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Received: 20 April 2017 Linear-field particle acceleration in free space (which is distinct from geometries like the linac that
Accepted: 14 August 2017 : requires components in the vicinity of the particle) has been studied for over 20 years, and its ability to
Published online: 11 September 2017 : eventually produce high-quality, high energy multi-particle bunches has remained a subject of great
. interest. Arguments can certainly be made that linear-field particle acceleration in free space is very
doubtful given that first-order electron-photon interactions are forbidden in free space. Nevertheless,
we chose to develop an accurate and truly predictive theoretical formalism to explore this remote
possibility when intense, few-cycle electromagnetic pulses are used in a computational experiment.
The formalism includes exact treatment of Maxwell’s equations and exact treatment of the interaction
among the multiple individual particles at near and far field. Several surprising results emerge. We
find that electrons interacting with intense laser pulses in free space are capable of gaining substantial
amounts of energy that scale linearly with the field amplitude. For example, 30 keV electrons (2.5%
energy spread) are accelerated to 61 MeV (0.5% spread) and to 205 MeV (0.25% spread) using 250
mJ and 2.5J lasers respectively. These findings carry important implications for our understanding of
ultrafast electron-photon interactions in strong fields.

The prospect of realizing high-gradient linear particle accelerators on small laboratory or portable scales has
stimulated immense interest in laser-driven electron acceleration'~'2. At the heart of these schemes lies the critical
Lawson-Woodward theorem!*-!>, which states that any laser-driven linear-field acceleration of charged particles
(defined by net energy gain that scales linearly with field amplitude) cannot occur in free space. Net energy gain
in free space must involve interactions beyond first-order in perturbation theory (i.e., higher order diagrams in
quantum electrodynamics), since first-order interactions between electrons and photons are forbidden in free
space'®. Thus, laser acceleration schemes typically employ assisting media like plasma® 1> !! or nearby dielectric
structures® 1> 18 to facilitate a first-order interaction. The question of whether one can achieve net linear-field
particle acceleration without assisting media has been studied for over 20 years, with various proposals for such
schemes studied using approximate treatments. Serious concerns, however, have been raised regarding the valid-
ity of these approximate treatments” !> 2. Here, we present exact, many-body, ab-initio simulations showing
that the Lawson-Woodward theorem can be bypassed to achieve monoenergetic acceleration of a multi-electron
bunch in free space, using the longitudinal field of an ultrafast laser pulse. Importantly, the multi-electron nature
of the problem necessitates a treatment in which inter-electron interactions are taken into account, which our
model provides exactly. As examples, 30keV electrons (2.5% energy spread) are accelerated to 7.7 MeV (2.5%
spread) and 205MeV (0.25% spread) using 25 m] and 2.5] lasers respectively. We find that despite the interaction
occurring in free space, where first-order interactions are forbidden, the energy gain can scale linearly in the laser
field amplitude; this has important implications for our understanding of ultrafast electron-photon interactions in
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strong fields. Note that although we use 30keV electrons as a case study here, exact simulations (Supplementary
Information Section 1) show that substantial net acceleration can also be obtained for highly relativistic electrons.
Specifically, substantial net linear-field acceleration is possible if the laser pulse is powerful enough to take the
particle between relativistic and non-relativistic regimes, in the initial particle’s rest frame. These findings suggest
new, exciting opportunities in the development of compact, high-quality, ultra-relativistic electron sources that
avoid conventional limits imposed by material breakdown or structural constraints.

Interest in the possibility of laser-driven electron acceleration began as early as the 1970s and grew rapidly
in the decades that followed, fueled by the invention of chirped pulse amplification in the 1980s*! and a steady
trend toward laser pulses of higher energies and intensities®. The proposal of laser-plasma acceleration’ in 1979,
for instance, was followed by a period of active research culminating in direct experimental demonstrations
of the concept in the 1990s (e.g. ref. 22). However, it was not until 2004 that a regime for monoenergetic rela-
tivistic acceleration (e.g., 80-90 MeV electrons with few-percent energy spreads using 0.5] lasers) was discov-
ered®-?°, allowing the scheme to generate the large current beams with low energy spread necessary for many
high-energy electron beam applications. More recently, demonstrations of laser-plasma acceleration have pro-
duced 200-600 MeV electron bunches containing several tens of pC of charge using a 6] laser?, as well as MeV
electrons using m]J levels of laser energy®” 2. The broad spectrum of proposed laser-based acceleration schemes
also includes inverse Cerenkov acceleration®, inverse free-electron lasers® 3!, particle acceleration in an active
medium (a.k.a., the PASER)??, wakefield acceleration®?2, as well as dielectric laser accelerators'?. All of these
schemes, however, use some form of media or nearby material structures, imposing limitations in intensity and
current due to practical considerations like material breakdown and damage or laser-plasma instabilities.

