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A B S T R A C T   

Nowadays, several engineering applications and academic investigations have demonstrated the 
significance of heat transfers in general and mixed convection heat transfer (MCHT) in particular 
in cavities containing obstacles. This study’s main goal is to analyze the MCHT of a nanofluid in a 
triangular cavity with a pentagonal barrier using magneto hydrodynamics (MHD). The cavity’s- 
oriented walls are continuous cold temperature, whereas the bottom wall of the triangle and all 
pentagonal obstacle walls are kept at a constant high temperature. For solving governing equa-
tions, we utilized the Galerkin’s finite element approach. Four dimensionless factors, Richardson 
number (0.01 ≤ Ri ≤ 5), Reynolds number (10 ≤ Re ≤ 50), Buoyancy ratio (0.01 ≤ Br ≤ 10) and 
Hartmann number (0 ≤ Ha ≤20) are examined for their effects on streamlines, isotherms, con-
centration, velocity, and the Nusselt number. Also, with the help of Taguchi method and Response 
Surface Method (RSM) the optimization of the studied dimensionless parameters has been done. 
The optimum values of Ri, Re, Ha and Br are obtained 4.95, 30.49,18.35 and 0.05 respectively. 
Ultimately, a correlation has been extracted for obtaining the optimum average Nusselt number 
(Nu) in mentioned cavity.   

1. Introduction 

Numerous biological and economic phenomena depend critically and unquestionably on heat transfer. One of the heat transfer 
techniques that combines forced and natural convection is mixed convection. Due to its potential use in engineering fields many studies 
have been done. For instance, in heat exchangers which studied by Chen et al. [1] presents that increasing the tube diameter in a 
vertical annular finned tube heat exchanger resulted in a higher Nusselt number, while decreasing the diameter led to a higher friction 
factor. In electronic board cooling, the work of Mathew et al. [2] expresses the optimal arrangement of IC chips mounted on an SMPS 
board for efficient cooling under mixed convection was a staggered arrangement with a pitch of 20 mm. For ventilation in buildings 
Wurtz et al. [3] study indicates that modular zonal models are effective tools for simulating natural and mixed convection in buildings 
with 2D and 3D configurations. In solar collectors Xiao et al. [4] research shows that the performance of a solar collector can be 

* Corresponding author. Department of Mechanical Engineering, Sharif University of Technology, Azadi Ave, Tehran, Iran. 
E-mail address: khashayarh68@stu.nit.ac.ir (Kh. Hosseinzadeh).  

Contents lists available at ScienceDirect 

Heliyon 

journal homepage: www.cell.com/heliyon 

https://doi.org/10.1016/j.heliyon.2023.e20193 
Received 14 February 2023; Received in revised form 10 September 2023; Accepted 13 September 2023   

mailto:khashayarh68@stu.nit.ac.ir
www.sciencedirect.com/science/journal/24058440
https://www.cell.com/heliyon
https://doi.org/10.1016/j.heliyon.2023.e20193
https://doi.org/10.1016/j.heliyon.2023.e20193
http://crossmark.crossref.org/dialog/?doi=10.1016/j.heliyon.2023.e20193&domain=pdf
https://doi.org/10.1016/j.heliyon.2023.e20193
http://creativecommons.org/licenses/by-nc-nd/4.0/


Heliyon 9 (2023) e20193

2

enhanced by utilizing microalgae slurry as a heat transfer fluid, with laminar mixed convection playing a crucial role in the heat 
transfer process. A study of a microchannel by Tavakoli et al. [5] demonstrates that the two-phase approach was more effective than 
the single-phase approach in predicting mixed convection heat transfer inside a vertical microchannel. Moreover, in the field of 
automotive a study by Hussein et al. [6] illustrates that the addition of Al2O3 nanoparticles to the base fluid significantly improved the 
heat transfer performance of the automotive cooling system under forced convection and many other industrial applications, there has 
been a lot of interests in the field of MCHT. Plus, the major objective for all mentioned fields is to fend the extra heat and improve 
cooling the systems. 

