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ARTICLE INFO ABSTRACT

Keywords: Since its inception in December 2019, many safe and effective vaccines have been invented and
COVID-19 approved for use against COVID-19 along with various non-pharmaceutical interventions. But
Vaccination

the emergence of numerous SARS-CoV-2 variants has put the effectiveness of these vaccines,
and other intervention measures under threat. So it is important to understand the dynamics
Omicron variant of COVID-19 in the presence of its variants of concern (VOC) in controlling the spread of the
Re-infection disease. To address these situations and to find a way out of this problem, a new mathematical
Non-pharmaceutical interventions model consisting of a system of non-linear differential equations considering the original COVID-
19 strain with its two variants of concern (Delta and Omicron) has been proposed and formulated
in this paper. We then analyzed the proposed model to study the transmission dynamics of this
multi-strain model and to investigate the consequences of the emergence of multiple new SARS-
CoV-2 variants which are more transmissible than the previous ones. The control reproduction
number, an important threshold parameter, is then calculated using the next-generation matrix
method. Further, we presented the discussion about the stability of the model equilibrium. It is
shown that the disease-free equilibrium (DFE) of the model is locally asymptotic stable when the
control reproduction is less than unity. It is also shown that the model has a unique endemic
equilibrium (EEP) which is locally asymptotic stable when the control reproduction number is
greater than unity. Using the Center Manifold theory it is shown that the model also exhibits
the backward bifurcation phenomenon when the control reproduction number is less than unity.
Again without considering the re-infection of the recovered individuals, it is proved that the
disease-free equilibrium is globally asymptotically stable when the reproduction threshold is
less than unity. Finally, numerical simulations are performed to verify the analytic results and
to show the impact of multiple new SARS-CoV-2 variants in the population which are more
contagious than the previous variants. Global uncertainty and sensitivity analysis has been done
to identify which parameters have a greater impact on disease dynamics and control disease
transmission. Numerical simulation suggests that the emergence of new variants of concern
increases COVID-19 infection and related deaths. It also reveals that a combination of non-
pharmaceutical interventions with vaccination programs of new more effective vaccines should
be continued to control the disease outbreak. This study also suggests that more doses of vaccine
should provide to combat new and deadly variants like Delta and Omicron.
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1. Introduction

The first reported case of COVID-19 was in December 2019 and since then, it has become a global epidemic [1]. As of February
2023, approximately 6.8 million people have died, and approximately 760 million people have been infected which testifies how
deadly it is [2]. Before the invention of vaccines, the use of face masks, lock-down, and other non-pharmaceutical interventions
and community mitigation strategies (such as: washing and sanitizing hands frequently, and isolation of suspected individuals) were
thought to be the effective way to mitigate the disease spread [3,4]. These intervention measures did prove their effectiveness theo-
retically and mathematically against the pandemic [5,6] but were sometimes insufficient to stop the disease outbreak. So vaccination
is thought to be the most effective way to confront this issue and hence vaccinologists worked tirelessly to develop vaccines for
preventing COVID-19. At the end of 2020, the first vaccine was approved by World Health Organization (WHO) [7] and it was
assumed that vaccination can lead to the end of this pandemic. After that multiple effective vaccines were approved by WHO [7],
but the emergence of various new and deadly COVID-19 variants makes it difficult to curtail the disease burden.

It is common for the virus to change over time [8]. In most cases, these changes have little or no impact. But as the variants
appear with different forms of mutations, sometimes these changes may affect the level of infectiousness, the severity of the disease,
and the vaccine performance [8]. Variants, those that pose an increased risk to public health and the economy, are specified as
Variants of Concern (VOCs) and are called so to promote global monitoring and research [9,10]. This feature of viruses is also visible
in the case of COVID-19 and till now we have witnessed many variants of COVID-19. Alpha variant (B.1.1.7), having a 75% higher
transmission rate than the wild strain, was one of the variants that were listed for SARS-CoV-2 VOC [11]. Delta variant (B.1.617.2),
60% more transmissible than the alpha variant, was another VOC that was first identified in December 2020 and became the most
common and dominant one by April 2021 [12]. The last variant, which was listed as a VOC and proved its supremacy over all other
variants, was the Omicron variant [13]. It is three times more infectious than the Delta variant [14]. So it is a matter of concern for
public health workers and general people as it is seen that the mutated ones may vary in the level of infectiousness and response to
the existing vaccines [8].

After the approval of the first vaccine (Pfizer/BioNTech) against COVID-19, mass vaccination programs started in the USA [7,
15]. After that many more vaccines have been approved for use against COVID-19 (Moderna, Janssen J & J, SII/COVIDSHIELD,
AstraZeneca/AZD122, Sinopharm, Sinovac-CoronaVac, Bharat Biotech BBV152 COVAXIN, Nuvaxovid) [7]. These vaccines were
highly effective against the wild strain but they show varying levels of effectiveness against the new variants like Delta and Omicron
[15,16]. Thus the dynamics of COVID-19 in the presence of Delta and Omicron variants will vary significantly and hence it has
become necessary for researchers to study the dynamics of COVID-19 in the presence of Delta and Omicron variants to control the
disease spread.

In this scenario mathematical model can be used to get insight into the transmission dynamics of COVID-19. Mathematical models
can also be analyzed numerically to evaluate the consequences of the new SARS-CoV-2 mutants. There are lots of mathematical
models to evaluate the transmission dynamics of COVID-19 [17,6,18-22,16,23,24] and so on. But there are only a few mathematical
models to describe the behavior of the COVID-19 wild strain in the presence of its variants of concern [25-28]. Model in [25]
considered multiple strains with optimal control theory and waning of immunity. Again model described in [26], evaluated the
impact of a new variant for generating more infections, hospitalizations, and deaths. Authors in [27], using a mathematical model,
depicted the dynamics of the two strains model under one vaccination regime. They showed the impact of multiple variants and
their response to the vaccine and also on developing new infections and deaths. Incorporating vaccination in a two-strain COVID-19
model, authors in [28] showed that a variant would become dominant if it had a higher reproduction number with respect to the
other strain. Motivated by the above-mentioned papers, in this paper we formulated and developed a new mathematical model
considering the wild strain and its two other variants, Delta and Omicron, to understand the dynamics of COVID-19 transmission.
Our goal is to assess the impact of the original strain and its other two variants on developing new infections, hospitalizations, and
deaths. Our model is novel in the sense we have considered a three-strain model which has not been investigated before. We have
also assessed the effect of the Delta variant and Omicron variant using numerical simulation which is also a new feature of this paper.
We have included a compartment for the quarantined individuals in our model as it is known that the most effective way to reduce
infection is to isolate the infected individuals. Many studies confirm the re-infection of recovered individuals [29,30] and hence we
have considered re-infection of recovered individuals. Global uncertainty and sensitivity analysis is performed in this paper to detect
the top-ranked parameters that control the control reproduction number and hence the dynamics of the model.

The entire paper is designed as follows. The formulation of the model is described in section 2. Rigorous and qualitative mathemat-
ical analysis of the model has been carried out and the control reproduction number has been calculated in section 3. Vaccine-derived
herd immunity threshold has also been calculated in this section. In section 4, numerical results and related discussions are presented.
Global uncertainty and sensitivity analysis have also been performed in this section to identify the most influential parameters. Re-
sults obtained in theoretical analysis and numerical simulations are summarized in section 5.

2. Materials and methods
2.1. Model formulation
A mathematical model, in the form of a system of non-linear differential equations, has been developed considering the original

strain with its two other variants: Delta and Omicron. It has been considered that the wild strain and the mutants have different
levels of contagiousness. The compartments: exposed class, pre-symptomatic class, symptomatic class, and asymptomatic class, are
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Fig. 1. Schematic diagram of the COVID-19 model (5).
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considered separately for each of the strains. The total human population, N(¢), is divided into the following mutually exclusive
compartments (equation (1)): susceptible (S), vaccinated individuals (V), exposed (E;), pre-symptomatic (P;), symptomatic infected
(I;), asymptomatic infected (4,), quarantined (Q), hospitalized (H) and recovered individuals (R), where j = 1, 2, 3, and so we have

N® = SO+VO+E0O)+ P+ 1;0)+A;()+ 00 + H@ + R@). @

Some of the important assumptions in the model formulation are listed below:

Assumption-1: Birth rate (natural recruitment) is not considered.

