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Abstract: In this study, the model framework that includes almost all relevant parameters of interest
has been developed to quantify the electrostatic potential and charge density occurring in microchan-
nels grafted with polyelectrolyte brushes and simultaneously filled with polyelectrolyte dispersion.
The brush layer is described by the Alexander-de Gennes model incorporated with the monomer
distribution function accompanying the quadratic decay. Each ion concentration due to mobile
charges in the bulk and fixed charges in the brush layer can be determined by multi-species ion
balance. We solved 2-dimensional Poisson–Nernst–Planck equations adopted for simulating electric
field with ion transport in the soft channel, by considering anionic polyelectrolyte of polyacrylic
acid (PAA). Remarkable results were obtained regarding the brush height, ionization, electrostatic
potential, and charge density profiles with conditions of brush, dispersion, and solution pH. The
Donnan potential in the brush channel shows several times higher than the surface potential in
the bare channel, whereas it becomes lower with increasing PAA concentration. Our framework is
fruitful to provide comparative information regarding electrostatic interaction properties, serving as
an important bridge between modeling and experiments, and is possible to couple with governing
equations for flow field.

Keywords: microchannel; microfluidics; polyelectrolyte solution; polyelectrolyte brush; Poisson–
Nernst–Planck equations; electrostatic potential; charge density; ion transport; continuum modeling

1. Introduction

Polymer brushes are widely used to control the physical and chemical properties of
solid surfaces, according to changes of molecular structure and chemical composition [1–3].
The reconstruction of bulk polymers results in long response times (several minutes to
tens of hours), since various polymer constituents either migrate to the surface from the
bulk or rearrange locally. On the contrary, the grafted polymer brush and self-assembled
multilayered films have the advantage of a tunable and fast response to external stimuli,
ranging possibly from a few seconds to hours [4–7]. The rapid stimuli-responsive surfaces
allow us to use them in a diverse range of applications (e.g., drug delivery, biosensors,
diagnostics, and actuators) that are based on the mechanism of thermo-responsive [8,9],
pH-responsive [10–12], redox-responsive [13,14], and so on.

The polyelectrolyte (PE) should be distinguished from the neutral polymer due to its
ability to dissociate charges in solvents, resulting in a charged polymer chain (macro-ion)
and mobile counter-ions. The PE brush plays an important role in flow fields at narrow
spaces, for example, the critical effects of flow-induced deformation of the PE or transport at
PE-grafted interfaces in nanochannels where the brush height is comparable to the channel
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width [15–18]. For microfluidic channels whose width is much larger than the brush height,
changes of flow field are generally observed near the channel wall rather than in the bulk
region. Since the surface modifications alter either the electric double layer (EDL) thickness
of channel wall or the adsorption energy of suspended particulates, the PE brush-grafted
microchannels can be more useful in a variety of chemical and biological applications.
In particular, the biological complex fluids are mostly dispersed in aqueous solution, in
which suspended particulates coated with polyelectrolytes should be characterized by
stabilization and electrostatic surface charge with variations of solution pH. Exchanging
surface charges with the surrounding ions in a bulk medium affects the behavior of surface
potential (cf., experimentally, zeta potential) as well as ionic conductance [19–21].

Among the theoretical descriptions for PE brush properties, the Alexander-de Gennes
(AdG) scaling model is applied in the present study, which provides the fundamental
platform with conceptual simplicity [22–24]. The starting point of the AdG model is the
total free energy of a single grafted PE molecules as a sum of the elastic energy originating
from chain stretching (which favors a compact coil), excluded volume (which tends to
swell), and electrostatic contribution. Subsequently, the brush height is obtained based
on scaling law according to the variation of the grafting density. As the grafting density
increases, the electrostatic effects become smaller than the other two contributions [25].
When the grafting density is above a critical level such that two adjacent grafted chains start
interacting sterically with each other, the electrostatic effects have no bearing on the brush
height, indicating that the AdG model for neutral polymer can be reasonably adopted here.

Previous studies on PE brush-grafted nanochannel employed the Poisson–Boltzmann
(PB) equation to estimate the electrostatic potential, assuming that the ion concentration
within the brush layer follows the Boltzmann distribution [15–18]. This PB equation has
been widely employed in the literature concerning microfluidics in microchannels [26–28].
However, the ion concentration within the brush layer depends on the monomer density
profile, and the ion concentrations predicted by the Boltzmann distribution can approach
infinity with increasing electrostatic potential or surface charge. These implies limited
applicability of the Boltzmann distribution in the case of brush-grafted microchannel.
Hence, we quantify the electric field with ion transport by the Poisson–Nernst–Planck
(PNP) equations, as the general model without requiring (Boltzmann) distribution function.

