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Additional file 1: Supplementary notes 

Details of STModule 

The Bayesian model of STModule 

The full model of STModule is as follows: 

𝑃(𝑌|𝜃) = ∏ 𝒩 (𝑌𝑠𝑙| ∑ 𝑃𝑠𝑐𝐺𝑐𝑙

𝑐

, 𝜆𝑠
−1)

𝑠𝑙
 

𝑃(𝜆𝑠) = 𝐺𝑎𝑚𝑚𝑎(𝑢, 𝑣) 

𝑃(𝑃.𝑐|𝜎𝑐 , Σ(𝑐)) = MVN(𝑃.𝑐|0, 𝜎𝑐
−1Σ(𝑐)) 

𝑃(𝜎𝑐) = 𝐺𝑎𝑚𝑚𝑎(𝑚, 𝑛) 

𝑃(𝑟𝑐) = 𝐺𝑎𝑚𝑚𝑎(𝑎, 𝑏) 

𝑙𝑐
2 =

1

𝑟𝑐
 

Σ
𝑠,𝑠′
(𝑐)

= 𝑒𝑥𝑝 (−
𝑑(𝑠, 𝑠′)2

2𝑙𝑐
2 ) = 𝑒𝑥𝑝 (−

1

2
𝑑(𝑠, 𝑠′)2𝑟𝑐) 

𝐺𝑐𝑙 = 𝜔𝑐𝑙𝑠𝑐𝑙 

𝑃(𝜔𝑐𝑙|𝛽𝑐) = 𝒩(𝜔𝑐𝑙|0, 𝛽𝑐
−1) 

𝑃(𝛽𝑐) = 𝐺𝑎𝑚𝑚𝑎(𝛽𝑐|𝑒, 𝑓 ) 

𝑃(𝑠𝑐𝑙|𝜓𝑐𝑙 , 𝜙𝑐𝑙) = 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑠𝑐𝑙|𝜓𝑐𝑙𝜙𝑐𝑙) 

𝑃(𝜓𝑐𝑙) = 𝐵𝑒𝑡𝑎(𝜓𝑐𝑙|𝑔, ℎ ) 

𝑃(𝜙𝑐𝑙|𝜌𝑐) = 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝜙𝑐𝑙|𝜌𝑐) 

𝑃(𝜌𝑐) = 𝐵𝑒𝑡𝑎(𝜌𝑐|𝑡, 𝑧 ) 

 

The model is fitted using Variational Bayes (VB). The distribution of 𝑄(θ) is in the form of 

𝑄(θ) = ∏ 𝑄(𝑃𝑠𝑐)

𝑠,𝑐

∏ 𝑄(𝜎𝑐)

𝑐

∏ 𝛿𝑟𝑐
∗(𝑟𝑐)

𝑐

∏ 𝑄(𝜔𝑐𝑙|𝑠𝑐𝑙)𝑄(𝑠𝑐𝑙)

𝑐,𝑙

∏ 𝑄(𝛽𝑐)

𝑐

 

∏ 𝛿𝜓𝑐𝑙
∗ (𝜓𝑐𝑙)

𝑐,𝑙

∏ 𝛿𝜙𝑐𝑙
∗ (𝜙𝑐𝑙)

𝑐,𝑙

∏ 𝛿𝜌𝑐
∗(𝜌𝑐)

𝑐

∏ 𝑄(𝜆𝑠)

𝑠

 

where 𝛿(⋅) is the Dirac delta function.  

Updates of the variables 

• Factor matrix 𝑃 

𝑄(𝑃.𝑐) = 𝑀𝑉𝑁 (𝑃.𝑐|𝜇.𝑐
∗ , Ω(𝑐)∗−1

) 

Ω(𝑐)∗
= 〈𝜎𝑐〉 〈Σ(𝑐)−1

〉 + 〈𝜆〉 ∑ 〈𝑠𝑐𝑙
2𝑤𝑐𝑙

2〉𝐼𝑆
𝑙

 

