrettably, the spread of the virus and mortality due to COVID-19 has continued to increase daily. Hence, it is imperative to
control the spread of the disease particularly using nonpharmacological strategies such as quarantine, isolation, and public
health education. This work studied the effect of these different control strategies as time-dependent interventions using
mathematical modeling and optimal control approach to ascertain their contributions in the dynamic transmission of COVID-
19. The model was proven to have an invariant region and was well-posed. The basic reproduction number and effective
reproduction numbers were computed with and without interventions, respectively, and were used to carry out the sensitivity
analysis that identified the critical parameters contributing to the spread of COVID-19. The optimal control analysis was carried
out using the Pontryagin’s maximum principle to figure out the optimal strategy necessary to curtail the disease. The findings of
the optimal control analysis and numerical simulations revealed that time-dependent interventions reduced the number of
exposed and infected individuals compared to time-independent interventions. These interventions were time-bound and best
implemented within the first 100 days of the outbreak. Again, the combined implementation of only two of these interventions
produced a good result in reducing infection in the population. While, the combined implementation of all three interventions
performed better, even though zero infection was not achieved in the population. This implied that multiple interventions need
to be deployed early in order to reduce the virus to the barest minimum.

1. Introduction

The Novel Coronavirus, severe acute respiratory syndrome
coronavirus 2 (SARS-CoV-2) is a new strain of coronaviruses
that cause the coronavirus disease 2019 (COVID-19) and was
declared a pandemic by the World Health Organization
(WHO) on March 11, 2020 [1]. The virus was discovered in
December 2019 in Wuhan City of Hubei Province, China
[2, 3]. SARS-CoV-2 belongs to the order of Nidovirales, a
family of Coronaviridae, and subfamily of Orthocoronaviri-
nae [4]. Coronaviruses are a group of enveloped viruses with
a positive-sense, single-stranded RNA and viral particles
resembling a crown from which the name was derived [3].

The COVID-19 is a highly infectious disease that can be
spread directly or indirectly from an infectious person to a
healthy person through the eye, nose, and mouth via droplets
produced when coughing or sneezing [2, 5, 6]. The exact
source of the disease is uncertain. However, rodents and bats
have been suspected by many researchers [5, 7]. The SARS-
CoV-2 can survive up to 8-10 hours over porous surfaces
(like paper, wood, sponge, and fabric) and a little more than
8-10 hours on nonpermeable surfaces (glass, plastics, metals,
etc.) [2]. It has an incubation period of usually 2-14 days [2,
8]. Its symptoms are similar to that of common cold or flu.
Also, others include fever, dry cough, shortness of breath,
and pneumonia [5]. The severity of the illness can vary in
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different people from mild to severe symptoms based on their
age and health status [2, 5, 6]. Almost 80% of COVID-19
patients are either asymptomatic or have mild symptoms
and usually recover from the disease within 2 weeks. How-
ever, high mortality is recorded among the aged people and
people with underlying chronic diseases, 2% of COVID-19
sufferers are under 18 years of age, out of which, fewer than
3% developed severe conditions [2]. COVID-19 has a low
mortality rate that ranges from 2%-3%, which is significantly
less than 10% of the severe acute respiratory syndrome
(SARS) in 2003 and 35% of Middle-East respiratory syn-
drome (MERS) in 2012 [2, 3, 5, 9]. Due to its high infectivity,
COVID-19 spread exponentially to virtually every part of the
world within three months [1, 10].

As of April 2020, almost every country of the world has
recorded at least one positive case despite speculation that
the virus does not thrive in regions with hot weather. Entire
Europe (especially, Italy and Spain) has become the epicentre
of the outbreak, while the United States of America, Asia, and
Australia record hundreds of new infections daily, with
thousands of disease mortalities recorded [10]. In Africa,
Nigeria recorded her first case on February 27, 2020, but
as of April 26, 2020, just within 60 days, the figure has
risen to 1364 infections with 45 deaths so far [11]. It is
sad to note that most of the mortalities of COVID-19
especially in developing countries are attributed to poor
medical facilities and medical personnel.

There is no specific treatment or vaccine available for
COVID-19 probably because it is a new disease, and vaccine
development usually takes up to 18 months [9, 12]. There is
no approved medicine that eradicates the virus; however,
treatment is mainly supportive [2, 9, 13]. It is because of these
realities that governments across the world have resorted to
nonpharmacologic measures. For instance, the Nigerian gov-
ernment has sensitized its citizenry on the need to adopt
safety measures such as wearing of disposable surgical face
masks, regular hand-washing with plenty of soap under run-
ning water, and the use of alcohol-based hand sanitizer in the
absence of soap and water among others as recommended by
the WHO [1, 10, 11]. Also, many governments worldwide
are spending billions of the United States’ dollars as well
as soliciting aids from well-spirited individuals and organi-
zations towards combating the COVID-19 pandemic. Fur-
thermore, many countries have imposed compulsory self-
quarantine and restricted movements of their citizenries
(lockdown/sit at home), closure of businesses, and borders
as preventive measures [1, 10]. These interventions have
succeeded greatly in curtailing the transborder spread of
the SARS-CoV-2 from country to country. Nevertheless,
the emerging major problem in the spread of COVID-19
is human-to-human transmission in a heterogeneous com-
munity. Sadly, the implementation of these interventional
policies of governments (e.g., total lockdown of movement,
businesses, and fear of quarantine/isolation) has thrown
up another new challenge in the fight of the disease
because of hunger and poverty especially in developing
countries in sub-Saharan Africa where governments lack
social securities. Therefore, there is the need to find cost-
effective ways of halting the COVID-19 pandemic with
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minimal economic and social disruptions to avert impend-
ing catastrophic economic rupture.

