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Abstract: In this work, an important model in fluid dynamics is analyzed by a new hybrid neurocom-
puting algorithm. We have considered the Falkner—Skan (FS) with the stream-wise pressure gradient
transfer of mass over a dynamic wall. To analyze the boundary flow of the FS model, we have
utilized the global search characteristic of a recently developed heuristic, the Sine Cosine Algorithm
(SCA), and the local search characteristic of Sequential Quadratic Programming (SQP). Artificial
neural network (ANN) architecture is utilized to construct a series solution of the mathematical
model. We have called our technique the ANN-SCA-SQP algorithm. The dynamic of the FS system is
observed by varying stream-wise pressure gradient mass transfer and dynamic wall. To validate the
effectiveness of ANN-SCA-SQP algorithm, our solutions are compared with state-of-the-art reference
solutions. We have repeated a hundred experiments to establish the robustness of our approach. Our
experimental outcome validates the superiority of the ANN-SCA-SQP algorithm.

Keywords: fluid dynamics; numerical methods; computational science; computational fluid dynamics;
differential equations; Falkner-Skan system; artificial neural networks; Sine-Cosine Algorithm;
sequential quadratic programming; hybrid computing; mass transfer

1. Introduction

Fluid dynamics applies to a large number of fields such as traffic engineering, weather
prediction, aerospace, and crowed dynamics [1-4]. Fluid dynamics can also apply to more
complex scenarios, such as in astrophysical problems, including plasma and solar physics.
In [5], J. J. Gonzalez-Avilés et al. present a study about ideal MHD code to study the
solar atmosphere and Jet formation in solar atmosphere due to magnetic reconnection [6].
The fluid dynamic behavior depends on the information of velocity, density, temperature,
and pressure in terms of space and time. The role of a mathematician is vital to clear
the blurred image of fluid dynamics by describing the application of science-based fluid
dynamics through mathematical modeling. The Falkner—Skan boundary layer system (FSS)
is considered a basic model with many applications in fluid dynamics [7-10]. The Falkner—
Skan system was first presented in 1931 for describing viscous fluid submerged in the
flow in overabundance of the stationary wall [11,12]. Generally, the third order differential
equation was derived from partial differential equations (PDEs) by performing similarity
transformation and analyzing the equations to describe system dynamics [13-17]. Due to
the significance of the FS system, numerous analytical and numerical methods are devel-
oped for the solution of the FS system. An overview is as follows: The Falkner-Skan system
(FSS) was first introduced in 1931 for solution of boundary layer equations [11]. Initially,
fewer solutions are available in literature for FSS. The first-ever physical solution for FSS
was proposed in 1937 [18]. The irregularities were then reported in 1953 [19]. In 1966,
Hertree presented an effective solution of the FS-system [20]. In 1970, another such type
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of boundary value problem was reported [21]. Moreover, the existence theorem for the
solution of the FS system and approximate solution by implementing shooting method
was reported in 1971 [22,23]. A random-vortex based method was reported in 1989 [24]
and a coordinate transformation reduce input domain with finite difference was proposed
in 1998 [25]. In 1999, transformed Navier-Stokes procedure for studying the flow based on
FSS is used [26]. Moreover, for reliability of analytical and numerical methods, the FSS was
used as a benchmark model. A large number of deterministic methods were reported such
as the Fourier series approach [27], homotopy analysis procedure [28], Sinc-collocation
methodology [29], and Chebyshev collocation method [30]. Recently, in many problems of
fluid dynamics, magneto-hydrodynamics (MHD), nano-fluid and dynamics of Casson fluid
FSS arise [31-34] including SWCNT and MWCNT nano-fluid flow [35], simulation of bio-
convection Falkner-Skan flow [36], and asymptotic approximant for the Falkner-Skan [37].
The Falkner-Skan system is studied in different aspects. The presented work analyzed
dynamic characteristics of FSS.

In this study, the dynamic characteristics are analyzed in different conditions of
streamwise pressure gradient (x), mass wall transfer (1), and wall movement (). The « is
the numerical parameter set rate of acceleration or deceleration of main stream, y is mass
transfer over dynamic wall, and ¢ is wall movement condition. The study is conducted
with the following conditions:

¢ Flow along impermeable wall with zero mass transfer for different accelerated values
of main stream.

¢  Flow for different rate of mass transfer over stationary wall with fixed acceleration of
main stream.

¢ Flow along dynamic wall with zero mass transfer and maximum acceleration of
main stream.

In numerical solvers, the stochastic solvers are more efficient and attractive to be
implemented as an alternative choice due to the robustness, simplicity of the concept,
reliability and easy operation for nonlinear systems based on integer and fractional-order
differential equations [38-51]. Numerical stochastic approaches based on soft computing
techniques became valuable because of consistency in convergence and accuracy. For an
effective optimization process, the role of soft computing based solvers is vital, like bina-
rization methods [52], enhancing re-active power-management [53], fuzzy-controlled-servo
systems [54] and optimization procedure of logistic infrastructure based on a mathematical
model [55]. The solution of differential equations on the basis of neural network was
introduced in 1990. A finite difference method based on neural network was reported
in 1990 [56]. Frenandez in 1994 [57,58] presents pioneer work of feed-forward neural
network based solution of differential equations. The extension of neural network based
solution to PDEs was made in 1998 [59]. In such a way, two types of stochastic numerical
solvers were used as hybrid methods i.e., global search and local search, for finding the
unknown with reliable and promising solutions. Such as fuel combustion theory [60],
Navier-Stokes [61], fractional control problem [62], magneto-hydrodynamics [63], third
grade thin film flow [64], Bagley—Torvik fractional order [65], Neural-Network Solution
of Single-Delay Differential equations [66], Hamilton—Jacobi differential equations [67],
analysis of multi-phase flow through porous media [68], backward stochastic differen-
tial equations for pricing and hedging [69], coating dynamics with Oldroyd 8-constant
fluid [70], and finite differences based on the neural network [71]. A few of them were
implemented for the solution of FSS to study its characteristics. In this work, due to the
significance of FSS in various fluid dynamics fields, the FSS is discussed dynamically based
on its parameters stream-wise pressure gradient, and the mass wall transfer expresses the
dynamics of the mass transfer at the wall and the parameter of wall movement. The stochas-
tic solvers seem reliable and promising for the field of computational fluid dynamics. Their
results are accurate and consistent for practical problems based on differential equations.
Therefore, for discussing dynamic characteristics of FSS, the stochastic computational
solver is inquired based on soft computing terminology.
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The significance of the proposed procedure for the solution of FSS based on the
stochastic process is addressed as:

e Provides quality, highly reliable, and effective solutions.

¢ Generally, computational techniques give solutions based on predefined discrete
inputs, while the proposed methodology readily produces random inputs in the given
entire span.

* Noinitial guess is required. The proposed scheme is an unsupervised technique.

¢ Applicable for complex models where the traditional solvers get stuck in a local
optimum. The advent of computational methods increased the use of stochastic
computational methods for dealing with complicated mathematical models for which
conventional methods fail.

The rest of paper is organized as follows: In Section 2, the governing equation and
formulation of FS system is discussed. In Section 3, the designed methodology is described.
In Section 4, performance matrices are introduced. Section 5 presents a brief graphical and
numerical description of different variants of FSS. In Section 6, the presenting methodology
is evaluated based on performance matrices while Section 7 concludes the presenting work.

2. Formulation of the Falkner-Skan Boundary Layer System

An incompressible fluid is considered over a wedge, as given in Figure 1. An incom-
pressible fluid referee to a flow in a fluid dynamics in which the density (p) is constant
within an infinitesimal volume (V) and moves with flow velocity (U (u, v)). In other words,
the divergence of velocity is zero, V - U = 0. The free stream velocity U is uniform and
constant. Moreover, the flow is two-dimensional laminar and viscous boundary layer.
The continuity equation and boundary layer equations may be written as:

ou  ov
ox Ty 0, @
ou ou duy — 9%u

In Equation (2), u is the x-component and v is the y-component of velocity of the fluid flow,
and Uy is the free stream velocity under pressure gradient at the edge of the boundary
layer and is a function of x, and the boundary conditions are given by:

aty=0:u=9v=0,
aty — oo :u — Up(x) = Uso(x/L)", 3)

atx=0: u= U,

where U is the free mean stream velocity, L shows the length of wedge, m represents the
Falkner-Skan power law parameter, and x is measured from the tip of wedge. For any
two-dimensional incompressible flow, the net volume flow rate due to u and v through a
control volume must be zero. In other words, the inlet flow of volume must be equal to
outlet flow. Thus, a stream function, ¥(x, y), is introduced such that

ll’u + lIJv =0 (4)
or PYy=—9Py, or P,=—1y,

volume flow rate in the x-direction — ¢, — 1,
volume flow rate in the y-direction = —¢, = —9,

_ oY and v:—a—‘y. ®)

" oy ox
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For the physical considerations which require the introduction of this function, the mathe-
matical significance of its use is that the equation of continuity, i.e., Equation (1), is satisfied
identically. The momentum equation becomes:

o P avew | U o
dy oxdy ox a2 ox oy’

(6)

By integrating Equation (5) and introducing a similarity variable yields:

1+m L™ .
o) = /vauoo ) (x}f/x(1+ )/2) %
_ J1Am Us (1-m)/2
"=\ "2 oL (y/x ) ®)

Substituting Equations (7) and (8) into Equation (6) gives the Falkner-Skan boundary layer
system. The Falkner-Skan boundary system consists of the Falkner-Skan equation for
mass transfer and wall stretching, expressed in terms of a third order nonlinear ordinary
differential equation (ODE) as:

"

§"+g¢" +a(1-¢?%) =0, ©)

with boundary conditions

g(0)=pu, g'(0)=4¢, and ¢'(1) =1. (10)

Here, « is the parameter of streamwise pressure gradient, y is a parameter of the mass wall
transfer, expresses the mass transfer at the dynamic at wall, and § denotes the parameter
of wall movement. g(7) represents the solution of FSS with its first, second, and third
derivative ¢/, ¢, and g"”, respectively. The variable g is a dimensionless stream function,
and the independent variable # is a dimensionless distance from the wall, a so-called
similarity variable. Note that, in the equations above, parameters « and m are related
through the expression & = 2 m/m + 1. The first derivative ¢’ defines the dimensionless
velocity component in the x-direction, the second derivative g defines the dimensionless
shear stress in the boundary layer.

UDO

Momentum boundary layer

Figure 1. Physical model of FS boundary layer system: The case « = 0 becomes the well-known
Blasius equation [72], and the case &« = 1 gives the Hiemenz flow [73].
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3. ANN Based Structure of the FS Boundary Layer System

This section consists of the proposed methodology, with a brief description, for the solu-
tion of Falkner—Skan boundary value problem based on a stochastic computational method.

The designed procedure consists of two phases; the first phase consists of development
of the feed-forward Artificial Neural networks (ANN) model in terms of approximation
theory for FSS, while the second phase presents the processes of training the weights
of ANN. The weights (unknown) are trained with the help of a Sine-Cosine Algorithm
(SCA) and Sequential Quadratic Programming (SQP). The work flow chart of presenting
methodology is given in Figure 2.

Figure 2. Work flow chart of proposed methodology. Initially, population in SCA is set for generation
of solutions, and fitness of the generated solution is evaluated by SCA. The fitted solution is provided
as an initial point to SQP, and SQP provides the best solution as weights of ANN.

There are two steps of the mathematical model; in the first step, the differential
equation Artificial neural networks is designed, while, in the second step, objective/fitness
function for the problem is constructed using unsupervised errors.

