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The aim of this paper is to investigate the general approximation structure, weak approximation operators, and Pawlak algebra in
the framework of fuzzy lattice, lattice topology, and auxiliary ordering. First, we prove that the weak approximation operator space
forms a complete distributive lattice. Then we study the properties of transitive closure of approximation operators and apply them
to rough set theory. We also investigate molecule Pawlak algebra and obtain some related properties.

1. Introduction

The theory of rough sets was originally proposed by Pawlak
[1] in 1982 as a mathematical approach to handle imprecision,
vagueness, and uncertainty in data analysis, which has been
applied successfully to many areas such as knowledge rep-
resentation, data mining, pattern recognition, and decision
making (Sun et al. [2], Wang et al. [3]). This theory takes
into consideration the indiscernibility between objects. The
indiscernibility is typically characterized by an equivalence
relation. Rough sets are the results of approximating crisp sets
using equivalence classes. However, the requirement of an
equivalence relation seems to be a very restrictive condition
which may limit the applications of rough set theory since
this requirement can deal only with complete information
systems. Therefore, some interesting and meaningful exten-
sions of Pawlak’s rough set models have been proposed in
the literature. For example, some interesting extensions to
equivalence relations have been proposed, such as tolerance
relations or similarity relations, general binary relations on
the discourse, partitions and general binary relations on the
neighborhood system from topological space, and general
approximation spaces (examples of this approach can be
found in Chen et al. [4], Wang and Hu [5], and Yin et al. [6-
8]); some general notions of rough sets such as rough fuzzy
sets, fuzzy rough sets, and soft rough sets have been proposed
and discussed (examples of this approach can be found in Ali
et al. [9], Feng et al. [10], Li and Yin [11], Yao et al. [12], and

Zhang et al. [13]); and rough set models on two universes of
discourse which can be interpreted by the notions of interval
structure and generalized approximation space have been
extensively studied by Li and Zhang [14], Ma and Sun [15],
and Yao and Lin [16].

The relationships between lattice theory and rough sets
are another topic receiving much attention in recent years.
Cattaneo and Ciucci [17] focus on the study on lattices
with interior and closure operators and abstract approxima-
tion spaces, in which the nonequational notion of abstract
approximation space for roughness theory is introduced,
and its relationship with the equational definition of lattice
with Tarski interior and closure operations is studied. Their
categorical isomorphism is also proved, and the role of the
Tarski interior and closure with an algebraic semantic of a
S4-like model of modal logic is widely investigated. Jarvinen
[18] investigates lattice-theoretical foundations of rough set
theory, in which closure operators in a more general setting
of ordered sets, fixpoints of Galois connections, rough set
approximations and definable sets, and the lattice structures
of the ordered set of all rough sets determined by different
kinds of indiscernibility relations are studied in detail. The
purpose of this paper is to investigate the general approxi-
mation structure, weak approximation operators, and Pawlak
algebra in the framework of fuzzy lattice, lattice topology,
and auxiliary ordering. The relationships between the Pawlak
approximation structures and these mathematic structures
are established.
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The remaining part of the paper is organized as follows.
Section 2 introduces the relevant definitions which will be
used throughout the paper. Section 3 investigates the Pawlak
algebra and weak Pawlak algebra on fuzzy lattice. Section 4
discusses the relationships between Pawlak algebra and aux-
iliary ordering. Section 5 focuses on the study of molecu-
lar Pawlak algebra. Section 6 investigates the properties of
Pawlak algebra based on binary relation. Finally, Section 7
concludes the paper and suggests some future research topics.

2. Preliminaries

In this section, we introduce some basic definitions (see [3,
19, 20]) which will be used throughout the paper.

Definition I. A partially ordered set (L, <) is said to be a lattice
it inf{x, y} and sup{x, y}, denoted by A and V, respectively,
exist, for all x, y € L. A lattice L is said to be complete if, for
every A C L, \yeqo and \/ 4o exist.