𝜇.𝑐
∗ = (∑ 𝑌.𝑙〈𝜆〉〈𝑠𝑐𝑙𝑤𝑐𝑙〉

𝑙
− ∑ 〈𝜆〉〈𝑠𝑐𝑙𝑤𝑐𝑙〉

𝑙
∑ 〈𝑃.𝑘〉〈𝑠𝑘𝑙𝑤𝑘𝑙〉

𝑘≠𝑐
) Ω(𝑐)∗−1

 

• Scaling factor 𝜎 

𝑄(𝜎𝑐) = 𝐺𝑎𝑚𝑚𝑎(𝜎𝑐|𝑚𝑐
∗, 𝑛𝑐

∗) 

𝑚𝑐
∗ = 𝑚 +

1

2
𝑆 
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𝑛𝑐
∗ = (

1

𝑛
+

1

2
∑ 〈𝑃.𝑐

𝑇〉 〈Σ(𝑐)−1
〉 〈𝑃.𝑐〉

𝑠
)

−1

 

• Length scale 𝑟 

Since the prior of length scale is not conjugate, 𝑟 is updated by maximizing the relevant evidence lower 

bound (ELBO) using Newton’s optimization method: 

𝑓(𝑟𝑐) = log 𝑃(𝑃.𝑐|𝑟𝑐) + log 𝑃(𝑟𝑐) 

= −
1

2
〈𝑃.𝑐

𝑇〉〈𝜎𝑐〉 〈Σ(𝑐)−1
〉 〈𝑃.𝑐〉 + (𝑎 − 1) log 𝑟𝑐 −

1

𝑏
𝑟𝑐 

𝑟𝑐
∗ = 𝑟𝑐 −

𝑓′(𝑟𝑐)

𝑓′′(𝑟𝑐)
 

where 

𝑓′(𝑟𝑐) = −
1

2
〈𝑃.𝑐

𝑇〉〈𝜎𝑐〉(𝐾−1)′〈𝑃.𝑐〉 +
𝑎 − 1

𝑟𝑐
−

1

𝑏
 

𝑓′′(𝑟𝑐) = −
1

2
〈𝑃.𝑐

𝑇〉〈𝜎𝑐〉(𝐾−1)′′〈𝑃.𝑐〉 −
𝑎 − 1

𝑟𝑐
2  

𝐾 = Σ(𝑐) = 𝑒𝑥𝑝 (−
1

2
𝐷𝑟𝑐) 

(𝐾−1)′ = −𝐾−1𝐾′𝐾−1 

(𝐾−1)′′ = 2𝐾−1𝐾′𝐾−1𝐾′𝐾−1 − 𝐾−1𝐾′′𝐾−1 

𝐾′ = −
1

2
𝐷 ∙ 𝑒𝑥𝑝 (−

1

2
𝐷𝑟𝑐) 

𝐾′′ =
1

4
𝐷2 ∙ 𝑒𝑥𝑝 (−

1

2
𝐷𝑟𝑐) 

𝐷 is the matrix of squared Euclidean distance of the spots/cells. 

• Sparsity parameters of factor matrix 𝐺: 

𝑄(𝑤𝑐𝑙|𝑠𝑐𝑙) = 𝒩(𝑤𝑐𝑙|𝑠𝑐𝑙𝜊𝑐𝑙
∗ , (𝑠𝑐𝑙𝜂𝑐𝑙

∗ + (1 − 𝑠𝑐𝑙)〈𝛽𝑐〉)−1) 

𝜂𝑐𝑙
∗ = 〈𝛽𝑐〉 + ∑ 〈𝜆𝑠〉〈𝑃𝑠𝑐

2〉
𝑠

 

𝜊𝑐𝑙
∗ = 𝜂𝑐𝑙

∗ −1
(∑ 𝑌𝑠𝑙〈𝜆𝑠〉〈𝑃𝑠𝑐〉

𝑠
− ∑ 〈𝜆𝑠〉〈𝑃𝑠𝑐〉

𝑠
∑ 〈𝑃𝑠𝑘〉〈𝑠𝑘𝑙𝑤𝑘𝑙〉

𝑘≠𝑐
)  

 

