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Abstract

The picture fuzzy set (PFS) just appeared in 2014 and was introduced by Cuong, which is a generalization of intuitionistic
fuzzy sets (Atanassov in Fuzzy Sets Syst 20(1):87-96, 1986) and fuzzy sets (Zadeh Inf Control 8(3):338-353, 1965). The
picture fuzzy number (PFN) is an ordered value triple, including a membership degree, a neutral-membership degree, a
non-membership degree, of a PFS. The PFN is a useful tool to study the problems that have uncertain information in real
life. In this paper, the main aim is to develop basic foundations that can become tools for future research related to PFN
and picture fuzzy calculus. We first establish a semi-linear space for PFNs by providing two new definitions of two basic
operations, addition and scalar multiplication, such that the set of PFNs together with these two operations can form a semi-
linear space. Moreover, we also provide some important properties and concepts such as metrics, order relations between
two PENSs, geometric difference, multiplication of two PFNs. Next, we introduce picture fuzzy functions with a real domain
that is also known as picture fuzzy functions with time-varying values, called geometric picture fuzzy function (GPFFs). In
this framework, we give definitions about the limit of GPFFs and sequences of PFN. The important limit properties are also
presented in detail. Finally, we prove that the metric semi-linear space of PFNs is complete, which is an important property
in the classical mathematical analysis.
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1 Introduction

In 1965, Zadeh (1965) first introduced the concept of fuzzy
sets (FS) to deal with the uncertainties that appear in many
real-world phenomena. It has become the focus of much
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and intuitionistic fuzzy sets. In 1989, Atanassov and Gargov
(1989) presented the concept of interval-valued intuitionis-
tic fuzzy sets. In recent years, the intuitionistic fuzzy theory
has been applied to many fields, such as decision-making
(Atanassov et al. 2005; Chen 2011), medical diagnosis (De
et al. 2001; Shinoj and Sunil 2012). Based on the intuition-
istic fuzzy sets (IFS), Xu and Yager (2006) introduced the
concept of intuitionistic fuzzy number (IFN), which is an
ordered non-negative value pair consisting of a membership
degree and the non-membership degree of an IFS, and their
basic operations. From IFNs and their basic operations, Lei
and Xu (2017) developed the fundamental theories of cal-
culus, which are called intuitive fuzzy-calculus. Phu et al
(2018, 2019, 2021) continued to develop a semi-linear space
for IFNs and introduced its applications.

In 2014, Cuong (2014) introduced the concept of picture
fuzzy sets (PFS), which is a generalization of the traditional
fuzzy sets (FS) and the intuitionistic fuzzy sets (IFS). The
PES defines a fuzzy set by giving a membership function,
a non-member function, and a neutral-membership function
with a membership degree, a non-membership degree, and
a neutral-membership degree, respectively. Although many
uncertain problems in the real world have been effectively
handled by the tools of Zadeh’s fuzzy theory and Atanassov’s
intuitionistic fuzzy sets, many of them still need the tools
of the picture fuzzy theory. Cuong (2014) gave a practical
example, which is voting. The idea of the three membership
degrees of a PFS can be seen in the case when a voter has
to make his or her decision involving more answers like yes,
abstain, no. In recent years, there have been many research
directions on PFS such as: logical operations and algebraic
(Cuong 2014; Cuong and Kreinovich 2013; Dutta and Ganju
2017), fuzzy clustering (Son 2016; Thong and Son 2015),
decision-making (Khan et al. 2019; Si et al. 2019; Wei 2017),
nonlinear programming Phu et al. (2021). As in a similar way,
based on the PFS, we also get the definition of picture fuzzy
number (PFN) as an ordered non-negative triple consisting
of a membership degree, a non-membership degree, and a
neutral-membership degree of a PFS. A PFN is a basic ele-
ment of a PFS and is a useful tool to help us study more deeply
the characteristics and properties of PFS. The PFNs are used
to study decision-making theories in the picture fuzzy envi-
ronment. For example, Wei (2017) studied multiple attribute
decision-making (MADM) problems based on picture fuzzy
information in the form of PFNs. Khan et al. (2019) presented
a logarithmic approach to MADM problems with PFNs.

As we know along with the development of logic and
algebraic theory for fuzzy-theory, then calculus-theory also
had many powerful strides in recent years. For Zadeh’s
fuzzy theory, the calculus-theory in this fuzzy environment
is also known by the name, fuzzy mathematics. In which,
fuzzy numbers [can see Diamond and Kloeden (2000)] are
basic and the main tool to develop for this field. For intu-
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itionistic fuzzy theory, Lei and Xu (2017) used IFN as a
tool for developing calculus theory in an intuitionistic fuzzy
environment. For picture fuzzy-theory, development for the
calculus-theory in picture fuzzy environments is still very
new. Because basic operations (most importantly, addition
and scalar multiplication) in Zadeh’s fuzzy environment and
Atanassov’s intuitionistic environment have been defined and
perfected in recent years [(can see in Dubois and Prade
(1982), Phu et al. (2019), Xu and Yager (2006)], it has helped
calculus theory that has a basis for development. Meanwhile,
there are not perfect definitions for the basic operations in
the picture fuzzy environment. Although Wei (2017) pro-
vided the basic operations of picture fuzzy numbers based
on Xu’s operation Xu and Yager (2006) for intuitionistic
fuzzy number, some of them, namely scalar multiplication
and addition, have some limitations. In this paper, we will
show the limitation of Wei’s two operations, addition, and
scalar multiplication, and will provide two new operations
with more advantages. The highlight is that the set of pic-
ture fuzzy numbers together with these two new operations
can become a semi-linear space. This will be the framework
for the development of future studies on picture fuzzy cal-
culus theory. At the same time, we define the metric space
for PFNss and present the concepts of limits and their proper-
ties because the limit is an important basis of picture fuzzy
calculus. Finally, to confirm that the limit operators are well-
defined, we have verified the completeness in metric space
of PFNS.

The paper is organized as follows: In Sect. 2, we recall
some knowledge to prepare for the next section. In Sect. 3,
we divide the content into two subsections: For the first
subsection, we point out some limitations in Wei’s two oper-
ations and proceed to construct two new operations, addition
and scalar multiplication, such that the set of PFNs together
these operations becomes a semi-linear space for PFNs. On
the other hand, we also present some related concepts and
their properties such as order relations between two PFNs,
metrics, geometric difference, multiplication of two PFNs.
For the second subsection, we first define a function whose
value changes over time, called the geometric picture fuzzy
function. Next, we introduce the definition of limit for this
function and the sequence of PFNs. Their properties are also
shown. Finally, we prove that the metric space of PFNs is
complete.

2 Preliminaries

For a start, we recall the concept of picture fuzzy sets, which
was introduced by Cuong (2014).

Definition 2.1 (Cuong 2014) Let Q2 be a universe set, then
a set called a picture fuzzy set (PFS), which is defined as
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follows:

X = {(o, ux (@), nx (@), vx (@) | € 2}

where x:Q2—[0, 1] is called a membership function,
vx:Q2—[0, 1] is called a non-membership function, nx:
Q—[0, 1] is called a neutral-membership function with a
membership degree 1 x (@), anon-membership degree vy (w)
and a neutral-membership degree of element w € €2, respec-
tively, such that

0 < ux(w) +nx(w) +vx(w) < 1.

Definition 2.2 a picture fuzzy number (PFN) x, which is
defined as follows:

X = (Wx, Nx, Vx)

where 1y, 1., and v, are nonnegative real numbers such that
0 < px, My, vx < land

Ofﬂx+7’1x+vx§1.