Scholars are approaching this pursuit from two broad but
complementary aspects of sciences: the medical and natural
sciences. The medical scientists are busy trying to identify
the source(s) of the disease, quicker ways of detecting the dis-
ease, treatment, and vaccine production [1, 12, 13]. The
natural scientists are busy trying to proffer interventional
measures through the development of mathematical models
that will control the disease transmission especially now that
there is no vaccine or known treatment.

Mathematical models have over the years proven to be
reliable and efficient tools employed in formulating control
strategies towards suppressing and mitigating the effects of
infectious diseases, epidemics, and pandemics such as Ebola,
SARS, and MERS [14-16]. For COVID-19, some mathemat-
ical models have been produced which aim at halting the
spread of the disease and forecasting its transmission through
simulations. Some scholars focused on calculating the basic
reproduction number, (R) [8, 17-19], and failed to consider
the effect of public health education, quarantine, and isola-
tion on the transmission of COVID-19. In the work of Imai
et al. [9], they assumed COVID-19 is highly inconsistent in
terms of the number of new infections just like SARS. They
also investigated the consistency of their model with realities
of the outbreak size using the set of simulated epidemic
paths. Their findings affirm that without the implementation
of holistic control measures, human-to-human transmissibil-
ity of COVID-19 is enough to sustain the pandemic and pos-
tulated that COVID-19 will have a diminutive generation
time if the majority of COVID-19 cases have mild to moder-
ate symptoms. Shen et al. [20] credited the high case detec-
tion rate and quick response by China and the world at
large, to experiences from fighting the previous corona-
viruses. Their findings postulate that COVID-19 may be a
weak species in the coronavirus family, using the national
epidemic of Wuhan in China with a fatality rate of 11.02%
(9.26-12.78%) which is less than to those of SARS (14-15%)
and MERS (34.4%) with a total of 8042 (95% CI: 4199-
11884) infections and 898 (368-1429) death, respectively.
Chen et al. [5] in their research simulated the potency of
transmission of COVID-19 from bat (probable) source to
humans using their Bats-Hosts-Reservoir-People transmis-
sion model [6]. They calculated the basic reproduction num-
ber (R,) using the next-generation matrix approach, and
their results revealed that COVID-19 has higher transmissi-
bility than MERs in the Middle East countries. Rabajante
[21] reveals that more havoc and transmission/spread of
COVID-19 is being perpetrated within the period an infected
person is exposed. Rabajante [21] stated that such an infected
person can transmit the virus, especially in a social/public
gathering in a remote community within 14 days infectious
period. Using the early models of COVID-19, Rabajante
[21] recommends the maximum observance of control mea-
sures in any public/social events. Tang et al. [3] updated their
previous model to a time-dependent model. They took into
cognizance new interventional advances made in the
COVID-19 fight. Their updated findings reported that the
best control measure is persistent and constant strict self-
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isolation. They predicted that the pandemic will peak if the
public health measures are adhered to. He et al. [6] studied
the transmission of COVID-19 with binomial distributions
in their discrete-time stochastic epidemic model. Their
model parameters were derived from fitted reported data of
China from January 11 to February 13, 2020. Their basic
reproduction number affirms the positive contributions of
various control measures recommended by WHO. While
the result of numerical simulation suggests that the disease
will peak around February 2020 with contact rate as a para-
mount factor in the control of COVID-19.

Bordered on how best to control the disease with mini-
mal risk (optimization theory), assessing the consequences
of some interventional measures and the risk involved espe-
cially now that antiviral treatment and vaccines are not yet
available, it is crucial to investigate the optimal control of
some control measures. Optimal control is the generalization
of the classical calculus of variation in optimization theory. It
involves minimizing the cost function and converting a given
optimal control model into a Hamiltonian function and
apply the Pontryagin’s maximum principle. Optimal control
has been successfully applied to infectious diseases like HIV,
Ebola, Tuberculosis, and SARS. For a disease like COVID-19
that spreads fast, the timing of implementing control mea-
sures is important. Unfortunately, very few researchers like
[22, 23] considered an optimal control analysis of the
COVID-19 transmission and suggest that more researches
should be directed in this regard. Djidjou-Demasse et al.
[22] in their work employed the concept of optimal control
theory to explore the best control strategy to implement
while awaiting the vaccine. They deduce that the only end
to COVID-19 is when humans develop immunity. They
weigh the options of humans developing natural immunity
after infection or after they have been vaccinated. Their find-
ings reveal that vaccination will best minimize the cost of loss
of human lives, while maximal implementation of control
strategies will peak the pandemic in four months after onset.
Their results forecasted the possibility of having an efficient
vaccine to be in 18 months. Moore and Okyere [23] attrib-
uted the rapid spread of COVID-19 to poor medical ameni-
ties. Their optimal control analysis focused on the controls:
personal protection, treatment, and environmental spraying
(environmental hygiene) as time-dependent control func-
tions. Their numerical simulation reveals that optimal imple-
mentation of all the control measures greatly reduces
exposed and infectious individuals in the population.

From the foregoing literature, interventions have been
invested in, advocated for, and implemented by various
stakeholders and still ongoing in the fight of COVID-19.
These have cost a huge sum of money and time, casualties
in businesses, economies, lives, etc. Unfortunately, the world
is still recording high mortality and morbidity due to the dis-
ease. The few mathematical models that abound on COVID-
19 suggesting diverse interventional control measures are yet
to explore critically the optimal control analysis of those
control parameters. This is necessary to ascertain their
contributions in the dynamic transmission of COVID-19
for guidance in formulating better policies on the fight
against COVID-19.

