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This article investigates graphite-aluminum oxide hybrid nanoparticles in water-base fluid with the
addition of heat generation in the presence of a porous medium. The problem is formulated in terms
of momentum and energy equations with sufficient initial and boundary conditions. The solution is
investigated by using the Laplace transform method. It is observed that the velocity of the drilling
fluid is controlled by adding hybrid nanoparticles as compared to simple nanofluids. In a similar way,
the temperature of the fluid is reduced. Also, the heat transfer rate is boosted up to 37.40741% by
using hybrid nanofluid compared to regular nanofluid. Moreover, the heat transfer rate was increased
up to 11.149% by using different shapes of nanoparticles in the base fluid water. It is also observed
that by using hybrid nanofluid skin fraction is boosted up at y=0 and boosted down aty=1.

List of symbols

Cp Heat capacity at a constant pressure, kg_1 K~!
ki Dimensionless porosity parameter

Gr Thermal Grashof number

g Acceleration due to gravity, m s~2

K Base fluid thermal conductivity, W m~! K~!
By Applied magnetic field, T

o Electrical conductivity, (%) S is Siemens

Pr Prandtl number

t Time, s

u Velocity of the fluid, m st

Q Heat generation

M Magnetic parameter

ALO;  Aluminium oxide

B Magnetic flux intensity, A m~!

o Magnetic permeability, N A~1

00 Electrical conductivity, S m!

i Unit vector

Be Volumetric coefficient of thermal expansion, K~}
0 Dimensionless temperature
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Temperature of the fluid, K

Ambient temperature, K

Wall temperature K is used as a unit as well as thermal conductivity, K
Base fluid

Nanofluid

Solid particles

Density, kg m 3

Nanoparticle volume fraction

Dynamic viscosity, kg m~! s~!
Graphite

Distance between two plates, m
Electric field intensity, V m~!
Current density, A m 2
Velocity vector
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Heat transfer plays an important role in several manufacturing industries, hearing transition procedures. In the
recent era of research, some researchers report the analysis of heat transfer in different fluids which is solved by
exact analysis and numerical techniques'~. In various heat transfer systems, fluids such as water, ethylene glycol,
alcohol, and oils are known as heat carriers. But because of the low thermal conductivity, they are not a strong
heat carrier for these fluids. The scientist’s key task was to increase the thermal conductivity of the fluids®. One of
the approaches normally used in practice to deal with this problem is to maximize the heat exchanger’s contact
area. However, this approach takes to an unnecessary rise and scientific futility of heat control in the system
of heat transport. To control this situation, Choi” was the first, who introduced the idea of nanofluids for the
improvement of thermal conductivity. From this motivation, many researchers have involved nanofluids in their
research to improve the thermal conductivity of fluids in daily life problems®'2. Among them, Sheremet et al."*
reported Aluminium oxide water nanofluids for the application of solar collectors, where the problem is solved
by a numerical scheme named the finite difference method. Furthermore, Ali et al."* find the exact analysis of
nanofluids through the Laplace transform method. They used different types of nanoparticles i.e., Aluminium
oxide, titanium oxide, copper oxide, etc. in rotating frames for the application of solar collectors, to improve the
efficiency of solar collectors. Krishna and Chamkha'® used nanofluids for the application in biomedical engi-
neering along with the Hall effects on magnetohydrodynamic (MHD) unsteady flow, which helps in the cancer
treatment process. Molana'®!'” added a comprehensive review on nanofluids as an application in heat exchangers
and for the performance of thermal enhancement. The authors reported the information on the size and materi-
als of nanoparticles, length, base fluid, flow regime, Reynolds number, and concentration used during research.
Sajid and Ali'® reported a critical review of nanofluids, on the application of advanced and more recently used
heat transfer devices. The results of different parameters on the improvement of thermal conductivity using
nanofluids have been studied for the devices. Heat transfer equipment mentioned in this study includes a rotat-
ing tube, radiators, heat exchangers, tube heat exchangers, heat sinks, and shells. Various associations are often
compiled, correlated, and analyzed, which are used for investigational verification or established in reviewed
studies. Because normal fluids have low thermal conductivity as compared to nanofluids. As for the formation of
ions, nanomaterials are used to improve the expertise in the heat transfer of normal fluids, which subsequently
upsurges thermal conductivity. Since then, multiple progressions have been tracked by nanofluids, with various
classes.