PFNs have been researched in recent years. For example,
Wei (2017) researched multiple attribute decision-making
(MADM) problems based on picture fuzzy information in the
form of PFNs. He developed picture fuzzy aggregation oper-
ators for PFNs from geometric and arithmetic operations,
then he used them to solve the picture fuzzy MADM prob-
lems. Khan et al. (2019) presented a logarithmic approach to
MADM problem with picture fuzzy information in the form
of PFNs. They developed a series of picture fuzzy logarith-
mic aggregation operators for PFNs and provided a novel
algorithm technique to solve the MADM problems with pic-
ture fuzzy information. Si et al. (2019) provided a method
for comparing and ranking PFNs. Furthermore, Wei (2017)
also defined some basic operators of PFNs as follows:

Definition 2.3 (Wei 2017) Let x = (uy, 1y, Vy) and y =
(1y. 1y, vy) be two PFNs, then

X = (vy, Ny, MUy) is called the reverse element of x;
X®y= (Mx + Uy — Uxly, NxNy, VxVy)Q

XQy= (Mx/lvy’ Nx + Ny — NNy, Vx +Vy — vay);
Ax = (1 - - ,ux)*, ni‘, vf;) with A > 0;

Xt = (,u;‘, I—1—n)* 1 -1 — vx))‘) with A > 0;
x Ny = (min{uy, wy}, max{ne, ny}, max{vy, vy});
xUy= (max{ﬂxy py}, min{ny, ny}, minfvy, Vy}) .

Nk wn —

Next, we recall the common definition of a linear space
(or vector space) over a scalar field (which may be real or
complex).

Definition 2.4 Let F be a scalar field, then a linear space
(or vector space) over the field F is a set A together with
two operations, which addition and scalar multiplication are
defined:

(addition) + : Ax A — A
X, yEAr—x+yeA
(scalar multiplication) - : F x A — A

reF, xeA— Ax e A

that satisfy the eight axioms listed below. Let x, y, and z be
belong to A, and A and g scalars in F'.

x+0+2)=x+y)+z

xX+y=y+x;

x +0 =x with 0 € A, called a neutral element of A;

x 4+ (x) =0 withx € A, called a reverse element of x;
A(Bx) = (AB)x;

1x = x, which 1 is identity element of F;

Ax +y)=Ax +Ay;

(A +F B)x = Ax +F Bx, where +f is addition of the
field F.

P® NNk D -

Remark 2.5 In fact, there are many sets with their two oper-
ations (addition and scalar multiplication) that do not satisfy
the axiom in item (4.) of Definition 2.4. For example, for the
set of interval numbers, let X = [X, X1 be a interval num-
ber with X < Xand —X = [—X, — X1 be reverse element
of X, then X + (—X) # 0 = [0, 0] [(can see in Moore
et al. (2009)]. The same for the set of Zadeh’s fuzzy num-
bers, let @ = (a, b, ¢) be a triangular fuzzy number with
a <b < cand —w = (—c, —b, —a) be also reverse element
of w, then w + (—w) # 0 = (0, 0, 0) [can see in Dijkman
et al. (1983)]. If the axiom in item (4.) of Definition 2.4 does
not satisfy, which is x + (x) # 0, then the set A will be called
a semi-linear space. We provide the following definition for
a semi-linear space [can see in Galanis (2009); Phu et al.
(2019); Worth (1970)] with scalar field F', which is the real
number field R.

Definition 2.6 (Galanis 2009; Phuetal.2019; Worth 1970) A
semi-linear space is a set B together two operations, addition
and scalar multiplication with nonnegative reals, are defined:

e The first operation: addition, denoted by +, such that to
every pair x, y € B, there correspond aelement x +y €
B,

e The second operation: scalar multiplication of x € B
with an element A € R*, denoted by Ax € B,

such that satisfy the following properties for every x, y € B
and A, B e RT:

@ Springer



5484 N.D.Phu et al.
M x++a)=&+y) +z
@ x+y=y+x; (0’0'1),
(3) x +0 = x with 0 € B, called a neutral element of B; /
4) rx+y) =2rx+Ay; ‘
5) (A +r B)x = Ax +Rr Bx, where +p is addition of the /
field R /
6) (AB)x = A(Bx);
(7) 1x = x and 0*x = Owith I € R* and 0* € R+ are iden- //
tity element and neutral element of scalar multiplication, //’ N
respectively. | e .
/ /’/ /// (0,1,0)
Remark 2.7 From Definition 2.6 and Remark 2.5, we can see i //
that the set of interval numbers and the set of fuzzy num- 100
' ( ) )

bers in Zadeh’s sense together their two operations (addition
and scalar multiplication) are semi-linear spaces. We recently
defined the new addition and scalar multiplication for intu-
itionistic fuzzy numbers (IFNs), which are the basic elements
of Atanassov’s fuzzy sets Atanassov (1986) so that the set
of IFNs becomes a semi-linear space [(can see in Phu and
Hung (2018); Phu et al. (2019)]. In the next section, we
will extend these two operations for picture fuzzy numbers
(PFNs), which are also the basic elements of picture fuzzy
sets, such that the set of PFNs also becomes a semi-linear
space.

Definition 2.8 (Rudin 1976) A metric space is a set C
together a metric or a distance function, which is defined:

amappingd : C x C — R
x,yeCr—48x,y)eR

such that satisfy the following properties forevery x, y € C :

(1) é(x,y) >0ifx Zyand§(x,y) =0ifx = y;
(2) 8(x, y) =8(y, x);
3) §(x,y) <8(x,2) +8(z,y) withze C

Definition 2.9 (Rudin 1976) Let x € D C R, Suppose the

real-valued function f(x) is defined when x is near the num-

ber xo € D. Then, we define lim f(x) =L, or f(x) > L
X—>X0

as x — xo, and say that the limit of f(x), as x approaches
X0, equals L. Simultaneously, lim f(x) = L if and only
X—>X0

if for every ¢ > O there is a number § > 0 such that if
0<|x—x0| <dthen|f(x)—L| <e.

Definition 2.10 (Rudin 1976) Let {x,} C R be a sequence of
n real numbers withn € N. Then, we define that the sequence

{x,} has the limit L and is denoted by liT x, = Lorx, —
n——+0oo

L as n — +4o00. Simultaneously, if for every ¢ > 0O there is a
positive integer N such thatif n > N then |x, — L| < ¢.

@ Springer

Fig. 1 The image illustrating for Dy, which is the set of PFNs and
where the PFSs get values

3 Main result
3.1 The metric semi-linear space for PFNs

In this subsection, we will introduce some new concepts and
definitions such as a set of PFNs, a neutral element and a
reverse element of this set, new addition and scalar multi-
plication for PFNs. Then, we will prove this set together the
new two operations to become a semi-linear space by veri-
fying that these two new operations satisfy the seven axioms
in Definition 2.6.

For convenience, we put x = (x1, x2, x3) instead of x =
(tx» Nx, Vy) in Definition 2.2.

Definition 3.1 Let x = (x1, x2, x3) be an any PFN, then the
following set

Dy = {x = (x1,x2,x3)| 0 < x1 +x2 +x3 < 1}, (3.1
is called the set of PFNs. Where x| = uy € [0, 1] correspond
to a membership degree of x, xo = n, € [0, 1] correspond

to neutral-membership degree of x, and x3 = v, € [0, 1]
correspond to non-membership degree of x.

In this study, we describe a PFN as an ordered non-negative
triples (xp, x2, x3) in D;‘ c [0, 17°. In addition, any PFN
x = (x1, x2, x3), we have a box B, C D; and is defined as
the following form:

By ={(v,w,u)l0 <v <x,0 <w <x2,0 <u < x3}.

Illustrations for D’gf and an element x = (xq, x2, x3) in DZ,‘
are shown in Figs. 1 and 2 .

Definition 3.2 The reverse element of x = (x1, x3, x3) in Dz
is the element X = (x3, x2, x1) in D;. Simultaneously, the
neutral element in D; is6 = (0, 0,0).
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A

0,0,1
( ) ’,x = (xl,xz,x3)

(1,0,0)

Fig. 2 The box B, and a geometric interpretation of PFN x =
(x1, x2, x3) in D}

For two base operations of PFNs, addition and scalar mul-
tiplication, Wei provided these two operations in item (2.) and
(4.) of Definition 2.3 [(can see in Wei (2017)]. However, they
have many limitations to help the set of PFNs that become a
semi-linear space. To see these limitations, we will test these
two operations with the seven axioms in Definition 2.6.

Proposition 3.3 Let two operations, addition and scalar mul-
tiplication with nonnegative reals, be defined:

e The addition: every two PFNs x,y € D;,‘ with x =
(x1, x2,x3)andy = (y1, ¥2, ¥3), there correspond a ele-
mentx @y € D;,“ and x ®y = (x1 + y1 — x1y1, X2)2,
x3y3) , where addition is denoted by @,

e The scalar multiplication: for a PFN x € D;j with
A > 0, there correspond a element Lx € D; and

Ax = (1 — (1 =xD*, x%‘, xk).