The model by Gumel et al. [16] forms the motivation for
this study. Gumel et al. studied the impact of quarantine and
isolation on the transmission dynamics of SARS. They
assumed that everyone quarantined progress to isolation. The
control measures in their work were assumed to be time-
independent control measures. However, there is a possibility
that some people will not develop symptoms after the quaran-
tine. So they return to susceptible class to avoid being infected
in the isolation centre. Also, it is well known that behavioral
change played a very important role in the spread of diseases.
Public health education contributed to people’s behavioral
changes towards infectious diseases such as Cholera [24] and
Ebola virus disease [25]. It will help the health personnel to
reach out to people and influence them to adopt new behav-
ioral changes and practice personal hygiene. Thus, this study
seeks to ascertain the effectiveness of public health education,
quarantine and isolation in reducing the infection of COVID-
19, and the time taken to achieve that. It will establish the opti-
mal control strategies required and the proportion of exposed
individuals that will be quarantine to curtail the disease. It will
seek the effect of time-dependent control variables and control
constants on the transmission dynamics of COVID-19. The
effect of constant controls will be explored using sensitivity
analysis which will be used to identify the most sensitive model
parameter that will be targeted. Pontryagin’s maximum princi-
ple will be applied to the optimal control model.

The rest of the paper is organized as follows: Section 2 is
the model formulation for the COVID-19 with control mea-
sures. The model analysis for the COVID-19 is discussed in
Section 3 with a sensitivity analysis of the model parameters.
The formulation of an optimal control of the COVID-19
model and its analysis is done in Section 4, while Section 5
is the numerical simulations and its discussion. Section 6 is
the conclusion.

2. Model Formulation

In this section, the formulation of a deterministic model for
COVID-19 is presented. The model by Gumel et al. [16] used
for the control of the SARS outbreak is extended for the con-
trol of COVID-19 in this study. The total population, N(t), at
time, t, is divided into subpopulations: Susceptible, S(¢);
Exposed, E(t); Quarantined, Q(¢); Infectious not hospital-
ized, I(t); Hospitalized/Isolated Infectious, J(¢); and Recov-
ered, R(t). We further extend their model by incorporating
public health education and the possibility of persons in the
Quarantined, Q(#), who test negative for COVID-19 to
return to the Susceptible, S(t). The quarantined compart-
ment comprises persons who come from high-risk regions
and contacts of those who tested positive for COVID-19.
These persons are kept for the incubation period of the
virus. They are tested for the virus within this period.
Those who test negative returned to Susceptible, S(t), while
those who test positive are taken to the compartment of
Hospitalized/Isolated Infectious, J(¢). Those who miss
quarantine but test positive are in the Infectious not hospi-
talized, I(t), compartment from where they either recover
because of their strong immunity or enter the compartment
of Hospitalized/Isolated Infectious.



The human population at any given time, ¢, is given by
N(t)=S(t) +E(t)+ Q(t) +I(t) + J(t) + R(t). (1)

In the Susceptible compartment, S(¢), a proportion (1 —
) of humans are recruited into the population at a constant
rate, A, through immigration/birth of no risk population and
through a proportion, g, of quarantine individuals that return
to susceptible compartment after 14 days without symptoms
at the rate, 0, . People exit the susceptible compartment either
through infection induced by the disease with the force of
infection, . Infection is acquired via direct contact with
infectious human contaminants or droplets. The public
health education/awareness campaign, a(t) € [0, 1], reduces
the force of infection, ¥, and it is time-dependent. The force
of infection is given as

lP:/3(I+£1EJ1r\]‘€2Q+e3])’ 2)

where ¢,,¢,,and &; are the modification factors for the
exposed, quarantined, and hospitalized/isolated individuals.
The parameters, ¢,,and ¢, are associated with the hygiene
consciousness of the quarantine and the hospitalized/isolated
individuals, respectively. The exposed compartment, E(t),
gains population through infection induced by the disease
at the rate of (1 — «a(#))¥S and from a proportion, 7, of the
recruitment of people immigrating from a high-risk popula-
tion of COVID-19 at the rate of A. A proportion, p, of the
exposed individuals exits through quarantine at the rate (¢
), and the remaining proportion, (1 — p), of the exposed indi-
viduals escapes the quarantine and progresses to the infected
compartment at the rate, p, due to ignorance or fear of being
quarantined. We assumed that some of the immigrants in E
(t) were either infected and at presymptomatic stage or had
no infection [26]. This implies that not all individuals in E(
t) will develop symptoms. Thus, individuals in Q(¢) who
did not develop symptoms after the incubation period will
progress to S(t), while those who developed symptoms will
progress to J(¢). This implies that a proportion, g, of the
quarantined individuals exits back to susceptible class after
14 days of no symptoms and reexamination at the rate, 0,
while a proportion, (1 —g), of the quarantined individuals
that test positive progresses to Hospitalized/Isolated com-
partment at the rate, 0,. Also, the infectious not hospitalized
individuals are isolated at the rate, 7(¢), and can recover due
to a boost in immunity at the rate, y,, and progress to the
recovered compartment or die of the virus at the rate, d,.
For the Isolated/Hospitalized compartment, J(t), they gain
population from a proportion, (1-g), of quarantined
humans that become infectious during the 14 days quaran-
tine period and the infectious not hospitalized individuals
that are isolated. People exit the hospitalized/isolated com-
partment through recovery at the rate, y,, or death-induced
rate, d,. Furthermore, the compartment of recovered, R(t),
gains population from the infectious not hospitalized indi-
viduals that miss isolation but recover due to boost in immu-
nity, and from the hospitalized/isolated individuals at the
rates of y, and y,, respectively. The recovered individuals
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TaBLE 1: Description of parameters of the model.