Recently, the study of heat transfers in various cavities which are common in industrial applications has become popular. These 
cavities may contain obstacles, or some of their walls may be lid driven, or they may have different geometries, such as circular, 
trapezoidal, triangular, square etc. [7–10]. To better understand the MCHT, extensive efforts have been carried out. Steady state heat 
convection in an enclosure for combination of mass and temperature gradients was originally researched by Al-Amiri et al. [11]. The 
transport phenomena were studied using a number of crucial operational dimensionless parameters. The factors under consideration 
were the Ri number, Lewis number (Le) and parameter of Br. Into the enclosure when Ri value was low, the properties of heat transfer 
and mass transfer are improved as evident predominant effect of the mechanical action caused by the sliding lid. Apurba Kumar Santra 
et al. [12] quantitatively investigated the improvement of heat transport in a square enclosure using copper-water Nanofluid for 
variety of Rayleigh number (Ra) and volume fraction of solids. For most any Ra, the outcomes demonstrate increasing the solid volume 
fraction reduces heat transport significantly. When Ra exceeds 3%, however, the heat transmission is virtually constant at low Rayleigh 
numbers. Ghasemi and Aminossadati [13] numerically studied convection in a triangular enclosure which had driven lids and also it 
was filled with water and Al2O3 solid particles. Their results showed that by increasing the volume fraction of Al2O3 in water, the heat 
transfer rate increases for all Ri values. Sivasankaran et al. [14] Investigated MCHT in a cavity which was lid-driven and affected by 
inconsistent heating. They understood that if both walls were heated non-uniform, the rate of heat transfer would increase. In a triangle 
shaped cavity Hasanuzzaman et al. [15] analyzed the MCHT and investigated the effect of Le changes on temperature and concen-
tration behavior. They claimed that heat transfer diminishes as the Lewis number increases. Whereas, the rate of mass transfer in-
creases by 32% with raising Le from 5 to 20. Litan Kumar Saha et al. [16] have numerically analyzed a MCHT flow issue which involved 
an electrically charged fluid in a hollow under an externally imposed homogeneous electromagnetic force, which includes the in-
fluence of internal heat production. For forced convection dominated regions. The importance of generation or absorption of heat 
becomes negligible. However, it has a serious impact for larger values of Richardson number and the field of magnetism has played a 
major job in controlling Flow of fluids and heat pass. The MCHT of nanofluid was modeled in a 3-D cubical hollow with numerous pairs 
of cooling and heating within by Garoosi et al. [17] They concluded that as the nanoparticle diameter decreased and Richardson’s 
number increased, the rate of heat transfer increased. Haq et al. [18] Explored the phenomenon of natural convection in an enclosure 
which had the shape of trapezius and was heated and containing Single Wall Carbon Nanotubes. They observed that the flow 
streamlines and thermal contours wemagnre both strengthened via increasing the Rayleigh number. In a rhombus cavity with a square 
in the center, the effect of the presence of copper monoxide nanoparticles in water on heat transfer also has been probed by Haq et al. 
[19] They investigated the thermal and flow fields which were affected when the inner barrier was cooled or adiabatic or heated. 
Al-Kouz et al. [20] studied natural convection in a sloped square cavity with two fins attached to the hot wall. Finally, a correlation was 
suggested for Nu number associated with studied parameters. Munshi et al. [21] examined the effects of a large variety of 
non-dimensional numbers on the convection heat transfer mechanism in a lid-driven hexagonal enclosure with corner heater, 
including Ri and Ha numbers. They had claimed that increasing the Ha number causes a significant reduction in convective current in 
the enclosure, and the properties of the flow and mechanisms of heat transfer inside the hexagonal cavity are firmly influenced by the 
Ri number. As a result, a high Ri number increases the lid-driven impact, whereas a low Ri number increases the influence of the heat 
source on the flow and heat properties. Selimefendigil [22] has analyzed a lid-driven cavity with an internal elliptic obstacle and 
nanotubes with single and multiple walls and also, reported that the heat transfer rate improved by 120.20% in solid volume fraction 
0.06 relative to purified water. Haq and S. Aman [23] explored the CuO-water nanofluid flow within a cavity shaped like trapezium 
with an interior heated obstruction, and the issue was numerically addressed utilizing the Finite Element Method (FEM). These 
simulations are run for various lengths of heated region, Ra number, nanoparticles volume fraction, Aspect ratio, and several kinds of 
interior square cylinders in this model. Inside a rhombic enclosure with nanoparticle Cu mixed with water within, Dutta et al. [24] 
explored the magneto-fluid dynamics (MHD) natural convection and mechanisms of entropy generation. They numerically simulated 
for various Ra numbers (103 ≤ Ra ≤ 106), Ha number (0 ≤ Ha ≤100) and three different slope angles of 30, 45 and 60◦ and also 
considered different volume fractions. They observed that by increasing the slope angle the Nuavg number increases in diffusion 
dominated zone and also the total entropy generation rate declines with the increase of Ha for all values of Ra and slope angles of the 
enclosure. In a square cavity filled with SWCNTs, Haq et al. [25] computationally investigated the impact of different locations of 
bottom warmed parallel fins. They described how quickly heat transferred when nanoparticles were available. Inside a trapezoidal 
enclosure filled with elliptic shaped obstacle Saqib Shah et al. [26] perused the impact of changing some dimensionless numbers 
including Le, Ri, Re numbers and buoyancy ratio parameter. They also studied the effect of moving partial lid walls at top of trapezoidal 
cavity. They deduced that rate of mass transfer highly increases by increasing the Lewis number. They also observed that isotherms are 
more impacted by moving partial lid walls. M. Bahiraei et al. [27] simulated the flow of Ag-water nanofluid inside an elliptical pin-fin 
heat sink. Entropy generation and exergy considerations were analyzed. Results showed that increasing nanoparticle concentration 
and decreasing aspect ratio reduced entropy generation. M. Bahiraei [28] presents a study on the heat transfer characteristics of 
nanofluids using a numerical simulation method. This study contributes to the understanding of the heat transfer behavior of nano-
fluids, which has important implications for engineering applications. M. Amani, P. Amani, M. Bahiraei et al. [29] provided a 
comprehensive overview of recent research on nanofluid flow and heat transfer between parallel surfaces. The study has discussed the 
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different types of nanofluids used, the various methods of preparation, and the different experimental techniques used to study them. 
N. Mazaheri and M. Bahiraei [30] presented a study on the performance of a spiral heat exchanger using different types of nanofluids. 
The study has focused on the energy and exergy efficiencies of the heat exchanger as well as the hydrodynamic behavior of the 
nanofluids. The results have indicated that the use of certain nanofluids with specific particle shapes can enhance the performance of 
the spiral heat exchanger, which has important implications for process intensification. 