Then, they satisfy the following properties for every x, y, 7 €
D;andk,ﬂ >0:

1) x@(Y®)=xdy) Dz
R)Yxdy=yodx;

B) AxDy)=rx D AY;

4.) Ap)x = A(Bx);

) 1x =x.

Proof Let x = (x1,x2,x3), y = (y1,¥2,¥3), and z =
(z1, 22, z3) be the PFNs and A, 8 > 0. We obtain

L)yxe(y®2)=x& (1 +2z21 —yiz21. y222, ¥323)
=1+ Otz —nz)
—x1(y1 +z1 —y121), X2y222, X3Y323)
=@ +y+z1—yiz

—X1y1 — X121 + X1Y121, X2Y222, X3Y323)

= ((x1+y1 —x1y1) + 21
—z1(x1 + y1 — x1y1), X2y222, X3y323)
=xPy) Dz

2)x@y=(x1+y1 —x1y1, X2y2,X3¥3)
= (y1 +x1 — y1X1, y2x2, y3x3) = y D X;

(B) Ax@y) =A(x1 +y1 —x1y1, *2y2, X3)3)
= (1 — (1 —x; =y + 21D (2y2)* (X3y3)’\)
= (1= @ = =yt Gyt 3t
= (1= A =x (=) 3d 6h))
= (11— A=t ==yt =1+ (=t
+ (1= ) = (1= x)* (1= 3t xhyg, ¥h))
=(1-a-x* . )
69(1 — (1 =y ¥h. y%)

= Ax @ AYy;

@) 0p)x = (1— 1 —x*, 2P, xgﬂ)

(
(1 — (1 —x), P x3“‘)
Y

(1 — (=140 =x), (’g)k’ ()@*)

(Bx);

G)lx=(1-(1—x)l x}, x}) =1, 22, x3) =x. O

Remark 3.4 In Proposition 3.3, we show the five axioms that
Wei’s two operations satisfy in the seven axioms of Def-
inition 2.6. We now analyze the limitations of these two
operations. Firstly, (D¥, &) is not a commutative cancel-
lation semi-group with its neutral element because the D;‘
together the addition @ in Proposition 3.3 has no a neutral
element in D;. This means that there is no neutral element
0* in D; such that x @ 0* = x with x € D;. Indeed, let
us assume that there exists a 0* element in DZ,‘ such that
x @ 0* = x with 0* = (104, N0, Vo) and x = (xy, x2, x3).
We get

=X Hox =0
=x2 = ynox =1

X1+ ok — X110x
X210

X3V0x =x3 Vo =1

However, 0* does not belong to D; since [Lox + Mo +
vox = 2 > 1, this contradicts the original assumption.
Therefore, the neutral element does not exist in (D;, ®).
Secondly, because 0* = (0,1,1) ¢ D}, Ox ¢ D,

@ Springer
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where 0 is neutral element of field R. Indeed, we see that
Ox = (1 — (1 =x)°, xg, x;) (0,1,1) = 0*. Finally,
the scalar multiplication in Proposition 3.3 does not satisfy
the axiom “distributivity of scalar multiplication concerning
field addition”, which means that the axiom (v) of Defini-
tion 2.6 does not satisfy. Indeed, let x = (x1, x2, x3) be a
PFN and A, 8 > 0. Then,

O B = (1= (1 — ) GH30, () (45
=(1-a-x

hx 4 fx = (1= (1= xph, x5, x5)
(1= (=2, o, o)

- (2— A —x)* = A =x)f, x5 +x2,

A A
YO OB +ﬁ)).

x§‘+x§).

Therefore, (A +r B)x # Ax +r Bx in general. For example,
let x = (0.25,0.25,0.25) and A = B = 2. We get

Q+2)x = (1 —(1-025)% 0.25% 0.254)
— (0.6836, 0.0039, 0.0039).
2x 4 2x = (1 — (1 =025, 0252, 0.252)

+ (1 —(1-0.25)2, 025, 0.252)

= (0.4375, 0.0625, 0.0625)
+ (0.4375, 0.0625, 0.0625)
= (0.875, 0.125, 0.125)

and (2 + 2)x # 2x + 2x. Thus, from the above limitations,
we come to the conclusion that the set D; together two base
operations, addition and scalar multiplication, in Proposi-
tion 3.3 is not semi-linear space. Therefore, we will provide
new two operations that make Dj to become a semi-linear
space in what follows.

Definition 3.5 Let m elements x(V, x@ x@® iy
DZ,‘. Then, the geometric addition, denoted by ®,, of these
m elements is a PFN y = x® Dy x@ Dy ... By xM if it
exists, such that

OO )
om—p—1 ’

xil)+x§2)+--~+x§m)
y = om—p—1 ’

OO NG
om—p—1 ’

where p is the number of elements x® =(0,0,0) =0, k =
1,2, ..., m and satisfy

(a) <x(l) D, x@ Dy ... By x<")> D, xtD Dy ... By x (™

@ Springer

(1) ) (m)
_ +X1 + ° +x]
- om—p—1 ’
Y C B O RO SN C SN L
om—p—1 ’ om—p—1 ’

b xV @ x?P @, .. @ x"V @, (x(") Dg .. By x<’">)

_( x4 x @y g

)

om—p—1

(l) 2)

P
om—p—1 ’

+x§2)+ : —l—xém) xél)

om—p—1

withn < m.

Corollary 3.6 Ifthe geometric addition in Definition 3.5 of m
elements x(V, x@ x® xm iy DZ,‘ exists, then

(1) We have a binary addition operation of two elements x =
(x1,x2,x3) and y = (y1, y2, y3) in D; as follows:

(3.2)

_(x1ity1 x2+y2 X3+ 3
x@gy— 21_17 ’ Zl_p ’ 21_[7 ’

where p is the number of neutral elements 0 = (0, 0, 0)
in this addition, p = 2 when x =y =60, p = 1 when
x=0,y#0orx #0, y=0,and p =0whenx # 0
andy # 0.

(2) Let x = (x1,x2,x3), ¥y = (¥1,y2,¥3), and z =
(z1, 22, 23) be PFNs, then we have

(X Bgy) By z=x B (y Dg 2).

Proof Let us suppose that the geometric addition in Defini-
tion 3.5 of m elements xV, x@ x@® . xmjp Dy exists.
(1) with m = 2, we get

)]

(1)
+x
@ @ - 1
X Dgx —( n—p—1

RO N O BN
22—p—1 * 922-p-1

B (1)+x2 (1)+x2 (])+y(2)
B 2l=p 7 2l=p 7 2l=p 7
we substitute x()' = x = (x1,x2,x3) and x?® = y =

(1, y2, y3). Thus, we obtain

(X1t y1 xa+y2 X343
X @gy = 2l=p * 2l-p 7 2l-p
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(2) From conditions (a) and (b) withm = 3 and n = 2, we
obtain

(9] 2) 3)
(x Dg x )EB X

(l)+x(2)+x(3) (1)+x(2)+x(3) (1)+x(2)+x(3)
= 23—p—1 ’ 23—p—1 ’ 23— p—1
xV @, (x@ @, x®)
(1)+x(2)+x(3) (1)+x(2)+x(3) (1)+x(2)—|—x(3)
= 23—p—1 ' 23—p—1 ' 23—p—1

= <x<1> D, x<2>> @@ =x @, (xa) D, x<3>)

we substitute x(V = x (x1,x2,x3), x® = y =
(1, y2, y3), x¥ = z = (21, 22, z3) and the proof is com-
pleted. O

x™ in Dy.
Then, there is an element y in D;,k such that y = x Dy
x@ Dy ... Dy x ™ with

Theorem 3.7 Letm elementsxV, x@ x® |

xél) + xéz) _|_ o + xém)
’ om—p—1

3

(1) + x(z) +- 4 x{m)
om—p—1

(l)+x(2)+ +x(m)
2m—p—1 ’

where p is the number of elements x® = 0,0,0) =0, k=
1,2,....m

Proof We will prove this theorem by mathematical induction
method. Indeed, with m = 1, this theorem is true because we
alwayshave x = (xq, x2,x3) € D; and0 < x| +x2+x3 < 1.
Next, let us assume that this theorem is also true for m — 1
elements x(D, x@ x@® . xm=Dj, D;‘. Finally, we need
to prove the theorem is true for m elements. From inductive
assumption, we obtain an element z in D; such that z =

x Dy x@ Dy ... By x ™= with

- x§1)+x§2)+_“+xim—1) x§1)+x£2)+
L= 2(m—1)—p—1 ’