Because these limits do not exist in free space, laser-driven acceleration in free space has the potential to take
full advantage of the extremely high acceleration gradients of focused, intense laser pulses, which are becoming
more powerful every year following a Moore-like law. Linear-field acceleration schemes of charged particles in
free space are especially noteworthy as they have advantages over non-linear (e.g. refs 33 and 34) acceleration
schemes in being less subject to transverse fields that increase the radial spread of electrons through mecha-
nisms like ponderomotive scattering®, and to radiation losses®*®. Due to the Lawson-Woodward theorem!*-15,
however, one would expect functional linear-field acceleration - involving the mono-energetic acceleration of
multiple interacting charged particles - to be impossible unless physical media or nearby material structures are
present. More recently, several studies have explored other scenarios where multi-electron beams are produced
via linear-field acceleration: when the electron dynamics is started or stopped in the midst of the accelerating
laser pulse, as in the injection of electrons into the middle of the pulse®**37-#!, or when the electrons are sampled
before they have left the influence of the pulse*?. These studies suggest the notion that free space must be broken
in some way to enable linear-field acceleration of charged particles.

Nevertheless, there have been early indications*~*’ that substantial linear-field acceleration in free space
is possible for a single, on-axis particle - see Supplementary Information (SI) Section S1 for more discussion.
Despite these indications, however, it is not clear whether an actual electron pulse composed of multiple electrons
can be accelerated in a stable and controlled way. Instead, one might expect that the electron pulse would acquire
a large energy variance (e.g., due to inter-electron repulsion), resulting in a distribution of accelerated and decel-
erated electrons such that the average net acceleration is negligible. This has never been rigorously tested since
there exists no study on laser-driven linear-field acceleration that takes into account the inter-particle interac-
tions of a multi-electron bunch, nor the radiation reaction that ensues when an electron radiates as a result of its
motion. Importantly, it was also suspected that any predicted linear-field acceleration (e.g. ref. 43) was an artifact
of certain approximations, such as the paraxial approximation” !*. The importance of a non-paraxial model has
been underscored by previous studies predicting vastly different electron dynamics induced by a non-paraxial
wavepacket versus its paraxial counterpart' %, leading to adoption of non-paraxial descriptions to model dif-
ferent laser-electron interaction phenomena’®” 4144 However, a complete multi-electron and non-paraxial
description of linear-field acceleration in free space — where near- and far-field inter-particle interaction, and even
radiation reaction, may play a significant role — has not been attempted yet. For the above reasons, the possibility
of linear-field acceleration in free space has remained an open subject of great interest.

Examining the possibility of linear-field particle acceleration has an importance that goes far beyond the
potential usefulness of such a scheme for practical particle acceleration, as it directly touches a key point in
light-matter interactions. One does not expect linear-field particle acceleration to be possible for the following
fundamental reason: first-order electron-photon interactions are forbidden by energy and momentum conser-
vation; therefore, any acceleration scheme in free-space must include interactions of second-order (or higher)
in perturbation theory. However, one would expect a higher-order interaction to result in an energy gain pro-
portional to a higher power of the field amplitude'®. Confirming that linear-field particle acceleration is possible
implies the existence of higher-order interactions that lead to an energy gain that, counter-intuitively, scales line-
arly with field amplitude. This reveals an intriguing property of high-order processes in electrodynamical interac-
tions and demonstrates the ability of ultrashort, intense fields to excite non-perturbative physics that exhibit very
different scaling laws compared to the perturbative scenario.

To investigate these fundamental issues, we develop an exact, multi-particle electrodynamics simulation tool
in which laser-driven linear-field acceleration is treated without any approximations. In particular, the near-field
and far-field interactions of the multiple particles are treated exactly (see SI Section S2). This provides us with
new predictive powers that allow us to explore monoenergetic net acceleration of a multi-electron bunch with
a radially-polarized laser pulse, and to demonstrate using a rigorous theoretical formalism that functional
linear-field acceleration is possible in free space. Our findings suggest that high-gradient linear-field acceleration
of electron pulses containing a large number of particles can be achieved with an energy spread comparable to
or even smaller than current state-of-the-art acceleration techniques, in spite of the unavoidable inter-particle
repulsion between electrons. Our scheme only requires engineering the spatiotemporal structure of light in
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Figure 1. Linear-field electron acceleration in unbounded free space by an ultrafast radially-polarized laser
pulse, a process illustrated schematically in (a). As an example, (b) shows the net acceleration to a final energy of
7.7MeV of a 30keV electron pulse with charge —0.2 fC, by a 25 mJ, 3 fs laser pulse of wavelength 0.8 pum focused
to a waist radius of 1.6 pm. The initial electrons are randomly distributed in a sphere of diameter 1 um. More
details of the interaction in (b) are given in Fig. 2.