Definition 2. Let (L,<) be a complete lattice with the max-
imum element 1 and minimum element 0 and “<” a binary
relation on L. If the following conditions hold: for all , 3, p,

ny€L,
HDa<pf=2>a<p,
(ilu<a<pf<y=>u<y,
(fii)a<yp,f<y=>aVp<y,
(ivy Vwe L,0 < a < 1,

then the relation “<” is called an auxiliary ordering on L. If the
relation “<” satisfies conditions (i), (ii), and (iv), it is called a
weak auxiliary ordering on L. The weak auxiliary ordering “<”
is called completely approximate if

VaeL, a=Vi{yly<a, yelL}. (1)

« ,»

Furthermore, if the relation “<” satisfies conditions (i), (ii),
(iv), and

(iii)’ o <PlteT)= \/teT‘xt < B

« ,»

then “<” is called a strong auxiliary ordering on L.

Definition 3. Let (L,V,A,0,1) be a completely distributive
lattice. If the mapping © : L — L satisfies the following
conditions:

(i) reverse law: Vo, € L, if « < f3, then f° < o,

(i) recovery law: Vo € L, (a) = a,
then (L, V,AS,0,1) is called a fuzzy lattice.
Remark 4. The notion of fuzzy lattice just given is first intro-
duced in Wang [20] and is also called de Morgan completely

distributive lattice in the literature. To keep consistency, we
adopt the term “fuzzy lattice” in this paper.

Definition 5. Let (L,V, A, 0,1) be a fuzzy lattice and 7 < L.
If the subset 7 satisfies the following conditions:
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(i) 0¢m,

(i), femanpf+0=>a<Porf<a,
(i) o, By ema<y,f<y=>anf+0,
(ivyp=Via|aema<ny}forallyel,

(v) if my € 7 and 71, is linear order subset, then V7, € 7,

then 7 is called a molecular set, and the element of 7 is called
a molecule. The fuzzy lattice with molecule (L(7), V, A, 0,1)
is called a molecular lattice.

Definition 6. Let (L,V,AS,0, 1) be a fuzzy lattice and & < L.
If the subset § satisfies the following conditions:

(1) 0,1 €4,
(2) o, €8t €T) = \,era, €6,
B)a,ped=>anfed,

then (L, §) is called a lattice topology space.

3. The Pawlak Algebra and Weak Pawlak
Algebra on Fuzzy Lattices

In this section, we investigate the structural properties of
Pawlak rough approximations on fuzzy lattices. Let us begin
with introducing the following concepts.

Definition 7 (see [20])). Let (L,V,AS,0, 1) be a fuzzy lattice.
If the dual mappings apr : L — Landapr : L — L satisfy
the following conditions:

(P1) apr(a) = (apr(a®))® (Ve € L),

(P2) apr(1) = 1,

(P3) apr(a A B) = (apre) A (aprf) (Ve f € L),
(P4) o < apr(a),Va € L,

then (L,V,AS,0,1,apr,apr) is called a Pawlak algebra. apr
(resp., apr, pair (a]? apr) ) is called upper approximation
operator (resp., lower approximation operator, dual approx-
imation operator) on L. If apr(«) = apr(«), then « is called
a definable element. If apr(; apra, then « is called a rough
element. o

If (P3) is replaced by the following condition (P3)":
(P3)* a < B = apr(a) < apr(P),

then apr (resp., apr, pair (apr,apr)) is called a weak upper
approximation operator (resp., weak lower approximation
operator, weak dual approximation operator) on L, and
the system (L,V, A, 0,1,apr,apr) is called a weak Pawlak
algebra. o

Let (L,V,AS,0,1) be a fuzzy lattice. Denote by APR(L)
(resp., APRy, (L)) the set of all dual approximation operators
(resp., dual weak approximation operators) on L, respectively,
and by agp "(L) the set of all definable elements in the Pawlak
algebra (L, V, A5, 0,1, apr, apr).
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Definition 8. Let (L,V,AS,0,1) be a fuzzy lattice and
(%1,61_1)1’1), (a_prz,a_prz) € APR,(L). Then the dual weak
approximation operator (a_prz,mz) is called rougher than
(@l,a_prl), denoted by (@I)Q_PH) < (a_prz,ﬁz), if the
following inequalities hold:

Va e L, apr, () < apr, () <apry (@) < apr, (). (2)

Proposition 9. Let (L, V, A, 0,1, apr,apr) be a Pawlak alge-
bra. Then APR(L) € APR,(L).