2(m—1)—p—1
x§1)+x§2)+--~+x§ml)>

(m—1)
+ X,

5

2(mfl)fp71

where p is the number of elements x® = 0,0,0) =0, k=
1,2,...,m — 1. Because z € D;, we have

(1) (2 (m—1) (1) (2 (m—1)

0 < +x7 A+t +x7 X,
- 2(m—1)—p—1 2(m H—p—1
(1) 2 (m—1)
R M s (3.3)
2(m—1)—p—1 - :

To prove an element y in Dy such that y = W, x? @,
o @ xMD @, x™ with

( (1)+x(2)+ +x(m) (m)
y =

(])+x(2)+ )
om—p—1

’

2m—p—1

OSNC IS0
om—p—1 ’

where p is the number of elements x® = 0,0,0) =0, k=
1,2, ...,m — 1, m. We need to show that

(1) +x(2) 4o +x§m)
om—p—1

(1)

+x® g
< T + 2

2§V x4 x

2mp1

Indeed, with case p = m : We have

D =@ O =) ) g (0,0, 0)

5y =xD @, x® @y x® @y By x D @y ™
=6 =(0,0,0)

= y=0¢ Dy
With case p = m — 1 : We have

D@ o G GED O

=60=1(0,0,00andx" £06, jeT,m

o+ x40
=y= om—(m—1)—1 ’
O+ +x +-- 40
om—(m—1)—1 ’

O+ 4+x 4.

om— (m—1)—1

((J) () (/))
- X2

+o)
Sy =xD @, x® @, x®
Dy - Dy xm=1 ® xm — ()
= y=x" e D} with j € T,m.

With case 0 < p < m — 2 : From Eq 3.4, we have (Fig.
3)
x4 x® 4o g gD
- 2(m—1)—p—1
(1>+x(2>+”_
2(m H—p—1
(l) (2) (m—1)
+Xx37 A X -1
2(m—1)—p—1 -

+x£m7|)
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K= (X1, %7, %3)

(1,0,0)

Fig.3 Geometric interpretation of binary addition operation x &g y =
z € Dy of the GPFNs in Definition 3.5, with both x and y are different
0

xfl)+x§2)+_._+x§m—])+(x§m)_xfm))

2(m—1)—p—1+(1-1)

xél) +x§2) 4. +x§m71) + ()an) _xém))
+ 2(m—=1)—p—1+(1-1)

xél)+x§2)+.“+x§m71)+(x§m)_x:gm)) -

=0<

+ 1.

2(m—=1)—p—1+(1-1)
() 2) (m—1) (m) (m)
o< d Yt O —x)
- 2m=p=172-1
xél) + xéz) + -+ x;m_l) + (xém) — xém))
+ 2m=p=1 -1
x;l) +x§2) 4o +xgm—l) + (xém) _ xém)) 1
+ 2m7p71.271 =L
xl(l) + xl(z) + -t xl(m_l) + (xfm) - xl(m))
=0<
- om—p—1
xél) +x;2) +“.+x§m71) n (xém) _xém))
+ om—p—1
xél) + xéz) +-+ xém_l) + (xém) — xém)) - 1
+ om—p—1 - E
x{l)+x§2)+.“+x§m71)+x§m)
=0=<
- om—p—1
B I
+ om—p—1
x§l)+x§2)+~~~+x§m7l)+x§m)
+ om—p—1
xl(m) +x§m) +x§m) 1
<4 "2 73
- om—p—1 2
(D 2) (m—1) (m)
o<ty Y
- om—p—1
s +x§2) +oe- +x§m7]) +x{"
+ 2m—p—1
xél)+x§2)+m+x§m—1)+x§m)
+ om—p—1
1 1
=< m—p=1 + 5 <1
o the proof is completed.
So the proof pleted O
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Definition 3.8 Let x = (x1, x2, x3) be a PFN and A € RT,
then the scalar multiplication, denoted by ©,,is a PFN y =
A ©g x such that

y = (Ax1, Ax2, AX3)

and 0 < Axy + Axp + Axz < 1.

In our first idea, when we came up with this scalar mul-
tiplication, we only consider A € [0, 1], because we want to
make sure A Og x € D;. However, we realize that there are
many cases A € RT (maybe expand further), but the results
still belong to D¥, for a simple example, with A = 10 and
x = (x1, x2, x3) = (0.004, 0.0065, 0.0009) € Dy then 2 O
x = (A.x1, A.x2, A.x3) = (10 x 0.004, 10 x 0.0065, 10 x
0.0009) = (0.04, 0.065, 0.009) = (z1, 22, 23) = z, we can
see that z belongs to Dz,‘ because 0 < z; +zp +z3 < 1.

Theorem 3.9 Let x = (x1,x2,X3), y = (1, ¥2, ¥3), and
z = (21, 22, 23) be three PFENs and ), B € R, then

(1) x®gy=yDgx;

2) P y) Pgz=xDg (y Dg 2);
(3) x®y 0 =x;

4) A@g(xGagy):)\@ngBg)\t@gy;
5 A+ PB)Ogx =A20gx + B Og x;
(6) (A.B) Ogx =L 04 (B Og x);

(7N 10gx=xand0 0y x =0.

Proof From the addition in Definition 3.5 and scalar multi-
plication in Definition 3.8, we have:

(1) According to the item (i) of Corollary 3.6, we get

(x1+y1 x4+ x3+y3)
x@g = 5

21=p 7 21=p 7 2l=p
(it xt o y2+x y3+x3
S\ 2l=p 7 21-p 7 2lp
=y g x.

(2) This is the result of the item (ii) of Corollary 3.6.

(3) According to the item (i) of Corollary 3.6 with x # 6 =
(0, 0, 0). Because in the formula x @, 0, there is a zero
element (8 = (0,0,0) € D;,") so p = 1 and we get

x1+0 x2+0 x34+0
X@g9:<21—1 Y Ry e )

= (x1, X2, X3) = X.

(4) According to the item (i) of Corollary 3.6 and scalar
multiplication in Definition 3.8, we get

X1+ )1
21=p

)

X + X3 +
AOg(xGBgy):k@g( 2+ 2 X3 y3)

21=p > 2l—p
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X1+y1 . x2+y2 x3+y3
=X LA s
21-p 21-p 21-p
[ Axi+ Ay Axa+Ayr Axz+Ay3
o 21=p 7 2l=p 7 pl-p

(5) According to the scalar multiplication in Definition 3.8,
we get

A+ B) Og x = (A + B)x1, (A + B)x2, (A + B)x3)
= (Ax1 + Bx1, Axz + Bx2, Ax3 + Bx3)
= (Ax1, Axa, Ax3) + (Bx1, Bx2, Bx3)
=A0gx + B O x.

(6) According to the scalar multiplication in Definition 3.8,
we get

(AB) Og x = ((AB)x1, (AB)x2, (AB)x3)
= (ABx1, ABx2, 1Bx3)
= A Qg (Bx1, Bx2, Bx3)
=) Og (B Qg X)

(7) According to the scalar multiplication in Definition 3.8,
we get 1 ©g x = (1.x1, Lxp, 1.x3) = (x1,x2,x3) = x
and 0 ©g x = (0.x1, 0.x2, 0.x3) = (0,0,0) = 6.

The theorem has completed proof. O

Theorem 3.10 Let the set of PFNs Dy in Definition 3.1, the
geometric addition ®g in Definition 3.5 and the scalar mul-
tiplication ©g in Definition 3.8. Then, (D}, ®,, Q) is a
semi-linear space.

Proof From Definition 2.6, we see that Theorem 3.10 is a
direct result of Theorem 3.9. O

Theorem 3.11 Let a mapping, denoted by H D be defined:
. * k
HD§ : Dg X Dg — R

(x,y) —> Hp:(x,y) = sup {lx; — yil}.
i€l,3

Then, (DZ,‘, H D;) is a metric semi-linear space.