unbounded free space, avoiding the use of media (e.g., gas or plasma), nearby material boundaries, or static
fields. Our findings thus constitute the design of the first free-space linear-field acceleration scheme for realistic
multi-electron bunches.

Figure 1 shows the acceleration of 30keV electrons (2.5% spread) to 7.7 MeV (2.5% energy spread) with a 25
m] pulse. The scheme we study uses the ultrafast radially-polarized laser pulse®” !, an attractive candidate for
electron acceleration due to the ability of its transverse fields to confine electrons to the axis exactly where the
longitudinal electric field peaks and linear-field particle acceleration is most effective. We use a carrier wavelength
of 0.8 pm, full-width-at-half-maximum (FWHM) pulse duration 3 fs (6 fs is studied in SI Section 6), and waist
radii (second irradiance moment at focal plane) ranging from w,=0.8 um to 5.0 pm. It has been shown that
such tightly-focused radially-polarized laser beams can be created in practice using parabolic mirrors of high
numerical aperture®?, assisted by wavefront correction with a deformable mirror®. Electrons can be injected
into the focused region through a small hole on the parabolic mirror. Very recently, millijoule-level, few-cycle
pulsed radially-polarized laser beams capable of reaching intensities above 10 W/cm? with kilohertz repetition
rates have been experimentally demonstrated®'. We are also able to verify that the net energy transfer owes itself
entirely to the longitudinal electric field component: repeating our simulations under the exact same conditions
except for an artificially-zeroed longitudinal electric field component yields negligible electron acceleration.

Figure 2(a)-(d) capture the laser-driven linear-field acceleration process at various instants (see the
Supplementary Video for an animation). At initial time ¢ =0, the injected electrons travel in the complete absence
of electromagnetic fields. Att ~ 1 ps, the optical pulse overtakes the focused electron pulse close to the laser
beam focus z=0 (Fig. 2(a)), where the superluminal optical phase velocity causes electrons to slip rapidly through
accelerating and decelerating cycles (Fig. 2(b)). As the laser beam diverges, the superluminal phase velocity
decreases towards the speed of light ¢ even as the electrons, caught in an accelerating cycle, accelerate towards c,
leading to a period of sustained acceleration. At some point, the electrons slip into a decelerating cycle and start
losing energy (Fig. 2(c)). Due to the optical beam divergence and finite pulse duration, however, the electrons can
still retain a substantial amount of the energy gained after escaping the influence of the optical pulse. The final
electron pulse of —0.2 fC, which travels once more in field-free vacuum (Fig. la right panel), is
quasi-monoenergetic with a mean energy of 7.7 MeV, an energy spread of 2.5% and normalized trace-space emit-
tances™ of 5 nm-rad (Fig. 2(d)-(f)). Note that at 7.7 MeV, this corresponds to an unnormalized trace-space emit-
tance of about 0.31 nm-rad, smaller than the initial trace-space emittance of 1 nm-rad. The initial electron bunch
is focused to a diameter of 1 pm in each dimension (10 fs pulse duration).

The generation of initial sub-relativistic electron pulses of few-fC charge, sub-wavelength transverse dimen-
sions and few-femtosecond durations is known to be achievable, e.g., by ionizing a low-density gas with a laser
beam®”#!, all-optical compression techniques® >® or photoemission from sharp metal tips®” . The modest
amount of charge considered in our scheme may be scaled up by employing a high-repetition-rate electron source
and an external cavity to recycle the laser pulse, leading to average currents as high as 2 uA for a 1 GHz repetition
rate. Relaxing the requirements on the output electron pulse, employing longer laser wavelengths, and increasing
the laser pulse energy (see Fig. 3) are also ways of increasing the amount of charge that can be accelerated. We
chose a uniform spheroidal distribution for our initial electron pulse due to the well-behaved nature of such
distributions®, but simulations with other distributions (e.g., a truncated Gaussian distribution) give practically
identical results.
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Figure 2. Monoenergetic, relativistic electrons from laser-driven linear-field acceleration in free space. (a-d)
depict the behavior of the optical and electron pulses at various times during the laser-electron interaction.
These instants are marked with circles in (e), which show the evolution of the electron pulse’s mean kinetic
energy as a function of distance (laser focus at z=0). The final (f) normalized trace-space emittance and (g)
energy distribution describe a relativistic, high-quality and quasi-monoenergetic electron pulse. The laser

