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A B S T R A C T   

Because of its high contagiousness and correlation with HIV/AIDS complaints, the virus that 
causes varicella-zoster virus and its interactions have major consequences for a considerable 
portion of people worldwide. The primary aim of this work is to suggest and examine optimal 
control methods for managing the transmission dynamics of HIV/AIDS and Varicella-Zoster co- 
infection, using an integer model approach. The mathematical analyses of the proposed integer 
order model places particular emphases on the boundedness and non-negativity of the model 
solutions, scrutinizing equilibrium points, determining the models basic reproduction ratios (the 
models basic reproduction numbers) through the next-generation matrix operator method, and 
assessing the model equilibrium points existences and stabilities in local approach by considering 
the local stability conditions of Routh and Hurwitz. Additionally, it incorporates an optimal 
control framework to enhance our understanding of the dynamics involved in the spreading of 
HIV/AIDS and Varicella-Zoster co-infection within a considered population. This entails deter-
mining preventative measures that can be deliberately put into place to lessen the effects of these 
co-infections. The solutions of the HIV/AIDS and Varicella-Zoster co-infection model converges to 
the co-infection endemic equilibrium point whenever the associated basic reproduction number is 
greater than unity, as verified by numerical simulation results. Including optimal management 
gives the research an innovative viewpoint and helps identify tactical ways to mitigate the 
negative effects of this co-infection on the public health. The results highlight how crucial it is to 
address these complex structures in order to protect and improve public health outcomes. 
Implementing the proposed protection measures and treatment measures simultaneously has 
most effective result to minimize and eliminate the HIV/AIDS and Varicella-Zoster co-infection 
disease throughout the population.   

1. Introduction 

Health-harming microorganisms like bacteria, fungi, viruses, or parasites can spread infectious diseases, often known as common 
illnesses, which are transmittable from one host to another in several different ways including droplets of aerosol, water-borne routes, 
food-borne pathways, through vectors, or during birth from mother to baby [1–3]. The virus known as varicella-zoster abbreviated as 
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VZV is the etiological agent responsible for both shingles and varicella (commonly known as chickenpox) clinically termed as 
herpes-zoster. The transmission dynamics of the virus called varicella-zoster involve the dissemination primarily through respiratory 
droplets and direct contact with actively shedding herpes-zoster lesions [4–7]. Furthermore, it is of significance to highlight that the 
virus called varicella-zoster, acting as the primary presentation of the ailment, can undergo reactivation in individuals concurrently 
afflicted with human immunodeficiency virus (HIV) infection. This dynamic interplay underscores the intricate association between 
these two viral agents and the complexities that emerge within the framework of an impaired immune system [8,9]. 

Acute or chronic lytic infections caused by several viral agents, particularly herpes viruses, might manifest immune deficits before 
the onset of AIDS symptoms. Varicella-zoster stands out among them as a viral agent that can be reactivated by immunological changes 
in an HIV-positive patient [10]. There are various possibilities for the co-existence of HIV/AIDS and varicella-zoster in an individual 
that means immunosuppression human immunodeficiency virus/acquired immune deficiency syndrome (HIV/AIDS) has been asso-
ciated with a significantly increased risk of varicella-zoster reactivation [11,12]. 

Co-infection entails the simultaneous presence of two distinct disease strains or disease pathogens, occurring concurrently or within 
a close temporal proximity before the initial strain or pathogen establishes infection and elicits an immune response. Additionally, it 
denotes the infection of a singular host by multiple variants (strains) of a pathogen or by discrete species of pathogens. Notably, co- 
infection with multiple pathogen strains is frequently observed in pneumonia, underscoring its prevalence across various disease 
contexts [13]. 

Individuals with certain levels of CD4 cells and no detectable virus in their blood after a year of treatment tend to live as long as 
others [13,14]. Such treatment significantly diminishes the presence of HIV in bodily fluids, often leading to it becoming practically 
non-existent, a state referred to as being ’undetectable.’ Consequently, when an individual consistently adheres to their antiretroviral 
medication regimen and maintains an undetectable viral load, the risk of transmitting the virus to a sexual partner without HIV is 
effectively eliminated [15]. 