The structure of the mathematical model for the FS-system is designed by extensively
applying the worth of feed-forward ANN. Feed-forward ANN is a less complex, fast
unidirectional, and highly responsive to noisy data. The unidirectional process of a feed-
forward neural network helps SCA-SQP in convergence. Because SCA generates random
solutions, the multi-propagation may affect its performance. ANN is used to solve the
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FS-system. Its solution g(7) and its derivatives first, second, third, and nth order ¢’(7),
¢"(n),¢" () and g"(17), respectively, are given by:

[‘j»

U 1<P(wz() bi)

g'(n) = ;ﬂ i¢' (wi() + bi)

=~

k
)= g (i) +b) (1)

k
§"(n) = )_aid" (wi(y) +b;),
i=1
Here, in the model, k denotes number of neurons in the network, ¢ denotes activation
function and vector W = [a, w, D] represents the unknown (weights) with elements
a = [ay,ay,...,4.,w = [wy,wy,...,wg] and b = [by, by, ..., b]. In the neural network
procedure, log-sigmoid function is taken as activation function. Mathematically, log-

sigmoid function is given as:
1
Plx) = 14ex

As ¢ is taken as an activation function, its derivatives will be also taken as activation
functions. The FSS in Equation (9) is based on third order nonlinear ODE, so the log-

sigmoid based activation function for the solution of FSS i.e., ¢(77) and its derivatives
i.e., first g'(17), second g”(17), and third ¢’ (1) can be expressed, respectively, as:

(12)

1

k
= L ) (13)
—(win+b;)
= Lo e (14
k —2(w;n+b;) —(win+b;)
¢ =Yt R 5 | (15)
i—1 (1 + e—(zui'7+bi)) (1 + e—(wm-&-bi))
£ 3le 3@mtbi)  21(1 4 2)e~ 2w tbi) o~ (Win+b;)
g/// _ Zaiw? = ( ) —+ 2. (16)
i=1 (14 e (wim+bi) (1 4 e~ (wintby) (1 + e~ (win+b))

Here, Equations (13)-(16) represent arbitrary formulation designed for a neural network of
the Falkner-Skan System. The designed structure with its parameters i.e., input, hidden
layer, and output, is given in Figure 3.
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L

L \

Figure 3. ANN structure with its parameters’ inputs, hidden layer, and outputs. Values of 7 are
inputs. These inputs are transferred to the hidden layer in the form of weights a, w, and b to sigmoid
function ¢, which approximates the solution as output.

The fitness function for Falkner-Skan system in terms of two mean-square errors can
be expressed as:
min e =ej + ey, 17)

where e; is the cost function, can be written as:

e = % 1 (@ + g +a(l—gn)’ 1€ (0), as)
N=1, 8m=480m), nm=mh,

where N expresses points in the grid depending on step size h in given span for inputs,
51

$(n), 8 (n),8"(n), and ¢ () are shown in Equations (13)—(16). In the same manner, e; is
the error function associated with boundary conditions written as:

er =3 ((60— 1P+ (8 -8+ (& —1)%). (19)

With the provision of such weights, W = [a, w, b], that objective function (e) tends to
zero, as the two mean square errors e and e, tend to zero, then the proposed numerical
solution §(#) tends to the reference solution g(#) of the FSS. Variants of FSS are given in
Figure 4 based on its parameters’ streamwise pressure gradient («), the mass transfer over
the dynamic wall (¢), and the parameter of wall dynamics (6).
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Falkner-Skan System, and It’s dynamic characteristics based on the variation of its
parameters

Falkner-Skan System

Problem1 Problem 2
arying the stream- | varying the wall
wise pressure | mass transfer

gradient a Parameter u

Problem 3
varying the wall
tretching factor &

Case 3 Case 4
a=2 o=4

Figure 4. Description of problems of FSS on the basis of variation in parameters. « is a numerical

parameter of acceleration or deceleration of the main stream, y is a condition of mass flow rate, and &
is the parameter of wall movement.

Optimization Procdure

The optimization procedure for a designed structure is performed with the help of
a Sine-Cosine Algorithm (SCA) hybrid with local search-method through the Sequential
Quadratic Programming (SQP). Due to multi-dimensional capability, the global perfor-
mance of SCA is better in comparison with other solvers. The solutions of SCA were
found reliable. The method was presented by Mirjalili [74]. Few new applications are
addressed effectively based on SCA such as a unit commitment problem [75] and crystal
wave guides [76], fuzzy probabilistic c-ordered means [77], and for training of multi-layer
perceptrons [78]. Enhancing the performance of SCA is hybridized with a local search
mechanism, Sequential Quadratic Programming. The Sequential Quadratic Programming
solver lays in the category of quadratic optimization solvers implemented for solutions of
nonlinear constrained problems. In addition, it is later implemented for many optimiza-
tion problems such as constrained nonlinear control allocation [79], for the estimation of
nonlinear least-squares [80], nonlinear electric circuit models using neural networks based
on genetic algorithm and SQP [81], etc., and optimization methodology is described in
Figure 2. The pseudo-code of the proposed constructed mechanism for optimization of
the objective function, ANN-SCA-SQP algorithm, is written in Figure 1. In this work, two
mechanisms, unsupervised and supervised, are hybridized based on the ANN-SCA-SQP
algorithm (see Algorithm 1) to find the unknown or weights of the constructed system
model for the solution of variants of FSS. The convergence and accuracy of the method also
depend on the tuning of parameters; therefore, it is necessary to carefully set the parameters
with much experimentation based on optimization knowledge and better understanding.
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Algorithm 1 Pseudo Code of Optimization Algorithm ANN-SCA-SQP. In which, Tolerance
a Stopping Criteria
Start: Sine-Cosine Algorithm(SCA)

Inputs:
Unknown(weights) W = [a, w, b]
Population P = [Wy, Wy, ... ,Wm}T = [(a1, w1, b1), (a2, w2, b2), ..., (am,w,,,,b,,,)]T, for m number of

unknown(weights) W in

P and T is stand for transpose. Output: Best weights of SCA, i.e., W,
Begin

— Initialization

Randomly generation of vector W Consist on real values in provided interval
Set of m weights vectors formulate the preliminary population P .
/ / Stopping-Criteria (S5C)

Solver-SC — if achieving one of the following:

Fitness value — 1071°.

Tol-Fun (Function Tolerance) — 10~20

Tol-Con (Constrained Tolerance) — 10~20 .

//Main-loop of SCA

While

any of SC parameter satisfy

do

— Fitness calculation-step

Evaluate objective function e as in Equation (9) for the vector W.
Repeat for m weights W of the population P.

— Check for SC

If SC achieved, then exit from loop else continues.

— Parameters of SCA

Update the population and repeat from the fitness evaluation

End

— Storing step

Store the best information vector W;, and respective fitness value,
time, and function evaluated for the current run of the SCA.

End SCA

Start SQP

— Initialization of SQP

Initialize SQP method with W), of SCA as an initial weight(point)

vector.

Set the Stopping criteria SC :

Max-Iter (Maximum iterations), i.e., 1000,

Tol-Fun as 10724

Tol-Con as 1072* and

Tolerance in optimization variables(weights), i.e., Tol-X as 10716,

While

any of SC Value satisfy do

— Next step: Calculation of Fitness

Evaluate e values using Equation (9) for the weight vector.

— Check for SC step

If SC achieved, then exit from loop else continues.

— Update step

Set ‘fmincon’ function with technique ‘Sequential Quadratic Programming’
Update weight vector for each step through SQP standard procedures.
Repeat procedure from fitness calculation step

End SCA

— Storing step

Store the final weight vector along its fitness value, time,

generation consumed and function evaluated for the current run of the SCA-SQP method.
End SQP

Evaluation: Execute the mechanism of SCA-SQP for multiple independent
runs for generation of sufficient data for reliable and

effective evaluation of performance.

4. Performance Matrices

The fitness function is constructed using differential equations based on neural net-
works in terms of mean square-error as in Equation (17). For the minimization of fitness/
objective function, an appropriate set of weights is required. The unknown (weights)
are the optimization variable. To minimize the objective function of the problem, these
variables should be trained in real valued bounds i.e., constraints. To find an appropriate
set of weights, both of the mechanisms i.e., global search and local search, were explored



Entropy 2021, 23, 1448

10 of 32

with the help of a meta-heuristic procedure based on Sine-Cosine Algorithm and sequen-
tial Quadratic Programming. For the reliable and consistent evaluation of the proposed
mechanism, other performance indices based on global version are also adapted.

The performance-evaluators’ mean-absolute derivation (MAD), error in Nash—Sutcliffe
efficiency (ENSE), and root-mean square error (RMSE) are implemented to approach the
work of the presenting scheme. The mathematical formulation of MAD, ENSE, RMSE,
and NSE are given as:

MAD = Y [3() ~ §0n), 20)

RMSE = \/ LY (s~ g0 @

NSE -1 Lalgn) —8n))” | )
1 (80n) = F (@) )
ENSE = |1 — NSE|. (23)

Here, n denotes the number of input points in a grid, §(7) is the proposed, and g() is the
reference solution. For a reliable and effective system, the value of performance measures
based on MAD, ENSE, and RMSE should be zero, while the NSE value approaches 1.

The global extension of the performance measures discussed above are mathematically
defined as:

S\H

1 R
GMAD:RZ<

Z% lg(m:) — & (1) )) (24)

GRMSE = — i <\/1 i )2> (25)
R = n !

L& (Y (gn) — gn0)? )
GENSE = — ) (26)
K 2( L (80m) - X (gni))

1 R
GFIT = 2 Z er, (27)

where R denotes number of runs and e, is fithess value at the rth number run of the
proposed method. The standard value of all global operators is zero. The global version is
based on the average fitness value. Global operators for fitness are GFIT, for MAD, it is
GMAD, for RMSE, it is GRMSE, and, for ENSE, it is GENSE.

5. Empirical Results and Discussion

In this section, the empirical results for the ANN based designed scheme with ANN-
SCA-5QP algorithm are briefly discussed. To analyze the dynamic behavior of the Falkner—
Skan system, three problems are presented based on varying parameters of FSS i.e., stream-
wise pressure gradient «, the parameter of mass transfer y, and wall movement parameter
d. For comparison, reference solutions of GA-ASM are taken as standard throughout the
study. The problems of FSS are described in Figure 4.