The purpose of this study is to investigate mixed convection heat transfer in a novel geometry which is a triangular cavity with a 
pentagonal obstacle using the FEM method. The study examines the effect of different parameters such as Reynolds number, 
Richardson number, Hartmann number and buoyancy ratio on the isotherms, streamlines, concentration, average Nu, and local Nu, is 
analyzed and demonstrated. Following that, the optimal values for Ri, Re, Ha, Br, and average Nu were calculated by employing 
Taguchi’s method and RSM. 

The study shows that Alterations in the buoyancy ratio produce an inverse correlation with the Nusselt number, while an increase 
in the Br parameter leads to a substantial increase in the temperature profile surrounding the pentagonal obstacle in the cavity. 

2. Problem model and formulation 

Fig. 1 depicts a triangular cavity with an interior pentagonal barrier, based on the triangle’s height, 0.8 L, and its length, L. Both 
sloped adiabatic enclosure walls are cold and the bottom one is heated as well as pentagonal barrier. Since that natural convection is a 
part of the heat transfer, the following relation is the Boussinesq Approximation for the fluid’s density [26] (See in Eq. (1)): 

ρ= ρ0[1 − βT(T − Tc)+ βc(c − cc)], (1)  

In the preceding equation ρ0 is the density of the fluid at T0 = (Th +Tc)/2 and concentration is c0 = (ch + cc)/2. 
The flow field in this problem is two-dimensional, steady, laminar, and incompressible. The governing equations for fluid flow 

taking into consideration the above conditions are as follows [26]: 

∇.V= 0, (2)  

u
∂u
∂x

+ v
∂u
∂y

= −
1
ρ

∂p
∂x

+ ν∇2u, (3)  

u
∂v
∂x

+ v
∂v
∂y

= −
1
ρ

∂p
∂y

+ ν∇2v+ g[βT(T − Tc)+ βc(c − cc)] −
σB2

0v
ρ , (4)  

u
∂T
∂x

+ v
∂T
∂y

= α∇2T, (5)  

u
∂c
∂x

+ v
∂c
∂y

= D∇2c (6)  

in the equations above V = (u, v) and ∇ =
(

∂
∂x,

∂
∂y

)
. The following dimensionless expressions have been substituted for the major 

variables in the preceding equations: (See in Eq. (7)) 

Fig. 1. Geometry of the triangular cavity and it’s boundary conditions.  
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y
L

)
, (UV)=
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)

,T=Tc +(Th − Tc)θ,P=
p

ρu0
, c= cc + (ch − cc)C. (7) 

As a result, Equations (2)–(6) are dimensionless as bellow: 

∂U
∂X

+
∂V
∂Y

= 0, (8)  

U
∂U
∂X

+V
∂U
∂Y

= −
∂P
∂X

+
1

Re
∇2U, (9)  

U
∂V
∂X

+V
∂V
∂Y

= −
∂P
∂Y

+
1

Re
∇2V+Ri(θ+BrC) − Pr

(
Ha2)V, (10)  

U
∂T
∂X

+V
∂T
∂Y

=

(
1

RePr

)

∇2θ, (11) 

Fig. 2. Unstructured adaptive mesh.  

