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A B S T R A C T   

The aim of this study is to enhance the fuel economy of a continuously variable tractor trans
mission by analyzing its energy and fuel consumption. First, we present the principle of a self- 
developed tractor transmission based on power splitting and examine its parasitic power char
acteristics. Next, we construct a mathematical model of the hydraulic system, mechanical system, 
and entire transmission, calibrating the model to ensure the accuracy of subsequent results. We 
then perform a systematic analysis of the energy and fuel consumption of the tractor transmission. 
Finally, we optimize the transmission through design and power matching, investigating the 
impact of changes in parameters and control strategies on the fuel economy of the transmission. 
The results indicate that fuel consumption can be reduced by 2%–14% through parameter opti
mization and by an additional 0%–20% through appropriate power matching.   

1. Introduction 

The tractor is the most important power machinery used in agriculture. Because they consume a significant amount of diesel every 
year, it is important to design tractors with good fuel economy to ensure the sustainable development of agriculture. The fuel con
sumption of traditional tractors is largely determined by the performance of the engine [1–4]. Currently available diesel engines have 
thermal efficiencies exceeding 51%, but they are approaching the limits of their performance. 

Hydrostatic power-split continuously variable transmission (CVT) [5,6] can optimize the engine’s operation by automatically 
adjusting the speed of the engine to match the transmission ratio, improving fuel economy. The German manufacturer Fendt was the 
first to develop the hydrostatic power-split CVT called Vario [7,8], which was installed in its 191 kW Favorit 926 tractor. With 45◦

variable bent-axis units jointly developed with Sauer Sundstrand (called Sauer Danfoss today), Vario’s full-load efficiency with the axle 
can be maintained at 78%–84%. Soon after, other tractor manufacturers [9–11], such as ZF and Claas, introduced their own CVTs. 

Most of these transmissions use multi-range speed regulation [12–14] to eliminate dependence on high-performance hydraulic 
components and to regulate speed over a wider range while reducing the hydrostatic power portion in each range. For example, the 
full-load efficiency of HM8 with seven ranges of speed regulation can reach 89%–94%. However, multi-range technology is not always 
effective in this context. In recent years, some inexperienced manufacturers have begun developing hydrostatic power-split CVTs, but 
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tractors equipped with these transmissions often have insufficient power and high fuel consumption. Without theoretical guidance, the 
developmental cost of the CVT tractor is unbearable for many manufacturers. The problems related to fuel economy have become a 
technical bottleneck in the industrialization of CVT tractors in many countries. 

To reduce fuel consumption in CVT tractors, there are two approaches: energy-saving design and engine power matching. In the 
context of energy-saving design, Rossetti and Macor [15] optimized the efficiency of the hydrostatic power-split CVT based on the 
multi-objective particle swarm optimization (PSO) algorithm, and applied it to different configurations of the planetary gear in 
subsequent research [16]. Xia et al. [17] reported similar research based on the NSGA-II (non-dominant sorting genetic algorithm II) 
multi-objective genetic algorithm. In addition to efficiency, researchers have sought to optimize the transmission and torque ratios of 
the CVT. In the context of engine power matching, Ince and Güler [18] compared the fuel consumption of the hydrostatic power-split 
CVT and traditional mechanical shift transmission under a specific matching strategy, while Rossetti et al. [19,20] compared the fuel 
consumption of the hydrostatic power-split CVT and power shift transmission. Their results clearly showed that the fuel economy of 
the hydrostatic power-split CVT is significantly better than that of traditional transmissions. 

However, past studies have not uncovered the laws of influence and underlying mechanisms that affect energy and fuel con
sumption in transmissions, making it challenging to obtain generally correct and systematic information. Additionally, previous 
research on CVT fuel economy has not focused extensively on tractors, and the control strategies and performance evaluation criteria 
[21–23] used in traditional road vehicles are not easily transferable to tractors operating in complex conditions. To overcome the 
limitations of prior research and provide sound theoretical support for the development of CVT tractors, this study uses a newly 
developed CVT as a case example to systematically examine the design of the transmission and the theory of power matching in 
hydrostatic power-split tractor transmissions. 

