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ABSTRACT: Topological descriptors are numerical numbers that are assigned to molecular structures
and can predict certain physicochemical properties. Because of their importance in nanotechnology and
as developing materials with practical uses, the topological properties of nanocones have received a lot of
attention. In this paper, we discuss the ev-degree- and ve-degree-based topological indices for the
generalized carbon nanocones, CNCr[s]. Furthermore, we find numerical computations for certain types
of nanocones and plot these numerical results using Matlab programming.

■ INTRODUCTION
Carbon nanocones first appeared on the surface of the
naturally occurring graphite in 1968 or perhaps earlier.1 The
possible uses of these chemical structures in energy storage, gas
storage, gas sensors, biosensors, nanoelectronic devices, and
chemical probes are interesting.2 Nanocones are carbon chains
that can be mathematically described as infinite graphs of the
cubic plane. The molecular graph of nanocones contains
conical structures with a cycle of length q and p layers of
hexagons arranged around its center shown in Figure 2. In ref
3, the presence of carbon nanocone and their combinational
features were studied. Klein et al.1 divided nanocones into
eight groups based on the definite signed curvature. These
structures have been categorized by Brinkmann et al.4 The
expander constants and boundaries of these nanocone
triangular patches were determined by Justus et al.5

Furthermore, carbon nanocones attracted the researchers’
interest due to their unusual features and potential applications
in a variety of new fields, including energy and hydrogen
storage.6

The structural and computational properties of carbon
nanocones have been the topic of several studies over the
years,7,8 many of which have been prompted by the
introduction of such nanomaterials and fullerenes.9 Mortazavi
et al. motivated by the chemical vapor deposition experiment
conducted extensive first-principles-based simulations to
explore the stability, mechanical properties, lattice thermal
conductivity, piezoelectric and flexoelectric response, and
photocatalytic and electronic features of MA2Z4 (M = Cr,
Mo, W; A = Si, Ge; Z = N, P) monolayers. Moreover, they
obtained that among all two-dimensional (2D) materials, the
monolayers of WSi2N4, CrSi2N4, and MoSi2N4 show the

highest piezoelectric coefficients. They also found that the
monolayers of MoSi2N4 and WSi2N4 exhibit high lattice
thermal conductivity and mechanical strength. Additionally,
these nanosheets are used in photocatalytic water splitting and
optoelectronics.10 Javvaji et al. found that the accurate
examination of electricity generation stemming from higher-
order deformation (flexoelectricity) in 2D layered materials is a
highly challenging task, and to address this challenge, they
proposed an innovative and computationally efficient approach
on the basis of density functional theory (DFT) and machine-
learning interatomic potentials (MLIPs) with incorporated
long-range interactions to accurately investigate the flexo-
electric energy conversion in 2D van der Waals bilayers. The
studies of Jahanbani,11 Zobair et al.,12 and Arockiaraj et al.13

contain the number of calculations for some specific
topological indices of carbon nanocones based on distance.
These studies also look at a range of topological indices that
are calculated using diverse methods.

The topological index of a molecular structure can be
thought of as a nonempirical numerical value that quantifies
the molecular structure and its branching pattern. From this
vantage point, the topological index can be seen as a score
function that converts each chemical structure into a real
number and serves as a description of the molecule being
tested. The biggest factor behind the widespread attention paid
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to these indices is the amazing ability to correlate and predict
the characteristics of a wide variety of molecular structures. For
example, these indices are utilized in the development of
QSAR/QSPR relationships in which the thermodynamic
properties (heats of formation and vaporization), physico-
chemical properties (boiling point, solubility, and refractive

index), biophysical properties (bioconcentration factor, bio-
degradability, and soil sorption), and physiological properties
of molecules (carcinogenicity and toxicity) are correlated and
predicted with their molecular structures.14 The fact is that the
topological indices are actually graph invariants. This means
that they define the properties of the hydrogen-suppressed
graph of a molecule in terms of a mathematical equation that is
independent of the graph’s orientation and possible vertex-
numbering scheme. When it comes to TIs, the expression takes
on the form of a scalar descriptor with a number value.