Proof. Let (apr,apr) € APR(L). Forany «, 3 € L witha < f3,
we have « = a A 3, and so

apr (a) = apr (a A ) = apr (@) Aapr (B).  (3)

Therefore, apr(a) < apr(f), implying that condition (P3)*
holds. Hence (apr, apr) € APRy,(L), as required. O

Define two dual approximation operators I := (I,1) and
O := (0, 0) as follows:

Vae L, l(oc):{o a#l T(a)z{o a=0
1 a=1 1 a#0 (4)
VaeL O(x)=0()=a.

Then it is easy to see that I, O € APR(L) and O < (apr,apr) <
I for any (apr,apr) € APR,(L). o

It is p(ﬁble to characterize APRy, (L) according to the
following result.

Theorem 10. Let (L,V,AS,0,1) be a fuzzy lattice. Then
(APRy, (L), <) is a complete distributive lattice with maximum
element I and minimum element O.

Proof. Suppose that {(aprt,a_prt)}teT C APR,(L), where T is
an index set. Define \/teTa_prt by

<\/@t> (@ =\/apr, (@), VaelL. )

teT teT

And /\teTaprt, Verapr,, and )\,.rapr, can be similarly
defined. Then the following assertions hold.

1) Consider (\/teT@t, Neerapr,),
( /\:eT@g Vierapr,) € APR,(L). In fact, for
any «, 3 € L, by Definitions 6 and 7, we have

(P1) (\/teTaPrt)(“) \/teTa_Prt(“) =
Vier@pr (@9 = (Nerapr, (€)=
((/\thaprt)(“c))C’

(P2) (Vierapr J(1) = Vierapr (1) = 1,
(P3) if « < B, then @t(a) < @t(ﬁ), vt € T,
implying that VteT@t(“) < Vierapr,(P),

(P4) a < Nierapr,(a) = (Aserapr,)(a) since
o < apr,(x) forallt € T.
(2) Consider (/\teT@t’\/teTWt) € APR,(L). The
proof is analogous to that of (1).
(3) Consider inf{(a_prt,a_mt) | t € T} =
(\/teTa_prt’ /\teTWt) and sup{(a_prt, Wt) | t €
T} = (/\teTﬂt) Vierapr,). Clearly, (@t’a_prt) <
(\/teTa_prt, Neerapr,) is true for all t € T. In fact,
let (apr,apr) € APR, (L) be such that (apr,apr) <
(apr ,apr,) for all t € T. Then apr (a) < apr(a) <

apr(a) < apr,(«) forallt € T and « € L by definition.
It follows that

\/@t (a) < %((x) <apra < /\Wt (¢), Vae€lL. (6)
teT teT
On the other hand, it is obvious that (aprt,a_prt) <
(\/teT@t, Nierapr,) for all t € T. Hence, inf{(@t,a_prt) |
teT}= (\/teTaprt, Nierapr,). In a similar way by duality,
we have sup{(@t,mt) |teT}= (/\teTﬂt,\/teTWt).
Summing up the above analysis, (APRy,/(L), <) is a com-
plete lattice. It is obvious that I is the maximum element

and O is the minimum element and that (APR, (L), <) is
distributive. This completes the proof. O

Proposition11. Let (L, V, A5, 0,1) be a fuzzy lattice and (L, §)
a lattice topology space. Define the operators apr : L — L

andapry: L — Lby

@a(oc):v{ylygoc,yeé},

aprs (@) = Ay la<ySyed}, 7
respectively, for all « € L. 'Then the system
(L, V,AS, 0,1, %,a_pré) is a Pawlak algebra.

Proof. 1t is straightforward and omitted. O

Proposition12. Let (L, V,A,0, 1, apr, apr) be a Pawlak alge-

bra. Then (L, crgp "(L)) is a zero-dimensional lattice topology
space.