and electron pulse parameters from Fig. 1 were used here. Although the electron pulse eventually acquires a
relatively large transverse size (see (f)), its low trace-space emittance implies that it is readily re-compressed with
appropriate focusing elements (e.g., magnetic solenoid).

Figure 3 shows the results of the scheme for larger laser pulse energies. For instance, we see that final energies
of 61 MeV (0.5% energy spread) and 205 MeV (0.25% energy spread) can be attained with 250 mJ and 2.5 ] laser
pulses respectively (this is further discussed in SI Sections S3 and S4). Further simulations reveal that the scaling
of the maximum kinetic energy gain AU obeys AUxP"? (P being peak pulse power) for a fixed electromagnetic
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Figure 3. Characteristics of the accelerated electron pulse, showing the insensitivity of laser-driven linear-
field acceleration in free space to a wide range of parameter choices. The final (a) mean kinetic energy, (b)
normalized trace-space emittance, and (c) energy spread are shown as a function of laser waist radius for
various values of laser pulse energy and electron pulse charge. The shaded region between the dashed lines in
(b) is to highlight the fact that for a wide range of parameters, the final emittance falls in the nm-rad range. We
obtain each point by optimizing over the optical carrier phase and the relative displacement between electron
and laser focal positions based on our FOM. (Dotted lines are included only as a visual guide).

pulse duration, in agreement with previous predictions about linear-field particle acceleration®” %>, This corre-
sponds to a linear scaling in peak electric field, confirming that our accurate multi-particle computational exper-
iment predicts a linear-field acceleration mechanism.

Both Figs 3 and 4 emphasize the stability of our scheme by showing that small changes in parameters do not
affect the results considerably. For example, a displacement from the optimal point by 1 um in focal position and
10° in phase delay in Fig. 4 would only degrade the peak acceleration by 1% and the emittance by 5%. Our accel-
eration scheme is also robust to variations in initial electron energy spread (SI Section S5) and pulse duration (SI
Section S6), giving monoenergetic, high-emittance acceleration of multi-electron pulses even with initial electron
energy spreads as large as 40% or with a laser pulse duration of 6 fs.

The optimal combination of parameters for the linear-field particle acceleration scheme is ultimately subjec-
tive since different applications have different requirements for energy, energy spread and emittance. As Fig. 4
illustrates, the maximum energy gain (marked ‘0’) does not in general correspond to the best normalized
trace-space emittances and energy spread. Heuristically, we have found that a useful figure-of-merit (FOM) in
determining arguably optimal conditions is FOM = ({(y) — 1)’/ (5X5YA74), where 1 is the relativistic Lorentz
factor, Ay the root-mean-square spread in v, and €, the normalized trace-space emittances of the final electron
pulse. The parameters used in Figs 1 and 2 were obtained using this FOM (which maximum is marked X’ in
Fig. 4). Note that the point of maximum energy gain is not located at the laser focus and zero carrier-envelope
phase, since the focus has both the strongest electric field amplitude, which favors large acceleration, as well as the
most superluminal phase velocity, which encourages phase slippage and thus hinders acceleration. It is likely that
optimizing over even more degrees of freedom can further improve the properties of the accelerated pulse. These
degrees of freedom include the optical pulse duration and the spatiotemporal structure of the laser pulse, which
one can control with external optical components.

Let us now address an intriguing question: How is it that linear-field acceleration of charged particles in free
space has never been observed in laser-driven acceleration experiments, although this is possible over a relatively
wide range of parameters? The immediate reason, which also highlights an important requirement in our scheme,
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Figure 4. Determining optimal parameters for free space linear-field particle acceleration. The panels show
large regimes of high-quality acceleration, allowing optimization of the scheme under different figures-of-
merit (FOMs). (a) Mean kinetic energy, (b) energy spread, (c) normalized trace-space emittance and (d) FOM
of the final electron bunch after acceleration as a function of the optical carrier phase and the position of the
electron beam focus. Along the vertical axes, we vary the position of the interaction point (where the electron
pulse reaches its focus) relative to the spatial focus of the laser. Along the horizontal axes, we vary the laser
carrier phase across all possible phase delays. The laser pulse and initial electron pulse are identical to those
used in Figs 1 and 2. In every case, the electron pulse is designed to reach its temporal focus and its spatial focus
simultaneously. The temporal focus of the laser pulse is synchronized to coincide with that of the electron pulse.
All properties are recorded long after the laser-electron interaction has ceased. The location corresponding to
maximum net acceleration is marked with a circle (‘0’), whereas the location of the optimal solution according
to our FOM (which takes emittance and energy spread into account; see text) is marked with a cross (‘x’). This
optimal solution corresponds to the results in Figs 1 and 2.