Fig. 3. Values of local Nu number for different grid sizes when Re = 20,Ha = 10,Br = 5,Ri = 3,Pr = 6.2 and Le = 1..  
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U
∂C
∂X

+V
∂C
∂Y

=

(
1

RePrLe

)

∇2C. (12) 

As an outcome, the Re, Pr, Ri, Le, and the Br of the issue are outlined below: 

Re=
u0L
ν ,Ri=

gβT(Th − Tc)L3

ν2Re2 ,Le=
α
D
,Pr=

ν
α,Br =

βc(ch − cc)

βT(Th − Tc)
,Ha=B0L

̅̅̅σ
μ

√

. (13) 

Now the boundary conditions’ dimensionless form related to Equations 8–12 are as follows: 
at the triangular cavity’s bottom wall (See in Eq. 14–17): 

(U,V)= (0, 0), θ = 1,C = 0. (14)  

at the inclined walls of the triangular enclosure: 

(U,V)= (0, 0), θ = 0,C = 0. (15) 

On the pentagonal barrier: 

Fig. 4. Validation of the present study with Khanafer et al. [31] φ = 0.05 and Pr = 6.2 (Cu-Water).  

Fig. 5. The V-velocity of water base Cu nanofluid along the Y-direction at (φ = 0, Ra = 10 5 and LT = 0.4), obtained by current simulation and the 
results of Haq et al. [23]. 
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(U,V)= (0, 0), θ = C = 1, (16) 

the local Nu is defined as follows: 

Nu= −

(
∂θ
∂Y

)

Y=0
(17) 

The boundary conditions (14–16) are used to solve equations 8–12 using the FEM. Penalty functions were utilized to remove the 
pressure factor from the above equations. Hence, a penalty parameter γ in momentum equations, associates the pressure term with the 
continuity term in order to make the following equations easier to solve. As a result, we have the following (See in Eq. (18)): 

Fig. 6. Variation of (a–b) streamlines, (c–d) isotherms and, (e–f) concentration based on different Ri numbers.  

Fig. 7. Variation of U-velocity respect to different Ri.  
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P= − γ
(

∂U
∂X

+
∂V
∂Y

)

(18) 

It’s important to notice that the penalty parameter’s value has a significant influence on the final result, which in this study has 
been determined 107. The correlations between velocity and stream functions are as below [26] (See in Eq. (19)): 

U =
∂ψ
∂y

,V = −
∂ψ
∂X

. (19)  

3. Numerical approach, grid independency and validation assessment 

For numerical simulation of this problem Flex PDE software has been used. Flex PDE is an open-source software which solves 
problems based on Galerkin’s FEM. The Galerkin’s finite element method (FEM) is a numerical technique used to solve partial dif-
ferential equations (PDEs) and other mathematical problems. The FEM breaks down a complex problem into a set of smaller, simpler 
sub-problems that can be solved using numerical methods. It involves discretizing the problem domain into a set of finite elements, 
each of which is defined by a set of nodes and a set of basis functions. The basis functions are used to approximate the unknown 
solution within each element, and the Galerkin’s method involves multiplying the PDE by a test function and integrating over each 

Fig. 8. Variation of V-velocity respect to different Ri.  

Fig. 9. Variation of Nu number respect to different Ri.  
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element. Overall, the Galerkin’s FEM is a powerful and flexible numerical method that has been widely used in a variety of fields. The 
Galerkin method is an example of a weighted residual method, where the residual is multiplied by a set of weighting functions and 
integrated over the domain. The choice of weighting functions is important, and the Galerkin method uses the same basis functions as 
the approximation functions. The resulting integral equations are then discretized using numerical integration techniques to produce a 
linear system of equations. After meshing, the software continuously calculates the solution error and when the error value becomes 
lower than a certain value the software converges. The mesh can also be changed in order to achieve the accurate result. 

Since the FEM is used to tackle the issue the first step of solving the problem is to specify the type of meshing. The geometry domain 
has become into a number of unstructured and adaptive triangular elements. Fig. 2 shows the area’s meshing process. As it is known, it 
is important to check the Sufficiency of the number of Elements in order to reach the high accuracy and low-time processing. Fig. 3 

Fig. 10. Variation of (a–b) streamlines, (c–d) isotherms and, (e–f) concentration based on different Re numbers.  