Nomenclature 

ne, nt Output speeds of engine and CVT, respectively. [r/min] 
e Displacement ratio of pump to motor 
k Standing ratio of planetary gear 
k1, k2 Standing ratios of planetary gears p1 and p2, respectively 
Vpmax, Vm Rated displacements of pump and motor, respectively. [m3/rad] 
np, nm Speeds of pump shaft and motor shaft, respectively. [r/min] 
Cs Total leakage coefficient 
Δp Pressure difference between inlet and outlet of the motor. [Pa] 
μ Dynamic viscosity of hydraulic oil. [Pa⋅s] 
Tp, Tm Torques of pump shaft and motor shaft, respectively. [N⋅m] 
fp, fm Viscosity damping coefficients of pump shaft and motor shaft, respectively. [N⋅m⋅s/rad] 
np, nm Speeds of pump shaft and motor shaft, respectively. [r/min] 
Cfp, Cfm Pressure-dependent friction loss coefficients of pump shaft and motor shaft, respectively 
icsr Transmission ratio of conversion mechanism of planetary gear 
ns, nr, nc, npl Speeds of sun gear, ring gear, carrier, and planet gear, respectively. [r/min] 
zs, zr, zpl Numbers of teeth of sun gear, ring gear, and planet gear, respectively 
nc

pl Speed of the planet gear in the conversion mechanism of planetary gear. [r/min] 
nc

s , nc
r Speeds of sun gear and ring gear in the conversion mechanism of planetary gear, respectively 

Ts, Tr, Tc Torques of sun gear, ring gear, and carrier, respectively. [N⋅m] 
ηsr Transmission efficiency of planetary gear 
m Modulus of gear 
ngi, ngo Input and output speeds of gear pair, respectively 
Tgi, Tgo Input and output torques of gear pair, respectively. [r/min] 
ηg Transmission efficiency of gear pair 
ig Transmission ratio of gear pair 
φt Coefficient of CVT loss 
Te, Tt Output torques of engine and CVT, respectively. [N⋅m] 
ge, gt Fuel consumption of engine and “engine-transmission” system, respectively. [g/(kw⋅h)] 
i∗R4 Minimum transmission ratio of the CVT range HM4 

Ψ Common ratio of the CVT 
ξ, σ Objective function and constraint function for CVT energy consumption optimization, respectively  
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2. Methods and materials 

2.1. Powertrain 

Fig. 1 shows the powertrain of the hydrostatic power-split CVT, which is a typical planetary input-coupled CVT with a hydrostatic 
starting range HY and four hydrostatic power-splitting ranges, HM1-HM4, enabling variable tractor speed regulation between 0 and 50 
km/h. A Simpson planetary gear set consisting of two standard planetary gears, p1 and p2, works alternately in the HM1/HM3 and 
HM2/HM4 ranges, respectively. The CVT speed in each range can be adjusted by varying the displacement of the variable-displacement 
pump, while wet clutches enable shifting between adjacent ranges. 

If the motor and pump shafts rotate in the same direction, the pump displacement is positive; otherwise, it is negative. To simplify 
later derivations, we define the “low-speed side” of the range as the range where the pump displacement is positive in HM1 and HM3 or 
negative in HM2 and HM4, while the “high-speed side” is defined as the remaining range. Hydraulic transmissions consume more 
energy than mechanical transmissions, and the energy consumption of the CVT increases with the portion of hydrostatic power. Fig. 2 
shows the portion of hydrostatic power for each range of the power-split CVT. The maximum hydrostatic power portion on the low- 
speed side of each range was 0.44, while the maximum on the high-speed side was 0.23. This phenomenon was due to parasitic power 
consumption inside the hydraulic system on the low-speed side of each range, which increased the energy consumption of the 
transmission without being output. 

2.2. Modeling 

2.2.1. Swash-plate axial piston units 
The swash-plate axial piston units consist of a variable-displacement pump and a fixed-displacement motor with the same rated 

displacement. Hydraulic oil is typically treated as an incompressible fluid. As a result, the pump flow equals the sum of the motor flow 
and leakage, given by: 

πVpmaxnpe
/

30= πVmnm
/

30 + CsΔp
(
Vpmax +Vm

) /
μ (1)  

where Vpmax and Vm are the rated displacements of the pump and motor, respectively, m3/rad; np and nm are the speeds of the pump 
shaft and motor shaft, respectively, r/min; e is the displacement ratio of the pump to motor; Cs is the total leakage coefficient; Δp is the 
pressure difference between the inlet and outlet of the motor, Pa; μ is the dynamic viscosity of the hydraulic oil, Pa⋅s. 

According to the law of energy conservation, the pressure-induced energy of the hydraulic motor should be equal to its converted 
mechanical energy. Thus, we get: 

Fig. 1. Powertrain of hydrostatic power-split transmission.  
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ΔpVm = Tm + fmnmπ
/

30 + CfmΔpVm (2)  

where Tm is the torque of the motor shaft, N⋅m; fm is the viscosity damping coefficient of the motor shaft, N⋅m⋅s/rad; Cfm is the pressure- 
dependent friction loss coefficient of the motor shaft. 