Parameters Description
a(t) Public health education rate at time, ¢
7(t) Quarantine rate at time, ¢
() The isolation rate for infectious not hospitalized
g individuals at time, ¢
B Transmission rate
y The recovery rate for infectious not hospitalized
! individuals
Y, Recovery rate of hospitalized/isolated individuals
p Proportion of exposed individuals quarantined
d The death-induced rate for infectious not
1 T . ..
hospitalized individuals
d The death-induced rate for hospitalized/isolated
2 individuals
- Progression rate from quarantine to susceptible
! compartment after the incubation period
Progression rate for exposed individuals that
P missed quarantine to infectious not hospitalized
compartment
o The isolation rate of those that developed
2 symptoms during the quarantine period
- The proportion of persons coming from a
high-risk area of COVID-19
A Immigration rate

are assumed to develop permanent immunity to COVID-
19, and all the compartments exit their compartments
through natural death rate, . The description of the param-
eters used in the COVID-19 model is given in Table 1. The
system diagram for the transmission of COVID-19 is shown
in Figure 1.

From the schematic diagram in Figure 1, the model equa-
tions are derived as follows

das

n =A(1-m)+q0,Q—(1-a(t))¥S—-uS
dE

i (I-a(t))¥S+ Am—pr(t)E~ (1 - p)pE — uE
dQ

T =pr(t)E-q0,Q~ (1-q)0,Q~-pQ
dI

5 = A=pPE-pI-nt)I —diI—pl

dj

=m0 Q+nOI-y,] - d] - p]
dR

ar =Yty - uR

(3)

with  $(0) >0, E(0) =0, Q(0) = 0,1(0) >0, 7(0) = 0, R(0) > 0
as the initial conditions.
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FIGURE 1: The systematic diagram of the COVID-19 model.

3. Model Analysis

For the sake of model analysis, the controls, «(t), 7(t), %(t),
are considered as constants, that is, a(t) = a, 7(¢) = 7, (t) =
1. Investigation of some properties of model analysis will be
carried out in order to understand the impact of the constant
control parameters on the transmission dynamics of the
COVID-19.

3.1. Positivity and Boundedness of Solutions

3.1.1. Invariant Region. The solutions of the model are uni-
formly bounded in a positive invariant region,

0= {50050, Q0. 10,70, k() e RN < 2. 3

The total population at any time, ¢, is given by (1) and

ii_]j:A—yN—dll—dzjsA—yN. (5)

Solving equation (5) using Groonwall’s inequality gives
N(t) <N(0)e ™ + (A/u)[l — e #]. This means as t— oo,
N(t) <max (N(0), (A/u)). Hence, the nonnegative solution
set of the model equations (3) enters the feasible region, O
, which is a positively invariant set.

3.1.2. Positivity of the Solutions. The following theorem proves
that the solution of the model is nonnegative for ¢ > 0.

Theorem 1. Let the initial solutions satisfy S(0) > 0, E(0) >0
, Q(0)=0, 1(0) 20, J(0) 2 0,R = 0. The model has nonnega-
tive solutions which are contained in the feasible region, Q =

(S(£), E(t), Q(1), I(£), J (£), R(t)) € RS,

Proof. From the first equation of (3),

ds

E=A(1—n)—‘I’S—yS+q01Q2—(‘I’+//¢)S. (6)

Solving (6) gives S(t) > S(0) exp {—(¥ + u)t} > 0.

In the same way,

E(t) 2 E(0) exp {~(u+pT + (1-p)p)t} 20,

Q(t) 2 Q(0) exp {~(u + 40, + (1 -q)0,)t} =0,

I(t) 2 1(0) exp {~(u+d, +y, + 1)t} 20,

J(t) 21(0) exp {~(u+d, +y,)t} =0,

R(t) 2 R(0) exp {-pt} = 0. (7)
This shows that the solution set {S(t), E(), Q(t), I(t),

J(t),R(t)} is nonnegative for all >0, since exponential
functions and initial solutions are nonnegative.

3.2. Existence of Disease-Free Equilibrium State. From equa-
tion (3), f, g, h, and k are represented as follows:

f=pt+(1-p)p+u;

g=qo, +(1-q)o, +u;

. (8)
=y +ntdtps

k=y,+d,+u.

The model equations (3) become

ds

@ =A(l-m)+qo,Q— (1 -a)¥S—uS
i—f =(1-a)¥S+An—1E

dQ

Qi =ptE-gQ

dI : )
g = (L-P)PE-HI

dJ

g = (- )0 Q+nl-k]

dR

qt it r -eR




The disease-free equilibrium state, E,, is established
when there are no infective immigrants into the popula-
tion (i.e., 7 =0) and when there is no disease in the com-
munity (i.e., I=0).

The equilibrium state for the model equations (9) is at
the state when dS/dt = dE/dt =dQ/dt =dI/dt =d]/dt = dR/
dt=0, and these are solved simultaneously to give the
disease-free equilibrium state. E,, as

A
E,= (E,o, 0,0, 0,0). (10)

3.3. Basic Reproduction Number. The basic reproduction
number, R,, is a threshold quantity that predicts the
spread of disease in the population. It is an average num-
ber an infective will infect people in a wholly susceptible
population. If R, < 1, the infection will die out. If R, > 1,
the infection will persist in the population. The approach
of Next-generation method by Driessche and Watmough
[27] is used to compute R,.