In this study, the model framework has been developed to analyze the electrostatic
interaction behavior in rectangular microchannels with PE brushed wall, by including
almost all relevant parameters, such as channel dimension, PE brush conditions, and
electrolytic fluid properties. Charge distribution near the channel wall consists of mobile
charge in a medium solution and fixed charge in the brush layer. For characterizing the
PE brush layer, the AdG model is incorporated with the monomer density profile of brush
whereby the general form of the unique parabolic distribution function [24,29] is employed
instead of the non-unique cubic distribution function [17]. The prototype channel is
considered as polydimethylsiloxane (PDMS) surface grafted with anionic polyacrylic acid
(PAA) brush. Both electrostatic potential and charge density with the swelling (i.e., the ratio
of the radius of gyration of the perturbed chain to that of the θ-state) of PAA are numerically
computed from the PNP continuum model according to variations of solution pH. These
data provide useful information to experimental scientists because direct measurements
are not possible. As the electrolytic fluids filled inside the channel, we consider the KCl
solution as well as the dilute PAA solution dispersed in the KCl solution. In the rheological
aspect, PAA dispersion is referred to as a generalized Newtonian fluid exhibiting both
Newtonian and shear-thinning behaviors.

2. Model Formulations

We consider a rectangular cross-sectional channel consisting of top, bottom, left- and
right-sided wall illustrated in Figure 1a, where the inside of the channel surface is covered
with anionic PE brush as Figure 1b. Cartesian coordinates are applied for spanwise (x),
longitudinal (y), and streamwise (z) distances, respectively. The channel length is much
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larger than its width and height, so that the variations of electrostatic potential and charge
density are neglected along the direction of channel length.
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Figure 1. (a) Rectangular microchannel with a width W and a height H, where the inner wall of the channel is covered with
grafted PE brush layer; (b) PE brushes grafted onto the negatively charged surface with a brush height hb and an average
distance between grafting points lb.

2.1. Polyelectrolyte Brush Model with Monomer Density Profile

For describing the PE brush, the Alexander-de Gennes model is used [22,23]. The
brush height and monomer density distribution of the brush are varied according to the
electrolyte concentration in the bulk solution. As mentioned above, we properly assume a
neutral polymer brush with densely grafting condition. The free energy of the polymer
brush Fbrush grafted at one end consists of the spring energy of the polymer chain and the
excluded volume, as follows:

Fbrush =
3h2

b
2

(
kBT

NKb2
K

)
+

kBT
2

(
N2

Kω

hbl2
b

)
. (1)

Here, kBT/NKbK
2 corresponds to the entropic spring constant of the polymer chain

with kBT being the Boltzmann thermal energy (cf. 4.16 × 10−21 J at room temperature), NK
being the number of Kuhn segments, and bK being the length of Kuhn segment (i.e., twice
of the persistence length). In Equation (1), ω is the excluded volume parameter defined
as bK

3(1 − 2χ) with χ being the Flory–Huggins parameter [16,17,25]. With the average
distance between grafting points lb, the brush height at equilibrium hb can be obtained by
minimizing the free energy of polymer chain (i.e., Equation (1)), given by:

hb = NKbK

[
(1− 2χ)b2

K
6l2

b

]1/3

. (2)

The monomer distribution has the highest monomer number density at the wall and
tends to continuously decrease to the end of PE brush, rather than the uniform form. The
monomer distribution is represented as the quadratic decay from the wall [24], expressed
in the form:

Φ =
(

NKb3
Kσ
/

hb

)
]ϕ(x, y) , (3)

where NKbK
3σ/hb represents the scaled factor for monomer density. The grafting density σ

is identified in a unit volume of the brush, given by:

σ = 4
/

πl2
b . (4)
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For cross-section of the rectangular channel, the normalized monomer distribution
function ϕ(x,y) is specified by ϕx along the spanwise (x) direction and ϕy along the longitu-
dinal (y) direction, and it can be derived as:

ϕx =
3

2h2
b

[
h2

b −
(
|x| − W

2

)2
]

f or 0 < |x| < W/2 ,

ϕy =
3

2h2
b

[
h2

b −
(
|y| − H

2

)2
]

f or 0 < |y| < H/2 .

(5)

The sum of ϕx and ϕy represents ϕ(x,y) at each corner. Note that the monomer
distribution function satisfies the normalization condition by integrating each function
over the brush height (or brush layer thickness). Detailed descriptions of the monomer
density profile are available in the literature [3,16,24].

2.2. Multi-Species Ion Balance in the Bulk Solution

For the surface of the microchannel grafted with PE brushes, the morphology of PE
brushes varies with the properties of bulk solution, inter alia, a condition of solution pH.
Let us consider that background KCl electrolyte, HCl and NaOH for pH adjustment, and a
well-known anionic PE of PAA are dissolved in the bulk solution. All of dissociated ions
can be listed as:

H2O 
 H+ + OH− ,
KCl 
 K+ + Cl− ,
HCl 
 H+ + Cl− ,
NaOH 
 Na+ + OH− ,
PAA 
 ns

(
H+ + AA−

)
,

(6)

where AA− denotes the acrylate anion (=RCOO−), ns is the number of acrylic acid monomer
units in a PAA chain dispersed in the bulk solution. The multi-species ion balance deter-
mines molar concentration of ion species i, Ci [mM], at a given pH, as follows:

(i) Concentrations of cations: H+, K+, Na+

CH+ = 10−pH+ 3,

CK+ = CKCl,

CNa+ = ns f CPAA + 10−(14−pH) + 3 − 10−pH+ 3 (pH > 7) .