Fig. 11. Variation of U-velocity respect to different Re  
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shows the local Nu value of inner walls for three different grid sizes of 6988, 19264 and 48632. When Re = 20,Ha = 10,Br = 5,Ri =
3,Pr = 6.2 andLe = 1. According to the reasons stated above if the number of elements is considered 19264, the local Nusselt number 
will change slightly and will reach almost a reliable value. As a result, grid independency happened and there is no need to increase the 
number of nodes. To evaluate the efficacy of the suggested method, it is important to compare the results with previous studies. For this 
purpose, Fig. 4 displays comparison results of temperature profile of enclosure between our numerical method with Khanafer et al. 
[31]. The geometry used for first validation is a simple two-dimensional rectangular enclosure with heated and cooled walls, filled with 
a water-based nanofluid and featuring a single spherical nanoparticle that is varied in position to investigate its effect on heat transfer. 
This figure demonstrates that there is a good agreement between this study’s method and their method in order to calculate tem-
perature in the enclosure. Haq et al. [23] conducted research on a trapezoidal cavity with an inner heated obstacle, partially filled with 
water functionalized with CuO nanoparticles. Fig. 5 compares the results of V-velocity profile between their method with the proposed 
approach of present study. It is obvious that there is a great agreement between present study and both mentioned researches. 

4. Results and discussion 

In the following section the effects of changing the values of Ri from 0.01 to 5, Re from 10 to 50, Ha from 0 to 20 and Br from 0.01 to 
10 on flow field, temperature, concentration, Local Nusselt number in a triangular cavity containing a hexagonal obstacle will be 

Fig. 12. Variation of V-velocity respect to different Re  

Fig. 13. Variation of Nu number respect to different Re  

Kh. Hosseinzadeh et al.                                                                                                                                                                                               



Heliyon 9 (2023) e20193

10

numerically considered and shown. 

4.1. Impacts of variations in the Richardson number 

Fig. 6 shows the impact of several values of Richardson number on streamlines, isotherms and concentration. Fig. 6(a and b) 
presents the variation of Ri effects on streamlines. In all Ri values there are some positive and negative recirculation motions in left and 
right side of the cavity respectively. Meanwhile by increasing the values of Ri from 0.01 to 5 the small effect of forced convection on 
streamlines changes into larger impact due to increasing the buoyancy term, which means the streamlines are Under the influence of 
natural and forced convection both. Fig. 6(c and d) displays the consequences of changes of Ri on temperature field. By comparing the 

Fig. 14. Variation of (a–b) streamlines, (c–d) isotherms and, (e–f) concentration based on different Br parameters.  

Fig. 15. Variation of U-velocity respect to different Br.  
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thermal contours between Ri = 0.01 and Ri = 5 it could be concluded that the temperature profile decreases. As the result of the growth 
of the mixed convection movement mechanism due to the Ri increment from Ri = 1 to Ri = 5, the temperature contours also rise. 
Contours of concentration are given in Fig. 6(e and f) respect to values of Ri. According to the figure the concentration field decreases 
from Ri = 0.01 to Ri = 5 but for higher values of Ri the concentration value increases again due to the involving of natural convection 
and as the subsequence, significant mass transfer is happened in the form of heat. Fig. 7 exhibits the effect of variations of Richardson 
number on U-velocity along the certain line which is shown as a blue line in triangular cavity. The horizontal velocity has fluctuating 
behavior, meanwhile by increasing the value of Ri this behavior increases dramatically. Fig. 8 depicts the V-velocity changes due to 
four different values of Ri on mentioned line in cavity picture. The curves show that for all Richardson numbers the vertical velocity in 
both beginning and end of the line have negative values and similar behavior but in center these curves have positive values. Also all 
curves have a symmetric shape toward the mentioned line. Fig. 9 describes the variation of Nu on pentagonal obstacle based on 
different Richardson numbers. It is obvious that changing the Ri have no significant impact on Nusselt number for inner wall. 

4.2. Impacts of variations in the Reynolds number 

The impacts of different values of Re on the streamlines, contour of temperature and concentration can be seen in Fig. 10. The 
variations of streamlines on four values of Re are shown in Fig. 10(a and b). The results are given for Re = 10 and 50. For Reynolds = 10 

Fig. 16. Variation of V-velocity respect to different Br.  