The rates of new infection and the transfer from in and
out the infected compartments are given by

[B(1—a)(I+&E+eQ+e))S]
N

F= 0 and

0

i 0 | (11)
fE
-pTE +gQ
V= , respectively.
—(1-p)pE+hI

-nI-(1-9)0,Q+kJ

The partial derivatives of F and V at the DFE, E,), yield

Bl-a)e, Bl-a)e, Bl-a) B-a)e
0 0 0 0
G= and
0 0 0 0
0 0 0 0
f 0 0 0
—pT 0 0
U= P g , respectively.
—(1-p)p 0 h 0
0 -(1-q)o, —n k
(12)

The basic reproduction number, R, which is the spectral
radius of the matrix, GU™, is given as
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B(1 - )[bhtpo,e; + apngwe; + hktpe, + apgk + ghke, |
R, = ,
fahk
(13)

where
a=(l-p)andb=(1-q). (14)

If p = 1, we have a perfect quarantine with no infectious
not hospitalized individuals, i.e., I =0. The reproduction
number with perfect quarantine, Ry, is

B(1 - a)[bhto,e; + hkte, + ghke|]

o 09

Ry, =

where f* =7+ p.
If p =0, there is no exposed individual in quarantine, the
basic reproduction number, Ry, is given by

Ry, = PL=Wpngewes + pgk+ ghke)] - )

’ frghk

where f* = p+ p.

3.4. Existence of Endemic Equilibrium State. The equilibrium
state for the COVID-19 model (9) is obtained by solving

dS dE dQ dI _d] dR

dt —dt dt dt dt dt 0. (17)

Solving these simultaneously, these equations give

¢ - ML =p)pg —h(qo,(ap +p) + (p+ boy))I”

>

(1=p)pgu
. hI” «_ prhI”
(1-p)p’ "  (1-ppg’
je = (L= @)hpro+ (1= p)png)I*
(1-p)pgk
g = (L= @)hpToyy, + (1 - p)pngy, + (1 - p)pgky,)I"
(1-p)pgku

(18)

Substituting S, E, Q, J,R as S*, E*,Q*, J*, R* and sim-
plifying yields the following quadratic equation

MI** —NI* —P=0, (19)
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where

M= (R, —1)(qo,(ap +u) + (4 + boy)f)
+ fgh(bhy,pto, + bhputo, + ghky + hkput
+ gapnu + gay, pn + gapku + gy,apk),
N =fg*hkapA(R, - 1) + Anapg(bhy, pro,
+ bhputo, + hkpgro, + ghky + hkpuyt
+ gapnu + gay,pn + gapky + y,apk — f ghk),
P=A’ma’p’g’k.
(20)

If 7=0, we have P=0 and N =N7, in equation (19)
where N* = fg*hkapA(R, - 1).
So, equation (19) will become

MI** — N*I* = 0. (21)

This implies from equation (21) when 7 =0,

*

* * N
I"=0orI"= —. (22)
M

I* =0 corresponds to disease-free equilibrium (DFE)
state, E;, in equation (10), while I* = N*/M represents the
endemic equilibrium state, E,=(S*, E*, Q*,I*, J*,R")
when 7 =0.

Substituting I* = N*/M into S*, E*, Q*,I*, J*, R*gives
the endemic equilibrium state, E, = (S*, E*, Q*,I*, J*,R*)
where

g = AapgM — h(qo(ap + u) + (u+ bo,)f)N*
apguM

>

23
gl N e TN L N 23)
TapM’ T apgM’ T M’
« _ (bhpto, + apng)N”
] =
apgkM (24)
g+ = (bhpToy, +apngy, +apgky,)N”
apgkuM '
When 7> 0, we have from equation (19) that
N+ VN? +4MP
pro D PVATHAME (25)

2M

Substituting I** as I* equation (25) into S*, E*, Q*, I*,
J*, R*, we have

2MAapg - h(qo,(ap + p) + (4 + bo,)f) (N +VN?+ 4MP>
) 2Mapgu

g+

h (N +VN2 ¥ 4MP>
E** - s
2Map

pth (N + \/m)
2Mapg ’
(bhpto, + apng) (N + \/m)
2Mapgk

Q**

(27)

]** —

>

(bhpto,y, + apngy, + apgky,) (N +VN?+ 4MP)
2Mapgku

R** —

(28)

Equation (24) gives the endemic equilibrium state when
7 = 0 while equations (25) and (28) give the endemic equilib-
rium state when 77 > 0 provided that equations (25) and (28)
satisty the inequality,

2MAapg > h(qo,(ap + ) + (4 + bo,)f) (N +VN?+ 4MP).
(29)

3.5. Sensitivity Analysis of the Model Parameters. It is impor-
tant to know the relative contribution of different model
parameters responsible for the transmission and prevalence
of any disease. This will help to identify where to focus inter-
ventions that will reduce the mortality and morbidity due to
the disease. In this study, the sensitivity analysis is examined
to identify crucial model parameters that will reduce the bur-
den of the disease and also quantify the impact of each input
parameter on the value of an outcome. The initial disease
transmission is directly related to the basic reproduction
number, R,. Therefore, we perform a sensitivity analysis on
R, to identify the most critical parameters that will curtail
the spread of COVID-19. We use forward normalized sensi-
tivity index of R, to measure the relative change in R, to the
relative change in the model parameter c. This is also defined
using partial derivatives if R, is a differentiable function of
the model parameter, ¢, as is defined in Chitnis et al. [28];
Sanchez and Blowe [29] by

RO aRO c
=—.—, 30
e T e R (30)
where yfo is the sensitivity index of R, with respect to param-
eter, c.
We compute the sensitivity indices for each parameter in
R,. For instance, the sensitivity index of R, for f is given as

e_ R B _ (31)
op Ry

Table 2 shows the sensitivity indices of R, for other
parameters in R, and their parameter values. The parameter
values are taken from the literature on COVID-19, SARS,
and MERS.