(7)

(ii) Concentrations of anions: OH−, Cl−, AA−

COH− = 10−(14−pH) + 3 ,

CCl− =

 CKCl+10−pH+ 3 − 10−(14−pH) + 3 (pH ≤ 7)

CKCl (pH > 7) ,

CAA− = ns f CPAA .

(8)

Here, the degree of ionization f depends on pH of the bulk solution, which can
be measured by dissociation experiments in terms of the fractional number of charged
monomers in a PAA chain.

In Figure 2a, the profile from the experiment [30] appears as the S-shaped growth
curve by the following fitting function:

pH = pKa− 0.49 log[(1− f )/ f ] . (9)
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In note, the pKa (=−log Ka) value of PAA in the bulk solution is obtained as 4.79,
which is not much different from the literature data of 4.58 [31]. One can see a clear
difference between the two curves of f by reflecting that the ionization degree of densely
grafted PAA brush obviously differs from that of PAA in the bulk solution. For the brush
data [32], the fitting curve can be numerically obtained as:

pH = pKab − 0.55 log[(0.89− fb)/ fb] , (10)

where fb is the degree of ionization of PAA brush. In this case, the pKab value is obtained
as 6.5, which is much larger than the pKa value. Figure 2a allows us to understand that the
PAA chains in the bulk solution undergo high swelling compared to the swelling of PAA
brush. We also find that the ionization of PAA brush is incomplete even at higher pH.

The change of brush layer thickness according to the variations of solution pH can
be determined by the relationship between the degree of ionization of brush f b and Flory–
Huggins parameter χ. Figure 2b presents the best curve fit to the experimental data found
in the literature for different f b values [33]. The fitting function is obtained in the form of
hyperbolic tangent as χ = a1[1 − tanh(a2 f b − a3)], where each coefficient is obtained as
a1 = 0.237, a2 = 9.881, and a3 = 3.587.

2.3. The Poisson–Nernst–Planck Model

When the charged surface is in contact with an electrolyte, the electrostatic charge
would influence the distribution of nearby ions so that an electric field is established for
locally averaged electrostatic potential ψ. For the electrostatic potential distribution in
a dielectric material, the volume charge density ρe can be represented by the Poisson
equation, viz. ∇·(∇ψ) ≡ ∇2ψ = −ρe/εoεr, where εo is the dielectric permittivity of vacuum
(=8.85 × 10−12 C/V m) and a piecewise constant εr is the relative dielectric permittivity of
aqueous medium (cf. 78.4 at room temperature). Solvated ions are treated as point charges
in the standard mean-field assumption. The mobile charge density in the liquid-filled bare
channel can be assumed to follow the Boltzmann distribution, and accordingly the Poisson
equation converts to the PB equation quantifying the electrostatic potential distribution
and long-range interaction [26].
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In the case of PE brush-grafted channel, the Poisson equation is considered as follows:

∇2ψ = −ρnet
e /εoεr = −(ρe + ρfix)/εoεr. (11)

In Equation (11), the net charge density ρe
net consists of the mobile charge density ρe

in a medium solution and the fixed charge density ρfix in the brush layer resulting from
ionization of PAA. They are given as, respectively:

ρe = NAe ∑i ΛiCi, (12)

ρ f ix = NAeΛAA−CAA− . (13)

In Equation (12), NA is the Avogadro number (=6.022 × 1023/mol), e is the elementary
charge (=1.602 × 10−19 C), and Λi is the valence of ion species i. In Equation (13), the molar
concentration of acrylate anion in the brush is taken as CAA

− = nb fb CPAA_brush with the
number of acrylic acid monomer units nb in a single chain of PAA brush. Here, the brush
concentration can be expressed as:

CPAA_brush = σϕ(x, y)/NAhb . (14)

The ion transport in the microchannel is described by convection, diffusion, and
migration contributions on the basis of the so-called Nernst-Planck (NP) equation [34], as
given:

Ji = −υiCi + Di∇Ci + ΛieKiCi∇ψ . (15)

Here, Ji represents the ionic flux vector with vi being the ionic velocity, Di being the
ionic diffusivity, and the mobility of ion species i (Ki) equals to Di/kBT by the Einstein
relation. Coupling the electrostatic potential by the Poisson equation with the NP equation
invokes the aforementioned PNP equations. The continuity for ion species i under steady
state can be written as:

∇ · Ji = 0 . (16)

One should keep in mind that the Poisson equation and NP equation are accurate in
the transport of dilute electrolytic fluids of pointlike ions, due to the inter-ion correlation
and effect of ion size occurring in the higher concentration. When the bulk solution is
bounded by channel wall in x and y direction without flow by external force (i.e., vi = 0),
Equation (15) can be simplified by noting Equation (16) as follows:

Di

[
∂2Ci
∂x2 +

Λie
kBT

∂

∂x

(
Ci

∂ψ

∂x

)]
= 0, (17a)

Di

[
∂2Ci
∂y2 +

Λie
kBT

∂

∂y

(
Ci

∂ψ

∂y

)]
= 0. (17b)

Equations (17a) and (17b) are to be solved subject to the boundary conditions: (i)
−n·Ji = 0 at the channel wall (cf., n is the unit normal vector directed into the channel
surface) as a requirement of no flux through the wall, and (ii) ψ = 0 at the bulk region as
symmetric about channel centerline.