5.1. Problem 1: Dynamics of FSS Based on the Variation of Stream-Wise Pressure Gradient «

In this problem, the two parameters’ wall mass transfer i and wall movement &
are kept fixed by taking y = 0 and § = 0, while the variation of streamwise pressure
gradient « formed four cases in this problem. The zero value of y corresponds to zero mass
transfer and J corresponds to flow along the stationary wall. The degree of acceleration or
deceleration of the main stream in the Falkner-Skan system is set by a positive or negative
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value of parameter «. The flows with zero value for this parameter will be considered,
i.e., the flows without longitudinal pressure gradient in the main stream. The inputs are
taken between 0 and 1, so the simplified form of the system is given as:

n

§"+g¢" +a(1-¢?%) =0, (28)

¢(0)=0, ¢'(0)=0, and ¢'(1) = 1. (29)

The cases are constructed for « = 0.1, = 1,&4 = 2 and a = 4 to analyse the dynamic
behavior of FSS in this problem. For each case, the fitness function is designed as per
Equation (17). For 11 input points, the fitness function can be written as:

11

1 1
e =17 L (" 88" +01(1—g%)% + (60> + 8%+ (du — 1)), (30)
m=1
1 & o NNV TPV N SN 2
=137 1" +8"+ (1 =27+ 3"+ 8+ (gn—-1)), (31)
m=1
1 U NIl A Al AI2\\2 1 a2 Al2 A 2
€3 =17 Y (8" +88"+2(1-¢7) +§(g0 +87+ (@ —1)%), (32)
m=1
1 & I AAl ~I2\\2 1, .2 » A 2
e = 77 2, (8" 488" +4(1-8"7)  + 3 (6" + 8% + (gn — 1)), (33)
m=1

the proposed mechanism, the ANN-SCA-SQP algorithm as discussed in the second section, is
implemented for minimization of objective/fitness functions as given in Equations (30)—~(33)
for four cases Cy, Cy, C3, and C4 of problem 1. For each case, one set of weights is obtained,
and putting those sets of weights in Equation (13) gives the solution for each case, as given
in Equations (34)—(37) for cases 1, 2, 3, and 4, respectively. The weights are also shown
graphically in Figure 5b—e for cases 1, 2, 3, and 4, respectively:

B 7.8783 —3.9499 —19.4404 34

ga (i) = 1+ o (088607 —17221) ' | 1 o (95789 22.8166) ety 1o (~9.97397-192287)" (34)
_ 5.1403 —6.7367 6.2034 35
8e2(17) = 1+ o (125197 47383) | 1 1 o (299925, 19.1042) ety e (—166637—10.4633) (35)
_ 9.8910 12.3422 —18.6040 36

8ea() = 1+ o (66099 29.8573) 1 T o (0.02867-109005) ' T 74 o (~ 11558y 2.3439) (36)
B —2.2571 —4.1959 3.8141 37

8ea() = 1 + e—(1.17754+0.0490) + 1 + e—(8-600517—30.0000) et (37)

14+ e—(73.3564r]+14‘9105) ’

The full form of Equations (34)—(37) are shown in the Appendix A for up to 14-decimal
places. The results of approximate solution in Equations (34)—(37) are graphically shown in
Figure 5a for 11 grid points by taking inputs 7 € [0, 1] having step size 0.1. It is observed
that the solutions overlap with the numerical solutions of GA-ASM. The numerical com-
parison of solutions is also given in Table 1. From solutions, it seems that, with the increase
in input 7, the stream function g(#) also increases. In other words, we can say that 7 is
directly proportional to g(77):
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Values

(b)For «

0.7

0.4

0.3

0.2

Stream function g(n)

0.1

O  GA-ASM
GA-ASM

O  GA-ASM
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Figure 5. (a) Problem 1: Graph between stream function and distance from the wall; (b—e) the trained unknown (weights) for ANN
through the proposed hybrid optimization approach.

Table 1. Solution comparison of problem 1.

t GA-ASM ANN-SCA-SQP GA-ASM  ANN-SCA-SQP GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP
Case 1 Case 2 Case 3 Case 4

0 329%x107° 6.05x1077 653 x107° 254 %1077 408%x107? —547x1077 266 %1072  1.65x10°°
0.1 0.005405388 0.005405935 0.00701195  0.007012223 0.008586938  0.008586741 0.011216733  0.011218571
0.2 0.021552704 0.021553204 0.027385678  0.027385963 0.033034377  0.033034394 0.042277563  0.042279561
0.3 0.048330482 0.048330938 0.060144874 0.060145167 0.071441575 0.071441658 0.089548039  0.089550157
0.4 0.085609334 0.085609743 0.104348531  0.104348845 0.122043285  0.12204328 0.149840904  0.149843023
0.5 0.133233738 0.1332341 0.159104966  0.159105304 0.183247294  0.183247067 0.220477782  0.220479818
0.6 0.191014645 0.191014961 0.223583479  0.223583826 0.253656044  0.253655481 0.299285991  0.299287959
0.7 0.25872314  0.258723423 0.297023781  0.297024106 0.332076339  0.332075319 0.384560326  0.384562273
0.8 0.336085496 0.336085755 0.378743274  0.378743557 0.417520623  0.417518995 0.475010319  0.475012229
0.9 0.422779921 0.422780154 0.468142379  0.468142625 0.509202753  0.509200337 0.56970587  0.569707661
1 0518435328 0.51843553 0.564708054  0.564708269 0.606530566  0.606527172 0.66802863  0.668030264
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Moreover, the accuracy and effectiveness of the proposed technique are evaluated by
statistical study for 100 independent runs executed by the ANN-SCA-SQP algorithm. In a
statistical study based on mean (MEAN), minimum (MIN), and standard deviation (STD),
the values of mean and STD seem consistent for each case. For all the cases MIN, mean and
STD values are between 102 to 10712, 107 t0 1078, and 107 to 1078, respectively, while
it is observed that the small decrease in accuracy was found by increasing the value of «.
The detailed statistical results are given in Table 2, for graphical illustration of results in
Table 2, we have presented Figure 6. The statistical result shows the consistency, reliability,
accuracy and convergence.

Table 2. Statistical evaluation of problem 1 in terms of mean, minimum, and standard deviation.

t a=0.1 a=1 x=2 =4
MIN MEAN STD MIN MEAN STD MIN MEAN STD MIN MEAN STD
0 335x10712 1450 x10~% 3.280 x 108 504 x 10712 6,540 x 1078 1.150 x 107 871 x 10712 1.280 x 1078  1.850 x 108 339x 1071 1.110x107%  9.70 x 1077
01 714x107" 4.460x107% 6.090 x 10~8 3.74x 10712 1.820 x 1077  2.280 x 1077 311x 10712 5230 x 10~ 5.860 x 108 136 x107° 1.070 x 107 7.390 x 108
02 522x1072 2590x10°% 3.490 x 10~ 1.34x 10717 8490 x 10-8  1.190 x 107 40910712 2.350x10°% 3.140 x 10~8 1.67 x 10710 7770 x 108 1.190 x 107
03 1.81x1072 2270x10°% 2.860x 1078 320x 10712 7970 x 1078 1.330 x 107 118 x 10711 2550 x 1078 3.620 x 108 2.86x107° 6410 x 1078 5980 x 108
04 1.07x107 1510x10°% 1.840x 108 430x 107" 7390 x 1078 9.850 x 108 243x 10710 2670 x 1078 3.240 x 108 208x107° 5930 x10°% 6.140 x 108
05 317x107" 1.830 x 1078 2290 x 108 1.07 x 10711 7.070 x 10~ 9.870 x 10~8 118 x 10711 2180 x 1078 2.860 x 10~8 440x107° 5040 x 1078 6.180 x 108
0.6 1.07x1071° 2950x10°% 3.430 x 10~8 7.04x 1071 8640 x 1078 1.340 x 107 6.54x 10712 2480 x 108 4.000 x 108 1.67 x 10710 6420 x 108  6.070 x 108
0.7 1.02x10"" 1,600 x 1078 1.690 x 108 223x 10712 5980 x 1078 9.070 x 108 8.88 x 10710 2280 x 1078 2,650 x 108 1410 x 1078 5350 x 108 4.470 x 108
0.8 1.67x1071 2590x107% 3.540 x 10°8 323x10712 8670 x 1078  1.080 x 107 283x 10718 1910 x 1078 2.900 x 108 518 x 10710 3980 x 10°® 4.730 x 108
09 330x10710 6770 x 1078 7.620 x 108 6.72x 1071 1.790 x 1077 2.460 x 107 1.75x 10710 5980 x 10~ 7.730 x 10~8 2730 x 10°%  1.150 x 1077 9.260 x 108
1 140x 107" 3210x10°® 5380 x 1078 2.08x 1071 1.120 x 1077 1.560 x 10~7 1.04 x 10712 2.890 x 108  4.380 x 1078 223x10710  336x107% 497 x 1078
6 |-&MIN—-OMEAN-OSTD| ,
100 . ! ! ! ! ! ! o " T—0 MIN —% MEAN —0 STD| |
¢ o 8 ¥ & [ venn o sm]
$ % 8 % ¢ ¢
2 108 E 10%
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e 2
2 El
° 3
2 10 8,10
<10 3 210
3 3 F
k
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Inputs

()

Inputs n
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Figure 6. Graphs of statistical data in Table 2. (a) For « = 0.1; (b) For « = 1; (c) For « = 2; (d) For « = 4.

5.2. Problem 2: Dynamics of FSS Based on the Variation of Wall Mass Transfer Parameter

In problem 2, the dynamic behavior of FSS, in Equation (9), is evaluated by fixing o = 1
and ¢ = 0, while allowing variation in parameter of wall-mass transfer . The values of «
and ¢ correspond to accelerated main stream flow along the impermeable wall. The mass-
transfer parameter y in the boundary condition sets the measure for the mass flow rate
through the wall boundary in either direction. Positive values determine flows with suction,
and negative with blowing through the wall boundary. The FSS is formulated for this
case as:

§"+g8 +1-g%=0, (38)
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g(0)=pu, g'(0)=0,andg'(1) =1. (39)

The formulation of all cases of the model in Equations (38) and (39) are based on u = 0.1,
u=04,u=07 and u=1and fitness functions for N = 11 are designed as:

a=pr 1 (846t (1-6)) "+ 5 (- 017+ 204 (63 -1)°). w0

€c2—11121(§;1/1I+§m§;n+(1—§%z))2 1<(g0—04) +¢%0+ (84 1)) (41)

€c3 = % 12 (g:llil +gmgm (1 _gi))z + % <(§0 o 0'7) glzo T (gA/lzl ) >’ (42)
1

ec4—111§(g;’{+§m§;1 (1—§i))2+;((§o—1>2+§’20+(g%% )) (43)

The proposed mechanism ANN-SCA-SQP algorithm, as discussed in the second section, is
implemented for minimization of the fitness function as given in Equations (40)—(43) for
four cases Cq, Cy, C3, and Cy4 of problem 2. For each case, one set of weights is obtained by
putting those sets of weights in Equation (13), giving the solution for each case, as given in
Equations (44)-(47) for case 1, case 2, case 3, and case 4, respectively. The weights are also
shown graphically in Figure 7b—e for cases 1, 2, 3, and 4, respectively:

0.3931 14.1327 —0.3180 m

ge1 (1) = 1+ o (154530, —28.1365) - 11 e (~1L16187—2.3460) teeet s T o (640547 1122749)” (44)
B —8.4731 —6.3359 0.5727 45

8e(n) = 1+ e (~11.9477;—18.1566) 1 | o (—0.16307—4.3857) Tty T o (170247 10.0114)” (45)
B —1.0779 6.1959 —1.6986 16

8ea() = 1+ o (—1.28547+0.1960) 1 o (~0.143537-10.1054) ' T ] 1 - (~3.8934y-28733)” (46)
_ —1.2471 —0.6766 27.6538 47

8ealr7) = 1+ o (153561 +3.5766) 1 1 e (065577 117.6555) Tty T o (03084 2.2951) (47)

The full form of Equations (44)—(47) are written in the Appendix A for up to 14-decimal
places. The results of approximate solution in Equations (44)—(47) are graphically shown in
Figure 7a for 11 grid points by taking inputs 7€[0, 1] with step size 0.1. It is observed that
the solutions overlap with the numerical solutions of GA-ASM. The numerical comparison
of solutions is also given in Table 3.