Similarly, the torque of the pump can be deduced as follows: 

− ΔpVpmaxe = − Tp + fpnpπ
/

30 − CfpΔpVpmaxe (3)  

where Tp is the torque of the pump shaft, N⋅m; fp is the viscosity damping coefficient of the pump shaft, N⋅m⋅s/rad; Cfp is the pressure- 
dependent friction loss coefficient of the pump shaft. 

2.2.2. Planetary gears and gear pairs 
The rotational speeds of the sun gear, ring gear, and carrier of the standard planetary gear satisfy the following relationship: 

ic
sr =(ns − nc)

/
(nr − nc)= − zr

/
zs = − k (4)  

where icsr is the transmission ratio of the planetary gear conversion mechanism; ns, nr, and nc are the speeds of the sun gear, ring gear, 
and carrier, respectively, r/min; zs and zr are the numbers of teeth of the sun gear and ring gear, respectively; k is the standing ratio of 
the planetary gear. Therefore, we get: 

ns + knr − (1+ k)nc = 0 (5)  

when the power flows from the sun gear to the ring gear in the conversion mechanism, we get: 

Trnc
r + Ts

(
nc

s

)
ηsr = 0 (6)  

Tr +Ts(ns − nc) / (nr − nc)ηsr = Tr − Tskηsr = 0 (7)  

where Ts and Tr are the torques of the sun gear and ring gear, respectively, N⋅m; nc
s and nc

r are the speeds of the sun gear and ring gear in 
the conversion mechanism of the planetary gear, respectively, r/min; ηsr is the transmission efficiency of the planetary gear. Thus, we 
obtain: 

Ts =Tr / (kηsr) (8) 

Considering that the torque among the three basic components meets the relationship 

Tr +Ts + Tc = 0 (9)  

where Tc is the torque of the carrier, N⋅m. 
Eq. (8) can also be expressed as 

Fig. 2. Analysis of the transmission parasitic power.  
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Ts = − Tc / (1+ kηsr) (10) 

Similarly, when the power flows from the ring gear to the sun gear, the following equation can be obtained: 

Ts =Tr / (k / ηsr) (11)  

Ts = − Tc / (1+ k / ηsr) (12) 

The power flow direction in the planetary gear conversion mechanism can be determined through force analysis, as shown in Fig. 3 
(a)–(b). To ensure force balance of the planet gears, when power flows from the sun gear to the ring gear, the torque direction of the 
carrier should be opposite to that of the ring gear and the sun gear. Therefore, the conditions for identifying power flow from the sun 
gear to the ring gear are as follows: planetary gear p1 must satisfy nc

pl × Tc > 0, and planetary gear p2 must satisfy nc
pl × Tr < 0. Similarly, 

when power flows from the ring gear to the sun gear, planetary gear p1 must satisfy nc
pl × Tc < 0, and planetary gear p2 must satisfy nc

pl 

× Tr > 0. 
The rotational speed of the planet gear in its conversion mechanism can be obtained by the following method: 
Because the linear velocities of the ring gear and planet gear at the pitch point are equal, we have: 

m
(
zs + zpl

)
nc +mzplnpl =mzrnr (13)  

where m is the modulus of the gear; zpl is the number of teeth of the planet gear. 
Note that 

zr = zs + 2zpl (14) 

Substituting Eqs. (4), (5) and (14) into Eq. (13) yields: 

npl =(knr − ns)
/
(k − 1) (15)  

where npl is the speed of the planet gear, r/min. 
Thus, the rotational speed of the planet gear in its conversion mechanism is 

nc
pl = npl − nc =(knr − ns)

/
(k − 1) − nc (16)  

where nc
pl is the speed of the planet gear in the conversion mechanism of the planetary gear, r/min. 

Equations for the speed and torque of each gear can be obtained as follows based on analyses similar to the above: 

ngo = ngi
/

ig (17)  

Tgi = Tgo
/ (

igηg exp
(
sign

(
ngiTgo

)))
or Tgi = Tgo

/ (
igηg exp

(
sign

(
− ngoTgi

)))
(18)  

where Tgi and Tgo are the input and output torques of the gear pair, respectively, r/min; ig is the transmission ratio of the gear pair; ηg is 

Fig. 3. Force analysis of the mechanism of planetary gear conversion under different directions of power flow: (a) Power flows from the sun gear to 
the ring gear. (b) Power flows from the ring gear to the sun gear. 
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the transmission efficiency of the gear pair; ngi and ngo are the input and output speeds of the gear pair, respectively, r/min. 