In the literature to date, more than 100 unique TIs have
been proposed, although only a considerably smaller number
have been shown to be significant in correlative or predictive
research. The first publication in the series15 demonstrated
how TIs could be used to forecast the sound velocity in various
alkane and alcohol species. Then, an effort to correlate a
threshold shoot index feature is frequently used to describe
hydrocarbon fuels for the first time.16 To have any graph
properties, a molecule needs a definite number of atoms linked
together in a specific configuration by relatively strong
chemical bonds. Therefore, weakly defined or ephemeral
chemical structures, such as intermediates, hydrogen-bonded
species or species that interact significantly with their
environment to produce charge-transfer complexes are not
appropriate for characterization by TIs. Generally speaking,
this means that the molecules under consideration must be
clearly characterized as separate and unrelated entities that
exist independently of their surroundings.

Figure 1. 3D structures of CNCr[s].

Figure 2. Generalized carbon nanocones, CNCr[s].

Figure 3. Molecular structures of CNCr[s] for r = 3−5 and s = 2−4.
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In theoretical chemistry, molecular structures are repre-
sented as chemical graphs in which every vertex and edge
represents an atom and bond between the two atoms of a
molecular structure. Numerous studies show that there is a
significant underlying relationship between the molecular
structures of chemical compounds and their physical proper-
ties, such as boiling and melting points. To better comprehend
the physical characteristics, chemical reactivity, and biological
activity of these chemical molecular structures, topological
indices have been established. Due to the absence of chemical
experiments, the study of topological indices on the chemical
structure of compounds can fill the gap and offer a scientific
base for the production of a large number of new drugs and
chemical compounds. However, the chemically based inves-
tigations showed that there was a high correlation between
topological molecular structures and their physical properties,
chemical characteristics, and biological factors, such as melting
point, boiling temperature, and drug toxicity. For under-
standing the links between the molecular structure and
possible physicochemical properties, chemical engineers use a
number of well-known indices, such as the Wiener index,
Zagreb index, Randic index, Harmonic index, etc.

Wiener17 proposed the first distance-based topological index
in 1947 while researching the boiling point of alkane
molecules. Numerous categories, including degree-based,
distance-based, and counting-based, have been used to classify
topological indices.18 Among these, topological indices based
on degrees play an important role in theoretical chemistry and
pharmacology. Degree-based topological indices have been
actively investigated to examine the attributes of substances
and medications as it is helpful to correct the experimental
flaws in chemical and medicinal research. In QSAR/QSPR
modeling,19 degree-based topological indices are often used
descriptors because of their simplicity in understanding,
applicability, computation, and derivation without the need
for any experimental work. We refer to refs 19−21 for
additional degree-based topological indices that have been
employed in QSAR/QSPR models. For forecasting the
physical characteristics of alcanes, Platt proposed the first
degree-based topological index in 1947.22 In 1972, Gutman
and Trinajstic2́3 created and expanded the Zagreb indices,
which have been used for more than 50 years.

Later, Zhong24 described Harmonic index and afterward
Ediz et al.25 established the new Harmonic indices. The
previous study, on the other hand, was completed using the
conventional degree system. The vertex−edge domination and
the edge−vertex domination characteristics were used by the
researchers to create these innovative degree notions.26,27 The
concepts of vertex−edge domination and edge−vertex
domination were introduced by Peters26 in 1987. In the
discipline of graph theory, Chellali et al.28 developed two new
degree ideas, ve-degree and ev-degree. Horoldagva et al.29 also
look at some of the computational ideas relating to ve-degree
and ev-degree. The conventional degree-based principles were
converted into ev- and ve-degree Randic indices, as well as ev-
and ve-degree Zagreb indices, in ref 30. It has been proven that
the ve-degree Zagreb index is more reliable than the
conventional Zagreb index.