From Table 2, the sensitivity indices with negative signs
indicate that the value of R, decreases when they are increas-
ing, while the sensitivity indices with positive signs show that
the value of R, increases when they are increasing. The



TaBLE 2: Parameter values and Sensitivity indices of R, for the
COVID-19 model.

Parameter Value Source Index sign iizr;it‘i,g?e
B 0.25person'day”"  [30] + 1

£ 0.3 [31] + 0.5386814
&, 0.1 Assumed + 0.1189200
& 0.1 [31] + 0.0235887
p 0.1429day™" [29] + 0.0062145
o, 0.1259day™ [29] - 0.0704024
o [0, 1] Assumed - 1

o, 0.07143 day™ [29] - 0.0484410
d, 0.0079 day™ [31] - 0.0149810
7 0.03521 day™ [21] - 0.0667696
¥, 0.04255day™ [21] - 0.0020074
d, 0.0068day™" [31] - 0.0003209
T 0.1259day™" [29] - 0.5386814
i 0.13266day ™ [29] - 0.2429498

sensitivity analysis shows that the most sensitive parameters
are in the descending order of §, «, €, 7, 1, and so on. These
parameters will halt the spread of COVID-19 by reducing f3
, €1, and increasing «, 7, #. It implies that the control param-
eters, a, T, 7, will reduce the spread of COVID-19 if they are
increased. This is also shown in Figure 2 for the impact of T
and# on R,. This implies that increasing the rate of imple-
mentation of interventions such as awareness, quarantine,
and isolation in the exposed and infected not hospitalized
population will halt the spread of COVID-19. In reducing f3
, €1, we may consider the behavioral change in the transmis-
sion rate for further research.

4. Optimal Control Analysis

The control effort, a(t), represents the public health educa-
tion effort in educating people about the importance of social
distancing, stay at home, and hand-washing in halting the
spread of COVID-19. The control effort, 7(t), represents
the effort used to quarantine the exposed individuals, and
the control effort, #(t), represents the effort used to isolate
the infected individuals. The public health education effort
involves educating the public through social media, televi-
sion, radio, and traditional rulers in the community on how
to observe social distancing and hand washing. The efforts
used to quarantine the exposed individuals and isolate
infected individuals include recruiting and training of the
health workers on how to wear personal protective equip-
ment (PPE), tracing the contacts of those exposed to the
COVID-19 through home visits and phone calls, counseling,
provision of an ambulance to convey the infected individuals
to the isolation centre, general/COVID-19 tests, provision of
isolation centres for treatment, and other related logistics.
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Our goal is to minimize the cost function given as

G(a(t), (1), n(t))
t 32
= Jf (I(t) + %clocz(t) + %czrz(t) + ;c3112(t)>dt, (32)

0

subject to the system of differential equations (3). All control
efforts, «(t), 7(t),n(t), are assumed to be bounded and
Lebesgue measurable time-dependent functions on the inter-
val [0, /], where t; is the final time. The control effort set is

defined as

IN

O = {(at), 7(t),n(t) | (33)
1

t), a(t)<1,0<7(t)
<L0<y(t)<1), .

0
0<t<ts}

IN

The parameters, ¢;, ¢,, and c;, are the balancing cost fac-
tors for the public health education effort, «(t), the quaran-
tine efforts, 7(¢), and the isolation effort, #(t), respectively.
The terms, 1/2c,a*(t), 1/2¢,7%(t), and 1/2¢3n%(t), represent
the costs associated with public health education, quarantine,
and isolation, respectively. Based on the literature for the
optimal control of epidemics, the cost of the controls is
assumed to be nonlinear and quadratic [32, 33]. If «a(¢)
=7(t)=7(t)=1, then 100% effort is applied in public
health education, quarantine, and isolation, respectively,
at time, t. Conversely, ifa(t)=1(t)=#(t)=0, then no
public health education for the people, no quarantine is
carried out for the exposed (latent) individuals, and no
isolation for the infected not hospitalized individuals.

The control time-dependent parameters will be consid-
ered in this section. Our goal is to find an optimal control
for public health education effort, a(t), quarantine effort for
exposed individuals, 7(¢), and isolation effort for infected
individuals, #(#), such that

G(a™(t),T°(t),n"(t))=  min
(a™(t), 7" (1) " (1)) (@), (t) (1)) e®

Gla(t), 7(t), n(1))-
(34)

The necessary conditions that an optimal solution must
satisty are obtained by applying the Pontryagin’s Maximum
Principle to the COVID-19 model of equation (3). This prin-
ciple converts system (3) and equation (32) into a problem of
minimizing pointwise Hamiltonian, H, given as:

H= (I(t) + %cltxz(t) + %czrz(t) + %cmz(t))
+A (AL =) = (1 - a(t))PS+qoQ - uS)
+ A (A + (1-a(t)¥S— (u+ (1-p)p+pr(t))E)
+ A3 (pT(H)E - (4 + g0, + (1 -9)0,)Q)
+ A4 ((L=p)pE— (u+n(t) +y, +dy)I)
+A5((1-q)0,Q+n(t) = (u+y, +dy)))
+A6(y11 +y,) — pR),
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F1GURE 2: The effect of #, 7, on the basic reproduction number, R,,. Here, other parameters are kept constant.

where A;, i=1,---,6 denote the associated costate variables
for the state variables S, E, Q, I, ], R.
Using equation (35), we state the following theorem.