Entropy 2021, 23, 1448 15 of 32

Table 3. Solution comparison of problem 2.

t GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP
Case 1 Case 2 Case 3 Case 4
0.922,0.945,0.8710  0.100000003 0.10000286 0.400000001 0.40000002 0.700000002 0.70000006 1.000000002 1.00000916
0.1 0.107258688 0.10726099 0.408030229 0.40803026 0.708845878 0.7088459 1.009701424 1.00971087
0.922,0.945,0.871 0.2  0.12827934 0.12828114 0.431049908 0.43104994 0.733940924 0.73394093 1.036933177 1.03694284
0.3 0.161955186 0.16195656 0.467521105 0.46752114 0.773256408 0.77325642 1.079117187 1.07912697
0.922,0.945,0.871 0.4 0.207227704 0.2072287 0.516009591 0.51600963 0.824950845 0.82495083 1.133977968 1.13398776
0.5 0.263100533 0.26310118 0.575196183 0.57519622 0.88737351 0.88737345 1.199530471 1.19954018
0.922,0.945,0.871 0.6  0.32865057 0.32865088 0.643883848 0.64388387 0.959062703 0.95906263 1.274062714 1.27407226
0.7 0.403036431 0.40303644 0.721001173 0.72100119 1.038739877 1.03873981 1.356114951 1.35612425
0.922,0.945,0.871 0.8  0.485504502 0.48550426 0.805602746 0.80560276 1.125300632 1.12530058 1.444456808 1.44446581
0.9 0.575392805 0.57539238 0.896866986 0.89686699 1.217803468 1.21780345 1.53806357 1.53807222
0.922,0.945,0.8711  0.672132912 0.67213233 0.994091896 0.99409188 1.315457047 1.31545705 1.636092513 1.63610078
1.8 T T T T T T T T T
O GA-ASM
ANN-SCA-SQP = 0.1 k
161 GA-ASM
ANN-SCA-SQP n=0.4
14l O omasm |
: ANN-SCA-SQP = 0.7
* GA-ASM D
—S 12 F ANN-SCA-SQP p=1.0 o i
N
o)
S
= 1
2
3
£ 0.8
(]
g [t
7]

0.6

0.4

0.2

0 I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Distance from the wall ()

(a)Solution of Problem 2 for = 0.1, 0.4, 0.7 and 1

Values

Values
Values
) Values

(b)For p = 0.1 (c)For u = 0.4 (d)For u = 0.7 (e)Foru=1

Figure 7. (a) Problem 2: Graph between stream function and distance from the wall; (b—e) the trained unknown (weights) for ANN
through proposed hybrid optimization approach.
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Moreover, the reliability and effectiveness of the proposed method are evaluated by
statistical study for 100 independent runs executed by the ANN-SCA-SQP algorithm. In a
statistical study based on minimum (MIN), mean, and standard deviation (STD), the values
of mean and STD seem consistent for each case. For all the cases MIN, mean and STD
values are between 1072 to 10712, 10~7 to 1078, and 1077 t01078, respectively, while a
small decrease found in accuracy is observed by increasing the value of . The detailed
statistical results are given in Table 4, for graphical illustration of results in Table 2, we
have presented Figure 8. The statistical result shows the consistency, reliability, accuracy
and convergence.

Table 4. Statistical evaluation of problem 2 in terms of minimum, mean, and standard deviation.

t Case 1 Case 2 Case 3 Case 4
MIN MEAN STD MIN MEAN STD MIN MEAN STD MIN MEAN STD
0 124x107™ 299x10°8 6.60x 1078 1.99x 10712 157 x 1077 259 x 1077 6.55x 10713 1.17x1077 1.88x 1077 3.01x107"1 798x10°% 1.67x1077
01 236x10710 1.02x1077 137x1077 1.74x 10710 343 x 1077 3.83x 1077 834x 1071 337x1077 427x1077 267 %1072 318x 1077 455x 1077
02 340x107™ 720x107% 143x1077 7.00x 1071 153 x 1077 261 x 1077 1.14x 107" 1.04x1077 1.79x 1077 231x1072 144 %1077 249 x 1077
03 129x10°" 625x10°8 9.65x 1078 3.62x10711 9.67x1078 1.13x1077 247 %1071 121x1077 1.82x1077 535x 10712 158x1077 237x1077
04 207x107" 445x107°8 694 x10°8 253%x10710 152x1077 202x1077 281x1071 120x1077 1.44x1077 6.32x 10713 123x1077 250x 1077
05 492x10°" 501x10°8 7.39x10°8 485x 1071 126x1077 235x1077 576 x 10711 9.82x 1078 1.54x1077 207x10712 147x1077 215x1077
06 117x10710 617x10°8 834x10°8 745x 10712 1.00x1077 1.35x 1077 542x10712 1.09x1077 146x1077 6.89x1071 113x1077 1.86x 1077
0.7 174x107" 369x10°8 593x10°8 3.03x1071 9.03x1078 124x1077 769 x 10711 8.60x 1078 1.10x 1077 1.32x 1071 1.14x 1077 2.64 x 1077
08 505x10°" 504x108 618x10°8 1.74x 1071 1.19%x 1077 221 x 1077 200x10712 125x1077 1.96x 1077 269x10°1 1.74x107 358x1077
09 922x10°10 1.08x1077 1.27x1077 346 x 10710 2.02x 1077 245x 1077 8.04 x 10710 236x1077 271x 1077 1.65x 10712 251 x 1077 453 x 1077
1 315x10°™ 644 x10°% 826x10°8 119x 1072 133x 1077 212x 1077 113x 1071 177 x 1077 243 x 1077 1.65x 10713 225x 1077 4.73x 1077
-6
10 b MIN—# MEAN—0STD) 10°
-8
10 108
5 10 Q
5
: 10 g 1010
w
1012 1012 4
10 104
0 01 02 03 04 05 06 07 08 09 10 0 01 02 03 04 05 06 07 08 09 10
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Figure 8. Graphs of statistical data in Table 4. (a) For case 1; (b) For case 2; (c) For case 3; (d) For case 4.

5.3. Problem 3: Dynamics of FSS Based on the Variation of Wall Stretching Factor 6

In problem 3, the dynamic behavior of FSS in Equation (9) is analyzed by fixing « = 1
and y# = 0 while allowing variation in wall movement § parameter. The flow is along the
dynamic wall with zero mass transfer and maximum accelerated main stream. The FSS is
updated for this problem as:

g"+s8 +1-g%=0, (48)

¢(0)=0, ¢'(0)=6,andg'(1) =1. (49)
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The formulation of cases of the system, Equations (48) and (49), is based on 6 = 0.4, = 0.7
and ¢ = 1 and fitness functions for N = 11 are designed as:

e = 111 y (Q%’Jrgmgm (1—§%1))2+;<g5+(g6—0.4) (% - )2> (50)
e = 111 3 (g + g+ (1-8)) +5(8+ @-0n+ (¢ -1)"), 6

11

€3 = 19 Z (ggl’+gmgm (52)

2 1 5
82 Y e A2
(1-82)) + 3(go+ (8 -1)"+ (g8 1) )
The similar procedure is followed for this problem, as for problems 1 and 2, to minimize
the fitness functions in Equations (50)—(52). The set of weights is obtained for each case
and put in Equation (13). The solutions are shown in Equations (53)—(55). The weights are
also shown graphically in Figure 9b—d for cases 1, 2, and 3, respectively.

10.6223 3.7981 19.5012
8e1(11) = 1 4 e—(—0.0780y—11.0594) ' 1 | o—(0.86147—0.4384) 1 + e—(0.44137—-2.0520)’ (53)
—6.9289 —6.2333 —2.6900
8e2() = 1+ o (00545;+122082) ' | } g—(—0.58137—0.4090) 1+ e (—12:66477-20.6995) (54)
29.8111 —2.7662 ~10.1321

8e3(11) = 1 4 e—(-0.01077-30) ' 1 4 o—(—0.58717—1.1425) s 1 4 e—(-0.21617-23.3399) " (55)

The full form of Equations (53)—(55) is shown in the Appendix A with up to 14 decimal

places. The results of approximate solution in Equations (53)—(55) are graphically shown in

Figure 9a for 11 grid points by taking inputs 77€[0, 1] with step size 0.1. It is observed that

the solutions overlap with the numerical solutions of GA-ASM. The numerical comparison

of solutions is also given in Table 5.
Table 5. Solution comparison of problem 3.
t GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP GA-ASM ANN-SCA-SQP
0.886, 0.937, 0.855 Case 1 Case 2 Case 3
0 1.82x 1077 836 x 1077 —3.26 x 10710 —-8.28x 1077 0.00000000201791  —0.00000000634108

0.886,0.937,0.855 0.1  0.04453269581415 0.04453360804663 0.07238126197681 0.07238058398271  0.10000000050947  0.09999997846340
0.2 0.09759136204994  0.09759233310773  0.14920280312497  0.14920225200297  0.20000000004858  0.19999995379779
0.886,0.937,0.855 0.3  0.15840171232390 0.15840276011892  0.23000887771757  0.23000841060721  0.30000000060035 0.29999992810436
0.4 0.22624072485599  0.22624184509193  0.31438156183320 0.31438112523451  0.39999999987835  0.39999990191691
0.886,0.937,0.855 0.5 0.30044143682626 0.30044259729796 0.40194144929501 0.40194100409706 0.49999999785942  0.49999987338517
0.6 0.38039632386608  0.38039747408055 0.49234775039453  0.49234728211637 0.59999999685985  0.59999984254489
0.886,0.937,0.855 0.7  0.46555936972989  0.46556045397667 0.58529783585290  0.58529734522883  0.69999999814024  0.69999981035180
0.8 0.55544695545873  0.55544793048215  0.68052628070707  0.68052576767795  0.79999999993310  0.79999977481840
0.886,0.937,0.855 0.9 0.64963770195136  0.64963855179176  0.77780347991899  0.77780293432006 0.89999999991166 0.89999972856515
1 0.74777138206612  0.74777211254454  0.87693391214263  0.87693331575639  0.99999999945938  0.99999966257045
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Figure 9. (a) Problem 3: Graph between stream function and distance from the wall; (b—d) the trained unknown (weights) for ANN
through the proposed hybrid optimization approach.

Moreover, the reliability and effectiveness of the proposed method are evaluated by
statistical study for 100 independent runs executed by the ANN-SCA-SQP algorithm. In a
statistical study based on minimum (MIN), mean, and standard deviation (STD), the values
of mean and STD seem consistent for each case. For all the cases MIN, mean and STD
values are between 10719 to 10713, 1078 to 1072, and 107 to10~8, respectively, while a
small decrease found in accuracy is observed by increasing the value of y. The detailed
statistical results are given in Table 6, for graphical illustration of results in Table 6, we have
presented Figure 10. The statistical result shows the consistency, reliability, accuracy
and convergence.
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Figure 10. Graphs of statistical data in Table 6. (a) For case 1; (b) For case 2; (c) For case 3.

Table 6. Statistical evaluation of problem 3 in terms of minimum, mean, and standard deviation.

t Case 1 Case 2 Case 3
MIN MEAN STD MIN MEAN STD MIN MEAN STD

0 1.82x1071 1.09x108 120x10°8 718 x 10711 541 x10°%  8.06 x 10~8 718 x 10711 734 x107° 9.28 x 10~?
0.1 365x10°10 315x10°% 321x10°8 193x10711 845x10°% 1.01x1077 193 x 1071 226x108 217 x10°8
02 151x10"1 878x10"2 9.38x107° 237x10712 582x108 1.11x1077 237%x10712 799%x107° 129 x 10~8
03 7.06x10712 110x10"% 1.54x 1078 144 x 10712 269x107%  582x1078 144 x 10712 8,01 x 1072 1.00 x 108
04 155x10711 133x10°% 147x108 246 x 10710 381x108 519x10°8 246 x 10710 897 x107? 1.01 x10°8
05 126x10711 1.02x107% 9.96 x 10~° 6.19 x 10714 439%x10°8% 697 x10°8 6.19%x 107 7.01x107° 9.94 x 10~
06 543x10712 822x107? 1.14x108 155x 10712 281 x10°% 423x10788 155 x 10712 739 %x10~° 9.72 x 10~?
07 689x1071% 1.07x10"% 1.44x108 1.77 x 10711 276 x 1078 453 x 1078 177 x 10711 6.01 x 1072  7.67 x 1077
08 1.69x10710 108x10"% 1.22x10°8 200%x10°10 545%x10°8  7.62x10°8 200x10710 1.00x10°8 1.05x10°8
09 396x10712 242 x10°% 3.33x10°8 124 x 1071 506x107%  7.90x 108 124 x 10718 130x10°% 1.65x 1078
1 747 x1071 147 x10°% 1.64x10°8 136 x 10710 632 x10"%  8.62x1078 136 x 10710 125 x 108 1.09 x 10~8

6. Evaluation through Performance Matrices

In this section, for the solution of all three problems, the scheme is executed 100 times
and then analyzed comparatively on the basis of performance measures MAD, ENSE,
and RMSE along with global extension. The provision of comparative analysis is in terms
of convergence accuracy and global performance evaluators. Firstly, the accuracy and
convergence are discussed and secondly global performance operators.