Assumption-2: Individuals exposed to COVID-19 are unable to infect others.

Assumption-3: Pre-symptomatic and asymptomatic individuals are able to transmit infection.
Assumption-4: Recovered individuals may become susceptible again.

Assumption-5: Preexisting SARS-CoV-2 variants are less contagious than the new variant.

Susceptible individuals acquire infection with the original strain at a rate 4, given by

Bid—em)(n Pi+1,+60,A))

A= (2)
N
Again, susceptible individuals acquire infection with the Delta variant at a rate 4,, given by
1- P+1,+6, A
b = b(d—em)(mPy+1,+0, 2), 3)
N
Similarly, susceptible individuals acquire infection with the Omicron variant at a rate 45, given by
1- Py+1;+605A
b = Bs(l—em)(nz P3+ 13+ 05 3). 4)

N

Here §;, j = 1,2,3 is the effective contact rate of disease transmission for the original strain, Delta strain, and Omicron strain,
respectively. It is assumed that people use face masks at a rate m, and e represents face mask efficacy. 0 <7, 6, <1 are modification
parameters indicating low infectiousness of pre-symptomatic and asymptomatic individuals in the P; and A; classes compared to the
individuals in the I; classes, respectively.

Graphical representation of the 3-strain COVID-19 model is shown in Fig. 1. The model is presented in the form of a system of
nonlinear differential equations (where a dot represents differentiation with respect to time) as follows:

S = A+CV+aR-1S—w, 1 S—wy 35S —pS—uS,
= pS—[U—epi+o,(I-e)y+oy(1—e3) 31V =+ )V,
E, = 4S+(—e)AV —(o;+mE,

P = 6 E —(oy+u)P,
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I = boyPi—(o,+¢;, +w;, +6, +w 1,
A = (1=Db)oy Py = (W, +8, + Ay
E, = o4, S+o;(1-e) 1V —(o;+p E,,
P, = 0,E,—(0,+uP,,
I, = basz—(o'q+¢,-2+y/i2+5i2+/4)12,
Ay = (1=D)oy Py = (wy, + 84, + 1) Ay,
E; = 0,A3S+0,(1—€3) A3V = (o) + ) Es,
Py = o6, E;—(0,+u) P,
L = boy Py—(o,+ ¢, +wi, +6, + 1) I,
Ay = (1=D)oy Py = (yy, +35,, + 1) Az,
0 = o, dy+o,h+0,13— (b, +v,+6,+ 10,
H = ¢, L+¢,L+¢,L+¢,0—(y,+8, +wH,
R = w L+, A+, L+, A+, L+, As+y,0+y, H—(@+ R (5)

In the model (5), A is the recruitment rate of individuals. p represents the rate at which susceptible individuals are vaccinated.
Vaccinated population further moves to the susceptible class due to the loss of acquired immunity from vaccine at a rate ¢. Individuals
exposed to the original strain of COVID-19 move to the pre-symptomatic stage at a rate o, . Pre-symptomatic individuals gain infection
at a rate o,. Among the infected individuals who show the symptoms of COVID-19 are generated at a proportion b. As we know,
individuals infected with COVID-19 may not show the symptoms of the disease but at the same time, they are capable of infecting
others. We have considered a class for these asymptomatic individuals as they play an important role in the transmission dynamics
of COVID-19. Among the infected individuals who do not show the symptoms of COVID-19 are generated at a proportion 1 — b.
o, is the rate at which infected individuals are sent to quarantine. Symptomatic infected individuals in the I,, I and I5 classes are
hospitalized at a rate ¢; ., ¢;, and ¢;,, respectively. Individuals in the I}, A, I, A,, I3 and A; classes recover from COVID-19 at a
rate v , Yo,» ¥, Wa,» Vi, and y, , respectively. COVID-19 induced death rates for individuals in the I}, A, I, Ay, I3 and A; classes
are §; , 8,, 8;,, 6,,, 6;, and é,,, respectively. Recovered individuals become susceptible again at a reduced rate a. ®, > @, > 1 are
modification parameters indicating high infectiousness of the Omicron variant and Delta variant with respect to the original strain.
u represents the natural death rate.

3. Mathematical analysis of the model
3.1. Local asymptotic stability of the DFE

From the COVID-19 model (5), the disease-free equilibrium, &, is obtained as

kiky=Cp" kyky—Cp

The asymptotic stability of the DFE can be established using the next-generation operator method [31,32] on the system (5). For
the system (5), using the notation of [32], the next generation matrices for the new infection terms and remaining transfer terms,
denoted by F and V respectively, are given by

Ak A
& = (S*,V*,E;‘, PrLIT AT, O, H*,R*) = < 2 L 0,0,0,0,0, 0,0>. (6)

0 mAhF BF 6,/F 0O 0 0 0 0 o0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 mbhF, BF, 0,/F 0 0 0 0
P00 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 o |

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 mBhFy BF; 0,55F;

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
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ks 0 0O 0 O 0 0o 0 O 0 0 0
-0} ky 0o 0 O 0 0o 0 O 0 0 0
0 —-bo, ks 0 0 0 0o 0 O 0 0 0
0 -(1-boy, 0 k¢ O 0 0o 0 O 0 0 0
0 0 0 0 ks 0 0o 0 O 0 0 0
V= 0 0 0 0 -0 ky 0o 0 O 0 0 0
0 0 0o 0 O —-bo, k; 0 0 0 0 0})
0 0 0 0 0 —-(1-bo, 0 kg O 0 0 0
0 0 0o 0 O 0 0 0 ks 0 0 0
0 0 0O 0 O 0 0 0 -0 ky 0 0
0 0 0o 0 O 0 0o 0 O —bo, kg O
0 0 0o 0 O 0 0 0 0 —-(-bo, 0 ky
where,
* * * * * *
PI :(l_em)s-l—(lN—_*el)I/’ ]-"2 = (1—6m)#,7‘3 :(l_em)%’

ky =p+u ky=C+u ks =o0p+u, ky=oy+u ks = o, +¢; +w; +6, +u, k¢ = w, +6, +u,
ky = o4+ i, +wi, +6;, . kg = wa, +6,, 1, kg = 0yt Hyi +6, s kg = Yo, +64,
kig =gty +6,+u. kip =y +6,+m ki3 = a+p.

Following the approach described in [33,34], it can be shown that the control reproduction number, denoted by R, is given by
R, = p(FVY) = max{Rl, R,. R3}, @

where, p represents the spectral radius of the next generation matrix F V! and
mbiFroy PiFiboyoy 0,pF(1-0)0c0,

R, = + + . 8

! ks ky ks ky ks ks kg kg ®)
F. Fyb 0. Fr(1—=b

R, = m B Fy o +ﬂ2 2boioy | h By T ( )0162' ©)
ks kg ks Ky ke ks kg kg
F. Fsyb [ Fy(1-b

Ry = M B3 Fy01 B3 F3boi0y 38373 ( )5152. (10)
ks ky k3 ky ko k3 ks kg

Consequently, using Theorem 2 of [32] the following result can be established.
Lemma 1. The DFE of the COVID-19 model (5), given by (6), is locally-asymptotically stable (LAS) if R. < 1, and unstable if R, > 1.

The threshold quantity R, given by (7), represents the average number of secondary infections that one infected case can
produce in a completely susceptible population. Lemma 1 implies that, in general, when R, is less than one, a small influx of
infected individuals into the population would not generate a large epidemic and hence the disease will be eradicated in time.
However, in the subsection 3.3 we will see that the disease may still exist even when R, < 1.