𝑄(𝑠𝑐𝑙) = 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝑠𝑐𝑙|𝛾𝑐𝑙
∗ ) 

𝛾𝑐𝑙
∗ = 1 (1 + 𝑒−𝜗𝑐𝑙

∗
)⁄  

𝜗𝑐𝑙
∗ = 𝑙𝑜𝑔(𝜓𝑐𝑙

∗ 𝜙𝑐𝑙
∗ ) −

1

2
𝑙𝑜𝑔(𝜂𝑐𝑙

∗ ) +
1

2
𝜂𝑐𝑙

∗ 𝜊𝑐𝑙
∗ 2

− 𝑙𝑜𝑔(1 − 𝜓𝑐𝑙
∗ 𝜙𝑐𝑙

∗ ) +
1

2
𝑙𝑜𝑔〈𝛽𝑐〉 

 

𝑄(𝛽𝑐) = 𝐺𝑎𝑚𝑚𝑎(𝛽𝑐|𝑒𝑐
∗, 𝑓𝑐

∗) 

𝑒𝑐
∗ = 𝑒 +

1

2
𝐿 

𝑓𝑐
∗ = (

1

𝑓
+

1

2
∑ 〈𝑤𝑐𝑙

2〉
𝑙

)
−1
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𝜓𝑐𝑙, 𝜙𝑐𝑙 and 𝜌𝑐 are updated by point estimation1. 

• Noise term 𝜆: 

𝑄(𝜆𝑠) = 𝐺𝑎𝑚𝑚𝑎(𝜆𝑠|𝑢𝑠
∗, 𝑣𝑠

∗) 

𝑢𝑠
∗ = 𝑢 +

1

2
𝐿 

𝑣𝑠
∗ = (

1

𝑣
+

1

2
∑ 〈(𝑌𝑠𝑙 − ∑ 〈𝑃𝑠𝑐〉〈𝑠𝑐𝑙𝑤𝑐𝑙〉

𝑐
)

2

〉
𝑙

)

−1

 

ELBO 

Minimizing the KL-divergence between 𝑄(θ) and 𝑃(𝜃|𝑌) was equivalent to maximizing ELBO: 

𝐸𝐿𝐵𝑂 = 𝐸𝑄[log 𝑃(𝑌, 𝜃)] − 𝐸𝑄[log 𝑄(𝜃)] 

 =
𝐿

2
∑ 〈log 𝜆𝑠〉

𝑠
−

1

2
∑ 〈𝜆𝑠〉 〈(𝑌𝑠𝑙 − ∑ 〈𝑃𝑠𝑐〉〈𝑠𝑐𝑙𝑤𝑐𝑙〉

𝑐
)

2

〉
𝑠𝑙

 

+
𝑆

2
∑ 〈log 𝜎𝑐〉

𝑐
−

1

2
∑ 〈𝑃.𝑐

𝑇〉〈𝜎𝑐〉 〈Σ(𝑐)−1
〉 〈𝑃.𝑐〉

𝑐
−

1

2
∑ log (𝑑𝑒𝑡(Ω(𝑐)∗

))
𝑐

 

+ ∑ [(𝑚 − 1)〈log 𝜎𝑐〉 −
1

𝑛
〈𝜎𝑐〉]

𝑐
 

− ∑ [(𝑚𝑐
∗ − 1)〈log 𝜎𝑐〉 − 𝑚𝑐

∗(1 + log|𝑛𝑐
∗|) − log Γ(𝑚𝑐

∗)]
𝑐

 

+ ∑ [(𝑎 − 1) log 𝑟𝑐
∗ −

1

𝑏
〈𝑟𝑐

∗〉]
𝑐

 

+ ∑ [(𝑢 − 1)〈log 𝜆𝑠〉 −
1

𝑣
〈𝜆𝑠〉]

𝑠
 

− ∑ [(𝑢𝑠
∗ − 1)〈log 𝜆𝑠〉 − 𝑢𝑠

∗(1 + log|𝑣𝑠
∗|) − log Γ(𝑢𝑠

∗)]
𝑠

 