Proof First of all, we need to prove that the mapping H D}
is a metric on D;. Indeed, for any x,y € D; with x =
(x1,x2,x3) and y = (y1, y2, y3), we have

ey

Hp:(x,y) = sup {|x1 — yil, [x2 — y2l,
lx3 —y3l} >0

withx # yandif x =y,

Hp:(x,y) = sup {|x1 — yil, [x2 — ya,
lx3 — y31} = sup {0, 0, 0} = 0;

(2) Hps(x,y) = sup {lxi —yil} = sup {lyi —xl} =
i€l,3 i€l,3
Hp:(y, x);
3

Hp: (x, y)=sup {|x; — yil}=sup {|lxi—zi+zi — yil}
) i€l,3 iel,3
< sup {lx; — zil + lz;i — yil}
iel,3
sup {|x; — zi|} + sup {lzi — yil}
iel,3 iel,3
= Hpy(x,2) + Hp;(z, y) with

IA

z=(z21,22,23) € Dy.

From Definition 2.8, we obtain that the mapping H, D} is a

metric on D;. Thus, (D;, H Dif) is a metric space. O

Definition 3.12 Let x = (xq, x2, x3) and y = (y1, y2, ¥3) be
two PFNs. We define the order relations between these two
PFNs as follows:

Type 1: x <1 yin D; iff it satisfies x; < yy, xo < y2, and
X3 < y3.And, D; = {(x,y) € D} x Dilx < y}.
Type 2: x <2 yin D’Sf‘ iff it satisfies y; < x1, x2 < y2, and
x3 < y3.And, Dy = {(x,y) € Dz X D;|x <2 y}.
Type 3: x <3 yin DZ,‘ iff it satisfies x; < y1, y» < x2, and
x3 < y3.And, D3 = {(x,y) € D;‘ X D;|x <3 y}.
Type 4: x <4 yin D;‘ iff it satisfies x; < y;, x2 < y2, and
v3 < x3.And, Dy = {(x, v) € Df x Dilx <q y}.
Type 5: x <5 y in D;‘ iff it satisfies y; < x1, y2 < x2, and
x3 < y3.And, D5 = {(x,y) € Dy x Dglx <s y}.
Type 6: x <g y in D;," iff it satisfies y; < x1, x2 < y», and
v3 < x3. And, Dg = [(x,y) € D} x Dilx <q y] .
Type 7: x <7 y in Dy iff it satisfies x; < y1, y» < x2, and
y3 < x3.And, D7 = {(x, y) € Dg x Dglx <7 y}.
Type 8: x <g y in DZ,‘ iff it satisfies y; < x1, y2 < x2, and
y3 < x3.And, Dg = {(x, y) € D; X D;|x <3 y}.

Definition 3.13 Letx = (xj, x2, x3) and y = (y1, Y2, y3) be
two PFNs. We define the geometric difference between these
two PFNs as follows:
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Case ITf (x,y) € Dyand 0 < Y3_, |y; — x;| < 1, there
correspond a element y ©g1 x € D; and y ©g1 x =
(y1 — x1, Y2 — x2, y3 —x3), where geometric differ-
ence denoted by Og1;

Case 2Tf (x,y) € Dyand 0 < Y3_ |y; —x;| < 1, there
correspond a element y ©g x € D;“ and y ©g2 x =
(x1 — y1, Y2 — x2, y3 — x3), where geometric differ-
ence denoted by ©2;

Case31f (x,y) € D3and 0 < 25:1 lyi —x;| <1, there
correspond a element y Og3 X € D’Sf and y Og3 x =
(y1 — x1, x2 — y2, y3 —x3), where geometric differ-
ence denoted by ©,3;

Case41f (x,y) € Dgand 0 < Z?:l lvi —x;| <1, there
correspond a element y Og4 X € D;‘ and y Ogq4 x =
(y1 — x1, y2 — x2, x3 — y3), where geometric differ-
ence denoted by Og4;

Case 5Tf (x,y) € Dsand 0 < Y3, |y; —x;| < 1, there
correspond a element y ©g5 x € D; and y ©g5 x =
(x1 — y1, X2 — y2, y3 — x3), where geometric differ-
ence denoted by Ogs;

Case 6 If (x, y) € Dgand 0 < Z?:l lyi —x;| <1, there
correspond a element y ©g6 x € Dy and y Og6 x =
(x1 — y1, Y2 — x2, x3 — y3), where geometric differ-
ence denoted by Og6;

Case 7 1f (x,y) € Dyand0 < Y3, |yi —x;| < 1, there
correspond a element y ©g7 X € D;f‘ and y ©47 x =
(y1 — x1, x2 — y2, x3 — y3), where geometric differ-
ence denoted by ©,7;

Case 81f (x,y) € Dgand 0 < Y2_ |y, —x;| < 1, there
correspond a element y Og8 x € D; and y Og8 x =
(x1 — y1, x2 — y2, x3 — y3), where geometric differ-
ence denoted by ©,s.

8
In conclusion, every two PENs (x,y) € U Dy, and there

k=1
existsaelement yOgrx € D;f withk € {1,2,3,4,5,6,7, 8},

then we say that there exists a geometric difference y ©, x
(with symbol ©,).

Definition 3.14 Let x = (x1, x3, x3) and y = (y1, y2, ¥3) be
any two PFNs. Then, the geometric difference, denoted by
Oy, between these two PENsisaPFN z = y ©, x, if it exists,
such that

z=(ly1 — x1l, [y2 — %21, [y3 — x30)

Theorem 3.15 The concepts of geometric difference in Defi-
nition 3.13 and in Definition 3.14 are the same.

Proof Let x = (x1,x2,x3) and y = (y1, y2, y3) be any
two PFNs. Assume that the geometric difference between
these two PFNs in Definition 3.17 exists, this means that
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there is a PFN z = y ©, x belonging to D;‘ and 7 —
(Iy1 —x1l, ly2 — x2|, |y3 — x3]) . Because z € D}, we have
0< Y7 lyi—xl<1land

Case 1 7z = (y1 —x1, y2—x2, y3 —x3) if x1 < 1,
x3 < y7, and x3 < y3 are equivalent to (x, y) € Dy;
Case 2 z = (x1 —y1, y2 —x2, y3—x3) if yi < x1,
X3 <y, and x3 < y3 are equivalent to (x, y) € D»;
Case 3 z = (y1 —x1, x2 —y2, y3 —x3) if x1 < yy,
y2 < x2, and x3 < y3 are equivalent to (x, y) € D3;
Case 4 7 = (y1 —x1, y2 —x2, x3 —y3) if x1 < i,
x2 < y2, and y3 < x3 are equivalent to (x, y) € Du;
Case 5 z = (x1 —y1, X2 —y2, y3 —x3) if y1 < xq,
y2 < x2, and x3 < y3 are equivalent to (x, y) € Ds;
Case 6 z = (x1 —y1, y2 —x2, x3 —y3) if y; < x1,
x2 <y, and y3 < x3 are equivalent to (x, y) € Dg;
Case 7 z = (y1 —x1, x2 — y2, x3 —y3) if x1 < yy,
y2 < x2, and y3 < x3 are equivalent to (x, y) € D7;
Case 8 z = (x1 —y1, X2 —y2, x3—y3) if y1 < xy,
y2 < x2, and y3 < x3 are equivalent to (x, y) € Dg.

Therefore, the concept of geometric difference in Defini-
tion 3.13 and Definition 3.14 is equivalent. O

Theorem 3.16 Let x = (x1, x2,x3) and y = (y1, y2, y3) be
two PFNs. Then, we have the following properties:

(1) x©gx=0;

(2) If z = y ©g x exists, it is unique;

(3) If y ©g x exists, then x Og y existsand y Og x = X Og y;
(4) If y©gx=x0gy =60, theny =x;

Proof For property (1), we have x ©, x = (lx; — x1l,
|x2 — x2], |x3 — x3]) = (0,0,0) = 6. For property (ii),
assume that we have two PFNs 4 = y ©, x, ¢ = ¥ &,

x and h # g, then (|y; —x1l, [y2 —x2l, |y3 — x30) #
(Jy1 — x1l, |y2 — x2,|y3 —x3|). For convenience, we
rewrite |y; — x;| # |yi — xi| with i € {1,2,3}. Case 1,
if x; < y;, then

lvi —xil # lyi —xil = yi —xi # yi —x; = 0 7% 0 with
ie{l,2,3}.