Fig. 17. Variation of Nu number respect to different Br.  
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two rotational movements are visible near of two inclined walls of triangle. The left movement has positive and the right one has 
negative values. With increase of Re from 10 to 50 the magnitude of positive and negative movements increases but the shapes of 
streamlines are quite stable. Fig. 10(c and d) indicates the influence of variable amount of Re on thermal behavior of cavity in form of 
isotherms. As expected, there are more heated zones near the lower wall of triangle and pentagonal obstacle’s walls. Since the lower 
wall of triangle has no movement, there are slight changes in isotherm contours by changing the values of Re. Fig. 10(e and f) depicts 
the variations of concentration profile for different values of Re. As expected, because of the boundary conditions applied to the 
pentagonal obstacle, the magnitudes of the concentration near the obstacle walls are more than other zones and by increasing the 
distance from obstacle the concentration profiles get to lower values. It also could be comprehended that by increment of Reynolds 
number the concentration profile increases slightly. Fig. 11 displays the Consequences of variations of Reynolds number on horizontal 

Fig. 18. Variation of (a–b) streamlines, (c–d) isotherms and, (e–f) concentration based on different Ha numbers.  

Fig. 19. Variation of U-velocity respect to different Ha..  
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velocity along the certain line which is shown as a blue line in triangular cavity. The behavior of the velocity profile in the horizontal 
direction is similar in certain intervals for diverse values of the Re, meanwhile as the Re has increased, which means the increase of the 
inertial force, the values of the oscillatory behavior of the U-velocity increase. Fig. 12 demonstrates the V-velocity changes due to four 
different values of Re on mentioned blue line in cavity. The profiles show that the impacts of various Reynolds number are almost 
similar to effects of Richardson number on V-velocity diagram. It is clear that higher amounts of Re cause more velocity toward vertical 
direction. The changes of Nu in pentagonal obstacle for various Re are illustrated in Fig. 13. The trend of Nusselt number behavior 
follows a similar process for all Reynolds number changes. Albeit a slight difference between these values can be seen in the following 
diagram. Considering the increase of Reynolds number from 10 to 50 along the length of the geometry, the value of Nusselt number at 
Reynolds 10 is slightly higher than other values. Also, it is obvious that there are three positions with maximum Nusselt number value 
of almost 11. 

4.3. Impacts of variations in the buoyancy ratio parameter 

The effects of several Br values on heat transfer, concentration, and streamline in the cavity with a pentagonal obstacle inside have 
been covered in this section of the article. The definition of Br in this cavity was given in eq. (13) as the ratio of concentration changes 
to temperature changes impact on buoyancy force. Fig. 14 indicates how three different contours of the cavity are affected by 

Fig. 20. Variation of V-velocity respect to different Ha..  

Fig. 21. Variation of Nu number respect to different Ha..  
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Buoyancy ratio in the range of 0.01–10. Fig. 14(a and b) display recirculation movement in the both sides of the pentagonal barrier 
with varying symmetry values that change as the Br increases or decreases. In all values of the Br, the recirculation movements have the 
same overall form in all contours of the streamline, but their values vary at the maximum and minimum areas. Figures (c–d) represent 
the effects of variation of Br parameter on heat transfer and isotherm contours in wide range of 0.01–10. With an accurate comparison 
between the figures (c–d), it is clear that increasing the Br parameter has remarkable impacts on rate of heat transfer in cavity. At Br =
0.01 a thin hot layer of fluid is close near to hot walls while increasing Br parameter leads to increment the extent of hot areas between 
pentagonal obstacle and bottom hot wall. The concentration contours in the various Br are shown in Fig. 14(e and f). Increase of Mass 
transfer in these contours is obvious due to an increase in buoyancy ratio, which is clearly visible in the contours surrounding the 
pentagonal barrier. The variation of horizontal velocity changes on the blue line above the obstacle which is shown in mentioned figure 
due to changes of Br parameter is illustrated in Fig. 15. There is a fluctuating behavior for U-velocity in all Br parameters. In addition, 
rising the Br parameter led to higher values of U-velocity in a certain position. As the buoyancy ratio (which is the ratio of the density 
difference to the average density) increases, the buoyancy forces become stronger and the velocity of fluid motion increases. The 
variation of vertical velocity for different Br parameters was shown in Fig. 16. Regarding mentioned figure the fluid has experienced 
the peak V-velocity in two symmetric positions. Also, the increase of Buoyancy ratio parameter led to rise of fluctuating behavior of V- 
velocity. Fig. 17 demonstrates impact of Buoyancy ratio on Nu number on inner wall. It can be seen that growth of the Br parameter has 
reverse impact on Nu for inner wall. Also, the fluctuating behavior of the trend of curves for all Buoyancy ratio parameter is visible. 
Unexpectedly, For Br = 5 and 10 the related curves experienced an overlap. 