3.2. Derivation of vaccine-induced herd immunity threshold to reduce the spread of COVID-19

In this subsection, we will compute the minimum number of populations that should be brought under vaccination to achieve
herd immunity. To do this, we will follow the procedure as described in [35]. From equations (8), (9), and (10) we get,

[ b 0,5, (1-b sy .
R, = (1—em mbioy  Piboror 61/ U1=b)oio, S_+V__€lV_ . an
kyky  kykyks ey kg g N* N N*
[ b 0,8, (1—b 5y *
R, = (1—em) mbroy  Pboioy h B (1 —b)o 0y S +V“_€2V _ 12)
kyky  kykyky ks kg kg N+ N N~
[ o bo; o [’ 1-b)o,0 * * *
Ry = (1—em) by hboror 680Dy S LY S (13)
kyky | ks ky ke ks kg Ky N* T N N+
At the DFE, we have
Aky +p)
N* = S*+V* = ) 14)
kiky—=Cp

Using expression (14), equations (11), (12), and (13) become

* b * 0 1-b *
Ry =(—em | MA2 (_ YN Prbooon [ V) 6 AA=BDoes (V] as)
ks ky N* ks ky ks N* ks ky kg N*
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[ * b \ 0,5 (1-b *
R, =(—-em) m b o l—ezV— +m 1—€2V_ +M 1—€2V_ . (16)
kiky N* kykyky N* ks kykg N*
[ * b s\ 038(1—b
Ry=(l—em |BB0 (1 Yo\ b (V) BhUboe (V)| an
; ks kg N* Ky ky kg 3N T3 kg 3N~
Now using the expressions of S$*, V*, and N*, from equations (6) and (14), in equations (15), (16), and (17) we get
[ b 0,8, (1-b
R, = (1—em) i bi oy me P L Piboaoy l—e— )+ 1A/ (1=-b)ooy —e _ as)
ks kg ky+p )" kykyks ky+p ks ky kg ky+p
b [ 1-b
R, = (1—em) Yo X =P +m l—ey 2 )4 LB, (1=b)o 0, l—ey P . 19)
ks kg ky+p ks kg ko ky +p ks ky kg ky+p
[ b 05 8,(1—b
Ry=(1-em) Lk l—egL +w 1—€ L + 365 )91 92 1—€ ? . (20)
; | k3ky Tkytp k3 kg ko Tkytp ks ky k1o ky+p

To find an expression for the vaccine-derived herd immunity threshold, we will use the expression for the basic reproduction number
which is obtained by setting V* = 0 and ¢; = 0. Again, suppose that
V*
f v = F’ (21)
where f, represents the proportion of individuals who are fully vaccinated. Thus, using the expression (21) in equations (18), (19),
and (20), we obtain

o mbioy [, Piboyo, 0,5 (0-byojoy (.~

Ry = (1=em | 52 (1 € fu) v (1 e fv)+ T (1 € fu)]. (22)
o [ 12, 0, _ bboyoy (o~ 0,6, (1-b)oyoy ¢

Ry = (1=em) | 525 (1 ezfv) Yt (1 ezfv) Y P (1 e fv>]. (23)
1 >'73ﬂ3”1 _ Biboyoy (o 030,(1-byoyop ¢~

Ry = (1—em) | 52 (1-ess)+ e (1-esr,)+ T (1 s3fv>]. (24)

Let Ry, = Rylys g0  J=1,2,3
Setting R, = 1 in (22) and solving for f,, the herd immunity threshold for the model with the original strain only can be obtained

1 1
=1L (25)
7 €1< Rm)

Similarly, setting R, = 1 in (23) and solving for f,,, the herd immunity threshold for the model with the original strain and the Delta
variant can be obtained as

1 1
=—[1=-—). 26
Jo € < R02> (26)

Finally, setting R; = 1 in (24) and solving for f,, the herd immunity threshold for the model with the original strain and the Delta
and Omicron variants can be obtained as

1 1
=—1-= 27
fo €3< R03> (27)

In general, equations (25), (26), and (27) can be written as

1 1
=—(1-—). 28
/ ( R) e8)

It follows from (28) that R, < 1 if f, > 1 (1 - L) and hence the disease can be eliminated. Lemma 1 can be re-stated in terms
€j 0j
of the herd immunity threshold as follows.

as

Lemma 2. The DFE of the COVID-19 model (5), is locally-asymptotically stable (LAS) if f, > 1 (l - %) and unstable if f,, < 1 <1 -
€; €

J 0j Jj
1
Ry;
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3.3. Endemic equilibrium point (EEP) and existence of backward bifurcation

Setting the left-hand side of the model (5) equal to zero, we get the following system of equations:

= AV +aR — A, 8% — 1y S — 43 S* —k; S*,
= pS*—[(l—el)ll+(l—62)12+(1—e3)13]V*—sz*,
= NS+ —e) iV - ks ET,
= o El kP,
= boy, P/ ks,
= (1=b)oy P! —k A%,
= RS +(—e) V- ks EL,
= oy Ej —ky P},
boy P} —k; I,

= (I=byoy P} — kg A%,

= S+ -e) AV —ks EI,

= o El—k, P},

= boy, Py —koIj,

= (1-b)oy P} —ky A2,

= o,I{ +o,I}+0, I —k; O,

= ¢i|Ir+¢i21;+¢i31§+¢qQ*_kIZH*’

=y Iy AT+, I +y,, A+ IS+, A+, 0% +y, H' — ki3 R, (29)

© © ©O ©O O O ©O © © O © ©o o o o o ©
Il

3.3.1. Endemic equilibria and backward bifurcation for the model with the original strain only
First, suppose that there is only the original strain. Then we can consider E = Py = I; = A} = E; = Py = I; = A} = 0.
Let & = (S*, V¥, E;" Pl*, Il*, A’l‘, 0,0,0,0,0,0,0,0,Q* H*, R*) be any arbitrary equilibrium of the model (5) when there is only the

original strain and hence equation (2) can be written as
B(L—em)(n P{+ 17 +6; A])

(30)
1 N*
be the force of infection at steady-state. Therefore, from the system (29) we have,
Ak { l—e) A +k }
g = 3 (=€) A] +ky ye o pAks o A (My, A7+ Ms)
- b - 2 9 l - 9
My 25+ My A+ M, My 27+ My 2+ M, M, 23+ My, A+ M,
P; = B, E, Il = B, E/, A = B, Ej, 0" = B, E;, H = B, Ej, R = B, E], (31)
where,
c bo: 1-b)o bo,o,0 ¢, B, +¢,B
Bﬂlz_l’Bh:_z’Bﬂl:( )Z’Bql= lzq,Bm:M,
ky ks kg kyksky ki
Wi, By, + o, B, + vy By v By,
B, = .
kys
My =(-e)ks+aB,), My = (—e)kiky+ky(1—aB,)—aB, (1—e))p, My = —npky, My = A(l—¢)),

Ms = ANky+A(l —e)p.
Substituting (31) into (30) gives

w2 .
B (1 = em)(ny By, + By +0, By (My, 47+ Ms, 77)
A= , (32)

1
Aks {(1 —e) it +k2} +pAky+B, <M4l i Ms, A7)

where,

B, =1+B, +B, +B, +B, +B, +B, .

c

After some algebraic calculation, the following polynomial equation in terms of A} can be obtained from equation (32) as

7
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Table 1
Numerical values of the parameters for the model (5).
Parameter Baseline Values Units References
A 10000 Day! Assumed
Bi» Bos Py 0.35, 0.39, 0.45 Day’! Fitted
m 0.4 - Fitted
e 0.5 [5]
Mo s 13 0.75, 0.75, 0.75 Fitted
0,,6,. 0, 0.85, 0.85, 0.85 Fitted
w, w, 2.25,7.5 - Fitted
p ¢ a 0.78, 0.05, 0.003 Day! Fitted
€, 6, 6 0.85, 0.75, 0.8 - Fitted
6y, 0y, 0, 0.2, 0.250.12 Day! Estimated from [36]
band 1 -5 0.45, 0.55 - Assumed
&y by, ¢, and ¢, 0.12,0.17,0.12, 0.15 Day! Fitted
Wi Wi Wi Vs 0.14,0.12,0.13, 0.17, Day! Estimated from [36]
Voo Voo Vg andy,, 0.15,0.19, 0.2, 0.15, Day! Estimated from [36]
8,2 8,0 81,1 8, 0.007, 0.009, 0.006, 0.001 Day'! Estimated from [36]
84y 84,5 6, and 0.001, 0.003, 0.004, 0.006 Day! Estimated from [36]
U 0.00004 Day! [6]
e ep +p Y =0 (33)
121" I M 0 f =

where,

P, . B, . M, .