The Randic index has received more attention in chemical
and mathematics literatures than any other topological indices.
By simulating a few physicochemical characteristics of octane
isomers, the ev-degree Randi index is contrasted with the
Randic index. It has been demonstrated that the ev-degree

Randi index correlates better than the Randic index to forecast
the entropy, acentric factor, and standard enthalpy of octanes’
vaporization.30,31 In comparison to other well-known topo-
logical indices as Zagreb, Randic, atom−bond connectivity,
and sum connectivity indices, it has been demonstrated that
the ve-degree sum connectivity index of octane isomers
provides the best value of correlation coefficient of the
property of acentric factor.32 The definition and examination
of the fundamental mathematical features of the ev-degree and
ve-degree topological indices have taken place in refs 29, 31.

In this study, we looked at a few ve-degree and ev-degree
concepts. We provide the ve-degree- and ev-degree-based
topological indices for the molecular structure of the carbon
nanocone CNCr[s]. Topological indices or variants based on
ve-degree and ev-degree are currently the subject of a lot of
research (see refs 33−38 for a more extensive explanation of
these topological indices of several graphs and molecular
structures). In this work, the second ve-degree Zagreb β-index
(M2,ve

β ), ve-degree Randic index (Rve), ev-degree Randic index
(Rev), ev-degree Zagreb index (Mev), the first ve-degree Zagreb
α-index (M1,ve

α ), the first ve-degree Zagreb β-index (M1,ve
β ), ve-

degree atom−bond connectivity index (ABCve), ve-degree sum
connectivity index (χve), ve-degree harmonic index (Hve), and
ve-degree geometric−arithmetic index (GAve) are examined for
the molecular structure of carbon nanocone CNCr[s].
Numerical computations and verification are also carried out
using Matlab programming. Moreover, Matlab is also used to
plot the numerical results.
Structures of Carbon Nanocones. In this work, Figure 1

depicts the three-dimensional (3D) structures of carbon
nanocones and Figure 2 shows a molecular graph of
generalized carbon nanocones CNCr[s], which consists of
conical structures with a cycle of length r and s layers of
hexagons positioned around the conical surface. In graph
theory, a carbon nanocone is a graph having an r-cycle shape
because its center is encircled by s layers of hexagons, with s
hexagons on every outer side. The generalized carbon
nanocones can be described as CNCr[s] for r ≥ 3 and s ≥
2, as seen in Figure 3. Assuming, Γ = CNCr[s], the Γ contains
rs2 vertices and s(3 1)rs

2
edges.

■ PRELIMINARIES
In this section, we define some basic concepts and the
topological indices based on ev-degree and ve-degree (see
Table 1).

Table 1. Topological Indices Formulas

ev-degree Zagreb index (Mev) Mev = ∑e∈EΨev(e)2

First ve-degree Zagreb α-index (M1,ve
α ) M1,ve

α = ∑υ∈ϑΨve(υ)2

First ve-degree Zagreb β-index (M1,ve
β ) M1,ve

β = ∑uυ∈E(Ψve(u) + Ψve(υ))
Second ve-degree Zagreb β-index
(M2,ve

β )
M2,ve

β = ∑uυ∈E(Ψve(u) × Ψve(υ))

ve-degree Randic index (Rve) Rve = ∑uυ∈E(Ψve(u) × Ψve(υ))−1/2

ev-degree Randic index (Rev) Rev = ∑e∈EΨev(e)−1/2

ve-degree atom−bond connectivity
index (ABCve)

ABC u E
u

uve
( ) ( ) 2

( ) ( )
ve ve

ve ve
= +

×

ve-degree geometric−arithmetic index
(GAve) GA u E

u

uve
( ) ( )