2.2.3. Power-split transmission 
For a given input speed, displacement of the pump, and load torque, the speed and torque of each shaft of the CVT can be solved for 

by Eqs. 1–18, as shown in Fig. 4. The coefficient of loss Φt can then be used to determine the energy consumption of the CVT according 
to the ratio of output power to input power, as shown in Eq. (19): 

φt = 1 − (ntTt) / (neTe) (19)  

where Φt is the coefficient of CVT loss; ne and nt are the output speeds of the engine and CVT, respectively, r/min; Te and Tt are the 
output torques of the engine and CVT, respectively, N⋅m. 

In the given equations, most mechanical parameters, such as gear transmission ratios, are known. The transmission efficiency of 
each gear pair can be obtained by consulting relevant design manuals according to actual machining accuracy and operating envi
ronment. However, fp, fm, and Cs/μ are important parameters that have a significant impact on CVT energy consumption and are 
difficult to determine. These parameters can be calibrated by limited tests under different working conditions, using the following 
calibration process: 

Step 1. Measure the pressure difference between the inlet and outlet of the pump under different CVT ranges and pump displace
ment. Adjust fm at intervals to make the simulation results of pressure difference consistent with test results. 

Step 2. Measure the output speed and input torque of the CVT under different loads and pump displacement. Adjust Cs/μ at intervals 
to make the simulation results of CVT output speed consistent with test results. 

Step 3. Adjust fp at intervals to make the simulation results of CVT input torque consistent with test results. 

Calibration can be carried out in any CVT range. In this study, the calibration of pressure difference was carried out in ranges HM1 
and HM2, and a magnetic powder brake suitable for low-speed loading was used as the loader. The calibration of speed and torque was 
carried out in range HM4, and a dynamometer suitable for high-speed loading was used as the loader. To avoid dynamic load inter
ference in the calibration process, the engine was operated in idle mode during the test. The test bench used for model calibration is 
shown in Fig. 5 (a). The calibration curve and data are shown in Fig. 5 (b)–(c), Table 1, and Table 2. The average calibration errors of 
pressure difference, speed, and torque are − 0.0808 MPa, 0.2569 r⋅min− 1, and − 0.6109 N m, respectively, which are sufficient for the 
research needs of this study. 

3. Results 

3.1. Energy consumption 

According to research by Renius and Resch [9,25], a tractor typically operates at a speed of 4–20 km/h throughout its lifecycle. 
Thus, we examined the energy consumption of a CVT tractor operating within this speed range, as it is mainly used for farmland 
operation. Using the aforementioned model, we obtained the coefficient of CVT loss at any speed and torque of the engine, as depicted 
in Fig. 6 (a)–(i). The results of our calculations are as follows:  

(1) The higher the output power of the CVT, the lower its energy consumption for the same speeds of the tractor and engine. This is 
due to a lower increase in the loss of CVT power compared to the increase in the total power, resulting in a reduced ratio of loss 
of the CVT power to the total power.  

(2) The contour line of energy consumption of the CVT for the same speed and range of the tractor is “U” shaped. This is because the 
higher the absolute value of the displacement of the pump, the higher the portion of hydrostatic power and the energy con
sumption of the CVT. As the engine speed increases, the displacement of the pump first decreases to zero and then increases in 

Fig. 4. Flowchart of calculation of the rotational speed and torque of each transmission shaft.  
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the opposite direction to maintain the tractor’s speed at the specified value. This causes the energy consumption of the CVT to 
first decrease and then increase with an increase in engine speed.  

(3) The energy consumption of the CVT on the high-range side of the shift point is significantly higher than on the low-range side, 
for the same tractor speed and output power of the CVT. This is because the high-range side of the shift point is also the low- 
speed side of the range where parasitic power is generated, which increases the energy consumption of the CVT.  

(4) A combination of low engine speed and high range reduces the energy consumption of the CVT for the same tractor speed and 
output power of the CVT. This is due to a decrease in the input speed of the CVT, which reduces the energy consumption caused 
by the viscous damping of the transmission system. When a high range is used, the torque of the engine increases due to a 
reduction in the transmission ratio, further reducing the energy consumption of the CVT. 

3.2. Fuel economy 

In this study, the system fuel consumption of the “engine-transmission” system, denoted as gt, is used as an evaluation index of the 

Fig. 5. Test calibration of CVT model for energy consumption calculation. (a) Test bench (reproduced from Ref. [24]). (b) Calibration results of 
pressure difference. (c) Calibration results of engine torque and CVT speed. 

Table 1 
Calibration results of pressure difference between inlet and outlet of the pump.  

Sample point Range e Measured/(MPa) Simulated/(MPa) Absolute error/(MPa) 

1 HM1 1 0.1308 − 0.1460 − 0.2768 
2 HM1 0.42 0.8958 1.0923 0.1965 
3 HM1 − 0.4 3.3095 3.0257 − 0.2838 
4 HM1 − 1 4.5493 4.4674 − 0.0819 
5 HM2 − 1 − 1.2289 − 1.5427 − 0.3138 
6 HM2 − 0.43 − 3.3975 − 3.0881 0.3094 
7 HM2 0 − 3.9035 − 4.0188 − 0.1153  

Table 2 
Calibration results of CVT output speed and input torque.  