By preparing hybrid (composite) nanoparticles, the thermal conductivity of the nanoparticles can be altered
or modified. Hybrid nanofluids are classified as base fluids that consist of two or more distinct nanometer-sized
materials. A brief review of the preparation, heat transfer, friction factor, and thermal properties are reported
by Sundar et al.”®. Sidik et al.” reported the method of planning, thermophysical properties, the efficiency of
hybrid nanofluid heat transfer, and method of stability investigation in various applications of heat transfer. In
addition, this report discusses hybrid nanofluid problems and several recommendations to enhance future studies
in this area. Ghadikolaei et al.?! examined the mathematical analysis of hybrid nanofluid over a stretching sheet
along with MHD. The combination of titanium dioxide and copper nanoparticles is taken along with water as
base fluid. The solution is obtained via Runge-Kutta (R-K) Fehlberg method. Furthermore, in the recent era,
many researchers have used different hybrid nanofluids with different combinations of nanoparticles for vari-
ous applications. Recently, some of them are, Yildiz et al.”>, Hayat and Nadeem?, Muhammad?*, Khan et al.>,
etc. Moreover, Khan et al.?® used clay nanoparticles along with heat transfer to the water cleaning process. The
problem was solved by using the Laplace transform method. To investigate the combined effects of heat and
mass transfer on the flow of water functionalized oxide and non-oxide nanofluids across porous media, as well
as thermal radiation and chemical reaction effects in MHD, is reported by Hussanan et al.?’. Authors used here
three types of basic fluids: water, kerosene, and motor oil, all of which include various forms of oxide and non-
oxide nanoparticles. Combining copper (Cu)-Aluminium oxide (Al203)/water hybrid nanofluid and magnetic
field to investigate the thermal efficacy of half-sinusoidal nonuniform heating at different spatial frequencies for
a porous natural convection system is reported by Biswas et al.”®. Some other researchers also studied water-base
hybrid nanofluid for different purposes in different fields*—2.

As mentioned above, it is very clear that hybrid nanofluid has numerous applications in different fields.
Besides this motivation, the novelty of this paper is to examine the scientific investigation of fractional math-
ematical analysis of hybrid nanofluid as an application in the water filtration process. For this purpose, the com-
bination of graphite and aluminium oxide nanoparticles with water-based fluid is considered in the existence of
porous medium and heat generation. The exact solution is investigated by the Laplace transform method. For
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Drilling Process

Figure 1. Schematic representation of the drilling process.
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Figure 2. Schematic diagram of the flow.

several reasons, the solutions obtained here are significant. These solutions can be used to verify the precision
of their results by experimentalists in various water filtration process applications. Engineers can utilize these
findings to decrease the number of experiments and time spent on practical work by altering different factors
during the drilling process. Al, O3 was chosen for its capacity to improve drilling mud rheological, electrical, and
thermal characteristics. Because of their shape, graphite (Gr) is used to offer reduced filtrate loss. Furthermore,
the Al O3, Gr combination is non-hazardous and ecologically safe, making it ideal for usage in sensitive settings
and applications, the drilling process is represented in Fig. 1.

Model formulation

Let us suppose an incompressible Newtonian viscous hybrid nanofluid between two infinite parallel plates. Water
is taken as a based fluid with the combination of graphite and aluminium oxide nanoparticles. The distance
between plates is d in a coordinate system. It is assumed that both plates are at rest and the temperature of the
left plate is ®¢, while the right plate temperature is ®,,. The flow of the fluid is due to free convection as shown

in Fig. 2.
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The Reynolds number is neglected, and no pressure gradient is assumed in the direction of flow. Maxwell’s
relations for the magnetic field and Newton’s second law for velocity. Maxwell’s set of equations is as follow™*:

—
V-B =0,
— =
V.E =-398
= LY
V-B=wl,
where
— - = -
7 =cro[E+V>< B}.