+
1

2
∑ 〈log 𝛽𝑐〉

𝑐
−

1

2
∑ 〈𝛽𝑐〉〈𝑤𝑐𝑙

2〉
𝑐,𝑙

 

−
1

2
∑ 𝛾𝑐𝑙

∗ 𝑙𝑜𝑔(𝜂𝑐𝑙
∗ )

𝑐,𝑙
+

1

2
∑ (1 − 𝛾𝑐𝑙

∗ )〈log 𝛽𝑐〉
𝑐,𝑙

 

+ ∑ (𝑒 − 1)〈log 𝛽𝑐〉
𝑐

− ∑
1

𝑓
〈𝛽𝑐〉

𝑐
− ∑ [(𝑒𝑐

∗ − 1)〈log 𝛽𝑐〉 − 𝑒𝑐
∗ − log Γ(𝑒𝑐

∗)]
𝑐

 

+ ∑ [𝛾𝑐𝑙
∗ 𝑙𝑜𝑔(𝜓𝑐𝑙

∗ 𝜙𝑐𝑙
∗ ) + (1 − 𝛾𝑐𝑙

∗ ) log(1 − 𝜓𝑐𝑙
∗ 𝜙𝑐𝑙

∗ ) − 𝛾𝑐𝑙
∗ log 𝛾𝑐𝑙

∗ − (1 − 𝛾𝑐𝑙
∗ ) log(1 − 𝛾𝑐𝑙

∗ )]
𝑐,𝑙

 

+ ∑ [(𝑔 − 1) log 𝜓𝑐𝑙
∗ + (ℎ − 1) log(1 − 𝜓𝑐𝑙

∗ )]
𝑐,𝑙

 

+ ∑ [𝜙𝑐𝑙
∗ log 𝜌𝑐

∗ + (1 − 𝜙𝑐𝑙
∗ ) log(1 − 𝜌𝑐

∗)]
𝑐,𝑙

 

+ ∑ [(𝑡 − 1) log 𝜌𝑐
∗ + (𝑧 − 1) log(1 − 𝜌𝑐

∗)]
𝑐
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Simulations 

Simulated spatial patterns 

In the first set of simulations, the spatial patterns were generated following the data generative schemes 

in2-4 based on spot and linear patterns (Additional file 1: Fig. S1). In scenarios 1-5, a spot pattern was 

generated by randomly selecting a location on the lattice as its center and sampling a radius from 2 to 

5. For a linear pattern, a slope and a location were randomly sampled to establish the central line of the 

pattern, while the line width was sampled from 4 to 10. In scenarios 6 and 7, spatial patterns were 

generated using spot patterns. The radius of higher-level patterns was sampled from 5 to 7, while the 

radius of sub-patterns was sampled from 2 to 3 and the centers were sampled in the area of the higher-

level patterns. Within each spot/linear pattern, values were set to 10 at the center spot or central line 

and decreased linearly to zero to the boundary. The values of other locations on the lattice beyond the 

pattern were set to zero. The overall expression of genes were determined based on the simulated spatial 

patterns, baseline expression and random noise, that is, for each gene, its expression was calculated as 

𝑦 = 𝜎𝑦𝑠𝑝𝑎𝑡𝑖𝑎𝑙 + 𝑦𝑏𝑎𝑠𝑒 + 𝜀, where 𝑦𝑠𝑝𝑎𝑡𝑖𝑎𝑙 represents the spatial pattern it follows, 𝜎 is a scaling factor 

randomly sampled from 1 to 5 to control the magnitude of its expression, 𝑦𝑏𝑎𝑠𝑒  is the baseline 

expression set to 2 for all genes, and 𝜀 ~ 𝒩(0,1) represents the random noise. In addition to the 

spatially expressed genes (SEGs), we also simulated non-spatially expressed genes (NSEGs) for each 

expression profile. The spatial component of expression was set to a zero vector for the NSEGs, thereby, 

they only exhibited baseline expression with random noise. The final simulated profiles were generated 

combining the expression of SEGs and NSEGs.  