Sample point e ne/(r⋅min− 1) Tt/(N•m) nt/(r⋅min− 1) Te/(N•m) 

Measured Simulated Absolute error Measured Simulated Absolute error 

1 − 1 748.9642 129.209 621.1877 622.7351 1.5474 166.5373 167.7689 1.2316 
2 − 0.73 748.6838 138.8624 696.1852 694.8465 − 1.3387 184.9833 178.4467 − 6.5366 
3 0 749.3272 164.5161 892.1236 892.0024 − 0.1212 231.1762 236.9146 5.7384 
4 0.73 749.6422 187.7536 1089.8956 1088.647 − 1.2486 337.9093 340.3149 2.4056 
5 1 748.8887 192.7692 1157.8764 1160.322 2.4456 389.3009 383.4074 − 5.8935  
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Fig. 6. Map of energy consumption of the CVT at different tractor speeds: (a) 4 km/h (b) 6 km/h (c) 8 km/h (d) 10 km/h (e) 12 km/h (f) 14 km/h 
(g) 16 km/h (h) 18 km/h (i) 20 km/h. 
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tractor’s fuel economy, and can be expressed as follows [26,27]: 

gt = ge / (1 − φt) (20)  

where ge and gt are the fuel consumption of the engine and “engine-transmission” system, respectively, in g/(kw⋅h). 
System fuel consumption physically represents the fuel consumed by the engine per unit output work of the CVT. The map of energy 

consumption of the CVT can be converted into the map of system fuel consumption through Eq. (20), based on data on the loss co
efficient in the energy consumption of the map of the CVT above and the data on fuel consumption in the map of the engine, as shown 
in Fig. 7 (a)–(i). The distribution of smoke in the engine is marked in the map to analyze the characteristics of emissions of the CVT 
tractor. The results of the calculation showed the following:  

(1) For the same speed and range of the tractor, the contour line of system fuel consumption was also “U” shaped due to the 
significant influence of energy consumption of the CVT on the fuel economy of the tractor. 

Fig. 7. Map of system fuel consumption at different tractor speeds: (a) 4 km/h (b) 6 km/h (c) 8 km/h (d) 10 km/h (e) 12 km/h (f) 14 km/h (g) 16 
km/h (h) 18 km/h (i) 20 km/h. 

Fig. 8. Influence of hydraulic parameters on the energy consumption of the CVT: (a) Influence of fm on the CVT loss when fp = 0. (b) Influence of fm 
on the pump pressure when fp = 0. (c) Influence of fm on the CVT loss when fp = 0.12. (d) Influence of fm on the pump pressure when fp = 0.12. (e) 
Influence of fm on the CVT loss when fp = 0.24. (f) Influence of fm on the pump pressure when fp = 0.24. 
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(2) Some laws from energy consumption analysis are still applicable to the analysis of the fuel economy of the tractor, owing to the 
significant influence of energy consumption by the CVT on system fuel consumption. For example, a combination of low engine 
speed and a high CVT range is still an effective approach to ensure the fuel economy of the tractor.  

(3) The distribution of system fuel consumption changed with tractor speed, but the map of distribution of smoke in the engine was 
fixed and made it difficult to ensure the fuel economy of the tractor while reducing its emissions when controlling the engine 
and the CVT. 

4. Discussion 

4.1. Design-based optimization 

According to Eqs. (1)–(3), five parameters of the hydraulic system, fp, fm, Cs/μ, 1-Cfp, and 1-Cfm, may affect the energy consumption 
of the CVT. However, among them, only fm and fp are controllable in the design of the CVT and can affect its energy consumption. Fig. 8 
(a)–(f) shows their influence, with the data calculated based on the same external characteristic point of the engine, i.e., ne = 1500 r/ 
min and Te = 752 N m. Results showed that: 

(1) For the same ranges and values of fp and fm, the greater the absolute displacement of the pump, the higher the energy con
sumption of the CVT. Energy consumption on the low-speed side of the range was higher than that on the high-speed side due to 
the difference in energy consumed by the CVT caused by hydrostatic power and parasitic power.  