Overall computation procedures and algorithm are presented in Figure 3. 2-dimensional
PNP continuum model needs to guarantee the convergent solution by applying iterations
with tolerance of 10−3. Our model framework was solved with implementation of the COM-
SOL Multiphysics (Ver. 5.2a, COMSOL Inc, Burlington, MA, USA) with a finite element
method [35].
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3. Results and Discussion

As the prototype channel for computations, rectangular-slit geometry is considered
with the width W of 8 µm and the height H of 2 µm having channel aspect ratio W/H of
4, and this channel dimension is sufficiently larger than the EDL thickness and the brush
height. The EDL thickness (or Debye length) is defined as κ−1 = [εoεrkBT/2NAe2I]1/2 for
electrolyte solution, where the ionic strength I is ∑i CiΛi

2/2. The background fluid is the
monovalent electrolyte of 0.01 mM KCl solution, and PE dispersion is modeled as the
PAA dispersed in this KCl solution with concentrations of 0.2, 0.4, and 0.8 wt%. The pH
of KCl solution and PAA solution is adjusted by HCl and NaOH. The EDL thickness κ−1

is estimated as 96.5 nm for background fluid of 0.01 mM KCl at pH 7, but κ−1 decreases
distinctly with increasing either PAA concentration or solution pH.

To provide an insight for realistic predictions, rigorous values of material parameters
are required. In the case of bare channel without covering the brush, the value of surface
potential of PDMS for various pH can be obtained from the literature [27,36,37]. The
molecular weight (Mw) of PAA for PE dispersion is 45 kDa, whereas the PAA brush is
considered as the Mw of 30 kDa and the Kuhn segment length bK of 0.64 nm [38–40].
Although electrostatic potential and charge density profiles are computed for the entire
channel cross-section, we present only the exemplar results near the bottom wall.

3.1. Brush Layer and Bulk Solution Analysis

In Figure 4a, the brush height increases sharply between pH 6 and 6.5 but remains
constant elsewhere. At the same pH, the brush height increases with higher Mw or higher
grafting density. This behavior is more pronounced with swollen brushes above pH 6.5,
because of the greater excluded volume effect on the brush segments. Figure 4b shows
the parabolic profiles of monomer density function for different solution pH, and each
profile demonstrates the quadratic decay that occurs from the maximum value at channel
wall to the end of the brush upon a solid-liquid interface. The grafting density of 0.1/nm2

allows us to recognize that two adjacent grafted chains can interact enough with each
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other. PAA brush chains are almost neutral at low pH according to very weak ionization,
but swell with increasing pH due to an increase of the electrostatic repulsion between
anionic segments.

Micromachines 2021, 12, x 8 of 14 
 

because of the greater excluded volume effect on the brush segments. Figure 4b shows the 
parabolic profiles of monomer density function for different solution pH, and each profile 
demonstrates the quadratic decay that occurs from the maximum value at channel wall to 
the end of the brush upon a solid-liquid interface. The grafting density of 0.1/nm2 allows 
us to recognize that two adjacent grafted chains can interact enough with each other. PAA 
brush chains are almost neutral at low pH according to very weak ionization, but swell 
with increasing pH due to an increase of the electrostatic repulsion between anionic seg-
ments. 

 
Figure 4. (a) The estimated PAA brush heights with variations of solution pH for different molecular weights and grafting 
densities; (b) The profiles of monomer distribution function within PAA brush layer near the bottom wall (−H/2 ≤ y ≤ −H/2 
+ hb) for Mw = 30 kDa and σ = 0.1/nm2. 

In Figure 5, total ion concentration in the bulk solution increases with increasing PAA 
concentrations from 0 to 0.8 wt%. Its change in KCl solution (e.g., 0 wt% PAA) is symmet-
ric with respect to pH 7, where the minimum is 0.02 mM as the sum of K+ and Cl− concen-
trations. It needs to be emphasized that PAA solutions obtain total ion concentrations sev-
eral tens to 104 times higher than that of the KCl solution, which is caused by ionization 
of the acrylic acid. Their total ion concentrations increase with increasing solution pH. 

 Solution pH
2 4 6 8 10 12

To
ta

l i
on

 c
on

ce
nt

ra
tio

n 
(m

M
)

10-2

10-1

100

101

102

103

0 wt% PAA 
(= KCl sol'n)
0.2 wt% PAA
0.4 wt% PAA
0.8 wt% PAA

Figure 4. (a) The estimated PAA brush heights with variations of solution pH for different molecular
weights and grafting densities; (b) The profiles of monomer distribution function within PAA brush
layer near the bottom wall (−H/2 ≤ y ≤ −H/2 + hb) for Mw = 30 kDa and σ = 0.1/nm2.