In scenarios 1, 2 and 3, we simulated the spatial expression of a set of 100 genes sharing a similar 

expression pattern which were generated by 1, 2 and 3 basic patterns respectively to investigate spatial 

patterns of simple and complex shapes. In scenario 4, we simulated the spatial expression of two 

individual gene sets, each containing 100 genes with different spatial patterns, representing two 

independent biological signals. In scenario 5, we simulated the situation where two biological processes 

involved the same subset of genes and affected their spatial expression accordingly. We generated two 

gene sets with 50 overlapping genes, each comprising 100 co-expressing genes in total. The non-

overlapping genes of each set (subsets 1 and 2) followed the respective basic pattern, while the 

overlapping genes expressed the merged pattern. In scenarios 6 and 7, we investigated multi-scale 

patterns to simulate biological concepts in different granularities. We first generated a spatial pattern 

for a gene set (GS1) as the higher-level concept and then generated one (scenario 6) or two (scenario 7) 

sub-patterns included in the previous pattern as the sub-concepts with their own associated genes (GS2 

and GS3).  

Simulated layer-wise DLPFC data 

In the second set of simulations, we simulated layer-wise expression based on the layout of real DLPFC 

samples including seven layers following SRTsim5. For each layer, we simulated 10 expression profiles 

containing 100 SEGs and 900 NSEGs. Specifically, for each simulated profile, the SEGs are highly 

expressed in the spots of the corresponding layer, following a negative binomial distribution with the 

dispersion parameter set to 0.3, which is recommended by SRTsim. For the NSEGs, the mean 

expression was set to 0.03. For the SEGs, we simulated genes with both increased and decreased 

expression compared to NSEGs, by setting their mean expression to 10 times or 1/10 of that of NSEGs.  

Additional discussion of tissue modules for the melanoma and prostate cancer datasets 

Melanoma  

Highly concordant with the results of breast cancer, immune signals of B cells (IV; IGLL5, IGJ 

(JCHAIN)), spatial expression of B2M (V) and macrophages (VI) are also detected in the melanoma 
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samples. In addition, STModule identifies another module (X) in sample 2 related to two interferon-

induced genes, IFI6 and IFI27, that regulate apoptosis and immune responses6 (Additional file 2: Fig. 

S34b). They play critical roles in oncogenic NRAS-induced melanocyte transformation and tumor 

growth and can serve as targets of ATF3 to suppress growth of melanoma as well as predictors of 

clinical outcome of immunotherapies7-9.  

 

Prostate cancer  

STModule disentangles distinct subtypes of epithelial cells in both samples differentiated by respective 

markers, including luminal epithelial cells (KLK3, MSMB, ACPP), basal epithelial cells (CYR61, 

FOSB, KRT17), club cells (SCGB1A1, S100P, GDF15) and hillock cells (KRT13)10-12, as well as other 

tissue components such as fibroblasts, B cells, smooth muscle and prostatic glands (Additional file 2: 

Figs. S40-S46).  

Investigation of periodic kernels 

We used SE kernel in STModule to model spatial covariances among the spots/cells. Here we further 

investigated the performance of using periodic kernels defined as follows: 

Σ
𝑠,𝑠′
(𝑐)

= 𝜎2𝑒𝑥𝑝 (−
2

𝑙𝑐
2 𝑠𝑖𝑛2 (𝜋

𝑑(𝑠,𝑠′)

𝑝
)) = 𝜎2𝑒𝑥𝑝 (−2𝑠𝑖𝑛2 (𝜋

𝑑(𝑠,𝑠′)

𝑝
) 𝑟𝑐), 

where 𝜎 is amplitude, 𝑙𝑐 is the length scale of module 𝑐, p is the period of the covariance. We embedded 

the periodic kernel into our algorithm by using 5 different values of p determined following 2 and 

replaced the squared Euclidean distance in the SE kernel with 4𝑠𝑖𝑛2 (𝜋
𝑑(𝑠,𝑠′)

𝑝
), 𝑙𝑐

2 = 1 𝑟𝑐⁄ . As the SE 

kernel, 𝑟𝑐 was modeled as a variable in the algorithm and estimated by Variational Bayes.  
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