( ) ( )
ve ve2

ve ve
= ×

+

ve-degree harmonic index (Hve) H u E uve
2

( ) ( )ve ve
= +

ve-degree sum connectivity index (χve) χve = ∑uυ∈E(Ψve(u) + Ψve(υ))−1/2
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We only study connected, undirected, and simple graphs in
this work. Let Γ be a molecular graph with ϑ(Γ) as the vertex
set, E(Γ) as the edge set, and the degree of the υ vertex,
denoted by δυ, being the number of distinct edges that can
meet the υ vertex, and the open neighborhood of the υ vertex,
represented by N(υ), being the set of all vertices adjoined to
the υ vertex. The closed neighborhood of υ, denoted by N[υ],
defines the union of υ vertex with open neighborhood N(υ) of
υ vertex. The ev-degree of any edge uυ ∈ E(Γ) defines the total
number of vertices of closed neighborhoods of the end vertices
of an edge e, and the ev-degree is represented by Ψev(e). The
ve-degree of every vertex υ ∈ ϑ is the number of various edges
that are linked to any vertex from the closed neighborhood of
υ, indicated by Ψve(υ).

■ MAIN RESULTS
In this paper, we have investigated the Mev, M1,ve

α , M1,ve
β , M2,ve

β ,
Rve, Rev, ABCve, GAve, Hve, and χve. We have also given the

closed formulas of these indices for the carbon nanocone
CNCr[s]. For computation, the combinational processing
strategy, edge partition method, vertex partition method,
data analysis procedures, degree counting method, and sum of
degrees of neighbor methods are used in the calculations.
Furthermore, Matlab programming is also used to perform
numerical computations and verification.

Theorem 0.1. Let CNCr[s], r ⩾ 3, s ⩾ 2 be the graph of
carbon nanocones, then

M rs rs r54 40 2ev
2= +

M rs rs r81 52 401,ve
2=

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

R rs rs

r

3
2 6

2
5

1
6

3
2 6

1
2

2
5

1
6

ev
2= +

+ +

M rs rs r27 21 341,ve
2=

M rs rs r
243

2
273

2
262,ve

2= +

i
k
jjjj

y
{
zzzz

i
k
jjjj

y
{
zzzz

R rs rs

r

1
6

2
42

1
3 7

7
18

2
35

4
42

1
3 7

1
45

ve
2= + +

+ +
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r
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ve
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+ + +

i
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jjjj
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{
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i
k
jjjj

y
{
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rs rs

r

GA
3
2

4
42

13
3 7

8
5
2

3
3 7

8
35
3

8 42
13

ve
2= + +

+ +

H rs rs r
1
6

246
5616

2517
14 040ve

2= +

i
k
jjjj

y
{
zzzz

i
k
jjjj
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{
zzzz

rs rs
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2 2

2
13

1
4

1
6 2

1
2

1
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1
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13

1
4
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3 2

ve
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Proof. The carbon nanocone CNCr[s] shown in Figure 2
contains rs2 vertices and s(3 1)rs

2
edges. Table 2 shows the

three types of edges found in CNCr[s] based on degrees. The
vertices of carbon nanocone CNCr[s] are either of degree two
or three with rs and (s − 1)rs vertices shown in Table 3. Now,
we compute topological indices for CNCr[s] that are based on
degrees.

From Tables 4 and 5, we determine the following degree-
based topological indices:

• ev-degree-based Zagreb index

Table 2. Edge Partition of CNCr[s]

(δu,δυ) frequency

(2,2) r
(2,3) 2r(s − 1)

(3,3) s s( 1)(3 2)r
2

Table 3. Vertex Partition of CNCr[s]

δu frequency

2 rs
3 (s − 1)rs

Table 4. ev-Degree Partition for CNCr[s]

(δu,δυ) ev-degree frequency

(2,2) 4 r
(2,3) 5 2r(s − 1)

(3,3) 6 s s( 1)(3 2)r
2

Table 5. ve-Degree Partition for CNCr[s]

δu ve-degree frequency

2 5 rs
2 6 r(s − 2)
3 7 r(s − 1)
3 9 r(s − 1)2

Table 6. End Vertices ve-Degrees of Each Edge for CNCr[s]

(δu,δυ) ve-degree frequency

(2,2) (5,5) r
(2,3) (5,7) 2r
(2,3) (6,7) 2r(s − 2)
(3,3) (7,9) r(s − 1)