Case 2, if y; < x;, then

lvi — xil # lyi —xil = xi —yi #x —yi = 0% 0with
ie{l,2,3}.

both cases 1 and 2 contradict the above assumption. Thus,

we get h = g. For property (3), suppose that y ©g x exists,
we have

YyOex = (ly1 —x1l, ly2 — x2l, [y3 — x30)
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= (lx1 = y1ls [x2 = y2l, [x3 — y3)) = x Sg y.

To property (iv), suppose that y ©, x = 6, we have

(Iy1 = x1l, [y2 = x2l, lys —x3)) = (0,0,0) = |yi — x|
=0=y
= x; withi € {1, 2, 3}.

Thus, we get x = y. O

Definition3.17 Let x and y be two PFNs with x =
(x1,x2,x3) and y = (y1, y2, ¥3), then there correspond a
element x ®, y € D; and x ®, y = (xX1y1, X2¥2, X3¥3),
where multiplication of two PFNs is denoted by ®,.

Theorem 3.18 ®, in Definition 3.17 is well defined, i.e., let
x and y be two PFNs, then x ®, y also is a PFN.

Proof To prove this theorem, we need to prove that if a €
[0,1] and b € [0, 1], where a and b are two real numbers
then a.b € [0, 1]. Indeed, Putting a = % and b = g which
n, m, p, and g are positive integers. Since a € [0, 1] and
b € [0, 1], we obtain n < m and p < g. Simultaneously,
we also have n.p < m.q because they are positive integers.
Thus, we obtaina.b = & .2 = L ¢ [0, 1]. Hence, let x and
y be two PENs with x = (x1, x2, x3) and y = (y1, y2, y3),
wehave 0 <x;1+x0+x3 <1,0<y;+y»+y3 <1, and
0 < (x1+x24+x3).(1 +y2+ ) < 1. With (x; + x2 +

3 3
x3).(v1 +y2+y3) = 3 2 Xiyj, we have

303
0 <x1y1 +x2y2 +x3y3 < szi)’j =1L
i=1 j=1

Furthermore, since x; € [0,1] and y; € [0, 1] with
i € {1,2,3}, we get x;y; € [0, 1]. Therefore, x ®, y =
(x1y1, x2y2, x3y3) is a PFN. O

3.2 The geometric picture fuzzy functions

In this subsection, we study the picture fuzzy functions
(PFFs), which are the functions related to PFNs, with a real
domain. Let

fiICR— D;
t— f(@) = (fi(), f200), f3)),

where 0 < f1(t) + f2(t) + f3(t) < 1. We call f(r) is geo-
metric picture fuzzy functions (GPFFs) in Dg. In classical
mathematics, the limit of a function or sequence of numbers is
a fundamental concept in calculus and analysis that involves
the behavior of that function or sequence of numbers near a
particular input. It is the main tool for the development of

important properties in the theory of calculus such as conti-
nuity, differentiable, integrable, etc. In the following, we will
present definitions and properties for the limit of GPFFs and
the sequence of PFNs in detail.

Definition 3.19 Let f(z) = (f1(t), f2(¢), f3(t)) be a GPFF

fort € I C R. If the limits of component functions exist,

ie., lim fi(¢) = Ly, lim f>(¢t) = L, and lim f3(¢) = L3,
t—1 1—1 1—1

such that (L1, Ly, L3) € D?¥ , then we define the limit of

f(t) as follows:

tlgrrt}) f) = (tlgr% 1), tli_)Hth f2(1), tlijt}) fs(t))
= (L1, L2, L3) = L.

Lemma3.20 Let f(t) = (f1(t), f2(t), f3(t)) be a GPFF
fort € I C R. If the limit of f(t) exists for all t € I and
tli_)ntl f(t) = a*, where a* = (a1, ap, a3) , then a* is PFN.

0

Proof Suppose that the limit of f(r) exists for all # € I and

llintl f(t) = a*. From Definition 3.19, we have llirrtl fi(t) =

—1o —1o

ai, lim f>(t) = az, and lim f3(f) = a3. Because f(¢) is a
1—1 t—1

GPFF forallr € I, we get 0 < f1(¢) + fo(t) + f3(¢) < 1
and 0 < f1(r) < 1,0 < fo(r) < 1,0 < f3(t) < 1. Putting
g@®) = fit) + fo(t) + f3(¢), then g(¢) is a real-valued
function and 0 < g(t) < 1 forallr € I. Thus, with ty € [
we have

0<1limg() <1 0< lim (f1(1) + f2(0) + f3(1) <1
t—1y t— 1o
< 0 < lim f1(r) + lim f>(t) + lim f3(¢)
=1 t—1 t—1
<1=0<a +ay+az3 =1

At the same time, since 0 < f1(¢) < 1,0 < fo(t) <1, and
0 < f35(t) <1,then0 < llthl fi) = 1,0 < tlintl f2(t) <
—1 —1o

1, and 0 < tlintl f3(t) < 1 with oy € I. Thus, we obtain
—1o

0<a <1,0<a < 1,and 0 < a3z < 1. Therefore,

a* = (ay, az, az) is a PEN. O

Theorem 3.21 Ler f(t) = (f1(¢), f2(t), f3(t)) be a GPFF
witht € I C Rand L = (L1, Ly, L3) be a PFN. Then,
tlirrtl f(@) = L if and only if for every ¢ > 0 there is a
—1y

number § > 0 such that if 0 < |t — to| < §, then
Hp: (f(1), L) <.
Proof Let f(t) = (f1(t), f2(t), f3(t)) be a GPFF and L =

(L1, Ly, L3) be a PEN.
Necessity: Suppose that lim f(r) = L, then lim f(¢)
t—1o t—to

exists, by Definition 3.19 we get
llgntlo f@ = (llg% fi(@), zlinzlo fa(t), tll>ntlo f3(t)>
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= (Ly, Ly, L3) =L

and zli—>nz10 fi(®) = Ly, rli—>nzlo fo(t) = Ly, and tli—>nllo fa(t) = L.
Because these limits of the component functions are limit
of real-valued function, by Definition 2.9, for every ¢ > 0
there exists §; > 0, §p > 0, and §3 > O such that if 0 <
[t —t9] <8y then |f1(t) — L] <e¢,if 0 < |t —1ty| < > then
[f2(t)—La| < &,andif 0 < |t —19| < 83 then | f3(r) — L3| <
. Putting 6 = min{§1, 2, 83}, then if 0 < |t — 19| < §, we
have

Hp; (f(0). L) = sup {|f; = Lil} < sup(e.e.¢} = e.
iel,3

Thus, for every ¢ > 0 there exists § > 0 such that if 0 <
|t —t9] <6, then HD;; (f(),L) <e.

Necessity: Suppose that for every ¢ > 0 there exists § > 0
such that if 0 < |t — 19| < 8, then

Hp: (f (1), L) = sup {|fi — Lil} <.
iel,3
Thus,if0 < |t—1y| < §,then|f; — Li| <¢,|f2 — La| < &,
and | f3 — L3| < ¢. By Definition 2.9, we have tlintl fi(t) =
—1o
Ly, lim f>(¢t) = L3, and lim f3(¢) = L3. And, by Defini-
t—1to t1—1
tion 3.19,

t—1

lim f(r) = (zh_>nz10 H@), lim f(6), lim f3(t)>
= (L1, L2, L3) = L.

m}

Definition3.22 Let f(n) = (fi(n), f2(n), f3(n)) be a
GPFF with n € N and put x® = f(n), then we define
that a sequence of PFNs, {x(l), x@ x®, ...}, is denoted by
{x(’”}neN or {x(")} for short.

Definition 3.23 Let {x(”)} C Dy be a sequence of PFNs

with n € Nand x® = (x{", ", x{"). If the lim-

its of component sequences exist, i.e., lim x;”) = xio),
n—400

lim " = x” and lim x{"
n—-400 n—-400

the limit of sequence {x™} as follows:

= xéo), then we define

lim x® =< lim x{",

n—+o0 n—-+00

= (xfo) Y, x§0)> =x0.

lim x{", lim x;">)

n— 400 n——+00

On the other hands, the sequence {x(") } is convergent in DZ,‘

if there exist x@ ¢ D; such that lim x® = x©,

n——+00

@ Springer

Corollary 3.24 Let {x(”)} be a sequence of PFNs withn € N

and x™ = (xfn), xé"), xé")) . Then, we have:

(1) If the limit of sequence {x(")} exists and lim x" =
n—-+00

@ = (X{O)’ xéo), xéo)) , then x© is a PFN;
2) lim x™ =x© if and only if for every ¢ > 0O there is

n—-4o0o
a number N € N such that ifn > N, then

HD§ <x("),x(0)> <e.