In Figure 5, total ion concentration in the bulk solution increases with increasing
PAA concentrations from 0 to 0.8 wt%. Its change in KCl solution (e.g., 0 wt% PAA)
is symmetric with respect to pH 7, where the minimum is 0.02 mM as the sum of K+

and Cl− concentrations. It needs to be emphasized that PAA solutions obtain total ion
concentrations several tens to 104 times higher than that of the KCl solution, which is caused
by ionization of the acrylic acid. Their total ion concentrations increase with increasing
solution pH.
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3.2. Electrostatic Potential and Charge Density Profiles

As provided in Figure 6 for different brush heights, we compared our results computed
from the PNP model with the results in the literature obtained by the PB equation [17].
Both results have a qualitatively identical trend, in which the electrostatic potential profiles
exhibit a slow decline near the wall, but decrease exponentially outside the brush layer,
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implying the contribution of Donnan potential within the brush layer. There is no discrep-
ancy between two results when hb is 20 nm, but the previous result based on Boltzmann
distribution appears to predict a higher potential profile with increasing hb.
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Figure 6. Electrostatic potential profiles near the PE brush-grafted channel wall with various brush
heights for 0.01 mM KCl solution of pH 5 and pKa = 4. Solid and dashed curves indicate our results
and literature results [17], respectively. Here, the literature results were replotted ones, by solving the
provided model equations.

Electrostatic potential profiles and corresponding charge density profiles are presented
in Figure 7a,b, where the electrostatic potential has a negative value since both PDMS and
PAA are anionic. A simple fluid of KCl solution is filled inside bare and brush channels that
account for rigid and soft channels, respectively. Here, the soft channel is represented by a
rigid PDMS surface covered by a PE brush layer. For all pH conditions, the electrostatic
potential in the brush channel is overall several times higher than that in the bare channel.
Note that the potential profiles of brush channel show the form of Donnan potential (ψD),
similar to the situation of semipermeable porous membranes [41,42]. The formation of
electrostatic potential by ion diffusion inside the brush layer is different from the surface
potential (ψs) at the impermeable surface in the case of bare channel, representing the
Donnan potential due to the ion balance between inside and outside the brush layer. As
same in the electrostatic potential, the charge density of brush channel is larger than that
of bare channel, noting that its difference is extremely evident with several orders of
magnitude. Although the charge density of bare channel is invisible in Figure 7b because
its value locates very close to the x-axis, its difference increases with increasing solution
pH. Note that, in the case of brush channel, the positive mobile charges in the bulk (ρe)
have approximately the same magnitude of the negative fixed charges (ρfix) of PAA brush.

For bare and brush channels filled with 0.4 wt% PAA solution, electrostatic potential
profiles and corresponding charge density profiles are presented in Figure 8a,b, respectively.
In contrast to the channels filled with KCl solution, the ionization of PAA chain in the bulk
solution leads to a certain increase in the total ion concentration, resulting in the reduction of
electrostatic interaction in accordance with the thin EDL. Comparing Figures 7a and 8a, the
increased total ion concentration causes the Donnan potential to become lower. Contrary to
electrostatic potential profiles, the brush channel exhibits mobile and fixed charge density
profiles that are nearly consistent regardless of the bulk solution. This can be explained
by recalling the fact that the amount of fixed charge is the same at the same pH and the
equivalent amount of mobile counter-ions.
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We expect surface and Donnan potentials to be verified potentially by experiments
with either zeta potential or streaming potential measurements, and the force-distance
curve by atomic force microscopy is possible to provide potential profiles. A complicated
behavior of charge density should be identified in the interpretation of experimental data.
This direction should be suggested as future studies. Quantitative predictions provide
useful information that a variation in solution property gets nontrivial implications in the
rational design and operation of microfluidic-chip with actual situations. As a final remark,
our numerical framework can also be applied to analyze either pressure-driven or electric
field-driven microfluidics, which is an ongoing study.
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4. Conclusions

The PE brush-grafted microchannel, which is also filled with electrolytic fluids, has
been analyzed by successfully developing a model framework based on the AdG equation
for brush property and the PNP equations for ionic diffusion and migration. Considering
ion transport in such a soft channel is significant for exploring either Newtonian or non-
Newtonian microfluidics. Our explicit model fully takes into account the conditions of
brush, bulk solution, degree of ionization, and each ion concentration. Our results of
electrostatic potential profile estimated by the PNP continuum model was justified by
comparison with the literature results determined by the PB equation.