Theorem 2. Given an optimal control (a*(t), 7*(t), n*(¢))
and solutions $°(t), E°(t), Q°(¢), I°(¢), J°(t), R°(t) of the cor-
responding state system (3) that minimizes G(a(t), T(t), #(t)
) over @, there exist costate variables A;,A,, A3, Ay, As, Ag, that
satisfy the following systems of equations

== -ao) £ (1- ) v,

%2 =(i=4y) ¢ _;ir(t))s (Ber =) + (A2 = A3) (1= p)p + (A2 = A5)pT(8) + pd,
%3 =(h=4y) < —:r(t))s (Be, =)+ (A= A5)(1 - q)o,+ (A — A,)q0, + pd,
% —1r -1l 7;‘,(0)503—&") Oy =) + (s = Ag)y, + (u+ d)A,
% =(M-4) % (Bes =)+ (As = Ag)p, + (4 + dy)As

% ) Hma0)S

(36)

where ¥ is defined in equation (2) and final time conditions

A(tr) = As(tr) = As(tr) = A4(tr) = As(t)

(37)
As(ty) =0forte [0,t].

Also, the optimality conditions, a* (t), T*(t), and n* (t) are
given by

o (t) = max {o, min {1, %}}
7 (t) = max {o, min {1, %}} (38)
1 ()= fomin {1, 84780}

Proof. Differentiating the Hamiltonian function, H, at the
respective solutions of equations (3) and the optimal control
with final time conditions, the differential equations govern-
ing the costate variables are obtained as follows:

dA o0H
&~ as k) =0
dA o0H
&~ o) =0
dA o0H
@~ a0
39
d\, oH (39)
G - ar )=
dA oH
@ =)o
A\, oH

@ "o hell) =0
This gives the costate system in equations (36).

The optimality conditions are given in the interior of the
control set

@ ={a(t), 7(t):n() 10<a(t), 7(t),n(t) <1} (40)

as
H
?’)—6 =ca(t) + PS8 - 1,7 8 =0,
0H
= 6, 7(t) = A,pE® + A;pE° =0,
E;I’;I = n(t) = A0+ A1° =0. (41)

Solving for a(t) as a*(¢), T(t)as T*(¢), and #5(t)as #*(t),
yield
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a*(t)zm,

G
T* (t) = M N and (42)
2
. A= AL
n (t)= ( 4 - 5) .
3

Thus, using the bounds of the controls, a*(¢), 7*(t), and
n*(t), the optimal control efforts in the compact form are
given by equation (38).

The equations (3), (36) with optimality conditions (38)
and the initial conditions, S(0), E(0), Q(0), I(0), J(0), R(0),
and final time conditions (37) gives the optimality system.

Owing to the priori boundedness of the state variables,
the costate functions, and the resulting Lipschitz structure
of the ODEs, the uniqueness of the solutions of the optimality
system is obtained for the small-time interval, [0, t]. Hence,
the bounded solutions to the optimality system are unique
for t €[0,¢/].

5. Numerical Simulations and Discussion

5.1. Numerical Simulations. We carried out numerical simu-
lations to investigate the impact of public education, quaran-
tine, isolation, and the proportion of exposed individuals that
will be quarantined. This is implemented using the parame-
ter values and initial conditions from the literature on
COVID-19, SARS, and MERS [31, 34]. The initial conditions
for the state variables are as follows: S(0) = 12 Million, E(0)
= 1,565, Q(0) =800, I(0) =695, J(0) = 326, and R(0) = 200,
while p=0.000034day !, A =600person~'day”'. The bal-
ance costs in the objective function are ¢, =150, ¢, =300,
and ¢; =600. The other parameter values are given in
Table 2. The optimality system is solved using the forward-
backward sweep scheme. The details of the scheme are pre-
sented by Lenhart and Workman [35]. Many researchers
have computed different values of the basic reproduction
number for the person to person transmission, reservoir to
person transmission, environmental transmission, and some
of their results have been compared with other types of cor-
onaviruses, SARS, and MERS, and their results show almost
similar results [5, 36]. Hence, we focus our numerical simu-
lation on the impact of a different combination of control
interventions with their different control profiles on the
transmission dynamics of COVID-19.