6.1. Accuracy and Convergence

For the evaluation of convergence and accuracy, 100 different runs are performed
independently to find an appropriate set of unknowns or weights for all three problems
of FSS. The sorted data of multiple runs of MAD, RMSE, ENSE and fitness are plotted
in Figures 11-14 for all problems of FSS, respectively. The graph semi-log-scale on the
y-axis is used to clarify the small variation. The fitness of problems are also drawn with
convergence plots given in Figure 13. The values of MAD, RMSE, ENSE, and the fitness
of problem 1 are 107°t0 108,108 to 10715, 10° to 1078 and 10~° to 10710, values for



Entropy 2021, 23, 1448 20 of 32

problem 2 are 107%t0 108,10 8 t0 1071%,107° to 10 8 and 10~ ° to 10~ 19, and values for
problem 3 are 107% to 1078, 1078 to 10715, 107 to 1078 and 107 to 10~ !2 respectively. It
seems that the values of global operators are comparatively better.
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Figure 11. (a-d) show data of performance matrices for problem 2, based on the variation of y. The data set is arranged in

descending order and plot with a line having a log along the y-axis.
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Figure 12. (a-d) show data of performance matrices for problem 3, based on the variation of ¢. The data set is arranged in

descending order and plot with a line having a log along the y-axis.
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Figure 13. (a-i) show graphical analysis of fitness of all problems and their cases.

6.2. Analysis Based on Global Performance Indices

To evaluate the performance of proposed methodology through global indices, data
are collected for 100 independent runs for the solution of all problems of FSS. The values
of global operators with their means and standard deviation are given in Table 7. It is
observed that values of these global operators are about 10~ to 10719, 1077 to 10719, 1010
to 1071, and 10~ to 10~ '3 for GMAD, GRMSE, GENSE, and GFIT, respectively. Normally,
the values of GFIT, GMAD, GENSE, and GRMSE express the consistency and reliability of
the proposed scheme.
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Table 7. Statistical data of global operators in terms of minimum, mean, and standard deviation.

GMAD GRMSE GENSE GFIT
Problems  Cases ~\y MEAN STD MIN MEAN STD MIN MEAN STD MIN MEAN STD
1 436 %1070 186 x10°% 245x 1078 477 x10710 198 x10°% 2.62x 1078 533x107Y7 346 x107" 714 x 101 112x 10712 284 x 10710 234 x 10710
1 2 198 x107°  568x10°% 959 x 1078 243x107° 583x10°% 9.73x10°8 249 %1071 382x1071 1.05x10° 431x10712 356 x10710 263 x 10710
3 120X 107° 448 x10°% 596 x 108 147 x107°  473x 1078  6.06 x 10°® 1.60 x 1071 1.45x 10710 3.15x 10710 398 x 10712 2,90 x 10710 2.69 x 1010
4 462x107  454x10°% 350 x 108 501 x107° 463 x10°% 349 x10°8 474x1071% 698 x 10~ 878 x 10~ 9.9810-11 6.1510-10 3.5710-10
1 141x107°  652x10% 1.34x 1077 145%x107°  6.85x 108 1.38x 1077 613 x 107 6.35x 10710 2.35x 10~° 1.09 x 10711 2,01 x 10710 1.46 x 10710
9 2 240 %1070 355x10°% 697 x 1078 261x10710 3.66x1078 712x10°8 250x1071¢  1.66 x 10710 6.13 x 1010 449 x10712 269 x10710 250 x 10710
3 355x 1071 516x107% 1.15x 1077 436x 10710 542x107% 121 x1077 7.09 x 10710 4.05x 10710 147 x 107° 114 x 10711 278 x 10710 2.33 x 10710
4 2.82x 10710 428 x107% 552x 1078 349 x 10710 440x107% 549 x 1078 1.78 x 1071 116 x 10710 2,53 x 10710 218 x 10712 158 x 10710 1.36 x 10710
1 6.61x10710 424 x107% 708 x 1078 737 x10710 455%x 1078 7.81x10°8 834x 1071 958x 107" 3.02x 10710 1.63 x 10711 143 x 10710 940 x 1071
3 2 447 x1071° 361x107% 570 x 1078 533x 10710 3.69x107% 571 x10°8 394x 10710 624 x 107" 178 x 10710 261x10712 1.01x 10710 8.05x 101
3 141x107°  711x10°% 712x10°8 1.73x10°°  773x10°% 778 x10°® 218x 107 998 x 10~ 229 x 1010 729 %1071 518 x 1071 433 x 107!
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Figure 14. (a-d) show data of performance matrices for problem 1, based on the variation of a. The data set is arranged in

descending order and plot with a line having a log along the y-axis.

6.3. Complexity Analysis

For the performance of any technique, parameter setting is a key step. The ill parame-
ters that can diverge affect the performance of a technique. In such a way, the performance
of ANN-SCA-SQP algorithm is analyzed by variation of its parameter population and
number of neurons. For the best performance number of neurons and population, 30 is
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taken. The results for all parameters are evaluated in terms of absolute error calculated
using a reference solution of GA-ASM. The data for variation in population are reported
in Table 8. The tuning of parameters is tested on all three problems for different cases.
From the table, it seems that the absolute errors in solution of FSS for 20 population size
are between 107 to 10~8; for a population size of 30, the errors lies between 1078 to 1019
and, for a population size of 40, the errors in solution are from 10~* to 10—, which verifies
that the ANN-SCA-SQP algorithm has the best performance for a population size of 30.

Table 8. Analysis of ANN-SCA-SQP by variation of population size.
Absolute Errors for Input Values 7
Problem/Case Population 5 =0 7=01 7=02 7=1023 =04 7=05 7 =0.6 7=0.7 7=08 7 =09 7n=1.0
20 7.89x 1077 378x1077 150x1077 322x 1077 462x107% 730x1077 131x107° 146x107° 120x107° 837x1077 8.04x 1077
1 30 147 x1077 931 x 1078 200x 108 883x107° 4.14x107% 445x107% 350x 1070 419x107% 358x107% 298 x 10~ 5.08x 1078
40 343 x 1075 4.18x107° 439x107° 421x107° 372x107° 289x107° 156x107° 4.61x107% 334x107° 7.16x107° 0.000119
20 616 x107° 1.09x107° 536x107° 244 x107° 0.00011 0.000254 0.000447 0.000678 0.000931 0.001198 0.001482
2 30 235x107% 3.07x107% 292x107% 3.01x10°® 389x107% 375x107% 250x10% 1.65x107% 151x10% 567 x107° 1.19x 1078
40 893x 1077 425x1077 151x1077 482x1077 515x1077 475x1077 627x1077 1.07x107° 1.69x107° 230x107® 2.74x 107
20 7.89x1077 378x1077 150x1077 322x1077 462x107% 730x1077 131x107° 146x107® 120x107° 837x1077 8.04x 1077
3 30 283x107% 389x107% 410x107% 147x107% 114x107® 3961009 374x107% 812x107® 9.40x10% 7.62x107% 6.50x 1078
40 343 %1075 418x107° 439x107° 421x1075 372x107° 289x107° 156x107° 461x107° 334x10°° 7.16x107° 0.000119
The errors for variation in the number of neurons are reported in Table 9. The tuning
of neurons is tested on all three problems for different cases. From the table, it seems that
the absolute errors in the solution of FSS for 15 neurons are between 104 to 107, for a
population size of 30, the errors lie between 108 to 1071° and, for 45 neurons, the errors in
solution are from 10~* to 10—, which verifies that the ANN-SCA-SQP algorithm has the
best performance on 30 neurons.
Table 9. Analysis of ANN-SCA-SQP by variation in number of neurons.
Absolute Errors for Input Values 5
Problem/Case No. of Neurons # =0 n=1 7 =02 7=03 7 =04 7 =05 7 =0.6 n=0.7 7 =08 7 =09 7 =10
15 880x107° 921x107° 1.01x107° 9.97x107° 8.67x107° 7.13x107° 680x107° 8.63x107° 123x1075 164x107> 1.92x107°
1 30 1.4710-07 931x1078 2.00x 1078 883x1077 4.14x1078 445x107% 350x 10710 4.19x 1078 358x 108 298x1078 5.08x 1078
45 0.000937 0.044811 0.079813 0.10418 0.118043 0.121557 0.11491 0.098331 0.072095 0.036523 0.008015
15 0.000133 0.000144 0.000149 0.000152 0.000155 0.000158 0.000158 0.000152 0.000138 0.000117  9.10 x 10~°
2 30 235x 1078 3.07x107% 292x10°% 3.01x107% 389x10°% 375x10°% 250x107% 1.65x10°% 151x10% 567x107° 1.19x 1078
45 201 x107° 1.84x107° 176 x107° 1.84x107° 1.90x10™° 1.82x107> 161x1075 140x10™° 133x107> 1.38x1075 1.41x10~°
15 128 x 1075 2.82x107° 354x107° 3.05x107° 1.03x10°° 259x107° 7.61x 1075 0.000137 0.000203 0.000274 0.00035
3 30 283x107% 389x107% 410x10°% 147x107% 1.14x 1078 396x107° 374x107% 812x10% 940x10% 7.62x107% 6.50x 1078
45 126 x 1075 126x107° 125x107% 1.19x 1075 1.09x107° 977 x107% 888x107® 845x10°° 830x107¢ 7.99x10°° 713 x10°°

The number of input points depend on the step size if input points vary between
0 and 1, if the step size is taken as 0.02, the interval will be split into 50 equal parts with
51 points and, if the step size is changed to 0.05, the points will change to 20, etc. The input
points do not effect the performance of the proposed approach. All three problems are
solved by execution of the proposed approach with 51, 41, 21, and 11 input points, and their
results are drawn in Figure 15. It can clearly be observed that there is no effect on the
solution except for a concentration of points.
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Figure 15. The graphs shows solution on input points 51, 41, 21, and 11, respectively. There is no
effect of increasing or decreasing input points on solutions. (a) Problem 1: Solution for 51, 41, 21 and
11 input points; (b) Problem 2: Solution for 51, 41, 21 and 11 input points; (c) Problem 3: Solution for
51, 41, 21 and 11 input points.

7. Conclusions

We considered the celebrated nonlinear dynamic differential equation, known as the
Falkner-Skan system, that arises in fluid dynamics for boundary-layer flow with the stream-
wise pressure gradient transfer of mass over a dynamic wall. It has many applications like
Falkner—Skan flow of chemically reactive cross nanofluid with heat generation/absorption
and Falkner-Skan flow of Maxwell nanomaterials with heat and mass transfer over a
static/moving wedge. To analyze dynamic characteristics of the boundary flow of the FS
model, neurocomputing is utilized. An effective and robust neuro-stochastic computational
solver is designed by the combination of unsupervised and supervised mechanisms by ex-
ploiting the worth of artificial neural networks with the help of Sine-Cosine Algorithm and
Sequential Quadratic Programming. The numerical results found by the ANN-SCA-SQP
algorithm are compared graphically as shown in Figures 5, 7 and 9, and numerically given
in Tables 1, 3 and 5, with the results of GA-ASM . The convergence and accuracy are veri-
fied by the consistent overlapping of solutions obtained by the proposed scheme with the
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reference solutions. For the evaluation of robustness of the designed methodology, different
variants of the Falkner—Skan system based on the variation of wall stretching parameter
J, streamwise pressure gradient parameter , and mass transfer at wall parameter y are
executed 100 times. The statistical evaluation based on 100 runs shows a small variation in
values along with mean and standard variation. Different statistical performance measures
were used i.e., MAD (Mean absolute deviation), RMSE (root mean square error), and ENSE
(error in Nash-Sutcliffe efficiency) to analyze the performance of the proposed scheme.
The global version of MAD, ENSE, and RMSE were also implemented along with their
mean and standard deviation for reliability and effectiveness. Convergence plots were
used for validation i.e., boxplot and histogram with normal distribution.