Computation results reveal new information which was not reported before. The
electrostatic potential in the PAA brush channel is everywhere several times higher than
that in the bare channel, with accompanying Donnan potential. The charge density is
also higher by gathering the counter-ions (i.e., cationic charges) in the bulk, according to
anionic fixed charges due to ionization of the PAA brush. It should be emphasized that
PAA bush is advantageous for possible enhancement of charge effect, but which appears to
diminish in the presence of PAA solution. In contrast, the brush channel exhibits mobile
and fixed charge densities that are nearly consistent regardless of the bulk solution. As
aforementioned, an asset of this framework is to couple with flow fields, and PE brush-
grafted soft channel is possible to have various applications, such as ion-transport based
sensing, lab-on-chips, and current rectification.
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Nomenclature
As nomenclatures, the followings are used in this manuscript.
bK length of Kuhn segment [m]
Ci molar concentration of ion species i [mol/m3]
Di diffusivity of ion species i [m2/s]
e elementary charge [C]
Fbrush free energy of polymer brush [J]
f degree of ionization of PAA chain dispersed in the bulk solution [-]
fb degree of ionization of PAA brush [-]
H channel height [m]
hb brush height [m]
I ionic strength [mM]
Ji flux vector of ion species i [mol/m2 s]
Ki mobility of ion species i [s/kg]
kBT Boltzmann thermal energy [J]
lb average distance between grafting points [m]
NA Avogadro number [1/mol]
NK number of Kuhn segments of a polymer chain [-]
nb number of monomers in a PAA chain of brush [-]
ns number of monomers in a PAA chain dispersed in the bulk solution [-]
Ka acid ionization constant in the bulk solution [-]
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Kab acid ionization constant in the brush [-]
vi ionic velocity vector [m/s]
x, y spanwise and longitudinal distances from channel centerline [m]
W channel width [m]

Greek symbols
εo dielectric permittivity of vacuum [C/V m]
εr relative dielectric permittivity of aqueous medium [-]
κ–1 electric double layer thickness [m]
Λi valence of ion species i [-]
ρe charge density in the solution [C/m3]
ρfix charge density in the brush layer [C/m3]
ρe

net net charge density [C/m3]
σ grafting density [1/m2]
Φ monomer distribution function [-]
ϕ normalized monomer distribution function [-]
χ Flory–Huggins parameter [-]
ψ electrostatic potential [V]
ψD Donnan potential [V]
ψs surface potential [V]
ω excluded volume parameter [m3]

References
1. Minko, S. Responsive polymer brushes. J. Macromol. Sci. C Polym. Rev. 2006, 46, 397–420. [CrossRef]
2. Peng, S.; Bhushan, B. Smart polymer brushes and their emerging applications. RSC Adv. 2012, 2, 8557–8578. [CrossRef]
3. Zoppe, J.O.; Ataman, N.C.; Mocny, P.; Wang, J.; Moraes, J.; Klok, H.-A. Surface-Initiated Controlled Radical Polymerization:

State-of-the-Art, Opportunities, and Challenges in Surface and Interface Engineering with Polymer Brushes. Chem. Rev. 2017, 117,
1105–1318. [CrossRef]

4. Li, D.; He, Q.; Li, J. Smart core/shell nanocomposites: Intelligent polymers modified gold nanoparticles. Adv. Colloid Interface Sci.
2009, 149, 28–38. [CrossRef]

5. Stuart, M.A.C.; Huck, W.T.S.; Genzer, J.; Müller, M.; Ober, C.; Stamm, M.; Sukhorukov, G.B.; Szleifer, I.; Tsukruk, V.V.;
Urban, M.; et al. Emerging applications of stimuli-responsive polymer materials. Nat. Mater. 2010, 9, 101–113. [CrossRef]
[PubMed]

6. Weir, M.P.; Parnell, A.J. Water Soluble Responsive Polymer Brushes. Polymers 2011, 3, 2107–2132. [CrossRef]
7. Adiga, S.P.; Brenner, D.W. Stimuli-Responsive Polymer Brushes for Flow Control through Nanopores. J. Funct. Biomater. 2012, 3,

239–256. [CrossRef]
8. Liu, H.; Liu, X.; Meng, J.; Zhang, P.; Yang, G.; Su, B.; Sun, K.; Chen, L.; Han, D.; Wang, S.; et al. Hydrophobic Interaction-Mediated

Capture and Release of Cancer Cells on Thermoresponsive Nanostructured Surfaces. Adv. Mater. 2012, 25, 922–927. [CrossRef]
9. Klinghammer, S.; Rauch, S.; Pregl, S.; Uhlmann, P.; Baraban, L.; Cuniberti, G. Surface Modification of Silicon Nanowire Based

Field Effect Transistors with Stimuli Responsive Polymer Brushes for Biosensing Applications. Micromachines 2020, 11, 274.
[CrossRef]

10. de Groot, G.W.; Santonicola, M.G.; Sugihara, K.; Zambelli, T.; Reimhult, E.; Vörös, J.; Vancso, G.J. Switching transport through
nanopores with pH-responsive polymer brushes for controlled ion permeability. ACS Appl. Mater. Interfaces 2013, 5, 1400–1407.
[CrossRef] [PubMed]

11. Fortin, N.; Klok, H.-A. Glucose Monitoring Using a Polymer Brush Modified Polypropylene Hollow Fiber-based Hydraulic Flow
Sensor. ACS Appl. Mater. Interfaces 2015, 7, 4631–4640. [CrossRef]

12. Hollingsworth, N.R.; Wilkanowicz, S.I.; Larson, R.G. Salt- and pH-induced swelling of a poly(acrylic acid) brush via quartz
crystal microbalance w/dissipation (QCM-D). Soft Matter 2019, 15, 7838–7851. [CrossRef]