Proof. It is evident that ngr(L) ={a el | a=apr(e)n
{a € L | « = apr(a)}. And we conclude that the following
assertions hold.

(a) {d € L | @ = apr(«)} is union-closed. Suppose that
fo, |t € T} € {a € L | & = apr(a)}, where T is an
index set. Now, for any s € T, we have ot; < \/, 10,
and so a; = apr(e,) < apr(\/,cro,), implying that
Vier®: < apr(\/iere). Since \/icre 2 apr(V,ere),
we have \/,.ra, = apr(\/,cr«,) by conditions (P1) and
(P4), as required.

(b) {a € L | « = apr(w)} is intersection-closed. Suppose
that {o, | t € T} € {& € L | « = apr(a)}, where T



is an index set. For any s € T, we have o, > A, o0,
and so oy = apr(ay) > apr(/\,cre,), implying that
Ner®: = apr(/\,ere). By condition (P4), we have
Pecrct = PF(\,ercx,), a required.

(D{a e L | a = apri@)}nfa € L | a = apr(a)}
is complement-closed. For anyx € {a € L | a =
apr(a)} N{a € L | o = apr(a)}, by condition (P1),
we have apr(a) = ((apr(a®)°)* = (@pr(a))° =
implyingmt o € o | a = apr(@)} N{a | a =
apr(a)}. Hence {a | o = apr(oc)}ﬂ_{(x | o = apr(a)}is
complement-closed.

Summing up the above analysis, (L,(rgp "(L)) is a zero-
dimensional lattice topology space. O

Now, let us turn our attention to the study of the transitive
closure of approximation operators.

Let (L, V,AS,0,1) be a fuzzy lattice. Define the operator
“o” on APR(L) as follows:

(@1’W) ° (@Z,czp_rz) = <@1 oa_prz,ml oa_prz).
(8)

That is,

Va e L, (@1’W) ° (@2’m) ()
©))

~ (apr, (apr, (@) apr, (apT, (@) ).

where (apr apry), (apr apr,) € APR(L). For any positive
(k+) = (apr, apr)® o (apr,apr).
Denote cl(apr, apr) := Vie 1(apr apr)( ), which is called the

transitive closure of (apr,apr). Then, we obtain the following
result.

integer k, deﬁne (apr, apr)

Lemmal3. Let (L,V,AS,0,1) be a fuzzy lattice. Then
4] (@l,ml) < (@l,ml) ° (@Z,WZ) for all
(apr ,apr,),(apr ,apr,) € APR(L);
(2) (apr ,apr,) ° (apr ,apr,) € APR(L);

(3) cl(apr, apr) is a dual approximation operator.

Proof. (1) It is straightforward and omitted.

(2) It suffices to prove that (aprl,a_prl) ° (aprz,Wz)
satisfies conditions (P1)-(P4) in Definition 7. In fact, for any
«, B € L, we have

(P1) apr (apr (@) = apr,((apr (@)) =
(apr,((apr,(«))))" = (apr, (apr,(a)))’,

(P2) (apr oapr, )(1) = apr (aprz(l)) = @1(1) =1,
(P3) (apr ° apr, Yo A B) = apr, (apr (@ N )
= apr, (apr (x) /\ apr, B) = (apr (apr () A
(apr (apr (/3))) (apr, oapr )(oc))/\(apr oapr )(B))s
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(P4) Vo € L, < apry(a) = « < apri(a) <
apr,(apry(a)) = (apr, o apr,)(a).

(3) From the proof of Theorem 10, we have

d (apr, a_pr) = </\apr(k), \/W(k)> . (10)
_ k=1" k=1
And it is easy to prove by mathematical induction that
apr® (a n B)

= apr® («) A apr™ (B)

for all positive integer k.

(1n)

Therefore,
< /\@(k)> (@nB) = Napr™ (an B)
k=1 k=1

g

(apr™ (@) napr™ (B))

=~
]
—

=<Kgﬁ“mOA<Kgﬁ“w0-

(12)

It follows that cl(apr, apr) satisfies condition (P3). Similarly,
we can prove tham(apr, apr) also satisfies conditions (P1),
(P2), and (P4). Hence,_cl(apr, apr) is a dual approximation
operator. o U

Theorem 14 (see [21]). If (L,V,AS, 0,1, apr,apr) is a Pawlak

algebra, then the subset T,,, = {y | apr(y) = y} is a lattice

topology on L.