As there is a possibility that in the future other hybrid techniques may out perform the
ANN-SCA-SQP algorithm, for further better accuracy and convergence, one may design a
neural network-based artificial intelligence solver trained by a marine predator algorithm,
particle swarm optimization, or other such evolutionary algorithms, etc., for the solution of
variants of the Falkner-Skan system. The ANN-SCA-SQP algorithm can be implemented
for other physical, complex, and biological problems.
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Abbreviations

The following abbreviations are used in this manuscript:

¢ Activation function

s(n) Approximate ANN based Solution
GA Genetic Algorithm

ASM Active Set Method

FSS Falkner—Skan System

SCA Sine-Cosine Algorithm

STD Standard Deviation

sQP Sequential Quadratic Programming
ANN  Artificial Neural Network

MAD  Mean-Absolute Derivation

RMSE Root-Mean Square Error

ENSE  Error in Nash-Sutcliffe Efficiency
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Appendix A

Approximated solution of problem 1 for all cases:

_ 7.87836342162768 —3.94998347150690
ge1() = 1 + e (0-836012386992085 —1.72218406243382) + 1 + e (—9.578937802020747—22.8166219837040)
0.00682256641931040 —12.1752100238480
1 + e (5.099992728652961)—8.27285659877981) ' | y o—(—13.24378454098681 —255427775843190)
17.3889383163753 —0.0350811277376602
+ 1 + e (— 1091184786537 147 —3.77090407319657) T 1 + e (0.07326268412902017)+13 4437840186043)
4.73957108812539 —0.200582444909643
1 + e~ (6.999937860260661—19.3910131716001) ' | { o—(6.999937860260661/+24.9266845869495)
—2.21758180223300 —19.4404271466426 AL
T 1 + e~ (090923385820477071+0.442323650910280) ' 1 | o—9.973928659493841)—19.2287655000247) / (A1)
_ 5.14035320423249 —6.73678252541636
ga(ry) = 1 + e (125191046826097/)—4.73830687416967 + 1 + e (—29.99257544692617—19.1042795441711)
—5.97597929880291 3.08370403155240
1 + e (1257398972070875+2.08216581269597) ' | y o—0.4499361844561197—7.63512121228088)
19.2240727364342 25.3596943911278
1+ e (—0853668038542871—3.16457109971809) ' | 4 o0.2022770707054417—1.41618253668304)
—1.43402682686793 10.4884971736156
T 1 + e (9-311204867759867+13.3096048760497) ' | | o—0.1811301237597857 —17.6546052866385)
2.11473522165581 6.20343683446747 A2
1 + e (0.98680309287364611—0.164471026440938) + 1 + e 1.6663738249257117—10.4633659927988) / (A2)
B 9.89100631955405 12.3422899288533
8ea(y) = 1 + e (6:60991428725725,—29.8573995984460 ' | | o—(0.02867657542388817—10.9005621648372)
8.85432754858503 —3.35038587409801
1 + e (1.525234458123721 —5.79065021027889) + 1 + e (—0.0544681171849533)—8.92924892097382)
—2.05439995377823 19.1852783176006
1+ e (—343807114396258//+29.525004742456) ' | 1 o—(—159819194279389,—2.28580265311327)
3.90987926073757 12.8568792663011
1 + e (1-440681745664487 —24.1265843865795) + 1 + e (02528910717168801)—0.115633528840610)
—4.17169381490917 —18.6040871901027 A3
1 + e (13.0988996250089723.8723213491371) ' | | o—(—1.155877347835641—2.34394343145133) / (A3)
B —2.25715619880877 —4.19597307635984
8ea(ty) = 1 + e~ (1.177522739722457+0.0490323818612627 T 1 + e (8.60059818955635/—30.0000005031497)
5.81645052069167 11.7088601742965
1 + e~ (—2.598939069541147 —2.26873022584258) + 1+ e (1.51146214483898 — 12.2708440738918)
12.8467185768014 20.9552891374767
1 + e (0.6639957858613107/+0.651649438268842) ' 1 1 o (5.800331090818017+13.2754609635146)
—1.32893471172670 —17.4312667850442
t 1+ e (2092291807111287+16.7231244899465) ' | | o (7.321782924442451 —31.4438293886643)
—27.0939021314063 3.81418567176834 (Ad)

- 1+e™ (—1.776874467761861+7.49257295303940) 14+e™ (—3.356462987013311+14.9105595398540)
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Approximated solution of problem 2 for all cases:

_ 0.393186143204226 14.1327028965341
8a1(y) = 1+ e~ (—1545305612615407—28.1365682325009 ' | | o—(—1.161847745951461—2.34607039789879)
—12.7575876390472 4.72954133684452
1 + e (—0.6874657797674907+3.28197571046131) ' 1 ; o—(0.154613959258218/—0.168446269018335)
20.7645374197723 —6.15181498117780
1 + e (1:285047135723697 —7.68128721241741) ' 1 | o—(0.640952026512222—14.3337587212102)
10.5776262645944 0.491466795443296
1 + e (—0.708089052040594+16.0885094681750) ' | | o—(4160533913302511+16.2120269404568)
—3.43638618340971 —0.318046406859706 A5
T 1 + e (—0.9431377905729561+0.0553759925406189) T 1 + e (6:405495042615897+12.2749020327602) (A5)
. —8.47317900841952 —6.33591990117719
8e() = 1 + e (—1194770471329817—18.1566701360692 T 1 + e~ (—0.163084568883509 —4.38578114087729)
—0.165779753418781 —1.17904389253406
1 + e (—10.3014537212347—10.0041641527273) + 1 + e (—1.380090510891817+1.00333757703818)
8.12169845689494 —7.37198229475499
1 + e~ (0-825916353174769—2.70915672868049) + 1 + e~ (—0.02342131317499061)—13.1476194351527)
15.6703681013559 16.3889676382044
1 + e (—1.414956469383137—3.09517694217300) + 1 + e (—1.403044266592441 —9.35565379932698)
0.572714326624283 —0.594934948505521 A6
1 + e~ (1.702451766573411+0.0114206190949522) ' 1 | o—(0.4596279533887074—1.23115206064770) / (A6)
B —1.07796758028332 6.19592319883508
8a() = 1 + e (—1.28543240703059+0.196053702026635 + 1 + e~ (—0.143531470530927 —10.1054719351599)
1.29028342234795 24.5020718437534
1 + e (—23.06956039279301 —16.0019589180604) + 1 + e (03508694736809661—2.26511555868703)
—11.0881470649015 29.0956646461048
+ 1 + e~ (0.5995882223390717—14.3258787098489) + 1 + e~ (6:675451387803011) —22.4456035348698)
8.90692480915053 12.8164183892417
1 + e (1516249957200021—29.9999999880872) ' | 4 —(—1.65771204510768 —2.87334837671866)
1.36781506017920 —1.69861515711933 A7
1 + e~ (5:203942298061361)—24.0355802049677 ) + 1 4 e (—3.893428423365761 —2.87334837671866) ’ (A7)
B —1.24713293446349 —0.676680032898537
8ealry) = 1 + e (153567702451395+3.57669397470700 ' | y o—(0.6557688018285017+17.6555488346129)
—0.390350827947282 —1.43469475597621
1 + e (1258411195617047+1.11266099970389) ' |  —(1.737714058667761+21.5734062745439)
18.3691722439688 0.0368793877160828
1 + e (—1.66248982379959, —3.134135979482099) + 1 + e (—10.34107648786397—22.5901794608600)
—0.248119373172110 1.17767407311012
1 + e (—29.5353912988548 —26.0173040624925) ' 1 | o—(0.0539736585005905/—11.6757725506848)
2.25917320036582 27.6538708494121
N (A8)

1+ e (1.191643833264621+0.342010952068173) T 1+ ef(0.3084941578388891772.29512336973742)'
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Approximated solution of problem 3 for all cases:

_ 10.6223016876198 3.79819466293440
gei(n) = 1 + e~ (—0.07805970514055797 —11.0594121935616 ' | { o (0.8614584993637871—0.438470609384736)
0.698741371189724 11.8499512787238
+ 1 + e (07861406907776377—8.78130980650411) ' | | o—(—1.50650777498768:—4.61144049518847)
—4.44419822650151 —9.88990534420985
T 1 + e~ (07537240717187367—0.958293015056910) ' 1 4 o (5.832245025782631—29.2024447592141)
0.645221674628451 —3.11073670076990
1 + e (—22.3474380209428/— 16.1474403196985) + 1 + e (1.416357004798571+2.14634670637277)
0.268695863418086 19.5012559927405 A9
T 1 + e (0.1759969519962601/+0.897543573084633) T 1 + e (0:4413616200151447—2.05207094310822) / (A9)
_ —6.92890308647009 —6.23331078235345
8ea(17) = 1 + e (0.05453818806564131/+12.2082857209819 T 1 + e~ (—0.581378690579424 —0.409023904740514)
—29.9324856748492 12.0136230358825
+ 1 + e (1.787272790779261)—11.7743466273260) ' | 4 o—(0.7086769616836291+4.19290104077455)
1.77880725037356 —0.337375691939904
1 + e~ (—1.229687462486941—1.83425889073550) + 1 + e~ (—5.406572583611721+19.2451728127842)
—2.85909630821726 9.02834428332113
1+ e (—5.021807079549421+29.9999981363404) ' | | o—(—1.343864460577161—3.84329948847535)
8.68032428040273 —2.69002422724243 A10
T 1 + e (0-6514751424666421)—3.18673553894291) ™ 1 + e~ (—126647171172223 —20.6995737039304) ’ (A10)
_ 29.8111938205376 —2.76626499276282
8a(y) = 1+ e (—001070972902545307—30) ' 1 4 g (—05871097027022317—1.14253953960096)
—1.33492673261703 10.0599018805831
+ 1 + e (10.7490644221616,/+15.7972328680717) ' 1 4 o (0.3451537705674961—1.00031317237958)
0.216801087201179 1.92259401563730
T 1 + e~ (—0.00218639525210423,—1.82671560273401) T 1 + e~ (1257013860735711—7.35568198676311)
—0.715596259271990 —5.92952657567245
1 + e~ (29.9999999949570,7+30.0000000545581) ' 1 4 o—(0.4154102625293147—9.58930991734557)
—2.47384175974838 —10.1321182673046 (A11)

1+ e~ (—1.13582523528867,1—5.02035265373169) 1+ e~ (—0.2161862345047067 —23.3399939748596) *

References

1. Chanson, H. Applied Hydrodynamics: An Introduction to Ideal and Real Fluid Flows; CRC Press: Boca Raton, FL, USA, 2009.

2. Nazarenko, S. Fluid Dynamics via Examples and Solutions; CRC Press: Boca Raton, FL, USA, 2014.

3. Eckert, M. The Dawn of Fluid Dynamics: A Discipline between Science and Technology; John Wiley & Sons: Hoboken, NJ, USA, 2007.

4 Pletcher, R.H.; Tannehill, J.C.; Anderson, D. Computational Fluid Mechanics and Heat Transfer; CRC Press: Boca Raton, FL,
USA, 2012.