P,l = Bc1 M51 +Aky(1—¢))— M41 pr1 (1 —em)(m Bm + B,-l +6, Bal),

Py = Akz(p+ky)(A-=R)).

Out of the three roots, the root /IT =0, of (33), corresponds to the DFE &. Equation (33) says that the non-zero equilibria of the
model satisfy

fGa) = Py ’172+P11’1T+P01 =0 ©9

so that the quadratic (34) can be analyzed for the possibility of multiple equilibria. If multiple non-zero equilibria exist then backward
bifurcation may occur.

Endemic equilibria: From the above, we see that the coefficient P, is always positive and P, is positive if R, is less than one and
Py, is negative if R is greater than one. Hence, we have the following result.

Theorem 1. The model (5) with the original strain only has

(D) a unique endemic equilibrium if Py <0 (ie., Ry > 1),

(i) a unique endemic equilibrium if P, < 0, and Py =0 or P|2l —4P, By =0,

(iii) two endemic equilibria if Py, < 0, Py >0 (i.e., Ry < 1) and P12, —4P, By >0,
(iv) no endemic equilibrium otherwise.

Condition-i of Theorem 1 says that the model with the original strain only has a unique endemic equilibrium when R, > 1.
Using the parameter values as given in Table 1 with « = 0 it can be shown that R; > 1 which implies there exists a unique endemic
equilibrium. Again from the expressions of a; and b;, we get a¢; < 0 and b, > 0. Thus according to the Center Manifold theory
[37,32,38], this unique endemic equilibrium is locally asymptotically stable when R > 1. Hence, we have the following theorem.

Theorem 2. The model (5) with the original strain only and with a = 0 has a unique endemic equilibrium which is locally asymptotically
stable when R| > 1.

Backward bifurcation analysis: Condition-iii of Theorem 1, implies the possibility of having two endemic equilibria (co-
existence of locally-asymptotically stable DFE with a locally asymptotically stable endemic equilibrium) whenever R, < 1 and
hence implies the occurrence of backward bifurcation phenomenon. Since there exists a stable endemic equilibrium with the stable
DFE, the condition R < 1 is no longer sufficient (although necessary) for disease elimination. The significance of the existence of
backward bifurcation is that COVID-19 will persist in the community even when R, < 1. Thus, disease elimination will depend not
only on the condition R; < 1 but also on the initial sizes of the state variables of the model. Now, using the parameter values as
given in Table 1 with p = 0.002, { = 0.000004 we have P; < 0 and P, > 0 indicating the possibility of the existence of backward
bifurcation. Now this will be explained using the Center Manifold theory [37,32,38]. The procedure is described in Appendix A. The
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graphical representation of the backward bifurcation of the model (5) with the original strain only is shown in Fig. 2. We claim the
following result.

Theorem 3. The model (5) with the original strain only exhibits backward bifurcation whenever the coefficients a, and b, given by (A.3),
are positive.

3.3.2. Endemic equilibria and backward bifurcation for the model with the original strain and the Delta variant

Now we will consider the case when there exists the Delta variant with the original strain. Here, we will consider that the
transmission rate of the Delta variant is higher than the existing one. That is, f, > f,. In this case, we will not consider any term and
equation involving the Omicron variant. Then we have the following theorem.

Theorem 4. Suppose that §, > ;. Then Ef = P| = I} = A7 = 0.

Proof. We will prove this by the method of contradiction as described in [26]. So suppose that §, > g, and also suppose that
Ef =P/ =1 =A] #0. Then from the 4% and 8™ equations of system (29) we have

Pl E}
Pf= —=
> B (35)
Similarly,
I* E*
I = 1 2
) Er s (36)
And
A} E;
A= —=.
> Er 37)
Thus using equations (35), (36) and (37), the 7th equation of system (29) becomes
(o1 +WE = 4 {S*+(1—62)V*}. (38)
Hence, from equation (38), we obtain
E*
(6, +wE; > HEZ* {S* +( —ez)V*} (ﬁl mP+ B I+ B 6, A’;>. (39)
1
Thus, equation (39) implies
(0, +WE! > {S*+(1—62)V*}/11. (40)

Hence equation (40) contradicts the 3™ equation of the system (29). This implies Ef = P/ = I = A] = 0 holds if §, > §,.

The detailed calculation of the endemic equilibria and the existence of backward bifurcation for the original model with the Delta
variant has been provided in Appendix C.

Endemic equilibria: Depending on the sign of the coefficients F,,, P;,,andP,, given by (C.5) and considering the equation (C.6), we
have the following result.

Theorem 5. The model (5) with the original strain and the Delta variant has

(i) a unique endemic equilibrium if Py, < 0 (e, Ry, > 1),

(it) a unique endemic equilibrium if P, <0, and Py, = 0 or P122 —4P, B =0,
(iii) two endemic equilibria if Py, < 0, Py, > 0 (i.e., R, < 1) and Plz2 —4P, By, >0,
(iv) no endemic equilibrium otherwise.

Using the parameter values as given in Table 1 with a = 0 it can be shown that R, > 1 which implies the existence of a unique
endemic equilibrium. Also from the expressions of a, and b,, we get a, < 0 and b, > 0. Thus according to the Center Manifold theory
[37,32,38], this unique endemic equilibrium is locally asymptotically stable when R, > 1.

Hence, we have the following theorem.

Theorem 6. The model (5) with the original strain and the Delta variant and with « = 0 has a unique endemic equilibrium which is locally
asymptotically stable when R, > 1.
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Backward bifurcation analysis: Now, using the parameter values as given in Table 1 with p = 0.002, { = 0.000004 we have P, <
0 and Py, > 0. Thus Condition-iii of Theorem 5 says that the model with the original strain and the Delta variant has two endemic
equilibria which indicate the possibility of the occurrence of backward bifurcation. The procedure is described in Appendix C. We
claim the following result.

Theorem 7. The model (5) with the original strain and the Delta variant exhibits backward bifurcation whenever the coefficients a,, and b,
given by (C.7) are positive.

3.3.3. Endemic equilibria and backward bifurcation for the model with the original strain and the Delta and Omicron variants
Finally, we will consider the case when there exists both the Omicron variant and the Delta variant with the original strain.

Theorem 8. Suppose that f; > f, > py. Then Ef = P/ = I = A{ = E; = Py =1, = A} = 0.

Proof. Using the same procedure as described in Theorem 4, it can be shown that if we consider f; > f§, > f, then Ef = P/ = I =
A} =E; =P =1;=A4;=0.

The detailed calculation of the endemic equilibria and the existence of backward bifurcation for the original model with the Delta
and Omicron variants has been provided in Appendix D.
Endemic equilibria: Depending on the sign of the coefficients P, , P,,and P, given by (D.5) and considering the equation (D.6),
we have the following theorem.

Theorem 9. The model (5) with the original strain and the Delta and Omicron variants has

(i) a unique endemic equilibrium if By, < 0 (e, Ry > 1),

(i) a unique endemic equilibrium if P, < 0, and Py, = 0 or P123 —4P, By, =0,
(ii) two endemic equilibria if P, <0, Py, > 0 (ie, R3 < 1) and Pi —4P, Py, >0,
(iv) no endemic equilibrium otherwise.

Using the parameter values as given in Table 1 with @ = 0 it can be shown that R; > 1 which implies the existence of a unique
endemic equilibrium. Also from the expressions of a; and b;, we get a; < 0 and by > 0. Thus according to the Center Manifold theory
[37,32,38], this unique endemic equilibrium is locally asymptotically stable when R; > 1.