4.4. Impacts of variations in the Hartmann number 

Fig. 18 displays the impacts of Ha 0 and 20, which indicates the electromagnetic force influence in the studied cavity. Hartmann 
equals to zero is considered as there is no electromagnetic force. Fig. 18(a and b) shows the effect of the Ha which gradually increases 
on the streamline in the cavity. At Ha = 0, the top values appear symmetrically opposite of each other with contrariwise circulation 
movements. On the left wall of the pentagonal obstacle, the maximum value of the flow function (0.09) and the minimum value at the 
bottom right side (− 0.09) is displayed. With an increase in the Ha, the shape of the streamline remains constant, but their values have 
changed. Fig. 18(c and d) show how the temperature contours for different Hartmann numbers in which around the pentagonal 
obstacle and the lower wall of the cavity, the maximum temperature is visible. As the raise in the electromagnetic force’s intensity, the 
maximum temperature range begins to narrow as it gets closer to the bottom triangular wall and the obstacle. With an increase in the 
Ha from 0 to 20, we observe a decrease in the maximum concentration around the pentagonal barrier in Fig. 18(e− f). According to the 
results of variations in the electromagnetic force’s intensity within this cavity caused by the used boundary conditions, the overall 
magnitude of the concentration has been decreased. Fig. 19 demonstrates the trend of changing U-velocity based on different values of 
Hartmann number which shows how electromagnetic force effects on the mentioned parameter. From Fig. 19 it is clear that increasing 
the Ha, the lowest and the highest U-velocity in a certain point has been decreased. Fig. 20 illustrates the symmetrical behavior of the 
vertical velocity relative to the given blue line’s middle point, similar to the other vertical velocity graphs presented in the preceding 
sections. As the electromagnetic force gets stronger, electric vortexes are created inside the fluid flow, which create restance to the 
movement of the fluid flow and reduce the horizontal and vertical velocities both. Fig. 21 expresses the effect of Ha on Nusselt number 
for pentagonal obstacle walls, in which the difference between Ha = 0, 1 and 10 is negligible and is almost unchanged, whereas a 
sudden jump in results for Ha = 20 is observed, which shows that the impressive effect of electromagnetic force is happening on Nu. 

4.5. Optimizing parameters and correlation derive 

The main purpose of this section is to reach optimum values for four main parameters which are studied above. Each of the four 

Table 1 
Designed tests by Taguchi approach.  

Case Number Richardson Reynolds Brinkman Hartmann 

1 0.01 10 0.01 0 
2 5 50 0.01 10 
3 5 10 10 1 
4 3 50 1 0 
5 3 30 0.01 1 
6 1 50 5 1 
7 0.01 30 5 10 
8 3 10 5 20 
9 5 20 5 0 
10 1 20 0.01 20 
11 5 30 1 20 
12 3 20 10 10 
13 1 10 1 10 
14 1 30 10 0 
15 0.01 50 10 20 
16 0.01 20 1 1  
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mentioned parameters changes four time. Hence, in order to get the optimum value, 44 different modes should be examined totally. But 
with the help of Taguchi’s method, the number of tests is reduced to 16, which leads to reduction of the processing time, increase of the 
accuracy and achieving a reliable answer. The 16 different cases determined by Taguchi’s method are detailed in Table 1. 

With the help of the Design- Expert software the RSM (Response surface method) is used to design an experiment considering these 
16 different cases. The goal in the response surface method is to optimize the response that is affected by several independent input 
variables, which in this study the response is the Average eNu. A second-order pseudo-polynomial model is used in place of the first- 
order model once the RSM achieves the optimal point. To estimate the optimal position, a quadratic polynomial pseudo model is 
employed. The estimated optimal point is tested to determine whether it is actually optimal in the final stage. Equation (20) exhibits a 
sample second-order pseudo-polynomial. In the given formula, y is assumed as Nuavg, xi and xj are independent input variables and 
constant coefficients are displayed as ai and the error value is specified as ξ. 

y= a0 +
∑n

i=1
aixi +

∑n

i=1
aiix2

i +
∑n

i=1

∑n

j=1
aijxixj|i<j + ξ (20) 

Fig. 22 (a) demonstrates three-dimensional RSM analysis of average Nusselt number changes versus various Hartmann and Ri. It’s 
shown that the increment of Ri has a negligible effect on average Nu changes, but on the contrary. As Ri raises, the value of the Nu also 

Fig. 22. Effects of (a) Ri and Ha (b) Br and Re on average Nu number by RSM.  
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increases dramatically. How the average Nusselt number reacts in response to variations in Br and Re is depicted in a three-dimensional 
plot in Fig. 22(b). According to the mentioned figure, the Nusselt number’s slope of variation with a change in Reynolds number is 
noticeably lower than the slope of changes in Nusselt number with a change in Buoyancy ratio parameter. Fig. 23 (a, b) illustrates 2-D 

Fig. 23. Effects of (a) Ri and Br (b) Ha and Re on average Nu number by RSM.  