5. Gonzalez-Avilés, J.; Cruz-Osorio, A.; Lora-Clavijo, F.; Guzmén, F. Newtonian CAFE: A new ideal MHD code to study the solar
atmosphere. Mon. Not. R. Astron. Soc. 2015, 454, 1871-1885. [CrossRef]

6. Gonzélez-Avilés, J.].; Guzman, ES.; Fedun, V. JET formation in solar atmosphere due to magnetic reconnection. Astrophys. J. 2017,
836, 24. [CrossRef]

7. Ishak, A,; Nazar, R.; Pop, I. Falkner-Skan equation for flow past a moving wedge with suction or injection. J. Appl. Math. Comput.
2007, 25, 67-83. [CrossRef]

8.  Turkyilmazoglu, M. Slip flow and heat transfer over a specific wedge: An exactly solvable Falkner—Skan equation. J. Eng. Math.
2015, 92, 73-81. [CrossRef]

9. Ding, X,; Gong-nan, X. Application of the Fixed Point Method to Solve the Nonlinear Falkner-Skan Flow Equation. Appl. Math.
Mech. 2015, 36, 78-86.


http://doi.org/10.1093/mnras/stv2013
http://dx.doi.org/10.3847/1538-4357/836/1/24
http://dx.doi.org/10.1007/BF02832339
http://dx.doi.org/10.1007/s10665-014-9758-6

Entropy 2021, 23, 1448 30 of 32

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Madaki, A.; Abdulhameed, M.; Ali, M.; Roslan, R. Solution of the Falkner-Skan wedge flow by a revised optimal homotopy
asymptotic method. SpringerPlus 2016, 5, 513. [CrossRef]

Falkneb, V.; Skan, SSW. LXXXV. Solutions of the boundary-layer equations. Lond. Edinb. Dublin Philos. Mag. ]. Sci. 1931,
12, 865-896. [CrossRef]

Quartapelle, L.; Rebay, S. Numerical solution of two-point boundary value problems. ]. Comput. Phys. 1990, 86, 314-354.
[CrossRef]

Yacob, N.A; Ishak, A.; Pop, I. Falkner-Skan problem for a static or moving wedge in nanofluids. Int. J. Therm. Sci. 2011,
50, 133-139. [CrossRef]

Merkin, J. Mixed convection in a Falkner-Skan system. J. Eng. Math. 2016, 100, 167-185. [CrossRef]

Yacob, N.A ; Ishak, A.; Nazar, R.; Pop, I. Falkner-Skan problem for a static and moving wedge with prescribed surface heat flux
in a nanofluid. Int. Commun. Heat Mass Transf. 2011, 38, 149-153. [CrossRef]

Abbasbandy, S.; Naz, R.; Hayat, T.; Alsaedi, A. Numerical and analytical solutions for Falkner—Skan flow of MHD Maxwell fluid.
Appl. Math. Comput. 2014, 242, 569-575. [CrossRef]

Abbasbandy, S.; Hayat, T.; Alsaedi, A.; Rashidi, M. Numerical and analytical solutions for Falkner-Skan flow of MHD Oldroyd-B
fluid. Int. . Numer. Methods Heat Fluid Flow 2014, 24, 390-401. [CrossRef]

Hartree, D.R. On an equation occurring in Falkner and Skan’s approximate treatment of the equations of the boundary
layer. In Mathematical Proceedings of the Cambridge Philosophical Society; Cambridge University Press: Cambridge, UK, 1937;
Volume 33, pp. 223-239.

Stewartson, K. On the flow between two rotating coaxial disks. In Mathematical Proceedings of the Cambridge Philosophical Society;
Cambridge University Press: Cambridge, UK, 1953; Volume 49, pp. 333-341.

Brown, S. Hartree’s solutions of the Falkner-Skan equation. AIAA J. 1966, 4, 2215-2216. [CrossRef]

Hastings, S. Existence for a Falkner-Skan type boundary value problem. J. Math. Anal. Appl. 1970, 31, 15-23. [CrossRef]
Hastings, S. An existence theorem for a class of nonlinear boundary value problems including that of Falkner and Skan. |. Differ.
Equ. 1971, 9, 580-590. [CrossRef]

Cebeci, T.; Keller, H.B. Shooting and parallel shooting methods for solving the Falkner-Skan boundary-layer equation. J. Comput.
Phys. 1971, 7, 289-300. [CrossRef]

Summers, D. A random vortex simulation of Falkner-Skan boundary layer flow. J. Comput. Phys. 1989, 85, 86-103. [CrossRef]
Asaithambi, A. A finite-difference method for the Falkner-Skan equation. Appl. Math. Comput. 1998, 92, 135-141. [CrossRef]
Morgan, P.; Rubin, S.; Khosla, P. Application of the reduced Navier-Stokes methodology to flow stability of Falkner—Skan class
flows. Comput. Fluids 1999, 28, 307-321. [CrossRef]

Rosales-Vera, M.; Valencia, A. Solutions of Falkner-Skan equation with heat transfer by Fourier series. Int. Commun. Heat Mass
Transf. 2010, 37, 761-765. [CrossRef]

Abbasbandy, S.; Hayat, T. Solution of the MHD Falkner-Skan flow by homotopy analysis method. Commun. Nonlinear Sci. Numer.
Simul. 2009, 14, 3591-3598. [CrossRef]

Parand, K.; Dehghan, M.; Pirkhedri, A. The use of Sinc-collocation method for solving Falkner—Skan boundary-layer equation.
Int. J. Numer. Methods Fluids 2012, 68, 36—47. [CrossRef]

Abbasbandy, S.; Hayat, T.; Ghehsareh, H.R.; Alsaedi, A. MHD Falkner-Skan flow of Maxwell fluid by rational Chebyshev
collocation method. Appl. Math. Mech. 2013, 34, 921-930. [CrossRef]

Naseri, R.; Malek, A.; Van Gorder, R. On existence and multiplicity of similarity solutions to a nonlinear differential equation
arising in magnetohydrodynamic Falkner-Skan flow for decelerated flows. Math. Methods Appl. Sci. 2015, 38, 4272-4278.
[CrossRef]

Farooq, U.; Zhao, Y.; Hayat, T.; Alsaedi, A.; Liao, S. Application of the HAM-based Mathematica package BVPh 2.0 on MHD
Falkner-Skan flow of nano-fluid. Comput. Fluids 2015, 111, 69-75. [CrossRef]

Raju, C.; Sandeep, N. Nonlinear radiative magnetohydrodynamic Falkner-Skan flow of Casson fluid over a wedge. Alex. Eng. |.
2016, 55, 2045-2054. [CrossRef]

Afzal, N. Falkner-Skan equation for flow past a stretching surface with suction or blowing: Analytical solutions. Appl. Math.
Comput. 2010, 217, 2724-2736. [CrossRef]

Ahmad, S.; Nadeem, S.; Muhammad, N.; Issakhov, A. Radiative SWCNT and MWCNT nanofluid flow of Falkner-Skan problem
with double stratification. Phys. A Stat. Mech. Its Appl. 2020, 547, 124054. [CrossRef]

Ali, B.; Hussain, S.; Nie, Y,; Khan, S.A.; Naqvi, S.I.R. Finite element simulation of bioconvection Falkner-Skan flow of a Maxwell
nanofluid fluid along with activation energy over a wedge. Phys. Scr. 2020, 95, 095214. [CrossRef]

Belden, E.R.; Dickman, Z.A.; Weinstein, S.J.; Archibee, A.D.; Burroughs, E.; Barlow, N.S. Asymptotic approximant for the
Falkner—Skan boundary layer equation. Q. J. Mech. Appl. Math. 2020, 73, 36-50. [CrossRef]

Huang, W,; Jiang, T.; Zhang, X.; Khan, N.A.; Sulaiman, M. Analysis of Beam-Column Designs by Varying Axial Load with
Internal Forces and Bending Rigidity Using a New Soft Computing Technique. Complexity 2021, 2021, 6639032. [CrossRef]
Zhang, Y,; Lin, J.; Hu, Z.; Khan, N.A.; Sulaiman, M. Analysis of Third-Order Nonlinear Multi-Singular Emden-Fowler Equation
by Using the LeNN-WOA-NM Algorithm. IEEE Access 2021, 9, 72111-72138. [CrossRef]

Ahmad, A.; Sulaiman, M.; Aljohani, A.J.; Alhindi, A.; Alrabaiah, H. Design of an efficient algorithm for solution of Bratu
differential equations. Ain Shams Eng. J. 2021, 12, 2211-2225. [CrossRef]


http://dx.doi.org/10.1186/s40064-016-2147-z
http://dx.doi.org/10.1080/14786443109461870
http://dx.doi.org/10.1016/0021-9991(90)90104-9
http://dx.doi.org/10.1016/j.ijthermalsci.2010.10.008
http://dx.doi.org/10.1007/s10665-015-9840-8
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.12.003
http://dx.doi.org/10.1016/j.amc.2014.04.102
http://dx.doi.org/10.1108/HFF-05-2012-0096
http://dx.doi.org/10.2514/3.3878
http://dx.doi.org/10.1016/0022-247X(70)90116-2
http://dx.doi.org/10.1016/0022-0396(71)90025-8
http://dx.doi.org/10.1016/0021-9991(71)90090-8
http://dx.doi.org/10.1016/0021-9991(89)90201-5
http://dx.doi.org/10.1016/S0096-3003(97)10042-X
http://dx.doi.org/10.1016/S0045-7930(98)00029-2
http://dx.doi.org/10.1016/j.icheatmasstransfer.2010.05.013
http://dx.doi.org/10.1016/j.cnsns.2009.01.030
http://dx.doi.org/10.1002/fld.2493
http://dx.doi.org/10.1007/s10483-013-1717-7
http://dx.doi.org/10.1002/mma.3363
http://dx.doi.org/10.1016/j.compfluid.2015.01.005
http://dx.doi.org/10.1016/j.aej.2016.07.006
http://dx.doi.org/10.1016/j.amc.2010.07.080
http://dx.doi.org/10.1016/j.physa.2019.124054
http://dx.doi.org/10.1088/1402-4896/abb0aa
http://dx.doi.org/10.1093/qjmam/hbz021
http://dx.doi.org/10.1155/2021/6639032
http://dx.doi.org/10.1109/ACCESS.2021.3078750
http://dx.doi.org/10.1016/j.asej.2020.11.007

Entropy 2021, 23, 1448 31 of 32

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.
57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Khan, N.A ; Khalaf, O.I.; Romero, C.A.T.; Sulaiman, M.; Bakar, M.A. Application of Euler Neural Networks with Soft Computing
Paradigm to Solve Nonlinear Problems Arising in Heat Transfer. Entropy 2021, 23, 1053. [CrossRef]

Ahmad, A.; Sulaiman, M.; Kumam, P. Solutions of fractional order differential equations modeling temperature distribution in
convective straight fins design. Adv. Differ. Equ. 2021, 2021, 382. [CrossRef]

Ahmad, A.; Sulaiman, M.; Kumam, P.; Bakar, M.A. Analysis of a Mathematical Model for Drilling System with Reverse Air
Circulation by Using the ANN-BHCS Technique. IEEE Access 2021, 9, 119188-119218. [CrossRef]

Khan, N.A ; Sulaiman, M.; Tavera Romero, C.A.; Alarfaj, EK. Theoretical Analysis on Absorption of Carbon Dioxide (CO2) into
Solutions of Phenyl Glycidyl Ether (PGE) Using Nonlinear Autoregressive Exogenous Neural Networks. Molecules 2021, 26, 6041.
[CrossRef]

Khan, N.A.; Sulaiman, M.; Kumam, P.; Bakar, M.A. Thermal analysis of conductive-convective-radiative heat exchangers with
temperature dependent thermal conductivity. IEEE Access 2021, 9, 138876-138902. [CrossRef]