Hence, we have the following theorem.

Theorem 10. The model (5) with the original strain and the Delta and Omicron variants and with « = 0 has a unique endemic equilibrium
which is locally asymptotically stable when R; > 1.

Backward bifurcation analysis: Now, using the parameter values as given in Table 1 with p = 0.002, { = 0.000004 we have
Py, < 0and Py, > 0. Thus Condition-iii of Theorem 9 says that the model with the original strain and the Delta and Omicron variants
has two endemic equilibria which indicate the possibility of the existence of backward bifurcation. The procedure is described in
Appendix D. We claim the following result.

Theorem 11. The model (5) with the original strain and the Delta and Omicron variants exhibit backward bifurcation whenever the coeffi-
cients a3, and b; given by (D.7) are positive.

3.4. Global stability of DFE when there is no re-infection

Define the region

D= { (S*, V* E* P*,I*, A%, Q. H”, R*) er7 N < ﬁ}. (41)
J J J J + u

We claim the following.

Lemma 3. The region D, given by equation (41), is positively-invariant and attracting with respect to the model (5).

Proof. Using the same procedure as described in [6] and performing some calculations, it can be easily shown that the region D is
positively-invariant and attracting.

Now, we claim the following theorem.

10
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Fig. 2. Backward bifurcation of the model (5) with the original strain only. Parameter values are used as given in Table 1 with p = 0.002, ¢ = 0.000004.
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Fig. 3. Validation of the model (5), showing the model’s output for the daily infected cases vs the daily confirmed cases for the United States starting from December
13, 2020, to May 23, 2022, using baseline parameter values given in Table 1.

Theorem 12. The DFE of the COVID-19 model (5) with no re-infection, given by &, is globally asymptotically stable (GAS) whenever
R, <L

¢ =<
The detailed calculation of the proof of this theorem is provided in Appendix B.
4. Results and discussions

Numerical simulations of the COVID-19 original strain with the Delta and Omicron variants in the form of model (5) are performed
and results have been discussed in this section. To perform numerical simulations we consider that the new variant is more infectious
than the previous ones and we use the parameter values as given in Table 1. Values of parameters with the same biological meaning
are taken from some already-existing articles. Some parameter values are obtained by fitting the daily infected cases of the USA
with our model solution using the MATLAB fminsearchbnd function. Some values are estimated from available COVID-19 data and
sources from published articles. Other parameter values are assumed.

4.1. Model validation

In this section, real data of daily infected cases for the entire USA population [2] is shown using bar diagram (blue colored) and
in the same figure window we have drawn the infected class of our model to compare our model with the real-time data and hence
to verify the reliability of our model. Fig. 3 presents the real-time data vs the model outcome which tests the validity of our model.

11
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Fig. 4. Simulation of the model (5) showing the effect of variants of concern (Delta and Omicron) on daily infected cases for the model (5). Fig. 4 (a) shows the
simulation result when there is only the original strain. Fig. 4 (b) shows the simulation result when there exists the Delta variant with the original strain. Fig. 4 (c)
shows the simulation result when there exist both the Delta and Omicron variants with the original strain.

4.2. Effect of the emergence of new Sars-CoV-2 variants

Now we will discuss the effect of the emergence of new SARS-CoV-2 variants (Delta and Omicron) on daily infected cases, daily
hospitalized cases, and daily death cases. For this, we will consider three cases:

Case 1: Existence of the original strain only.
Case 2: Existence of the original strain with the Delta variant.
Case 3: Existence of the original strain with the Delta and Omicron variants.

Fig. 4 depicts the effect of the emergence of new variants of concern on the daily infected cases. Fig. 4 (a) shows that when there is
no other variant other than the original one, the maximum number of daily infected cases is 240893 which occurs on January 2, 2021
After that, the number of daily infected cases starts decreasing. Again from August 9, 2021, the number of daily infected cases starts
increasing and we witness a second wave where the peak value (80152) is much smaller than the previous peak. But considering the
existence of the Delta variant with the original one (Fig. 4 (b)), we see that the second wave starts faster (May 20, 2021) than the
previous case (Fig. 4 (a)) and here the peak value is 215331 which occurs on August 4, 2021, and is almost close to the first peak
for the original strain. This figure also shows a third wave which starts on January 10, 2022, and here the peak value (72106) is
much smaller than the peaks observed in the first wave and the second wave respectively. Again, considering both the Delta variant
and Omicron variant with the original strain (Fig. 4 (c)), it is seen that the third wave emerges faster (November 29, 2021) than the
previous case (Fig. 4 (b)) and here the peak value is (928719) which occurs on January 12, 2022, and is much much larger than the
peak occurred in the third wave of the second case. This figure also exhibits the starting of a fourth wave. These results suggest that
during the time period considered in this simulation, total infected cases increase by 14% due to the presence of the Delta variant.
Cumulative infected cases almost doubled when both the Delta and Omicron variants are present. Similarly, during this time period
cumulative death cases increase by 5.4% due to the emergence of the Delta variant (Fig. 6 (b)), and death cases increase by 19% if
both the Delta and Omicron variants appear (Fig. 6 (c)). The same pattern is observed for daily hospitalized cases (Fig. 5). Thus,
from these discussions, it is clear that the number of infected cases, hospitalized cases, and death cases increase due to the presence
of Delta and Omicron variants.

4.3. Global sensitivity and uncertainty analysis

Now to identify which parameters have a greater impact on the dynamics of our model, we perform global uncertainty and
sensitivity analysis [39,40]. For this, we applied the method discussed in [41] to our model. In this paper, we have sampled 37
parameters of our model using Latin hyperbolic sampling and considering uniform distribution. Parameters with PRCC values greater
or equal to 0.5 and less or equal to — 0.5 are considered to be highly correlated with the response function [42]. Performing the global
uncertainty and sensitivity analysis for the symptomatic infected class (/) of the model with the original strain only and the model
parameters (Fig. 7 (a)), we see that the top-ranked parameters those can affect the dynamics of the model (5) with the original strain
only are g, oy, 05, €, Wi Wa,» ¢,-1, ¢, p, e, m. Again considering R, as the response function (Fig. 7 (b)), it is seen that parameters
those affect the dynamics of the model (5) with original variant only are f,, 65, €, y; o Whys b; \» P m. Again performing the global
uncertainty and sensitivity analysis for the symptomatic infected class (I,) of the model with the original strain and the Delta

12
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Fig. 5. Simulation of the model (5) showing the effect of variants of concern (Delta and Omicron) on daily hospitalized cases for the model (5). Fig. 5 (a) shows the
simulation result when there is only the original strain. Fig. 5 (b) shows the simulation result when there exists the Delta variant with the original strain. Fig. 5 (c)
shows the simulation result when there exist both the Delta and Omicron variants with the original strain.
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Fig. 6. Simulation of the model (5) showing the effect of variants of concern (Delta and Omicron) on daily death cases for the model (5). Fig. 6 (a) shows the
simulation result when there is only the original strain. Fig. 6 (b) shows the simulation result when there exists the Delta variant with the original strain. Fig. 6 (c)
shows the simulation result when there exist both the Delta and Omicron variants with the original strain.

variant and the model parameters (Fig. 8 (a)), it is observed that the top-ranked parameters are ;. f,, 6y, 03, €, ¥;,. ¢;,, &, p, e, m
those can control the dynamics of the model. Again considering R, as the response function (Fig. 8 (b)), it is seen that parameters
that affect the dynamics of the model (5) with the original strain and the Delta variant are f,, 65, ¢,, Wiys Ways ¢,-2, p, m. Similarly
calculating the global sensitivity analysis for the symptomatic infected class (I3) of the model with the original strain and the Delta
and Omicron variants and the model parameters (Fig. 9 (a)), it is observed that parameters that can affect the model dynamics
are m,, f3, 01, 65, €3, {, p, e, m. Parameters p,, ¢, Wiy Wy qb,-}, p, m are found as the top-ranked parameters while performing global
uncertainty analysis for the response function R; and the model parameters (Fig. 9 (b)).