Table 2 
The Analysis of Variance table (ANOVA).  

Source Sum of Squares df Mean Square F-value p-value  

Model 868.68 4 217.17 14.84 0.0002 significant 
A-Ri 0.4823 1 0.4823 0.0330 0.8592  
B–Re 5.32 1 5.32 0.3633 0.5589 
C–Br 474.05 1 474.05 32.40 0.0001 
D-Ha 388.83 1 388.83 26.57 0.0003 
R2 = 0.874  
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analysis of optimal values of two studied parameters versus average Nu which is the result of RSM. Equation (21) unveils a correlation 
in order to determine Nuavg as a function of four dimensionless major studied parameters. 

Nuaverage = 16.548 − 0.0905(Ri) − 0.0389(Re) − 1.383(Br) + 0.6105(Ha) (21) 

After predicting this mathematical correlation, the regression model’s overall validity is examined using the data’s analysis of 
variance (ANOVA). Table 2 displays the ANOVA for the mentioned equation (21). The coefficient of determination (R2) of the models 
shows the probability that the proposed software model is correct. With the analysis, the coefficient is 87.4% which shows the 
agreement of the suggested method with real output data. 

Fig. 24 shows the anticipated versus real values of Nuavg for sixteen different cases of optimization experiment. It appears that there 
is strong agreement between the predicted and the actual results. Hence, the RSM correlation is appropriate and reliable. After uti-
lization of the RSM and ANOVA table, output data of the optimum value of four major examined parameters are listed in Table 3. 
Hence, by substituting this optimum data into the suggested average Nusselt number correlation in Eq (21), leads to achieve maximum 
amount of average Nu for the studied cavity. 

5. Conclusion 

MHD mixed convection in a triangular cavity with a pentagonal obstacle was investigated for several effective parameters such as 
Ri, Re, Ha and Br on flow field, isotherm, concentration, velocity and Nusselt number. For each of the aforementioned parameters four 
different values were considered. Also, the optimization of the investigated dimensionless parameters was also accomplished with the 
aid of the Taguchi approach and RSM, and a correlation for getting the optimum average Nu in the specified cavity was ultimately 
derived. The study’s results are summarized in the section below:  

• Increasing the Re causes low decrement in Nu and heat transfer.  
• Buoyancy ratio changes have reverse behavior with Nusselt number and with increment in Br parameter, the temperature profile in 

cavity around the pentagonal obstacle rises dramatically.  
• A correlation was derived with the help of the Taguchi and RSM method for achieving the optimum value for Nu in order to 

maximize the heat transmission. 

Fig. 24. Comparison between predicted and actual average Nusselt number.  

Table 3 
Optimum values of the parameters by RSM.  

Parameter Optimum value 

Ri 4.95 
Re 30.49 
Br 0.05 
Ha 18.35  
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Nomenclature 

Roman letters 
B: electromagnetic force intensity 
Br: buoyancy ratio 
c: species concentration 
C: dimensionless species concentration 
D: mass diffusivity (m3/s) 
g: gravitational acceleration (m/s2) 
Ha: Hartmann number 
L: characteristic length scale 
Le: Lewis number 
Nu: Local Nusselt number 
p: Pressure 
P: dimensionless pressure 
Pr: Prandtl number 
Re: Reynolds number 
Ri: Richardson number 
T: temperature (K)
(u,v): velocities component in the x- and y-directions 

(
m/s

)

(U,V): Dimensionless velocities component in the x- and y-directions 
(x,y): coordinates (m)

(X,Y): dimensionless coordinates 
(xi,xj): RSM independent input variables 

Greek symbols 
α: thermal diffusivity (m2/s) 
βc: coefficient of solutal expansion (m3/kg) 
βT: coefficient of thermal expansion (K-1) (m2/s) 
γ: Penalty parameter 
θ: dimensionless temperature 
μ: dynamic viscosity of the fluid 

(
kg/m.s

)

υ: kinematic viscosity of the fluid 
(

m2/
s

)

ρ: density of the fluid 
(

kg/m3

)

ζ: RSM polynomial error value 
σ: electrical conductivity 

(
S/m

)

ψ: dimensionless stream function 

Subscripts 
0: reference state 
avg: Average 
c: Cold wall 
h: Hot wall 
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