(3,3) (9,9) ( )r s s(3 1) (3 2)s
2
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M e

r r s
r

s s

r rs r
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r

r rs r rs rs rs
r
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( )

(4) ( ) (5) (2 ( 1)) (6)
(

2
( 1)(3 2))

16 50 50 36(
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36

2 14 54 54

54 40 2

e E
ev ev
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2 2 2

2

2

2

2

=
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= + +

+

= + +
+

= + +
= +

• First ve-degree-based Zagreb index

M

rs r s r s
r s

rs rs r rs rs r
rs r rs

rs rs r rs r rs
r rs

rs rs r

( )

(5) ( ) (6) ( ( 2)) (7) ( ( 1))
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• ev-degree-based Randic index
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Using Table 6, we determine the below-mentioned ve-

degree-based topological indices:

• First ve-degree-based Zagreb index
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• Second ve-degree-based Zagreb index
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• ve-degree-based Randic index
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■ NUMERICAL RESULTS AND DISCUSSION
In this section, for different values of r and s, we present
numerical findings (see Tables 7 and 8) and graphical

representations (see Figures 4−13) for the above-computed
ev-degree- and ve-degree-based topological indices for the
molecular structure of carbon nanocone CNCr[s].

Here, we consider r = 3−5 and s = 2−4 for numerical results
and graph representations but results are applicable for r ≥ 3
and s ≥ 2. Moreover, these numerical results and plots for the
molecular structure CNCr[s] are computed by utilizing Matlab
programming.

All computed topological indices exceed with the exceeding
value of r and s, as seen in Tables 7 and 8, and Figures 4−13
also show relationships between several topological indices for
various values of r and s.

The Zagreb type of indices was discovered by analyzing the
total π-electron energy of molecules.23 It was also apparent that
the first and second Zagreb indices represent the degree of
branching in the molecular structure and are therefore
responsible for the overall decrease in π-electron energy with
increased branching. As a result, the total π-electron energy for
the carbon nanocone CNCr[s] decreases with increasing values
of r and s.

The Randic index was used to quantitatively characterize the
degree of molecular branching. The degree of branching of the
molecular skeleton is a key determinant for various molecular
attributes, such as boiling points of hydrocarbons and the
retention volumes and the analysis of chemical similarity of
molecular compounds.30 In addition, the Randic index was
utilized to calculate the Kovats constants and the boiling points
of molecules. According to Bollobas and Erdos39,40 for a
minimum value of R(Γ), there is minimum degree δ(Γ) for
graphs Γ. This implies that higher is the value of branching
degree, i.e., r and s, higher the Randic index for the carbon
nanocone CNCr[s].

The geometric−arithmetic index has been found to have
greater predictive power than the Randic connection index.32

Since this index is related to the degree of the vertices of the
graph, then with the increase of edges in the graph, the GA
index increases. As a result, the GA index for the carbon
nanocone CNCr[s] increases as r and s are increased.

The atom−bond connectivity (ABC) index is particularly
useful for the calculation of the strain energy of cycloalkanes as
well as the stability of linear and branched alkanes.32 In
particular, ABC must increase if a new edge is added to G.41 By
means of this result, we analyze that the carbon nanocone
CNCr[s] in the current work has an improved ABC index due
to the improvement of r and s.
Conclusions. Topological indices are utilized to determine

the core topologies of the molecular structure of carbon
nanocone CNCr[s]. In this study, we utilized various
combinational processing strategies to obtain results for ev-
degree- and ve-degree-based topological indices such as Mev,
M1,ve

α , M1,ve
β , M2,ve

β , Rve, Rev, ABCve, GAve, Hve, and χve for the
molecular structure of carbon nanocone CNCr[s]. Further-
more, Matlab programming is used to perform numerical
computations and graph plotting. These findings will help to
predict and model the physicochemical features of chemical
substances that have not been thoroughly investigated. It can
be interesting to compute these ev-degree- and ve-degree-
based topological indices of some other molecular structures
and networks for further studies. It can also be interesting to
calculate distance-based topological indices of understudied
nanocones.