Proof The item (1) is a direct result of Lemma 3.20 when we
replace ¢ € I with n € N and put f(n) = x™. For the item

i1), suppose that lim x“"’ = x“"”, then the limit of {x
(ii), suppose that lim x™ = x©  then the limit of {x
n—+o00

exists, by Definition 3.23 we obtain lim ™ = x(o),
n——+o0o
here x© — ( © () (0)) 4 lim ™ — O
where x X)Xy, X3 ), an n—lI—I}—looxl X,
lim xé") = xéo), and lim xén) = x§0) . Because these
n—-400 n—-4o00

limits of the component sequences are limit of real numbers
sequence, by Definition 2.10, for every ¢ > 0 there exists
N1 € N, N € N, and N3 € N such that if n > N; then
|x§”) —x§0)| < g, ifn > Npthen |x§”) —x§0)| <g,andifn >
Ny then [x{" — x{”| < ¢, Putting N = min{Ny, Na, N3},

then if n > N, we have

Hp; (x(”),x(o)) = sg”xi(") — xl.(O)H <suple, e ¢} =e.
i€l,3

Thus, for every ¢ > 0 there exists N € Nsuch thatifn > N,
then Hpy (x™,x©) <.

On the contrary, suppose that for every ¢ > 0 there exists
N € Nsuch thatif n > N, then

) LO)) _ (n) 0)
HDZ;(x",x )—SlEHxi —X; Hfs.
i€el,3

Thus, if n > N, then ’x}n) —xfo)‘ < g, )xé") —xéo)’ <

g, and ‘xé") —xéo)’ < ¢. By Definition 2.10, we have
lim x” = x lim x" = x”, and lim x{" =
n—-+o0 n—+00 n—+00

xéo). And, by Definition 3.23,

lim x®™ =< lim xf"), lim xén), lim xé")>
n——+0o n——+00o n——+00 n—+00

= (xfo), 0, xéo)) =xO.
o

Theorem3.25 Let {x™}, [y®},
sequences of PFNs withn € N, where x® = (

and {z(”)} be the

xl(n)’ xén)’xén)) ’
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ym = (yf"), Y, yé’”), and 7 = (z}"), 25, zé’”),
respectively. We have the following properties:

(1) If the limit of{x(”)} exists, then it is unique;
) Ifx™ <; y™ withi € {1,2,3,4,5,6,7,8 andn > N,

which N is a fixed positive integer, and lim x™ =
n— 400
@ dim y® =3O then x© <; yO,
n——+o00

B) If x™ <; y® < 2™ with i € {1,2,3,4,5,6,7, 8}
and n > N, which N is a fixed positive integer,

and lim x® = lim ™ = L, where L =
n—-400 n—-400

(Ly, Ly, L3), then lim y™ = L.
n—-+oo

Proof For (i), suppose that x©@, y© e D} and x©@ # y©@

are two limits of {x(} . Forevery & > 0, since lim x™ =
n—>+00
0

x, there exists Ni € N such that if Vn > Nj, then

HD*( (n) x(o)) < g, and lim x® = y(0> there exists
n——+00

N> € N such that if Vn > Na, then Hp: (x™,yO0) < &

1 0 O
Let e = EHD; (x Y ) and N = max{Ni, N}, then
Vn > N, we obtain

©) -.(0) (n) (0
HD;(X Y )EHD§(X .Y )
+HD§ (x("), y(o)) < 2¢
— g (x© O
= Hp; (x Y ) .
This is a contradiction, so x@ = y(o).
For (2), we first consider the case i = 1, suppose that

x™ < y™ andn > N, which N is a fixed positive integer,
and lim x™ = x@,  lim y® = y© where x© =

n——+oo n——+00
<x§0) <0, ;0)) and y© — (y“”, 0, y§°>) , respectively.

From Definition 3.23, we have

(n)y _ (0)
=x

li li =

L ML

m 2™ — © lim ™ — O

Jm "= and i =0 G4
li (n) _ (0 li (n) )
RLIEAE RLIEE

J

j € {1, 2,3} are sequences in [0, 1] C R, so they converge
as sequence of real numbers. At the same time, x(”) <1 y("),
1.e., xf < yf"), (m) y(n), and xé”) Therefore,
we obtain x}o) < y © (O) < y(o), and x(o) < yéo), this
implies that x(© <, y(o). In a similar way, we can prove
casesi € {2,3,4,5,6,7, 8}.

For (iii), let us first consider the case i = 1, suppose that

x® <y < z0 andn > N, which N is a fixed positive

Because the component sequences {x(.") ] and iy;") } with

lim x™ = lim z® = L, where L =

n——+00o n——+00

(L1, Ly, L3) . From Definition 3.23, we have

integer, and

(n)

lim x = lim zl =1L

n—+00 n—+00

nlirﬂr—looxén) - ngr—ir-looZ( Y = L2 (35)
lim xé") = lim z3 = Ls.

n—+00 n—+o00

Since the component sequences {xﬁ")} , [ yﬁ.")} and {zﬁ")}
with j € {1, 2, 3} are sequences in [0, 1] C R, so they con-
verge as sequence of real numbers. Besides, x™ < y(") <1
Z(m () y(n) () én) < yén) ()

, e, x| <z, X <z, and
x(") < yén) < gn)_ Thus, we obtain
n—

lim y = Lj, and = L3. From the item (i)
n— 400 n
of Corollary 3.24, we obtain L € Dy and Definition 3.23 we
get lim y™ = L. In a similar way, We can prove cases
n—+00

ie{23,4,5,6,7,8). O

Theorem 3.26 Let {x(")} and {y(”)} be the sequences of
PFNs with n € N that possess limits as n — +00, where

x™ = <x](n),x§n),x§n)> and y(”) = (yl("),y("),y§")),

respectively. Then,

li (n)
ESHNEE

PR W) ] _ () ).
I lim [ @0 | = lim x @ lim 5
2. lim |[x®™ S, y® = lim x®™ Oy lim y,
n—+oo L i n—+00 n—+00
3. lim )\@gx<">]=)\@g[ lim x(”)];
n——+oo L n— 400
4. lim [x?W @, y™|= lim x™ @, lim y®.
n—-4oo L | n——+00 n—>+oo

Proof In each item of this theorem, the basic procedure is to
use Definition 3.23 and then, analyze the individual compo-
nent sequences using the limit properties which have already
been used to develop the real-valued functions. For (1.), from
the item (i) of Corollary 3.6, we get

. ( Wy
lim |[=—*—2L |

li [(n) (n)]:
im (x" @gy pim i

n— 400

(”)+y (")+y(") B i (n)+y
21=p ’ 21=-p - n—lr-ir-loo 21=p ’

xé") ~|—y£n) . (n) _|_y(n))

lim ————=—, lim
21=p

n——+o0o 21-p n——+oo

lim x1
n—-400

+hmy

n——+0o

21=p '

lim xé") 4+ lim yé”) lim x
n——+00 n—+00 n—+00

21=p ’

+11my

n—+00
21-p
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=( lim x™, lim x{", lim x§">>

n—4o00 n—-+00 n— 400

n——+o00 n—+400 n—-+00

eag( lim y™. lim ", lim y§">)

= lim x™ @, lim y®™.

n——+00 n—-+00

For (2.), from Definition 3.13, we get

Case 1 If (x("), y(”)) € D forall n € N, then xfn) <

(n) _(n) (n) ;n) (n)

Y Xy <y, ,andx; < y;’ and

lim [x(") OS¢ y(n)] = lim (yfn) —x%n), yén)

n—+00 n—-+00
_ ) (")) _ li (n) _ li (n)
A0 ) = (o =t

: (n) : (n) : (n) : (n)
1 — 1 1 — 1
i ) i 0 7 )

:< lim x™, lim x{", lim x;">> O

n——+00 n——+00o n——+00

<1im y”, lim ", lim ygn))

n——+00 n——+00 n—+00

= lim x™ o, lim y™.

n——+00 n——+00

Case 21f (x™, y™) € D, forall n € N, then y\" <

(n) (n)
X

, xé") <y, ,and xé") < ygn) and

lim [x(m S¢ y(n>]

n——+00

= lim (x{n) — yin), yén) — x§n>, ygn) — xén)>

n—+00

:( lim ™ — lim y™ lim Y~ lim xY,

n—+00 n—+00 n——+0o n—+00o

lim yé")— lim xén)):( lim x](n), lim xén),

n——+00 n——+00 n—+0o00 n——+00
lim x{" lim ™. lim . lim ™
n——+00 3 Gg n—>+ooy1 n—>+c>oy2 n—>+c>oy3

= lim x® g lim y .

n——+oo n——+o00

Case 3,4, 5, 6,7, 8 With (x(”), y(”)) € D3, (x(”), y(”)) €
Dy, (x™, ™) € Ds, (x™, y®) e Dy, (x®, y) e
D7, and (x("), y(")) € Dg, respectively. We also demon-
strate a similar way.