Moreover, the electromagnetic force is described as®

— > = - = = — ) .
Fon=J] x B :UO[E +V x B} x B = —oBju(y,t)i,

(1)

)

3)

where i is the unit vector in the x-direction. And V = (u(y, )i,0,0) By incorporating Fe,, in momentum equa-

tion of unsteady incompressible we get the following set of partial differential equation®:

Phnfw = Mhnf% +g(,0,6(~))hnf(®u(y’ t) — ©0) — OpurBu(y t)
- 2 u(y.).
where
Winf = =

(1= ¢a)**(1 = ¢2)**’
Phnf = $2ps2 + (1 — ¢52){(1 - ¢sl)pf + ¢slpsl},

(B = D2(PBo)a + (1 = 02){ (1 = 9a) (pBe)y + bt (0o |-

The energy equation is

320 (y,t)
dy?

90 (y, 1)
(pCP)hnf ot

= Knnf + Qo(® — By),

where oy, ( 0 Cp) inf and Kp,y are the heat capacity and thermal conductivity of nanofluids defined as®:

o =& {‘752(1 +26¢s2) + 2Uhf(1 — ¢s2) }
MO o= ¢0) + oy 2+ b)) S

3 26{oﬂ<1+2¢sl)+zaf(1—¢sl)}
Y7 00— ¢a) + 0,2 + ba1)

(PCo) g = $2(0Cp) o + (1 = 92){ (1 = 6 (0G), + 810Gy ) . |-
Kyr _ [ Ko+ (m — DKy — (m — Dot (Ky — Ka)
Ky Ko + (m — DKy + ¢ (Kf — Kq1) ’
Kung _ ) K2+ (m = DKy — (m — D¢ (Kpf — Ki2)
Ky 4 (m — DKy + ¢ (Kpy — Ka2) '

be
The physical IBC are:
u(y,O) =0, @(y, 0) = O for all y > 0,

u(0,t) =0, ©(0,t) =0, t >0,

u(d,t) =0, O(d,t) =0,, t >0,
the subsequent dimensionless variables are introduced for non-dimensionalization:

vf ® — 0 y d
:Et,eziy*zf u*z—u,

t*
0, — 6 d Vf

(5)

(6)
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used into Egs. (2)-(8), we get (for simplicity dropped * sign)

gly(y t) =gz@(y t) +g3Gnb (y,t) — geMu(y,t) — igzu(y t) (10)
ot ay? ’ S
30 (y.t) _ 0%0 (3, 1)
g Pr Py Q@( ,t) +gs IER (11)
u(y,O) =0, 9()/,0) =0 forall y >0, (12)
u(0,t) =0, 6(0,t) =0, t >0, (13)
u(l,t) =0, 0(L,t) =1, t >0, (14)
where
b= ><1_¢ o @> T 60”2 Gr, = $POUOr = O
Kf > 81 52 51 51 o 52 o >, U1y U3 >
1 (pBo)s1 (pBe)s2 Qod?
= N = (1 — ¢ 1 — a1 + ¢ s > =
&= ™1 g = ‘“){ Pt da (0Bo); } * (o)y K

(PCp) } + o (PCp) 2 _ (Kh”f), — Uh"f,kl _k
(pCP)f (/’Cp>f Ky bf &

King | Ko+ (m = DKy = (m = D (Ky = Kar) | [ K2 + (m = DKy = (m = Do (Kiy — Koo)
K¢ Ko + (m — DKy + ¢ (Kf — Kar) K + (m — 1)Ky + ¢ (Kpp — Koa) '

&= —¢s2){1 — ¢s1 + Ps1

Solution with fractional model
The flow chart of the problem is summarized in Fig. 3. Furthermore, the Caputo time fractional model of Egs.
(10) and (11) as follows:

u(y,t 1
a“Dlu(y.t) = gz% +g3Gr10(y,t) — gsMu(y.t) — Egzu(y, t), (15)
320 (y, ¢t
B PrODf () =g 5+ Qo ) 6
where
¢
af (ys
CD‘t"f(y, t) _ F(llfa) Of (t_l.[)a fg’vrr) dr,0<a <1
Z)fg)/,r) a=1
=, .