(2) For the same range and value of fp, when fm was large, the difference in pressure between the inlet and outlet of the pump on the 
low-speed side of the range was lower than that on the high-speed side, and the reverse case occurred when fm was small. 
Reducing fm led to a decrease in energy consumption of the motor on the low-speed side, offsetting part of the CVT’s energy loss 
caused by parasitic power. On the high-speed side, the energy consumption of the CVT showed a trend of decrease due to a 
decrease in friction loss caused by fm. A smaller fm reduced the difference in energy consumption between the low-speed side and 
the high-speed side of the range, thus reducing the overall energy consumption of the CVT.  

(3) For the same range and value of fm, the energy consumption of the CVT increased with the value of fp, which was proportional to 
the friction-induced torque generated at the same input speed. The actual fp might have been small, but the viscous damping 
related to the input speed in the entire transmission system was superimposed on the pump shaft and could not be ignored. 

Fig. 9. Influence of mechanical parameters on energy consumption of the CVT: (a) Influence of i3 on the CVT loss when k2 = 1.8. (b) Influence of i3 
on the pump pressure when k2 = 1.8. (c) Influence of i3 on the CVT loss when k2 = 3. (d) Influence of i3 on the pump pressure when k2 = 3. 
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The parameters of the mechanical system mainly refer to the parameters of gears of the transmission. We focus on the effect of the 
gear pair g3 transmission ratio and planetary gears p1 and p2 standing ratios on the CVT energy consumption, as illustrated in Fig. 9 
(a)–(d). It is worth noting that the transmission is an equal-ratio CVT that adheres to the following equation: 

k1 = k2 + 1 (21) 

The calculations yielded the following results:  

(1) With the same planetary gear standing ratio, increasing the transmission ratio i3 led to a significant rise in pressure difference 
between the pump’s inlet and outlet while lowering the pump and motor rotational speeds. As mentioned earlier, both 
decreasing the pump input speed and increasing the pressure difference between the pump inlet and outlet can reduce energy 
consumption. However, the pump and motor had maximum pressure limits, limiting the transmission ratio i3. Thus, it was 
necessary to verify the pump and motor working pressures when determining i3.  

(2) With the same transmission ratio i3, the planetary gear standing ratio had little impact on the energy consumption of the CVT. 

The above analysis indicates that reducing fp and fm and increasing the transmission ratio i3 are effective ways to reduce the energy 
consumption of the CVT. fp determines the energy loss associated with the input speed of the CVT, and its value is affected by the 
viscous damping of the entire transmission, not just the pump. Therefore, optimizing the bearings and gears can help reduce the value 
of fp. Similarly, fm can also be optimized, but a more convenient method is to use a fixed bent-axis motor instead of a swash-plate motor, 
as it usually has lower frictional loss [28]. 

In the design of the CVT, it is easier to reduce energy consumption by optimizing the gear parameters than by optimizing the 
parameters of the hydraulic system. However, the coupling relationship between the parameters must be considered. Generally, the 
optimization problem needs to determine the optimization variables, the objective function, and the constraint conditions.  

(1) Optimization variables. To maintain the speed regulating range of the tractor before and after optimization, the gear parameters 
of the CVT need to be determined by Eq. (21) and Eqs. 22–26: 

i2 = i3i4(k2 + 1)(Ψ − 1) / (Ψ+ 1) (22)  

τ1 = i6i10 = 2 × i∗R4Ψ
/
[(Ψ − 1)k2i3i4] (23)  

τ2 = i8i11 = τ1Ψk2 / (k2 + 2) (24)  

τ3 = i5i10 = τ2Ψ(k2 + 2) / k2 (25)  

τ4 = i7i11 = τ3Ψk2 / (k2 + 2) (26)  

where i∗R4 is the minimum transmission ratio of the CVT range HM4, which determines the maximum driving speed of the tractor; Ψ is 
the is the common ratio of this equal-ratio CVT. Note that the transmission ratio of gear pairs g5, g6, g7, g8, g10, and g11 is not sig
nificant, as the theoretical energy consumption of the CVT depends only on their product τx (where x = 1, 2, 3, 4). Once the parameters 
i3, i4, and k2 are specified, all the CVT parameters k1, i2, and τx used for energy consumption calculation can be uniquely determined.  

(2) Objective function: Due to the high input speed and low input torque, the CVT has the highest full-load energy consumption at 
the rated operating point of the engine (2200 r⋅min− 1, 584 N m). We evaluate the energy consumption level of the CVT using the 
average value of the CVT loss coefficients under six working conditions at the engine’s rated speed and torque: ① Range HM1, e 
= − 1; ② Range HM1, e = 0; ③ Range HM1, e = 1; ④ Range HM2, e = − 1; ⑤ Range HM2, e = 0; ⑥ Range HM2, e = 1. Note that 
due to the same transmission structure, the CVT theoretically has the same full-load energy consumption in ranges HM1 and 
HM3, as well as in ranges HM2 and HM4.  