For (3.), from Definition 3.8, we get
lim [A Oy x(")] = lim (Axf"), }»xé”), Axé")>
n—-+4oo n——4o0o

:< lim Ax(™, lim Axy”, lim u§'”>
n—-+00 n—-+o00 n—-+00

:(A lim x{”),k lim xé"),)» lim xén))

n—+00 n——+00 n—+00

@ Springer

+o00 n—+4o00 n—>-+o0o -~
=20 | lim x™|.
n—+0o00

For (4.), from Definition 3.17, we get

=10, (ngm ™, Tim x$) lim x§”>)

lim [x(") ®g y(”)] =

n—+00

m (700" 57

li
n— 400

— lim x™ (n)’ lim x™ (n)’
<n—:+ooxl yl n—>+oox2 )’2

lim xén)ygn))

n—+00

:( lim xf"). lim y](”),

n——4oo n—-+00

()

lim V. lim y;". lim . lim yg">)
n—-+00

(n)
n—-+00 2

n—-+00 n—+00

:< lim x™, lim x{",

n—+00 n—+00

lim xé")> ®g< lim y{n), lim yé"),

n——+00 n——+00 n—+00

lim yg'))

n—+00

= lim x"™®, lim y®.

n—+00 n—+00

m}

In classical mathematics, the completeness of a metric
space is an important property because if this space is incom-
plete, then the limit operation will be meaningless and it is
not entirely well-behaved metric space. Therefore, we will
demonstrate that the metric semi-linear space of PFNs is
complete in the following.

Definition 3.27 Let {x} be a sequence of PFNs with
n € N. In the metric space (D;,‘, HD2>, {x(h)} is a Cauchy

sequence if for every ¢ > 0 there is a number N € N such
thatif m, n > N, then

HD§ (x(m),x(")) < e.

Theorem 3.28 (DZ,‘, Hpg) is a complete metric space.

Proof Suppose that {x(") }n < is a Cauchy sequence of PFNs
in (D;, HD;i) , where x™ = (xf"), xé"), xé”)) . Since the
(n)

component sequences Hxl. } withi € {1, 2, 3} are sequences
in [0, 1] C R under the absolute-value metric, so we have
|xi(m) —xl.(n)l < HDZ (x(’"), x(”)) Vm,n > 1. Besides, {x(")}
is a Cauchy sequence, i.e, for every ¢ > 0 there is a number

N € Nsuch thatif m,n > N, then

™ — x| < Hp, (x(m)’x(n)> <.
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Thus, {x.(")

; } with i € {1,2,3} are Cauchy sequences in
[0,1] C R that [0, 1] is a complete metric space under

the absolute-value metric. So the component sequences
{xl.(”)} with i € {I,2,3} are convergent in [0, 1], i.e,

©® ¢ D* such that lim x™ = x©.
! 8 n——+o0o

there exist x ; ;

Therefore, by Definition 3.23 we obtain lim,_, ;o0 x™ =
lim ™ Yim ™ i ™) _ (O
n—>+oo X1 > n—+oo Xy, My 400 X3 = (x7,
xéo),x§0)>. At the same time, by the item (i) of Corol-
lary 3.24, we get (xfo), xéo),x_go)) c D;. So (D;,", HD§)
is a complete metric space. O

Remark 3.29 For the picture fuzzy set, we have a realistic
illustration of the voting problem, which is given by Cuong
in (Cuong 2014). His idea was to divide the voters into four
groups (including voting in favor, abstaining from voting,
voting against, refusal of the voting). For the picture fuzzy
number which is the main object in this study, we only need
to consider three groups of subjects participating in voting,
namely voting for, abstaining, and voting against. To relate
the results of this study to real-life such as a matter of voting
for something, for example, a new law, a new administrator,
a certain choice, and so on. We concretize this problem as
follows: Given A and B are two places holding the vote about
something in a certain area X, to make this easier to visualize,
we assume that A and B are two provinces of country X and
these two provinces are organizing people vote to pass or
reject a new regulation. Now, for the space DZ,‘, without loss
of generality, we consider A and B to be two picture fuzzy
numbers with A = (x1, x2, x3) and B = (y1, 2, y3). Where,
X1, X2, x3 and yq, yp, y3 are the ratio of the number of votes
of the three groups: vote for, abstain and vote against of A and
B compared to the population of each province, respectively.
From the results in this study, the following can be inferred:
Firstly, the sum between A and B in the space D;f exists.
If people in two provinces A and B both participate in the
vote, then from Definition 3.5, this means thatm = 2, p #

0 and the sum of A and B in the space D;‘ isA+ B =
(Xl;)’l m;—yz J@-{ys)

, means the sum of the proportions of
the votes of the population that voted in favor of provinces A
and B to the population of each province is x“;yl , similarly
for the total ratio of abstaining and voting against of A and
B. If province A organizes for people to vote and province
B does not, that is, B is the zero element in the space D¥,
then we have m = 2 and p = 1. Therefore, A+ B = A, this
result is true because province B does not organize people to
vote.

Secondly, multiplying a scalar value k € R by an element
A in the space D¥, will show the impact of objective or
subjective factors on the value of the element A. For example,
in voting, province A decided not to hold direct voting due to

the appearance of the Covid-19 epidemic. This means that the
value of the three groups: voting for, abstaining, and voting
against of province A in the space D;,k is A =(0,0,0). in
the space D*, we can explain this as follows: suppose that
the values of the three groups: voting for, abstaining, voting
against of province A is A = (xy, x2, x3), if province A
allows people to vote, then obviously A # 0. However, with
k = 0 representing the Covid-19 epidemic appears, then we
will now have kA = (kx1, kx, kx3) = (0Ox1, 0.x3, 0.x3) =
(0,0, 0). Hence, the result of the multiplication scalar kA
reflects the fact that the voting results of the three groups:
voting for, abstain, and vote against in province A is (0, 0, 0).
because this province did not vote.

Finally, from a mathematical point of view, the limit is
the value a function approaches when the input variable
approaches a certain value. Corresponding to the voting prob-
lem, the limit of the voting process will give us a result that
the sum of the proportions of the votes of the three groups
voting for, abstaining, and voting against compared to the
number of voters will not be more than 1. This is true because
if the result of the election process is that the sum of votes
of the three groups voting for, abstaining, and voting against
is greater than 1, then it is clear that this voting process has
fraud on the number of votes.

4 Conclusions

In this paper, we establish the concept of the limit and study
its properties on the metric semi-linear space of PENSs. Firstly,
we propose two new operations, addition and scalar multi-
plication, to replace two of Wei’s operations. We also discuss
some limitations of Wei’s two operations. These are also the
reason that we want to replace them with two new oper-
ations with more advantages. The highlight is that the set
of PFNs together with these two new operations becomes
a semi-linear space. Along with that we also provide some
related concepts on this semi-linear space such as metric,
order relations between two PFNs, geometric difference,
multiplication of two PFNs. Next, we define a type of func-
tion whose value is in this semi-linear space. It called the
geometry picture fuzzy function and used to give the con-
cept of limit for it and the sequences of PFNs in the metric
semi-linear space of PFNs. Finally, to ensure that the limit
operations are well-defined over the metric semi-linear space
of PFNs, we proved that this space is complete.
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