■ APPENDIX MATLAB CODING
Matlab coding steps for plotting 3D surface graphs of
topological indices:

• r = r1: r2; → set the range of x-axis

• s = s1: s2; → set the range of y-axis

• [X, Y] = meshgrid(r,s) → matrix type, the value of r, s
appears on the worksheet

Table 7. Numerical Computation for CNCr[s]

r[s] Mev M1,ve
α Rev M1,ve

β M2,ve
β

3[2] 414 540 6.63 96 717
3[3] 1104 1599 15.42 438 2130
3[4] 2118 3144 27.87 942 4272
4[2] 552 720 8.84 128 956
4[3] 1472 2132 20.56 584 2840
4[4] 2824 4192 37.16 1256 5696
5[2] 690 900 11.05 160 1195
5[3] 1840 2665 25.70 730 3550
5[4] 3530 5240 46.45 1570 7120

Table 8. Numerical Computation for CNCr[s]

r[s] Rve ABCve GAve Hve χve

3[2] 3.048 4.542 49.950 1.641 19.056
3[3] 5.583 14.253 73.890 4.170 24.234
3[4] 9.078 27.924 106.83 7.659 31.512
4[2] 4.064 6.056 66.60 2.188 25.408
4[3] 7.444 19.004 98.52 5.560 32.312
4[4] 12.104 37.232 142.44 10.212 42.016
5[2] 5.080 7.570 83.25 2.735 31.760
5[3] 9.305 23.755 123.15 6.950 40.390
5[4] 15.130 46.540 178.05 12.765 52.5200
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• Z = a*X.*Y.2 − b*X.*Y + 2*X → polynomial from
which we find the value of Z and set the range of z-axis

• mesh(X,Y,Z) → by finding the numerical values of the
function, the meshgrid figure appears on the worksheet

• figure → space appears for the figure
• surf(X,Y,Z) → a surface graph plot on the Matlab

worksheet
• xlabel(r) → ′r′ labeled on the x-axis
• ylabel(s) → ′s′ labeled on the y-axis

• view ([35,30]) → rotate the 3D graph according to your
choice

• shading interp → shading the plot surface and
disappearing of the grids shown on it % get rid of
black lines in the surface plot

• colorbar → colorbar appears on the left/right side of the
plot %adds a colorbar that acts as a legend for colors

• colormap(jet(5))\winter\summer → coloring the plot-
ting surface as per your choice

Example

Figure 4. Plot for the Mev for r = 3−5 and s = 2−4.

Figure 5. Plot for the M1,ve
α for r = 3−5 and s = 2−4.

Figure 6. Plot for the Rev for r = 3−5 and s = 2−4.

Figure 7. Plot for the M1,ve
β for r = 3−5 and s = 2−4.
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Figure 8. Plot for the M2,ve
β for r = 3−5 and s = 2−4.

Figure 9. Plot for the Rve for r = 3−5 and s = 2−4.

Figure 10. Plot for the ABCve for r = 3−5 and s = 2−4.

Figure 11. Plot for the GAve for r = 3−5 and s = 2−4.
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mesh(X,Y,Z)
figure:
surf(X,Y,Z)
xlabel(r)
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view([35, 30])
shading interp
%gets rid of black lines in the surface plot
colorbar
%adds a colorbar that acts as a legend for colors
colormap(jet(5))\winter\summer
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Figure 12. Plot for the Hve for r = 3−5 and s = 2−4.

Figure 13. Plot for the χve for r = 3−5 and s = 2−4.
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that translates each chemical structure into a real number and
acts as a description of the molecule under test. As far as we are
aware, no research has been published on the ev-degree- and
ve-degree-based TIs of carbon nanocones. In this work, we
compute the generalized carbon nanocones, CNCr[s].
Furthermore, we find numerical computations for certain
types of nanocones and use Matlab programming to depict
these numerical results.
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