13. Masuda, T.; Hidaka, M.; Murase, Y.; Akimoto, A.M.; Nagase, K.; Okano, T.; Yoshida, R. Self-Oscillating Polymer Brushes. Angew.
Chem. Int. Ed. 2013, 52, 7468–7471. [CrossRef]

14. Elbert, J.; Krohm, F.; Rüttiger, C.; Kienle, S.; Didzoleit, H.; Balzer, B.N.; Hugel, T.; Stühn, B.; Gallei, M.; Brunsen, A. Polymer-
Modified Mesoporous Silica Thin Films for Redox-Mediated Selective Membrane Gating. Adv. Funct. Mater. 2014, 24, 1591–1601.
[CrossRef]

15. Chanda, S.; Sinha, S.; Das, S. Streaming potential and electroviscous effects in soft nanochannels: Towards designing more
efficient nanofluidic electrochemomechanical energy converters. Soft Matter 2014, 10, 7558–7568. [CrossRef]

16. Das, S.; Banik, M.; Chen, G.; Sinha, S.; Mukherjee, R. Polyelectrolyte brushes: Theory, modelling, synthesis and applications. Soft
Matter 2015, 11, 8550–8583. [CrossRef] [PubMed]

17. Patwary, J.; Chen, G.; Das, S. Efficient electrochemomechanical energy conversion in nanochannels grafted with polyelectrolyte
layers with pH-dependent charge density. Microfluid. Nanofluid 2016, 20, 37. [CrossRef]

http://doi.org/10.1080/15583720600945402
http://doi.org/10.1039/c2ra20451g
http://doi.org/10.1021/acs.chemrev.6b00314
http://doi.org/10.1016/j.cis.2008.12.007
http://doi.org/10.1038/nmat2614
http://www.ncbi.nlm.nih.gov/pubmed/20094081
http://doi.org/10.3390/polym3042107
http://doi.org/10.3390/jfb3020239
http://doi.org/10.1002/adma.201203826
http://doi.org/10.3390/mi11030274
http://doi.org/10.1021/am302820y
http://www.ncbi.nlm.nih.gov/pubmed/23360664
http://doi.org/10.1021/am507927w
http://doi.org/10.1039/C9SM01289C
http://doi.org/10.1002/anie.201301988
http://doi.org/10.1002/adfm.201302304
http://doi.org/10.1039/C4SM01490A
http://doi.org/10.1039/C5SM01962A
http://www.ncbi.nlm.nih.gov/pubmed/26399305
http://doi.org/10.1007/s10404-015-1695-9


Micromachines 2021, 12, 1475 13 of 13

18. Sivasankar, V.S.; Etha, S.A.; Sachar, H.S.; Das, S. Thermo-osmotic transport in nanochannels grafted with pH-responsive
polyelectrolyte brushes modelled using augmented strong stretching theory. J. Fluid Mech. 2021, 917, A31. [CrossRef]

19. Pincus, P. Colloid stabilization with grafted polyelectrolytes. Macromolecules 1991, 24, 2912–2919. [CrossRef]
20. Mei, L.; Yeh, L.-H.; Qian, S. Buffer effect on the ionic conductance in a pH-regulated nanochannel. Electrochem. Commun. 2015, 51,

129–132. [CrossRef]
21. Deng, L.; Shi, L.; Zhou, T.; Zhang, X.; Joo, S.W. Charge Properties and Electric Field Energy Density of Functional Group-Modified

Nanoparticle Interacting with a Flat Substrate. Micromachines 2020, 11, 1038. [CrossRef] [PubMed]
22. Alexander, S. Adsorption of chain molecules with a polar head a scaling description. J. Phys. 1977, 38, 983–987. [CrossRef]
23. de Gennes, P.G. Conformations of Polymers Attached to an Interface. Macromolecules 1980, 13, 1069–1075. [CrossRef]
24. Milner, S.T. Polymer brushes. Science 1991, 251, 905–914. [CrossRef]
25. Tsori, Y.; Andelman, D.; Joanny, J.-F. Interfacial instability of charged–end-group polymer brushes. EPL Europhysics Lett. 2008, 82,

46001. [CrossRef]
26. Chun, M.-S.; Lee, T.S.; Choi, N.W. Microfluidic analysis of electrokinetic streaming potential induced by microflows of monovalent

electrolyte solution. J. Micromech. Microeng. 2005, 15, 710–719. [CrossRef]
27. Lim, J.-M.; Chun, M.-S. Curvature-induced secondary microflow motion in steady electro-osmotic transport with hydrodynamic

slippage effect. Phys. Fluids 2011, 23, 102004. [CrossRef]
28. Zhao, C.; Yang, C. Electrokinetics of non-Newtonian fluids: A review. Adv. Colloid Interface Sci. 2013, 201-202, 94–108. [CrossRef]

[PubMed]
29. Murat, M.; Grest, G.S. Structure of a grafted polymer brush: A molecular dynamics simulation. Macromolecules 1989, 22, 4054–4059.