4.4. Effect of vaccination

The impact of vaccination coverage is assessed by simulating the model (5) with different values of vaccination rate (p). For this,
we have considered BNT162b2 vaccine against the original strain of COVID-19 and its two other variants: Delta and Omicron. As
it is observed that due to the change in genetic pattern, new variants of concern are emerging very frequently, and hence vaccine
efficacy (¢;) may change over time. The results obtained from the simulation are depicted in Fig. 10. From this figure, a significant
decrease in daily infected cases, daily hospitalized cases, and daily deaths are observed when the vaccination rate is increased. For
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Fig. 9. Global uncertainty and sensitivity analysis of the system of differential equations (5). Fig. 9 (a) shows the partial rank correlation coefficient and P-value
among the model parameters and the response function I5. Fig. 9 (b) shows the partial rank correlation coefficient and P-value among the model parameters and the

response function R;.

example, Fig. 10 (a) shows that if there is no immunization program, the peak value of the daily infected cases is 1577690. If 25% of
the population are vaccinated the peak of the daily infected cases decreases by 41%. The peak value of daily infected cases further
decreases by 17% when 50% of the population is vaccinated. The figure further depicts a 12% decrease in the peak value of daily
infected cases when 90% of the population is vaccinated. Similar trends are observed in daily hospitalized cases and daily death cases
with an increasing rate of vaccine coverage. As a whole Fig. 10 shows that the peak of daily infected cases, daily hospitalized cases,
and daily death cases can be decreased with an increase in the vaccination rate. To assess the combined effect of vaccine coverage
and vaccine efficacy, contour plot of the control reproduction number of the model (5) as a function of vaccine efficacy (¢;) and the
fraction of the population fully vaccinated (f,) is presented in Fig. 11. Fig. 11 (a) shows that when there exists only the original
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Fig. 10. Simulation of the model (5) showing the effect of vaccine coverage (p) on daily infected cases, daily hospitalized cases, and daily deaths. Fig. 10 (a) shows
the daily infected cases for different percentages of vaccine coverage. Fig. 10 (b) shows the daily hospitalized cases for different percentages of vaccine coverage.
Fig. 10 (c) shows the daily deaths for different percentages of vaccine coverage.
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Fig. 11. Contour plot of the control reproduction number of the model (5) as a function of vaccine coverage (f,) and vaccine efficacy (e;). Fig. 11 (a) presents the
contour plot of R, of the model (5) for the original strain. Fig. 11 (b) presents the contour plot of R, of the model (5) for the original strain with Delta variant. Fig. 11
(c) presents the contour plot of R; of the model (5) for the original strain with the Delta and Omicron variants.

strain, herd immunity can be achieved if 65% population is vaccinated with vaccines having 70% efficacy. Fig. 11 (b) shows that
when there exists the Delta variant with the original strain, herd immunity can be achieved if 75% population is vaccinated with
vaccines having 85% efficacy. Fig. 11 (c) shows that when there exists both the Delta variant and Omicron variant with the original
strain, herd immunity can be achieved if 80% population is vaccinated with vaccines having 90% efficacy.

4.5. Effect of mask coverage

The impact of mask coverage (m) and mask efficacy (e) is also evaluated by simulating the model (5) with different values of
mask coverage and mask efficacy. Here we have considered three types of masks of different efficacy: cloth mask (30% efficacy),
surgical mask (70% efficacy), and N95 mask (95% efficacy). The results are presented in Fig. 12. These results show that the peak
of the daily infected cases, daily hospitalized cases, and daily death cases decrease remarkably with the increase in mask coverage
particularly if the moderately effective surgical masks and highly effective N95 masks are used even when vaccine coverage is kept
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Fig. 12. Simulation of the model (5) showing the effect of mask quality (¢) and mask coverage (m). Fig. 12 (a), (d), and (g) show the daily infected cases, daily
hospitalized cases, and daily deaths when cloth mask is used with different mask coverage rate. Fig. 12 (b), (e), and (h) show the daily infected cases, daily
hospitalized cases, and daily deaths when surgical mask is used with different mask coverage rate. Fig. 12 (c), (f), and (i) show the daily infected cases, daily
hospitalized cases, and daily deaths when N95 mask is used with different mask coverage rate.

at the baseline value. For instance, Fig. 12 (b) and (c) show a 20% and 35% decrease in the peak of daily infected cases when 50%
of the total population wear surgical masks and N95 masks respectively. The figure also shows that if 70% of the total population
uses face masks of the above-mentioned two types, the peak of the daily infected cases again decreases by 30% and 60% respectively.
This figure does not show any significant decrease in the peak of daily infected cases in the case of less effective cloth masks. Thus
these figures show that in reducing the peak of daily cases, N95 mask quality is proved to be highly effective which is followed by
surgical masks. Our results also show that a 45% increase in the baseline value of surgical mask coverage proves to be more effective
than a 25% increase in the baseline value of N95 mask coverage. Similarly, we can say that ensuring maximum number of people in
the community wearing a moderate mask is more important than fewer people wearing highly effective face masks. These analyses
also suggest that fewer people reluctant to use a highly effective N95 mask are less harmful than more people reluctant to use a
moderately effective surgical mask.

Simulations are also carried out to assess the combined effect of mask coverage and mask efficacy using contour plot of the control
reproduction number of the model (5) as a function of mask coverage and mask efficacy and is presented in Fig. 13. Fig. 13 (a) shows
that when there exists only the original strain, COVID-19 can be eliminated if 50% population uses face masks having 3% efficacy.
Fig. 13 (b) shows that when there exists the Delta variant with the original strain, COVID-19 can be eliminated if 65% population
uses face masks having 85% efficacy. Fig. 13 (c) shows that when there exists both the Delta and Omicron variants with the original
strain, COVID-19 can be eliminated if 0% population uses face masks having 95% efficacy.

4.6. Combined effect of vaccination and mask coverage

Numerical simulation of the model (5) is also carried out to assess the combined effect of mask coverage and vaccine coverage
on the peak of daily infected cases, daily hospitalized cases, and daily deaths. The simulation results are presented in Fig. 14. Fig. 14
(a) shows that when no vaccine is implemented and 25% individuals use face masks, the peak of the daily infected case is 1478910.
But when 25% of the individual is vaccinated and 50% individual use face masks the peak of the daily infected cases decreases by
61%. Further, a 40% decrease is observed when 50% of the individual is vaccinated and 70% individual use face masks. Again, a 52%
decrease is observed when 90% of the individual is vaccinated and 90% individual use face masks. Similar trends are observed for
the daily hospitalized case (Fig. 14 (b)) and for the daily death cases (Fig. 14 (c)). This simulation suggests that more reduction in the
peak of daily infected cases can be achieved if both the vaccine coverage rate and mask coverage rate are increased simultaneously.