6. Discussion

A six compartmental model for the transmission dynamics of
COVID-19 with quarantine, isolation, and public health edu-
cation as time-dependent control measures is examined
using the work of Gumel et al. [14] as a guide. The model is
for human-human transmission that involves imported cases
and community spread. The model is proven to have an
invariant region. This region is where the model is well-
posed and makes biological sense to be carried out for the
human population. The basic reproduction number, R, is
1.51 when none of the exposed individuals are quarantined
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compared to R, =0.76 when all of the exposed individuals
are quarantined. This means that a single infected person
can transmit the infection to approximately two other per-
sons when there is no quarantine, while there is a possibility
of stopping further transmission of infection when quaran-
tine is implemented. However, there is a chance that some
of the exposed individuals evade quarantine due to fear of
stigmatization and death. Therefore, public health educatio-
n/awareness will help to correct their misconceptions and
encourage them to accept the control measures. Further-
more, people that have recovered need to share their experi-
ences in quarantine and isolation centres with members of
their community to enlist the cooperation of the entire com-
munity. When there is no isolation of the infected not hospi-
talized individuals in the population, the basic reproduction
number, R, = 2.5. This means that one infected not hospital-
ized person will infect approximately three persons in the
population. The presence of isolation will help to reduce
the number of infected not hospitalized individuals in the
population. The simultaneous implementation of the three
interventions reduces the number of infected individuals
compared to the implementation of two interventions in
the infected population (Figure 3(a)). This implementation
takes about 64% input of awareness for 80 days, 58%
input of quarantine for 95 days, and 100% input of isola-
tion for 98 days before they drop slowly to their lower
bound (see Figure 4(a)). This does not achieve zero infec-
tion in the population which implies that more interven-
tions are needed to eradicate the virus. On the other
hand, the combined implementation of public health edu-
cation and quarantine measures produces a better result
for the exposed population (Figure 3(b)). It takes about
100% input of public health education for 90 days and
100% input of quarantine for 95 days to trace 2000 con-
tacts in the exposed population (Figure 4(b)). It means
that public health education/awareness should reach all
the hooks and corners of the population. People need to
be aware of the virus, and also, the creation of adequate
awareness of COVID-19 among the population will facili-
tate contact tracing and quarantine of high-risk individ-
uals. It will also help to identify those who do not
qualify for quarantine but tested positive for COVID-19
to be isolated. This will reduce further transmission of
COVID-19 in the population.

Furthermore, time is of importance in implementing
these interventions (see Figure 5). The number of exposed
and infected individuals in the time-dependent interventions
is 3,602 and 695 compared to 10,690 and 2,531 in the time-
independent interventions, respectively. This implies that
7,088 and 1,836 individuals will not be exposed and infected,
respectively, if interventions are implemented timely. These
interventions are good to implement early which is the first
2-10 days of the outbreak. This will keep the burden of
COVID-19 low. The virus will remain in the population for
a prolonged time if there are no adequate interventions in
place, but it will eventually drop over time (see Figure 6).
With the interventions such as public health education/a-
wareness, quarantine, and isolation, the number of exposed
and infected individuals will reduce drastically within a short
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time but not to zero, leaving a residue of infected individ-
uals with the potential to cause a further outbreak. This
implies that COVID-19 will not be eradicated even with
timely implementation of interventions unless a vaccine
is developed.

When the proportion of the exposed individuals that are
quarantine is increasing, it reduces the number of exposed
individuals and infected individuals in the population (see
Figure 7). When no exposed person is traced and quaran-
tined in the population, the virus will remain in the popula-
tion even when public health education/awareness and
isolation interventions are present. When 30% of the exposed
individuals are traced and quarantined immediately, the
number of exposed individuals and infected individuals
reduces to 2500 and 290 persons, respectively. The number
of exposed individuals and infected individuals is about

1200 and 90 persons when 50% of the exposed individuals
are quarantined. Again, quarantining 80% of exposed indi-
viduals will result in about 700 exposed persons and 20
infected persons in the population. This does not eradicate
the infection in the population. To achieve zero infection in
the population, we postulate that, additional interventions
such as mass testing, and vaccination need to be incorpo-
rated. These were not done in this work and would be the
focus of further research. This is in line with the new directive
by WHO for research.

7. Conclusion

In this paper, a new deterministic mathematical model of
COVID-19 was formulated with quarantine, isolation, and
public health education as interventions. The model was also
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Figure 7: Optimal solutions for (a) exposed population,(E), and infected population, (I), when more people are quarantined.

used as a prototyped to extensively investigate the contribu-
tions of these control measures to ascertain their individual
and combined contributions in curbing the transmission
and spread of COVID-19. The model analysis includes the
establishment of the Invariant region and positivity of the
model, the existence of disease-free equilibrium, and compu-
tation of the basic reproduction number R,. It was found that
the basic reproduction number, R, is 1.51 when none of the
exposed individuals are quarantined compared to when all of
the exposed individuals are quarantined, R, =0.76. This
means that a single infected person can transmit the infection
to approximately two other persons when there is no quaran-
tine, while there is a possibility of stopping further transmis-
sion of infection when there is quarantine. It was also shown
that when there is no isolation of the infected not hospital-
ized individuals in the population, the basic reproduction
number, R, = 2.5. This means that one infected not hospital-
ized person will infect approximately three persons in the
population. The presence of isolation will help to reduce
the number of infected not hospitalized individuals in the
population. The simultaneous implementation of the three
interventions reduces the number of infected individuals
compared to the implementation of two interventions in
the infected population. Furthermore, it is observed that the
time-dependent interventions reduce the number of exposed
and infected individuals by 7,088 and 1,836, respectively.
With the interventions such as quarantine, isolation, and
public health education, the number of exposed and infected
individuals will reduce drastically within a short time but not
to zero, leaving a residue of infected individuals with the
potential to cause a further outbreak. This implies that
COVID-19 may not be eradicated even with the timely
implementation of these interventions. Therefore, further
interventions are needed to stop the spread of COVID-19.

Data Availability

The data used in this article are included within.

Additional Points

Recommendation. Governments should ensure prompt
implementation of quarantine, isolation and public health
education in the COVID-19 fight in order to suppress its
infectivity and mitigate the disease burden. Further Research.
Incorporation of mass testing and/or vaccination in the cur-
rent model to ascertain its potential to eradicate COVID-19
in the population.
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