Theorem 15. Let (L,V,AS,0,1) be a fuzzy lattice and
(apr,apr) € APR(L). Then for any « € L, one has

</\@(k’><o¢>=v{y|ysa@@)”}’ )
k=1

(Yo
k=1

Proof. It suffices to prove (13). Equation (14) can be proved by
the duality of approximation operators. By the infinite-union-

=Arla<tapr(r)=1}. (14)

closing in T, for any € L, we have
apr [V{y 'y <aapr(y) = y}]
=viyly<aapr(y) =7y} <«
apr [V{yly <aapr(y) = y}]

{ ly < aapr(y) = y}<apr(oc)
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apr [V{y 'y <aapr(y) = y}]

=viyly<mapr(y) =y} < apr'® @

apr [V{y Iy < aapr(y) = y}]

=viyly<aapr(y) =y} <apr® (@),

(15)

implying that V{y | y < a,apr(y) = y} < (/\izlﬁ(k))(oc).

Conversely, for any « € L,

a_pr<<7\@<">> (oc)) = < 7\@@) (@) <a.  (16)
k=1 k=1

It follows that (/\ - 1apr N@)eT prand so (AR lapr(k ) (@)
sviyly<a, apr(y) = y}. Hence, (13) holds. O

As a consequence of Theorem 15, we obtain the following
result.

Corollary 16. If (L,V,AS,0, 1, apr, apr) is a Pawlak algebra,

then apr, := \/z’;lﬁ(k) is a closure operator on L.

4. The Relationships between Pawlak Algebra
and Auxiliary Ordering

Gierz [19] introduces the concept of auxiliary ordering for the
study of continuous lattice. In fact, the auxiliary ordering is
an order relation which is rougher than the initial ordering
and can be regarded as the approximation of initial ordering.
Inspired by this idea, we can use approximation operator to
describe order approximately.

The following results present the relationships between
Pawlak algebra and strong auxiliary ordering.

« ,»

Theorem 17. Let (L,V,A\S,0,1) be a fuzzy lattice and “<” a
strong auxiliary ordering on L. Define two operators apr.

L — Landapr_:: L — L as follows:

Va €L, a_pr<(oc):=v{y|y<oc,yeL},

17)
W< (“) = (%<(“C))C;

then (L,V,AS5,0,1, apr apr.) is a Pawlak algebra.

Proof. Itis obvious that condition (P1) holds. In what follows,
we prove that conditions (P2)-(P4) are satisfied.

(1) The strong auxiliary ordering < implies that 1 < 1 is
true, and so we have

apr (1)=v{yly<lyell=1, (18)

implying that condition (P2) holds.

(2) Leta, B,y € Lbesuchthaty < a A B. Theny <y <
aAB<aandy <y < aA B < B Bycondition (ii) in
Definition 1, we have y < «,y < f3, and so

fvly<anByellciyly<ayel}, o
fyly<anpyellc{yly<pyelL}l. "
Therefore
Vi{yly<anpByell<vi{y|ly<aycell,
(20)

Vi{yly<anpByell<vi{yly<pByelLl.

It follows that apr. (xnp) < apr. () and apr. (anp) <
apr. (B), and hence

apr (o~ p) < (apr @) A (apr (B)). (@)

On the other hand, by condition (iii) in Definition 3, we
have

Vi{iyly<ayell<a,
Vivly<Brell<p

(22)

It follows from
(Viyly<ayel})
ANViyly<Byel})<
(Viyly<ayel})

ANV{yly<Byel) sviyly<Byell<p<p
(23)

Viyly<ayell<a<a,

that
(Viyly<ayelh)a(viyly<Byel}) <o
(Viyly<ayelh)A(vi{yly<ByelL})<B

Hence

(24)

(Viyly<ayeLlh)A(vi{yly<Byel}) <anp,
(25)

implying that
(Vi{yly<ayel})

ANV{yly<Byel}) efyly<anpyel}.