Apply the Laplace transform of Egs. (15) and (16) and simplify we get:
i 9 4 Q
(rq) = s QV e g5> 1
Vg [84 1 Q
Slnh ( M -+ gz) q

&3
. 5 814 £10
@ sinh <y o e . ( 294 Q)
1 &GN 3 2 sinh ( y +3

u(y.q) = - - . (18)
q [&e1q Beq sinh ( £9 4 Q)
89 Q_ /& £10 ; £ 810 +
e + © tgs + 3 sinh v + @ qtgs &

Equations (17) and (18) present the solutions of Egs. (15) and (16) in the transformed variable g. To obtain
the inverse Laplace transform by using the inversion method by**-*°, we get

(17)
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Proposed problem
\

| Mathematical formulation
. |
Initial Governing

condltlons / GQHationS \

Energy equation

Velocity equation

Boundary
conditions

Non dimensional analysis

Laplace — ___ PDEs smmmmmp ODEs

transform |

Inverse Laplace transform

Solutions

//\

Temperature field

Velocity field

- =

Graphical representation

Figure 3. Flow chart of the steps-wise procedure.
2 g o
0(r.t) == > Re{Ka (3. )}
(1) t; e K (7

00) = ¢ Lorefaa(n )}

where K; and aj are given as;

(19)

(20)

j K; %

1 12.83767675 +i 1.666063445 - 36,902.0821 + i 196,990.4257

2 12.22613209+1 5.012718792 61,277.02524 — i 95,408.62551
) —28,916.56288 +i

3 10.93430308 +i 8.409673116 18,169.18531

4 8776434715+ 11.92185389 4655.361138 — i 1.901528642
. —118.7414011 — i

5 5.225453361 +1 15.72952905 1413036911

Graphical results and discussion
See Figs. 3,4, 5,6,7,8,9,10, 11 and 12.

Results and discussion

The problem of hybrid nanofluid is solved by using the Laplace transform method. Results are computed and
discussed for several embedded parameters. Results are based on the nanoparticle’s thermophysical properties in
Table 1. Results plotted in Fig. 4 reflects the effect of fractional parameter « on velocity and temperature distribu-
tions. Different graphs for different values of « obtained for velocity and temperature profiles. These graphs are
obtained for various values of & while keeping other parameters constants. In addition, each graph is made for
a distinct value of «, which represents a solution so in this manner we have obtained various solutions. For the

Scientific Reports | (2022) 12:6524 | https://doi.org/10.1038/s41598-022-10398-3

nature portfolio



www.nature.com/scientificreports/

e
)

o
=

Temperature Profile
[=]
'S

e
o

e =0.1
- =02

et v = 0.3
0.16H— 04

e
=
2

Veloocity Profile
1=
(]

0.04f

05
%

« on temperature and velocity profile.

0.16

foe d,=0.01 o 4,-001
. g, =0.02 - ¢,=002
0.8H* $2=003 / 4 0.128} s ¢.=0.03
— g.=004 — .-004
2 ©
20,67 / 1 Eo.096
o A
£ z
S 0.4f {4  Zo.064f
2 I}
g >
(]
=0.2r . 0.032
% 05 i %0 05
)/’ .}
1 T T
fo—e ., =0.01
- &, =002
0.8 s ¢.,=0.03 / E 0.12r
l— 4,=004 /
2 2 2
=i =
206 ] 1 ooy
g z
E &
S 0.4f { 30.06f
g >
5
=0.2r B 0.03f
1
0 05 1 %0 0.5
y y
Figure 5. Results of volume fractional of both nanoparticles on temperature and velocity.
1 T 0.2 T
o G, 4,0, H,0 e Gr. 4,0, H,0
-8 G .H,0 == Gr . H,O
0.8F |#=* 410, H,0 § 0.161 [=* 4:0. 7.0
2 — H,0 B H,0
20.61 - t‘é 0.12+
5 &
£ z
< 0.4F b 20.08-
& ©
g >
]
=02} 1 0.04f
1 0 L
°0 0.5 1 0 0.5
Y b