(3) Constraint conditions: The CVT has a maximum input torque of 752 N m when the engine operates at 1500 r/min. To avoid 
excessive pressure in the hydraulic system, the pressure difference between the inlet and outlet of the pump should not exceed 
30 MPa under this working condition. 

To summarize, the energy consumption optimization of the CVT can be described by Eq. (27): 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

min ξ(X,HMi, e) =
∑

i,e
φt/6 ne = 2200 r • min− 1,Te = 584 N • m

∀i = 1, 2, e = 0,±1
s.t. max(σ(X,HMi, e) = |Δp|) ≤ 30 MPa ne = 1500 r • min− 1,Te = 752 N • m

∀i = 1, 2, e = 0,±1
X = (i3, i4, k2), i3 ∈ [0.5, 1.5], i4 ∈ [1, 3],

k2 ∈ {1.8, 2.15, 2.55, 3}

(27)  

where ξ is the objective function, and σ is the constraint function. 
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There are only three free variables in this problem, of which the value of k2 is standardized, and it can only be taken from the 
relevant design manuals to meet the tooth matching requirements. Therefore, the solution domain of this optimization problem can be 
visualized. The domain analysis facilitates searching for the optimal solution, and it is simpler than traditional methods like genetic 
algorithms, and helps identify the impact of parameter matching on transmission energy consumption. Fig. 10 (a)–(b) shows the 
operation process and results of domain analysis. The calculations showed that (1) the energy consumption of CVT decreases 
significantly with an increase in i3, which agrees with the conclusion shown in Fig. 9, but i4 and k2 do not impact energy consumption; 
(2) k2 affects the working pressure of the pump to some extent, but values of 1.8 and 3 are not considered due to design difficulties in 
the planetary gears’ manufacturing, assembly, material selection, and structural size. Therefore, the standing ratio of p2 can only be 
2.15 or 2.55. Before optimization, k2 is 2.55, and i3 is the only parameter optimized, with i3 values searched from 0.5 to 1.5 at an 
interval of 0.1, resulting in an optimal solution of i3 = 1 that meets the constraint conditions. 

Fig. 11 (a)–(b) shows the calculated energy consumption of the CVT map before and after optimization under a tractor speed of 8 
km/h, when adjusting the transmission ratio of gear pair g3 from its current value of 0.678–1 while keeping the range of speed 
regulation of the CVT constant. The results of the calculation indicate a significant decrease in energy consumption of the CVT after 
optimization. 

4.2. Matching-based optimization 

We traversed each interpolation point on the contours of the CVT output power in the system fuel consumption map for each tractor 
speed, obtaining the point of the lowest fuel consumption under specified conditions. If the output power contour crossed multiple 
ranges, we determined the optimum range and corresponding engine speed through a fuel consumption comparison. Only the contour 
of the output power with a smoke value less than one was considered when searching for the lowest system fuel consumption. The 
optimal engine speed, system fuel consumption, and smoke distribution maps were obtained by repeating the search under different 
speeds and output powers. Fig. 12 (a)–(h) shows the power matching results of the “engine-transmission” system before and after 
optimizing the transmission ratio i3. Results show that:  

(1) The fuel economy of the 132.5 kW CVT tractor is worst when operating under light loads. Effective control of the transmission 
system is necessary when the load power is less than 40 kW. 

Fig. 10. Optimization of CVT parameters based on solution domain analysis: (a) Operation process of solution domain analysis. (b) Results of 
solution domain analysis. 
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(2) To save fuel and reduce emissions, reducing the engine speed when operating with a light load is important. However, 
increasing the engine speed is necessary to meet the required output power as the load increases. The optimal engine speed 
depends only on the load power, not the tractor’s speed, which is significant for developing a simple control strategy.  

(3) Optimizing the transmission ratio i3 not only reduces the energy consumption of the CVT but also has a significant impact on the 
fuel economy and emissions of the engine-transmission system. Changing the transmission ratio from 0.678 to 1 reduces the 
system fuel consumption of the tractor by 2%–14% under all working conditions, and the engine’s smoke emissions decreased. 
Although the level of smoke increased under some heavy load operations, it was still less than the one set by the matching rules 
in this study. 