Thus apr_ () A apr. B) < apr. (a A B), and so apr. () A
apr. B) = apr. (A [3) Hence condmon (P3) holds.

(26)

(3) By the duality of approximation operators, it suffices
to prove that apr. (x) < . And this is clearly true by

the definition of ¢ apr ().

Summing up the above statements, (L,V, A, 0, 1,apr<,

apr) is a Pawlak algebra. O



Theorem18. Let (L,V,AS,0,1,apr, apr) be a Pawlak algebra.

« ,»

Define a binary relation “<” as follows:

Vo, €L, a<p e apr(a)<p. (27)

Then “<” is an auxiliary ordering on L.

Proof. (1) Let o, 3 € Lbe such that & < 8. Then « < 3 since
a < apr(a) and apr(a) < B.

(2) Leta, B, 71, A € Lbesuch thaty < a < § < A. Then
apr(n) < apr(a) and apr(a) < B < A. It follows that apr(n) <
A; that is, 77 < A.

(3) Letat, B, A € L besuch that « < y and 8 < y. Then
apr(«) < y and apr(p) < y. Thus,

apr (v B) = apr (a) Vapr (B) <y, (28)
implying thatx vV 8 < y.
(4) Itfollows from 0 = apr(0) < athat0 < aforall«x € L.

« ,»

Summing up the above statements, “<” is an auxiliary
ordering on L. O

5. Molecular Pawlak Algebra
and Rough Topology

In this section, we focus on the approximate structure on
fuzzy lattices. This structure can be regarded as abstract
system of rough set.

Definition 19. Let (L(n),V,AS,apr,apr) be a molecular
Pawlak algebra, (D, >) a directed set, and {S(d)},p @ molec-
ular net and « € 7. If there exists d, € D such that apr(«) <

S(d) < apr(«) for any d > d,, then « is called a rou_gh limit

of S, denoted by S ", & The set of all rough limits of S is
denoted by lim S.

In the sequel, we provide two examples of molecular
Pawlak algebra in topology space.

Example 20. Let (U, p) be a metric space, L = ®(U), and 7 =
{{x} | x € U}, where ®(U) denotes the set of all subsets of U.
Define
VAeL, aprA:=|JB(x1), aprA:=(aprA®, (29)
x€A -
where B(x, 1) is the closed ball. Then (®(U)(r), U, N, apr,
apr) is a molecular Pawlak algebra. Let x,, be the apr-limit

. apr .
of the molecular sequence {x,}, . (i.e, x, — x;), which
means that there exists #, € N such that p(x,,x,) < 1 for

. . . apr
n > n,. Obviously, x,, — x, implies x, — x, (n — ©0).

Example 21. LetU be anonempty set, R an equivalent relation
onU, L = F(U) fuzzy power seton U, w = {{x;} | x e U, A €
(0,1]},andU/R = {X}},.;. Forany A € F(U), define two fuzzy
sets F* and F, on U/R as

viel, F*(X;)=sup{A(x)|xeX,],

(30)
Fy(X;)=inf{A(x) | x € X;}.
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Then we have, for all A, B € F(U),
(1) FAYB = FA | FB,
(2) Fanp = Fo N Fy,
(3) FA"® c FAn F",
(4) Fy,p 2 F4 U Fp,
(5) F, € F4.

Moreover, for any A € F(U), define aprA and aprA as

_ _[FA(X) xeX;
(aprA) (x) = { 0 X 31)
I

for any x € U. Then (F(U)(n), U, N, , apr, apr) is a molecular
Pawlak algebra. o

In the system (F(U)(r), U, N5, apr, apr), the rough neigh-
borhood apr(x,) of molecule x; i&presented as

A R(x,y)=1

0 R(x,y)=0, (33)

() 0) - |

s x, ifand only if there exists d, € D such that xRy? and
Ag < Aford > dy, where S(d) = yfd and X is poly-point set.