Figure 6. Comparison of hybrid nanofluid with nanofluid on temperature and velocity profile.
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Figure 8. Results of heat generation Q on temperature and velocity.
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experimentalists, it is easy to select the best curve fitting graph, which can be in good agreement with the results
of real data. When ¢ is increased from 0.01 to 0.04, the velocity of the hybrid nanofluid is decreased for both
particles, ¢ for one particle and ¢y, for the second one. Physically this phenomenon says that with increasing
values of volume fraction, the viscous forces become stronger due to which velocity retards. This physical trend is
noted in Fig. 5 for both nanoparticles volume fractions. Which makes a strong agreement with the physics of the
volume fraction of hybrid nanofluids. The comparison of Al O3, Gr (hybrid nanofluid) is shown with respect to
water-base Gr and Al O3 nanofluid in Fig. 6. It is observed that the velocity of the Al O3, Gr (hybrid nanofluid) is
lower as compared to other nanofluids. Physically, this is true because the density of Al;O3, Gr (hybrid nanofluid)
is greater than the density of other nanofluids which is a factor to decrease the velocity. Moreover, the tempera-
ture distribution shows the same behavior as that of the velocity profile. As Al,O3, Gr (hybrid nanofluid) has
higher thermal conductivity than other nanofluids but less density. Consequently, Al O3, Gr (hybrid nanofluid)
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Figure 12. Comparison plot of the present solution with Saqib et al.*.

transfers more heat compared to other nanofluids and are less dense, as a result, the temperature distributions
of AL, O3, Gr (hybrid nanofluid) is lower than other nanofluids. The effect of the shape factor on the velocity
and temperature profiles has been depicted in Fig. 7. The hydrogen bonding of hybrid nanofluid produces an
important argument in thermal conductivity thus the velocity and temperature distribution are enhanced. The
temperature profile for blade shape hybrid nanoparticles is maximum while for brick shape nanoparticles the
temperature distribution is minimum. Similarly, the velocity profile for blade shape is maximum and minimum
for brick shape nanoparticles. Figure 8 illustrates the influence of heat generation in temperature and velocity
field, it is notified that heat generation boosts the temperature and velocity. When Q is set to a higher value, it
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Base fluids | Nanoparticles
Material Water AL O3 Gr
p(kg/m?) 997.1 3970 1300
¢ (J/kgK) 4179 765 830
K(W/mK) 0.613 40 12
Bx107°(K™) |21 0.85 2.83
o (Qm) 0.05 3.5*1006 | 3.3
Pr 6.2 - -

Table 1. Base fluid and nanoparticles thermophysical properties’.

$s1 + P52 Nu %age

0 0.27

0.01 0.294 8.888889
0.02 0.319 | 18.14815
0.03 0.344 | 27.40741
0.04 0.371 | 37.40741
Different fluids | Nu Y%age
Water 0.27 0

Gr 0.313 | 15.92593
ALO, 0.321 | 18.88889
Gr-ALO, 0.371 | 37.40741
Shape, m Nu %age
Bricks, 3.9 0.287 |0
Cylinders, 4.9 0.296 | 3.135889
Platelets, 5.7 0.303 | 5.574913
Blades, 8.6 0.319 | 11.14983

Table 2. The percentage variation of Nusselt number.

indicates that the device has absorbed more heat, resulting in a weaker intermolecular attractive force, which
causes the temperature and velocity profiles to rise. Figure 9 reflects the influence of Gr1 on the velocity of hybrid
nanofluid. Gry is the ratio of thermal to viscous forces, the dominancy of thermal forces for the fluid velocity for
enhancement? That is why the increasing behavior of velocity of hybrid nanofluid is pictured in Fig. 9. Figure 10
stipulates that enhancing the magnetic parameter M provides a considerable hindrance to the flow behavior.
This hindrance is due to the fact that enlargement of M strengthens the Lorentz forces, which by nature are resis-
tive forces. Therefore, due to these strong resistive forces’ retardation occurs in the fluid flow, and a decrease in
boundary layer thickness is seen.