We compared the influence of different control strategies on the fuel economy of a tractor by using an optimized CVT and focusing 
on optimizing the transmission ratio i3. Since energy consumption greatly affects fuel economy, we aimed to have the tractor CVT work 
near the mechanical point to reduce energy consumption caused by hydrostatic split power. This strategy, referred to as “zero- 
displacement control” (ZD control), makes the displacement of the variable-displacement pump nearly zero, resulting in a CVT 
equivalent to an ordinary mechanical transmission with four gears. In contrast, “full-displacement control” (FD-I control) shown in 
Fig. 12 limits emissions by the engine, specifically requiring smoke<1. To systematically evaluate the performance of FD control, we 
also analyzed “full-displacement control” without considering emissions (FD-II control). A comparison of these three control methods 
is shown in Fig. 13 (a)–(m), and the results showed the following:  

(1) The system fuel consumption with FD control was 0%–20% lower than that with ZD control under all working conditions, if 
emissions were not considered. Even if emissions were limited, the fuel efficiency of the tractor was still better than that with ZD 
control; however, under some heavy load operations, the system fuel consumption of the FD control was slightly higher than 
that of ZD control by 0%–5%.  

(2) ZD control was equivalent to treating the CVT as a mechanical shift transmission with four gears, making the CVT tractor 
theoretically save 0%–20% more fuel than a mechanical shift-driven tractor.  

(3) If the emissions were not limited, using FD control resulted in significantly higher smoke levels under a partially heavy load and 
medium load, in contrast to the zero-emission control. However, if emissions were limited, this situation significantly improved 
and the fuel economy of the CVT tractor was not affected. 

5. Conclusion 

In this study, we analyzed the fuel economy of a hydrostatic power-split tractor CVT and reached the following conclusions:  

(1) The CVT, based on the Simpson planetary gear set, consumes more energy on the low-speed side of the range due to parasitic 
power, so the high-speed side of the range should be used preferentially to reduce energy consumption. The low range should be 
selected when the CVT is operating near the shift point. The CVT has the lowest energy consumption when the pump 
displacement is reduced to zero. 

(2) Reducing the coefficient of viscous damping fp on the pump shaft can reduce energy consumption, as can reducing the coef
ficient of viscous damping fm on the motor shaft. A fixed bent-axis motor is recommended to reduce energy loss from friction. 
The speed of the engine should be lowered as long as its output power can meet the requirements of operation of the tractor.  

(3) Increasing the transmission ratio of the gear pair between the input shaft and the pump shaft can significantly reduce energy 
consumption. This is the only mechanical parameter that has a significant impact on the energy consumption of the CVT while 
keeping the speed regulating range of CVT unchanged. It is essential to ensure that the working pressure of the pump and motor 
does not exceed the manufacturer’s recommended maximum value.  

(4) Improving fuel economy of tractors can be achieved by optimizing design parameters and power matching strategies. For the 
hydrostatic power-split CVT studied, increasing the transmission ratio of the gear pair between the input and pump shaft can 
reduce system fuel consumption by 2%–14%. After parameter optimization, full-displacement control can further reduce fuel 

Fig. 11. Influence of the transmission ratio of gear pair g3 on the energy consumption of the CVT at Vt = 8 km/h: (a) i3 = 0.678; (b) i3 = 1.  
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Fig. 12. Results of the matching-based fuel economy of the “engine-transmission” system before and after the optimization of transmission ratio i3. 
(a) Optimum engine speed when i3 = 0.678. (b) Optimum engine speed when i3 = 1. (c) System fuel consumption corresponding to the optimum 
engine speed when i3 = 0.678. (d) System fuel consumption corresponding to the optimum engine speed when i3 = 1. (e) Level of smoke corre
sponding to the optimum engine speed when i3 = 0.678. (f) Level of smoke corresponding to the optimum engine speed when i3 = 1. (g) Effects on 
system fuel consumption after changing i3 from 0.678 to 1; (h) Effect on the level of smoke after changing i3 from 0.678 to 1. 
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consumption by 0%–20% compared to ZD control. Engine emission limits via CVT control strategies do not significantly affect 
fuel economy. 

These conclusions apply to input-coupled hydrostatic power-split transmissions using standard planetary gears, widely used in CVT 
tractors. Future research will consider fuel economy in other types of tractor CVTs. 

Fig. 13. Matching-based fuel economy results of the “engine-transmission” system before and after optimization of the control strategy. (a) Optimal 
engine speed under ZD control. (b) Optimal engine speed under FD-I control. (c) Optimal engine speed under FD-II control. (d) System fuel con
sumption based on ZD control. (e) System fuel consumption based on FD-I control. (f) System fuel consumption based on FD-II control. (g) Level of 
smoke based on ZD control. (h) Level of smoke based on FD-I control. (i) Level of smoke based on FD-II control. (j) Effects on system fuel con
sumption when ZD control is replaced with FD-I control. (k) Effects on system fuel consumption when ZD control is replaced with FD-II control. (l) 
Effects on the level of smoke when ZD control is replaced with FD-I control. (m) Effects on the level of smoke when ZD control is replaced with FD- 
II control. 

Fig. 13. (continued). 
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