[CrossRef]
30. Cho, J.; Hong, J.; Char, K.; Caruso§, F. Nanoporous Block Copolymer Micelle/Micelle Multilayer Films with Dual Optical

Properties. J. Am. Chem. Soc. 2006, 128, 9935–9942. [CrossRef] [PubMed]
31. Koetz, J.; Kesmella, S. Polyelectrolytes and Nanoparticles; Springer: Berlin/Heidelberg, Germany, 2007; pp. 12–20.
32. Dong, R.; Lindau, M.; Ober, C.K. Dissociation Behavior of Weak Polyelectrolyte Brushes on a Planar Surface. Langmuir 2009, 25,

4774–4779. [CrossRef]
33. Safronov, A.P.; Adamova, L.V.; Blokhina, A.S.; Kamalov, I.A.; Shabadrov, P.A. Flory-Huggins parameters for weakly crosslinked

hydrogels of poly(acrylic acid) and poly(methacrylic acid) with various degrees of ionization. Polym. Sci. Ser. A 2015, 57, 33–42.
[CrossRef]

34. Masliyah, J.H.; Bhattacharjee, S. Electrokinetic and Colloid Transport Phenomena; Wiley: Hoboken, NJ, USA, 2006; pp. 185–214.
35. COMSOL. Multiphysics®v5.2a Users Guide; COMSOL Inc.: Burlington, MA, USA, 2015.
36. Chun, M.-S.; Lee, S. Flow imaging of dilute colloidal suspension in PDMS-based microfluidic chip using fluorescence microscopy.

Colloids Surf. A Physicochem. Eng. Asp. 2005, 267, 86–94. [CrossRef]
37. Song, J.; Duval, J.F.L.; Stuart, M.A.C.; Hillborg, H.; Gunst, U.; Arlinghaus, A.H.F.; Vancso, G.J. Surface Ionization State and

Nanoscale Chemical Composition of UV-Irradiated Poly(dimethylsiloxane) Probed by Chemical Force Microscopy, Force Titration,
and Electrokinetic Measurements. Langmuir 2007, 23, 5430–5438. [CrossRef] [PubMed]

38. Lego, B.; Skene, W.G.; Giasson, S. Swelling Study of Responsive Polyelectrolyte Brushes Grafted from Mica Substrates: Effect of
pH, Salt, and Grafting Density. Macromolecules 2010, 43, 4384–4393. [CrossRef]

39. Li, H.; Liu, B.; Zhang, X.; Gao, C.; Shen, J.; Zou, G. Single-Molecule Force Spectroscopy on Poly(acrylic acid) by AFM. Langmuir
1999, 15, 2120–2124. [CrossRef]

40. Swift, T.; Swanson, L.; Geoghegan, M.; Rimmer, S. The pH-responsive behaviour of poly(acrylic acid) in aqueous solution is
dependent on molar mass. Soft Matter 2016, 12, 2542–2549. [CrossRef]

41. Teorell, T. Transport phenomena in membranes eighth Spiers Memorial Lecture. Discuss. Faraday Soc. 1956, 21, 9–26. [CrossRef]
42. Ohshima, H.; Ohki, S. Donnan potential and surface potential of a charged membrane. Biophys. J. 1985, 47, 673–678. [CrossRef]

http://doi.org/10.1017/jfm.2021.281
http://doi.org/10.1021/ma00010a043
http://doi.org/10.1016/j.elecom.2014.12.020
http://doi.org/10.3390/mi11121038
http://www.ncbi.nlm.nih.gov/pubmed/33256021
http://doi.org/10.1051/jphys:01977003808098300
http://doi.org/10.1021/ma60077a009
http://doi.org/10.1126/science.251.4996.905
http://doi.org/10.1209/0295-5075/82/46001
http://doi.org/10.1088/0960-1317/15/4/007
http://doi.org/10.1063/1.3650911
http://doi.org/10.1016/j.cis.2013.09.001
http://www.ncbi.nlm.nih.gov/pubmed/24148843
http://doi.org/10.1021/ma00200a041
http://doi.org/10.1021/ja062437y
http://www.ncbi.nlm.nih.gov/pubmed/16866553
http://doi.org/10.1021/la8039384
http://doi.org/10.1134/S0965545X15010095
http://doi.org/10.1016/j.colsurfa.2005.06.046
http://doi.org/10.1021/la063168s
http://www.ncbi.nlm.nih.gov/pubmed/17417883
http://doi.org/10.1021/ma902588j
http://doi.org/10.1021/la9800304
http://doi.org/10.1039/C5SM02693H
http://doi.org/10.1039/df9562100009
http://doi.org/10.1016/S0006-3495(85)83963-1

	Introduction 
	Model Formulations 
	Polyelectrolyte Brush Model with Monomer Density Profile 
	Multi-Species Ion Balance in the Bulk Solution 
	The Poisson–Nernst–Planck Model 

	Results and Discussion 
	Brush Layer and Bulk Solution Analysis 
	Electrostatic Potential and Charge Density Profiles 

	Conclusions 
	References