The last Fig. 11 illustrates the effect of the porosity parameter k; on velocity profile, which enhances the veloc-
ity of the fluid. This is due to a decrease in the resistance of the porous medium, which leads to an increase in
the thickness of the momentum boundary layer. By puttingee = 0.5, M = 1.5, Gr =5, k; =15t =1,Q =0
and ¢s1 = ¢52 = 0 our solution is reduced to the solution of Saqib et al.*’, which is presented in Fig. 12. Table 2
highlights the variation of Nusselt number for classical, unitary, and hybrid nanofluids nanoparticles, compara-
tive analysis with nanofluid and shape effect of nanoparticles. It is observed that the enhancement of the rate of
heat transfer is boosting up to 37.40741% by using hybrid nanofluid compared to unitary nanofluids, and up
to 11.14983% by adding differently shaped nanoparticles in the base fluids. The variation of skin fraction for
both plates is present in Table 3. It is observed from this table that increasing the volume fraction of nanofluid
increases the skin faction on a left plate while the opposite behavior on the right plate. It is also clear that blades
shaped nanoparticles have a high skin fraction on a left plate while BricK’s shape nanoparticles have a high skin
fraction on the right plate.

Summery

In the water filtration process application, this mathematical model is developed and analyzed with the combi-
nation of nanoparticles which make hybrid nanofluid. The results (graphical and tabulated) are purely obtained
by numerical inversion of the Laplace transform. The different parameters are analyzed for the velocity and
temperature profile. The comparison is also explored for nanofluid and hybrid nanofluid with graphite and
aluminium oxide nanoparticles. The main outcomes are as follows.

Scientific Reports |

(2022) 12:6524 | https://doi.org/10.1038/s41598-022-10398-3 nature portfolio



www.nature.com/scientificreports/

51 + b2 Cfaty=0 [Cfaty=1
0 0.635 - 1.692
0.01 0.667 - 1.743
0.02 0.719 - 1.841
0.03 0.795 -2

0.04 0.887 -2.196
Different fluids |Cfaty =0 |[Cfaty=1
‘Water 0.635 —-1.692
Gr 0.66 -1.737
ALO, 0.638 - 1.689
Gr-ALO, 0.667 —1.743
Shape, m Cfaty=0 |Cfaty=1
Bricks, 3.9 0.667 -1.743
Cylinders, 4.9 0.674 —-1.753
Platelets, 5.7 0.679 -1.76
Blades, 8.6 0.7 -1.796

Table 3. The variation of skin fraction on both plates.

The fractional parameter provides the range of solution for temperature and velocity profile which makes
the analysis more general as compared to the classical one.

The hybrid nanofluid has enhanced the temperature and retard the velocity, which helps in the rate of heat
transfer during the drilling process.

The shape effect of nanoparticles reduced the temperature and velocity profile, which means that different
shapes of nanoparticles should be used to control the temperature and velocity of the hybrid nanofluid during
the filtration process by adding different shapes of the nanoparticle.

Dissolving the hybrid nanocomposite (Al,O3, Gr) in a water-base enhances the rate of heat transfer up to
37.40741%, which is higher than unitary nanofluid.

The blade’s shape of nanoparticles enhances the rate of heat transfer up to 11.14983% rather than other shapes
of nanoparticles during the filtration process.

The skin fraction on both plates can be controlled by adding hybrid nanofluid, the volume fraction of nano-
particles, and by adding different shapes of nanoparticles.

Lastly, I endorse some suggestions for future research to the readers as below.

The following concept can be applied to various geometries of calendrical coordinates.

One way to explore the same concept for different types of fluids with slip boundary conditions.
Furthermore, some new fractional derivatives can be used to more effectively summarise present fluid models
along with concertation equations.
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