5. Conclusion
To understand the transmission dynamics of COVID-19 in the presence of new variants, a mathematical model considering Delta
and Omicron variants with the original strain was proposed and formulated. In this work, our focus was mainly on assessing the

impact of introducing new SARS-CoV-2 variants: Delta and Omicron whose contagiousness were assumed to be greater than the
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Fig. 13. Contour plot of the control reproduction number of the model (5) as a function of mask coverage (m) and mask efficacy (e). Fig. 13 (a) presents the contour
plot of R, of the model (5) for the original strain. Fig. 11 (b) presents the contour plot of R, of the model (5) for the original strain with Delta variant. Fig. 11 (c)
presents the contour plot of R; of the model (5) for the original strain with Delta and Omicron variant.
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Fig. 14. Simulation of the model (5) showing the combined effect of mask coverage and vaccine coverage. Fig. 14 (a), (b), and (c) show the daily infected cases, daily
hospitalized cases, and daily deaths respectively.

original strain. Mathematical analysis was performed to calculate the control reproduction number and to prove the global stability
of the DFE when R, < 1. Vaccine derived herd immunity threshold was then calculated to determine the minimum number of
individuals who should be vaccinated to acquire immunity against COVID-19. Then we proved a theorem for the existence of the
endemic equilibria. After that, it was shown that there exists a unique endemic equilibrium which is locally asymptotic stable when
R; > 1, j=1,2,3. The model also exhibits backward bifurcation phenomena for all the three strains considered separately when
R; <1, j=123. Numerical simulations were carried out to support the theoretical results and to show the effect of Delta and
Omicron variants on the dynamics of COVID-19. Numerical results show that whenever a new more contagious variant emerges and
becomes dominant, the preexisting variant becomes weak and disappears. It was also observed that due to the emergence of more
contagious and potential variants, new waves of COVID-19 arrive which might become more dangerous resulting in more infections
and more deaths. This implies that vaccination alone will not be sufficient to eliminate COVID-19. In numerical simulations, the
effect of mask coverage with different mask efficacy has also been assessed. But the use of face masks and other non-pharmaceutical
interventions can not guarantee the elimination of COVID-19. Again numerical simulations were carried out to assess the impact of
vaccines of different efficacy. The results showed that new waves appear after a few days despite the highly effective vaccines being
administered. This is happening due to the emergence of Delta and Omicron variants. Since most of the vaccines were designed to
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fight against the wild strain, they work efficiently against the original strain but the emergence of new and more dangerous variants
weakens their effectiveness. Further numerical simulations were carried out to present the effect of the combination of face masks
and vaccines. From the simulation, it was observed that a combination of face masks and vaccines can eliminate the maximum
number of daily cases compared to the use of face masks and vaccines alone. Accordingly, the study suggests that a combination of
non-pharmaceutical interventions and vaccination programs should be continued to control the disease outbreak.

On the whole, the study found that the presence of both the Delta and Omicron variants along with the original strain almost
doubled the number of infections and increased the number of deaths by about 19%. Therefore our study suggests that more dosages
of vaccines and new more effective vaccines should be provided in the community to control the new variants.
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Appendix A. Backward bifurcation for the model with the original strain only

We will discuss the backward bifurcation phenomenon using the Center Manifold theory [37,32]. For this let us consider the
changes of variable as S =x,, V =x,, E; =x3, Py=xy4, I, =x5, A =x4, E, =0, P,=0, [, =0, Ay =0, E3=0, P; =0, I3=0, A; =0,
O =x,, H =xg and R = xy, so that in vector form the model (5) can be written as % = (f1» fas f3» fas 5 fo» f2 fs» fo)T, where
X = (xy, X3, X3, X4, X5, Xg, X7, Xg, Xg)| and then we have

dx,

T = fi = A+{xyt+axg—A;x;—k;x,
dx,

- = foo = pxi—(l—e)Aixy—kyxy,
dx;

i fio= Axp+d-e)dixp —kzxs,
dxy

- = fa = o1xz—kyxy,

dxs

7 = f5 = bO'2X4—k5X5,

dxg

- = fo = (1=b)oyxy—kgxg,

dx;

o = N = o kuxg

dxg

i fs = i x5+ x7—kpxg,

dxg

il Jo = Wi XsHw, Xe+ W x7+y, x5 — ki3 xo. (A1)

The Jacobian of the system (A.1) is given by:
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-k ¢ 0 -mJy  =Jp =0, J; 0 0 a

p —ky O —gdy, —J, 6,4, O 0 0

0 0 —ky mdy J3 6,J;, 0 0 0

0 0 o —k, 0 0 0 0 0
JE)=| 0 0o 0 boy, —ks O o 0o o |

0 0 0 (I-boy 0 -k O O 0

0 0 0 0 o 0 —ky 0 0

0 0 0 0 ¢, 0 ¢, —kp O

o o0 o0 0 Vi, W v,  Wn ki
where,
s - (l—em)ﬂkz,Jz _ (l—em)ﬂp(l—el)’andjs _ (l—em)ﬁ{k2+p(1—el)}.

Ptk ptky ptk,

Now consider R =1 and f, = f] is a bifurcation parameter. Thus we get

ks ky ks kg N

B = B = .
! ! (I—em){S*+ (1 —e)V*} o, {n kske+boyks+(1—b)o, 0, ks}

(A.2)

The Jacobian J (&) of (A.1) with g, = ﬁi* (equation (A.2)), denoted by J g has a simple zero eigenvalue (with all other eigenvalues
having negative real part). Hence, the Center Manifold theory [37,32], can be used to analyze the dynamics of the model (5).

Eigenvectors of J = J(&) : When R =1, the jacobian (Jﬂf) of (A.1) has aright eigenvector given by w = [w;, w,, w3, wy, ws,
Br=8]
weg, Wy, wg, wyl”, where,
PWL — Ny o Wy — jpWws — By jo e g boy
wy = Wy, wy = — X o W3 = W3, Wy = o7 W3, Ws = o Wy
2 4 5
(1-b)o, o, & ws+ ¢, wy Vi, Ws + W, We+ Y, Wy + )y Wy
W = ————= Wy, W; = — Ws, Wg = ———————, Wy = .
kg ki kiy ki3

Further, J g has a left eigenvector v =[v;, v, v3, Uy, Us, Vg, U7, Ug, Ug], Where,

ks —Jlul—Jzuz—J3U3+aqu7+¢,»] Ug + W Vg
U = U, Uy = U, U3 = U3, Uy = ——U3, U5 = s
ky o4 ks
=J16,v,=Jr, 0,0, —J30, 05 + W, Uy @ 8+ W, g v
vg = s, U= —————, Ug = 7 Uo, Ut)—_Ul
ke kqy kia ki3

3
Computations of g, (al = k;lukw W) o o, (80, By ) and b, (b1 = kZI VW —=—
After some tedious manipulations, it can be shown that

'a aﬁ &, B ) [37,38]:

3 28 (1 —em)(pl — ki ky)(ny wy + 0, wg + ws)

[{w6kzvl — wgky U3 — kyv3 w3 + Wy ky vy + Wy ky vy

a
: Ap+ky)?
+ wykyv) — wgky U3 — kyvywy — wyky vy + ky vy wy + wgky vy + kyvyw; — wgky vy — wykyvy — pvywy
+ puosw; — v3w3ky + vy wsky +(1—el)(u2w5p—u3w5p+pw4uz—pw6uz—pw6u3+pw7uz
— pWyU3 + pWgUy — pWgU3 + pWoeUy — Pl U3 + pUy W, +pvzw3—pu3w1—pv3w3—k202w2+kzv3w2) }]
(1= em) Oy wy + 0, w5 + ws) (1 =€) p(vy = v3)+ kyvy = ky 3 )
and b, = — . (A.3)

P+ ky

Appendix B. Proof of the global stability of the DFE for the model (Theorem 12))

Proof. To prove the global stability of the DFE, we consider the following linear Lyapunov function:
Ly =C0E+6,P+031+0,A,
where,

c bo,o 0,(1-b)o,o k 0
- mor 12+1( )12,f2=_3f1’f3=i,f4=_1.
kyky | ksky ks Ky kg kg o ks ke

Differentiating the above Lyapunov function we have the following
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L, CLE +8, P+ 501+ 6, A
= A {MS+U=eDV) =k B} 46301 By ks PO+ 300y P—ks I+ £, {(1 =)oy P — ks 4, }
After some rigorous calculations, it can be shown that

Ly < mP+L+0,AD®R, - D). (B.1)
Again consider
Ly =CsE,+0gP+071,+C5A,,
where,

1,01 boyoy, 6,(1-b)oj0, ks 1 0,
= 0 2 g = —Cls, f7 = —, ly = —.
kyky  kzkyks ks ky kg o k; kg

Differentiating the above Lyapunov function we have the following

L, CsEy+Co Py+ 671, + 64 Ay

Es{ I (S +(U =) V)= Ky By | +64(01 By =y P+ £ (b0, Py = Ky T+ £ { (1= D)oy Py — ks 4y |
After some rigorous calculations, it can be shown that
Ly € mPy+1L+60,A4)Ry—1). (B.2)
Again consider
Ly =CoE3+00P3+70 13+, As,

where,

130 boyoy, 63(1-=b)ojo,
kyky  kskyko ks kg keyg

lo = £ = Bo o =
9 = ’10_0_19’“_

Differentiating the above Lyapunov function we have the following
Ly = CoEs+C10Py+0 I+, A,

= 4 {/13(S+(1 —e) V) — ks E3} +210(0) B —ky Py) + ), (boy Py —ko I3) + €1 {(1 —b)oy Py — k10A3}
After some calculations, it can be shown that

£3 < (3 P3+13+05A3)(Ry—1). (B.3)
Hence, adding (B.1), (B.2), and (B.3) we get
£'1 +ﬁ2+£3 S MmP+L+0A)R - D+ P+ 1, +0,A)(Ry— D)+ (3 Py + 13+ 05 A3)(R; — 1).