is the use of ultrashort pulses that are also of significant intensities (importantly, this requirement falls within the
reach of current experimental capabilities). Our findings thus strongly motivate the development of ultra-intense,
few-cycle and even sub-cycle laser pulses, as well as better control over the polarization and phase of such pulses.
We note that single-cycle pulses®® ¢!, radially-polarized few-cycle pulses® and few-cycle pulses of multi-terawatt
peak power®” have been experimentally demonstrated.

Our findings shed new light on a fundamental question in light-matter interactions: it is well known that
first-order electron-photon interactions in free space (an interaction that involves a single photon, i.e., a sin-
gle vertex diagram in quantum electrodynamics) are forbidden by energy-momentum conservation laws. This
directly implies that any acceleration process in free space — regardless of pulse duration, intensity, or shape -
must involve second-order (or higher) electron-photon interactions (interactions that involve more than a single
photon, i.e., diagrams containing two or more vertices in quantum electrodynamics)w’ 63 At the same time, one
would expect a higher-order interaction to result in an energy gain that is proportional to a higher power of the
field amplitude. For example, ponderomotive acceleration is a second-order effect, and the electron energy gain
scales quadratically with the field amplitude even at large field amplitudes®. Since first-order interactions are for-
bidden in free space, we expect a linear scaling of energy gain with field amplitude to be impossible. Our results
show, however, that this linear scaling can and does occur for specially-shaped electromagnetic modes when the
field amplitude is high enough and the pulse duration short enough. This strongly suggests that the nature of
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electron-photon interactions starts changing when we leave the realm of perturbative physics, and enter the realm
of strong fields and ultrashort pulse interactions. Our results therefore motivate a quantum electrodynamical
investigation of electron acceleration in strong and ultrashort fields, where the emergence of ultrastrong coupling
and other quantum effects in light-matter interactions may change our basic understanding of electron-photon
interactions, even in free-space.

The results described in this work give insights beyond our range of parameters and our choice of laser wave-
length, because solutions to the Newton-Lorentz equation of motion and Maxwell’s equations are scale invariant
in the absence of space charge. Except for a scaling factor in laser and electron pulse parameters, we expect our
results to remain relevant at other wavelengths, modulo some correction terms due to space charge. Terahertz
sources have observed a steady trend toward pulses of higher intensity and energy®**, and could be attractive
alternatives to optical or infrared sources due to the larger amount of charge that can be accommodated at tera-
hertz wavelengths.

Our results also strongly suggest the viability of linearly accelerating other types of charged particles in free
space (e.g., protons and ions, for applications like hadron therapy in cancer treatment and lithography by ion
beam milling). Generally, the charged particles may be externally injected, and do not have to be introduced by
methods like ionization® that require media or material structures near the laser focus. Weaker inter-particle
interactions between heavier charged particles may enable higher current and even more impressive performance
of the acceleration scheme. Additionally, note that the linear-field acceleration gradient is given by electric field
amplitude E, whereas the ponderomotive acceleration gradient is given by gE*/(2wymc)®®, where q and m are
respectively the particle’s charge and rest mass, w is the central angular frequency of the laser,  is the relativistic
Lorentz factor, and c is the speed of light in free space. As a result, heavier charged particles (with larger m) are
likely to be more strongly favored by linear-field acceleration.

In conclusion, we have shown that net energy transfer via linear-field forces, between a laser pulse and a bunch
of multiple interacting electrons, can be realized in unbounded free space by engineering the spatiotemporal
structure of light. Our findings motivate the development of ultra-intense, few-cycle and even sub-cycle laser
pulses, as well as better control over the polarization and phase of such pulses. Rapid technological advances
in engineering arbitrary wavefronts and polarizations®, together with emerging techniques for precise struc-
turing of electron pulses’ !, create a wealth of opportunities that will push the limits of particle acceleration to
ever-higher energies.
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