IfU/R = {{x} | x € U}, namely, R(x, y) = 1 if and only if
x = y, then we have

apr (x,) = apr (x)) = x, (34)

for fuzzy point x; and it is know that S P x 5 if and only if
there exists d;, € D such that S(d) = x, ford > d,,.

Definition 22. A molecular net is called R-fuzzy-rough-
convergent if and only if it is apr-convergent in the molecular
Pawlak algebra (F(U)(r), U, N5, apr, apr) defined by formu-
las (31) and (32). o

The following is now straightforward.

Proposition 23. The R-fuzzy-rough-convergent classes satisfy
the Moore-Smith conditions can induce a topology, called R-
rough fuzzy topology, which is a nullity topology with square
membets.

Theorem 24. Let (L(m),V,AS,0,1) be a molecular lattice.
Then any mapping h : m — L satisfying o < h(a) can at
least induce a molecular Pawlak algebra.
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Proof. Set h(0) = 0, and define

h(y):=\/ h@,

a<y,a€m

h(y) = (E (YC))C- (35)

Then it is evident that (L(r), V, A,S, b, h) is a molecular Pawlak
algebra. 0

6. The Application of Approximation
Operators to Rough Sets

Yao and Lin [16] introduce the concept of rough sets with
general binary relation. They defined R-neighborhood of x
from a universe U by the binary relation R on U,

r(x):={yl(xy)€R}, (36)

and defined general dual approximation operators apr . and
apry as, forall X c U,

apr (X):={x | r(x) € X},
(37)
aprp (X) ={x|r(x)NX #+ @}.

In this section, we further investigate the properties of
approximation operators induced by a binary relation.

The following results recall some basic properties of
approximation operators induced by a binary relation.

Proposition 25 (see [16]). Let R € U x U be a similar relation
on U. Then the following assertions hold: for all x, y € U and
X,YcU,

(R apr  (X) = [@pro(X))%, @pTp(X) = lapr (XO)I';
(R2) apr (@) = apry(2) = &, apr, (U) = apry(U) = Us

(R3) @R(X ny) = @R(X) n a_er(Y), aprp(XnY) <
WR(X) n WR(Y);
(R4) @R(X uyY) 2 @R(X) u a_er(Y), aprp(XUY) =
WR(X) U WR(Y)’
(R5) @R(X) C X Caprp(X);
(R6) x € aprply} © y € aprpix}.
Proposition 25 indicates that the system (O(U),U,

NS @,U, apr . aprp) is a Pawlak algebra, where ®(U)
denotes the set of all subsets of U.

Proposition 26 (see [22]). Let R € U x U be a binary relation
onU. Then

(1) R is reflexive if and only if aer(X) c X c
aprp(X) (VX cU);

(2) R is symmetric if and only if x € apry{y} is equivalent
to y € apryp{x};

(3) the reflexive relation R is transitive if and only if apry
is a closure operator.

Proposition 27. Let (p, p) € APR(®O(U)), where p is a closure
operator. Then

xeplyt iff pixtcpiyt. (38)

Proof. It is straightforward and omitted. O

Theorem 28. Let (O(U),U,Nn,", @, U, p, p) be a Pawlak alge-

bra, where p is a closure operator that satisfies (P6) for all
x,y € U,x € ply} © y € p{x}. Then we have the following:

(1) the binary relation R, defined as

R, :={(x,y) | x e p{y}} (39)

is an equivalent relation on U;

(2) (aer ,WRP) < (p,p). Moreover, if U is a finite
g, £
universe or the cover {p{x}},.cy of U is finite, then

(@RP,WRP) =(p.p).

Proof. (1) It follows from Proposition 29 and condition (P6)
that

R, ={(xy) I p{x} =P {y}}. (40)

Then it is easy to see that R, is an equivalent relation, where
[x]g = pix} forall x e U.
(2) For any X ¢ U, we have

apry (X) = {x | [xle, N X # @}

={xI{ylxep{ylinx + o}
= {x | 3y € X such that x € p{y}}

CP(X).