Let R, = max{R, R,, R3}

Thus

L =L +L,+L; S N* (W +h+ 43R, 1) <0 for R, < 1. (B.4)

Also £ =0 if and only if E; =P =1; = A; =0,j=1,2,3. Hence £ < 0 (from (B.4)). Therefore, £ is a Lyapunov function on D
and thus it follows by the LaSalle’s invariance principle [43] that, the DFE of the model (5) is globally asymptotic stable whenever
R, <.

Appendix C. Endemic equilibria and backward bifurcation of the model with the original strain and the Delta variant

Let & = (8%, 1V*,0,0,0,0, E;‘, PZ*, 12*, A;, 0,0, 0,0, 0%, H*, R*) be any arbitrary equilibrium of the model (5) with the original

strain and the Delta variant and hence equation (3) can be written as
By (L—em)(ny P} + I3 + 6, AY)

> ~ (C.1)
be the force of infection at steady-state. Therefore, from the system (29) we have,
Ak { l—e) A" +k } : .
o 3 (=€) A3 +k, —_— pAks E* = Ay (My, 45+ Ms,)
- %2 * ? - %2 * ’ 2 = %2 * ?
My, 25+ My, A5+ Ms, My, 25+ My, A5+ M3, My, 25+ My, A5 + M3,
* * * * * * * s * * * *
P; = B, E;, I; = B,E;, A= B,E;, 0" = B,E;, H = B,E;, R = B, Ej, (C.2)
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where,

B -0 5 _ boy _ (1-b)o, B boyoy0, _ ¢i, B, + ¢, B,

kR ky o ks U kykgky o kia '

B, = 22 By + Ve, B“ZI;W"B"”LW"B”Z, My, = (1—e) (ks +aB, ). My, = (=& k ks +ky(1—aB,)—aB, (1-e)p,
My, = —npky, My = A(l—ep), My, = Aky+A(1—e)p.

Substituting (C.2) into (C.1) gives

w2 .
B (1 = em) iy By, + By, +0, Byy) My, 25+ Ms, 73)
5 - 2 ’ (€.3)
Aks {(1 —e) i+ kz} +pAky+B, <M42 2+ M, A;)

where,
B,=1+B, +B, +B, +B, +B, +B,.

After some algebraic calculation, the following polynomial equation in terms of 4; can be obtained from equation (C.3) as

i {py s PR} =0, c4)
where,

P, = B, M,,

P, = B, Ms +Aky(l—e)—M, fy(1—em)(n, B, +B, +6,B,). C5)

R, = Ak(p+k)(1-Ry).

2

Out of the three roots, the root A’z‘ = 0, of (C.4), corresponds to the DFE &. Equation (C.4) says that the non-zero equilibria of the
model satisfy

JG3) = P A PPy = 0. (C.6)

Using Theorem 5 and following the same procedure as in Appendix A, it can be shown that the expressions of a, and b, for the
original model with Delta variant are

B 20 (I —em)(pl — ki ky)(ny wy + 6, wg + ws)

[{w6kzvl — wgky U3 — kyv3 w3 + Wy ky vy + W ky vy

a, =
? Ap+ky)?

+ Wy ky ) — wekyv3 — kyvywy — wyky U3+ ky vy w3 + wgky vy + ky vy W — Wo ky U3 — W7 ky vy

— puywy + prywy — v3ws ky + vy W5 ky +(1—62)(u2w5p—U3w5p+pw4v2—pw6uz—pw6u3

T pW70y = pWyU3 + pWRLY — pWgU3 + pWUy = pWy U3 + pUy Wy + pUyW3 — pU3 Wy — pU3 W3

—k202w2+k203w2) }],

(1= em) Oy wy + 0, w5 + ws) (1 =€) p(vy = v3) + ky vy = ky 3 )

and b, = — . (C.7)

P+ ky

Appendix D. Endemic equilibria and backward bifurcation of the model with the original strain and the Delta and
Omicron variants

Let & = (§*,7%,0,0,0,0,0,0,0,0, E;, P;‘ I;‘, A: Q*, H*, R*) be any arbitrary equilibrium of the model (5) with the original

strain and the Delta and Omicron variants and hence equation (4) can be written as

_ B3 (1 —em)(n3 P} + I3 + 63 AY)

: ~ (D.1)
be the force of infection at steady-state. Therefore, from the system (29) we have,
o Ay {1 =€) 5+ ks } e pAKs e B My A M)
My, 22"+ My, 25+ My, My 3+ My A+ My, My 234 My 2+ My,
P= ByEL I = BE. A = ByE. O = ByE. H' = BE. R = B I ®.2)

where,
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p =% p bt g (Do o bame L 9By t9 By
D3 ky B kg =% ko = 0B kykokyy hs *1s s
vi, Bi, +w,, By, +w, By, vy By,
Br3 = ki3 s M13 = (1 —e3)(ks +aBr3)7 M23 = (I —e3)k k3 +ky(1 _aBr3)_aBr3(l —€3)p,
M33 = —npk,, M43 = A(l —¢€3), M53 = Aky +A(1 — &) p.

Substituting (D.2) into (D.1) gives

2
B (1= em) (13 By, + By, +03 By,) (M, 45 + M, /1;)
2= - , (D.3)
Ak3{(1-e3)/1§+k2}+pAk3+Bc3 (M43 2+ M, /L;)

where,
BC3 =1 +Bp3 +B,-3 +Ba3 +Bq3 +Bh3 +B,3.

After some algebraic calculation, the following polynomial equation in terms of 4} can be obtained from equation (D.3) as

2
A;{P23 L /1;‘+P03} =0, (D.4)
where,
P, = B, M,,
P, = B, Ms +Aky(l—e3)— My fs(1—em)(ns B, + B, +065B,). (D.5)
P, = Aky(p+ks)(1-Ry).

Out of the three roots, the root 4; = 0, of (D.4), corresponds to the DFE &. Equation (D.4) says that the non-zero equilibria of the
model satisfy
JGI = Py AT +PL A+ Ry, = 0. D.6)

Using Theorem 9 and following the same procedure as in Appendix A, it can be shown that the expressions of a;and b; for the
original model with Delta and Omicron variants are

2031 —em)(pn— kyky) (3 wy + 03 we + ws)
a3 = — 3 T AL R B R 2 {w6k2U1—w8k2v3—kzu3w3+w7k2ul+w9kzul
A(p+ ky)?
+ wyky vy — weky vy — ky U3 Wy — Wyky U3+ ky vy w3 + Wy ky U1 + ky vy Wy — Wy ky U3 — W7 ky Uy
— puywy + poywy — v3ws3 ky + vy wsky +(1—e3)(vzw5p— V3 Wsp + pl4Uy — pWe Uy — pWGU3 + plig Uy
—pw7v3+pw802—pwgv3+pwguz—pwgv3+pvzw1+pvzw3—pv3w1—pv3w3—kzvzw2+kzv3w2)} ,
(1 —em)(n3 wy + 03 we + ws) <(1—€3)p(vz—v3)+ kyvy — k2v3)
and b, = — . (D.7)
’ P+ ky
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