Ahmad, A.; Sulaiman, M.; Alhindi, A.; Aljohani, A.]. Analysis of Temperature Profiles in Longitudinal Fin Designs by a Novel
Neuroevolutionary Approach. IEEE Access 2020, 8, 113285-113308. [CrossRef]

Sulaiman, M.; Sulaman, M.; Hamdi, A.; Hussain, Z.H. The Plant Propagation Algorithm for the Optimal Operation of Directional
Over-Current Relays in Electrical Engineering. Mehran Univ. Res. ]. Eng. Technol. 2020, 39, 223-236. [CrossRef]

Waseem, W.; Sulaiman, M.; Islam, S.; Kumam, P.; Nawaz, R.; Raja, M.A.Z.; Farooq, M.; Shoaib, M. A study of changes in
temperature profile of porous fin model using cuckoo search algorithm. Alex. Eng. J. 2020, 59, 11-24. [CrossRef]

Bukhari, A.H.; Sulaiman, M.; Islam, S.; Shoaib, M.; Kumam, P.; Raja, M.A.Z. Neuro-fuzzy modeling and prediction of summer
precipitation with application to different meteorological stations. Alex. Eng. J. 2020, 59, 101-116. [CrossRef]

Bukhari, A.H.; Raja, M.A.Z.; Sulaiman, M.; Islam, S.; Shoaib, M.; Kumam, P. Fractional neuro-sequential ARFIMA-LSTM for
financial market forecasting. IEEE Access 2020, 8, 71326-71338. [CrossRef]

Waseem, W.; Sulaiman, M.; Alhindi, A.; Alhakami, H. A Soft Computing Approach Based on Fractional Order DPSO Algorithm
Designed to Solve the Corneal Model for Eye Surgery. IEEE Access 2020, 8, 61576—61592. [CrossRef]

Ramirez-Ortegén, M.A.; Mérgner, V.; Cuevas, E.; Rojas, R. An optimization for binarization methods by removing binary artifacts.
Pattern Recognit. Lett. 2013, 34, 1299-1306. [CrossRef]

El Sehiemy, R.; Abou El-Ela, A.; Shaheen, A. Multi-objective fuzzy-based procedure for enhancing reactive power management.
IET Gener. Transm. Distrib. 2013, 7, 1453-1460. [CrossRef]

Precup, R.E.; David, R.C.; Petriu, E.M.; Preitl, S.; Ridac, M.B. Fuzzy logic-based adaptive gravitational search algorithm for
optimal tuning of fuzzy-controlled servo systems. IET Control Theory Appl. 2013, 7, 99-107. [CrossRef]

Kazakov, A.L.; Lempert, A.A. On mathematical models for optimization problem of logistics infrastructure. Int. J. Artif. Intell.
2015, 13, 200-210.

Lee, H.; Kang, I.S. Neural algorithm for solving differential equations. J. Comput. Phys. 1990, 91, 110-131. [CrossRef]

Meade, A.J., Jr.; Fernandez, A.A. The numerical solution of linear ordinary differential equations by feedforward neural networks.
Math. Comput. Model. 1994, 19, 1-25. [CrossRef]

Meade, A ], Jr.; Fernandez, A.A. Solution of nonlinear ordinary differential equations by feedforward neural networks. Math.
Comput. Model. 1994, 20, 19-44. [CrossRef]

Lagaris, LE.; Likas, A.; Fotiadis, D.I. Artificial neural networks for solving ordinary and partial differential equations. IEEE Trans.
Neural Netw. 1998, 9, 987-1000. [CrossRef] [PubMed]

Jafarian, A.; Measoomy, S.; Abbasbandy, S. Artificial neural networks based modeling for solving Volterra integral equations
system. Appl. Soft Comput. 2015, 27, 391-398. [CrossRef]

Baymani, M.; Effati, S.; Niazmand, H.; Kerayechian, A. Artificial neural network method for solving the Navier-Stokes equations.
Neural Comput. Appl. 2015, 26, 765-773. [CrossRef]

Sabouri, J.; Effati, S.; Pakdaman, M. A neural network approach for solving a class of fractional optimal control problems. Neural
Process. Lett. 2017, 45, 59-74. [CrossRef]

Raja, M.A.Z.; Samar, R.; Haroon, T.; Shah, S.M. Unsupervised neural network model optimized with evolutionary computations
for solving variants of nonlinear MHD Jeffery-Hamel problem. Appl. Math. Mech. 2015, 36, 1611-1638. [CrossRef]

Raja, M.A.Z.; Khan, J.A.; Haroon, T. Stochastic numerical treatment for thin film flow of third grade fluid using unsupervised
neural networks. J. Taiwan Inst. Chem. Eng. 2015, 48, 26-39. [CrossRef]

Raja, M.A.Z.; Samar, R.; Manzar, M. A ; Shah, S.M. Design of unsupervised fractional neural network model optimized with
interior point algorithm for solving Bagley-Torvik equation. Math. Comput. Simul. 2017, 132, 139-158. [CrossRef]

Fang, J.; Liu, C.; Simos, T.; Famelis, L.T. Neural Network Solution of Single-Delay Differential Equations. Mediterr. . Math. 2020,
17, 30. [CrossRef]

Darbon, J.; Langlois, G.P.; Meng, T. Overcoming the curse of dimensionality for some Hamilton-Jacobi partial differential
equations via neural network architectures. Res. Math. Sci. 2020, 7, 1-50. [CrossRef]

Khan, N.A ; Sulaiman, M.; Aljohani, A.].; Kumam, P.; Alrabaiah, H. Analysis of multi-phase flow through porous media for
imbibition phenomena by using the LeNN-WOA-NM algorithm. IEEE Access 2020, 8, 196425-196458. [CrossRef]

Chen, Y.; Wan, ].W. Deep neural network framework based on backward stochastic differential equations for pricing and hedging
american options in high dimensions. Quant. Financ. 2020, 21, 45-67. [CrossRef]


http://dx.doi.org/10.3390/e23081053
http://dx.doi.org/10.1186/s13662-021-03537-z
http://dx.doi.org/10.1109/ACCESS.2021.3107405
http://dx.doi.org/10.3390/molecules26196041
http://dx.doi.org/10.1109/ACCESS.2021.3117839
http://dx.doi.org/10.1109/ACCESS.2020.3003253
http://dx.doi.org/10.22581/muet1982.2002.01
http://dx.doi.org/10.1016/j.aej.2019.12.001
http://dx.doi.org/10.1016/j.aej.2019.12.011
http://dx.doi.org/10.1109/ACCESS.2020.2985763
http://dx.doi.org/10.1109/ACCESS.2020.2983823
http://dx.doi.org/10.1016/j.patrec.2013.04.007
http://dx.doi.org/10.1049/iet-gtd.2013.0051
http://dx.doi.org/10.1049/iet-cta.2012.0343
http://dx.doi.org/10.1016/0021-9991(90)90007-N
http://dx.doi.org/10.1016/0895-7177(94)90095-7
http://dx.doi.org/10.1016/0895-7177(94)00160-X
http://dx.doi.org/10.1109/72.712178
http://www.ncbi.nlm.nih.gov/pubmed/18255782
http://dx.doi.org/10.1016/j.asoc.2014.10.036
http://dx.doi.org/10.1007/s00521-014-1762-2
http://dx.doi.org/10.1007/s11063-016-9510-5
http://dx.doi.org/10.1007/s10483-015-2000-6
http://dx.doi.org/10.1016/j.jtice.2014.10.018
http://dx.doi.org/10.1016/j.matcom.2016.08.002
http://dx.doi.org/10.1007/s00009-019-1452-5
http://dx.doi.org/10.1007/s40687-020-00215-6
http://dx.doi.org/10.1109/ACCESS.2020.3034053
http://dx.doi.org/10.1080/14697688.2020.1788219

Entropy 2021, 23, 1448 32 of 32

70.

71.

72.

73.

74.
75.

76.

77.

78.

79.

80.

81.

Khan, N.A.; Sulaiman, M.; Kumam, P,; Aljohani, A.]. A new soft computing approach for studying the wire coating dynamics
with Oldroyd 8-constant fluid. Phys. Fluids 2021, 33, 036117. [CrossRef]

Avrutskiy, V.I. Neural networks catching up with finite differences in solving partial differential equations in higher dimensions.
Neural Comput. Appl. 2020, 32, 13425-13440. [CrossRef]

Blasius, H. The Boundary Layers in Fluids with Little Friction; Printed by BG Teubner; National Advisory Committee for Aeronautics:
Washington, DC, USA, 1950; 57p.

Hiemenz, K. The boundary layer on a straight circular cylinder immersed in the uniform flow of liquid. Dingler’s Polytech. ].
1911, 326, 321-324.

Mirjalili, S. SCA: A sine cosine algorithm for solving optimization problems. Know!.-Based Syst. 2016, 96, 120-133. [CrossRef]
Reddy, K.S.; Panwar, L.K; Panigrahi, B.; Kumar, R. A new binary variant of sine—cosine algorithm: Development and application
to solve profit-based unit commitment problem. Arab. J. Sci. Eng. 2018, 43, 4041-4056. [CrossRef]

Mirjalili, S.M.; Mirjalili, S.Z.; Saremi, S.; Mirjalili, S. Sine cosine algorithm: Theory, literature review, and application in designing
bend photonic crystal waveguides. In Nature-Inspired Optimizers; Springer: Berlin/Heidelberg, Germany, 2020; pp. 201-217.
Kuo, R;; Lin, J.Y;; Nguyen, T.P.Q. An application of sine cosine algorithm-based fuzzy possibilistic c-ordered means algorithm to
cluster analysis. Soft Comput. 2020, 25, 3469-3484. [CrossRef]

Gupta, S.; Deep, K. A novel hybrid sine cosine algorithm for global optimization and its application to train multilayer perceptrons.
Appl. Intell. 2020, 50, 993-1026. [CrossRef]

Johansen, T.A.; Fossen, T.L; Berge, S.P. Constrained nonlinear control allocation with singularity avoidance using sequential
quadratic programming. IEEE Trans. Control Syst. Technol. 2004, 12, 211-216. [CrossRef]

Fu, Z; Liu, G.; Guo, L. Sequential quadratic programming method for nonlinear least squares estimation and its application.
Math. Probl. Eng. 2019, 2019, 3087949. [CrossRef]

Mehmood, A.; Zameer, A.; Ling, S.H.; ur Rehman, A.; Raja, M.A.Z. Integrated computational intelligent paradigm for nonlinear
electric circuit models using neural networks, genetic algorithms and sequential quadratic programming. Neural Comput. Appl.
2020, 32, 10337-10357. [CrossRef]


http://dx.doi.org/10.1063/5.0042676
http://dx.doi.org/10.1007/s00521-020-04743-8
http://dx.doi.org/10.1016/j.knosys.2015.12.022
http://dx.doi.org/10.1007/s13369-017-2790-x
http://dx.doi.org/10.1007/s00500-020-05380-y
http://dx.doi.org/10.1007/s10489-019-01570-w
http://dx.doi.org/10.1109/TCST.2003.821952
http://dx.doi.org/10.1155/2019/3087949
http://dx.doi.org/10.1007/s00521-019-04573-3

	Introduction
	Formulation of the Falkner–Skan Boundary Layer System
	ANN Based Structure of the FS Boundary Layer System
	Performance Matrices
	Empirical Results and Discussion
	Problem 1: Dynamics of FSS Based on the Variation of Stream-Wise Pressure Gradient 
	Problem 2: Dynamics of FSS Based on the Variation of Wall Mass Transfer Parameter 
	Problem 3: Dynamics of FSS Based on the Variation of Wall Stretching Factor 

	Evaluation through Performance Matrices
	Accuracy and Convergence
	Analysis Based on Global Performance Indices
	Complexity Analysis

	Conclusions
	
	References