(41)

On the other hand, aerP(Xc) € p(X°) implies that
(p(X)) ¢ (aerP(XC))C; hence p(X) < apr, (X). Thus, we
- .
have (aer ,aerp) <(p,p)-
R, )t

Suppose that universe U is finite and let X =
{y1>¥2>--> ¥} € U. Then we have

PX) = |J Pl = {x 13y € X such that x € p {y}}

y€X

= {x | 3y € X such that y € [x]RP}

= {x | [xlg, n X # o}

= a_erp (X).
(42)
Analogous to the above proof, we have E(X) =apr, (X). It
follows that (apr ,@pr ) = (p, ). '
g, )t

Now suppose that the cover {p{x}},y of U is finite;
that is, there exist x, € U, k = 1,2,...,m such that



{Plxikeq1 2, mp isacover of U. Analogous to the above proof,
to prove that (apr , aer ) = (p, p), it suffices to prove that,

forall X ¢ U, p(X) apr(X). In fact, it follows from
{Pixikeq1,..m beinga cover of U that X < U < [ i, plxy}.

Hence
J()

= 65 {2}

k=1

P(X)c

= {x | there exists x; € X such that x € p {x;}}
pixd}

{x | there exists x; € X such that x; € [x] P}

= {x | there exists x; € X such that p {x} =

=4x|[ x]RPﬂX:# @} =a_erP (X),
(43)

as required. O

In the sequel, denote by R the set of all similar relations
on U. Then it is evident that R is infinite-intersection-closed.
And the following result holds.

Proposition 29. Let R be the set of all similar relations on U.
Then we have

M) ¥l & = ﬂteT[x]Rt for {R;},er € R, where T is an
index set;
()VR, R, € R, R, € R,

(apr, P,

o (apr, .apry,) <

Proof. (1) Consider [x]n_ r ={y | (x,¥) € [er R} ={y |
Vt €T, (x,y) € R} =[Nierly | (6, 7) € Ri} = er[x]g,-

(2) Let R;,R, € R be such that R; < R,. Then for
any x € U, we have [x]R1 c [x]Rz. Now, let X < U.
If x € apr . (X), then [x]R2 ¢ X, implying that [x]R1 =
[Xxnr, = [Xx, 0 [xlg, € [x]g, € X; thatis, x € apr_ (X,
Therefore, apr, (X) < apr, (X) and apr apry, (X) ¢ aer (X)
by the duality. It follows that (apr ,apry ) < (apr »apry ).

Conversely, suppose that (apr ,aer ) < (apr ,apry )

2
and (x,y) € R;. It follows that x € aprp{y}. Since
apry (X) € apry (X) for any X € U by the assumption, we
know that apry, {y} < apry {y}, and hence x € aprp {y},
implying that (x, y) € R,. Therefore, R; C R,. O

Theorem 30. Let U be a finite set and R a similar relation
on U. Then there exists an equivalent relation R such that
cl(@R,a_er) = (a_prﬁ, apry) and that R is the transitive
closure of R.

Proof. It follows from the proof of Theorem 10 that
cllaprapry) = (NZapr, O ViZapr) and that
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\/,cc’zla_er(k) is a closure operator satisfying (R6). Now, we
define a binary relation R on U as follows:

={uwnxe<©@a®)wﬂ- (44)

Then, it is evident that R is a similar relation on U and
cl(aer,a_er) = (apri, aprg) by Theorem 10. In the sequel,
we prove that R is the transitive closure of R, which also
implies that R is an equivalent relation on U.

Suppose that R is an equivalent relation such that R ¢
R*. By Proposition 29, we have (aer,WR) < (aer*,a_er*)
and apry. is a closure operator, and hence (apri, apry) <

(apr .» apr ). Thus, by Proposition 29, R € R*. O

7. Conclusions

In this paper, we have investigated the general approximation
structure, weak approximation operators, and Pawlak algebra
in the framework of fuzzy lattice, lattice topology, and
auxiliary ordering. The relationships between the Pawlak
approximation structures and these mathematic structures
are established, and some related properties are presented.
These works would provide a new direction for the study
of rough set theory and information systems. As for future
research, it will be interesting to continue the study of
molecular Pawlak algebra and general partial approximation
spaces.
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