Research scholars across different countries throughout countries in the world have investigated the co-interaction of COVID-19 
with several infectious diseases, including tuberculosis (TB), HIV/AIDS, HBV, and cholera refer studies [13,16–20]. The studies 
carried out in Refs. [10,13,16,17,19–25], formulated and analyzed the spreading dynamics of infectious diseases using compartmental 
integer order modeling approach, studies carried out in Refs. [18,26–32], formulated and examined the spreading dynamics of in-
fectious diseases using fractional order modeling approach. Investigating and predicting the spreading rates of infectious diseases 
using compartmental modeling approaches has fundamental effects to tackle the spreading problem in the community [25]. In order to 
develop and analyze the compartmental integer order model for HIV/AIDS and varicella-zoster co-infection, it is essential to acquire 
fundamental concepts, methodologies, and epidemic characteristics of infectious diseases through a mathematical modeling approach. 
Therefore, we have conducted a thorough review of relevant research literature conducted by scholars across various countries 
worldwide. 

In [25], an author explored optimal control strategies for managing the COVID-19 and malaria co-epidemic through the devel-
opment of a compartmental model. Their findings indicate that the simultaneous implementation of protective measures offers the 
most effective means of minimizing the co-epidemic within the population. Similarly, another researcher [18] devised a model for 
pneumonia and HIV/AIDS co-infection, assessing the impacts of treatment and vaccination strategies in controlling transmission. 
Furthermore [19], examined the effects of preventive measures on cholera and COVID-19 co-infection in Yemen using compartmental 
modeling techniques. Additionally, the research paper [20] established a compartmental model to analyze the spread of HIV and 
pneumonia co-epidemics within communities, exploring strategies for controlling transmission. 

In this research work, we found that previous studies on infectious diseases did not explore the effects of time-dependent optimal 
control strategies on the co-infection of HIV/AIDS and Zoster- Virus. This gap in existing research inspired us to focus on this aspect in 
our study, making our model novel compared to previous ones. Therefore, our main goal is to investigate how optimal control stra-
tegies can predict and manage the spread of the HIV/AIDS and varicella-zoster virus co-infection within communities. We aim to 
achieve this by developing a new model specifically for this co-epidemic. The remaining sections of this proposed study are structured 
as: section 2 revealed that all the descriptions, assumptions and necessary steps for the HIV/AIDS and varicella-zoster co-infection 
model construction, section 3 given us the mathematical analysis of the constructed models, section 4 constructed and analyzed 
optimal problem of the co-infection model, section 5 analyzed the sensitivity of the co-infection model parameters and carried out the 
numerical simulations of the model and section 6 concluded the basic concepts of the research study. 

2. The HIV/AIDS and varicella-zoster Co-infection model construction 

2.1. Descriptions and assumptions for the proposed model 

Let us represent the compartments involved in the proposed HIV/AIDS and Varicella-Zoster virus co-infection model as: S(t) be the 
total number of people who are at risk (susceptible) for both the HIV/AIDS and varicella-zoster infections, H(t) be the total number of 
people who are attacked (infected) by HIV, P(t) be the total number of people who are infected with zoster, C(t) be the total number of 
co-infected people with HIV/AIDS and varicella-zoster, A(t) be the total number of people who have undetected viral load, V(t) be the 
total number of people who are vaccinated against zoster infection, and T(t) be the total number of people who got zoster treatment in 
order that the total population involved in the proposed study is represented by 

N(t)= S(t) + H(t) + P(t) + C(t) + A(t) + V(t) + T(t). (1) 
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Important assumptions:  

➢ Population distribution is in a uniform manner in each compartment.  
➢ People who have undetectable viral loads do not spread the infection to others.  
➢ Individuals in each compartment are subjected to natural mortality rate.  
➢ The total number of human population is not constant.  
➢ There is no dual infection simultaneous transmission.  
➢ Vertical transmission of HIV is taken into account.  
➢ There is no permanent immunity to zoster infection.  
➢ There is waning of zoster vaccination effectiveness.  
➢ Due to HIV/AIDS infection’s potential to weaken the immune system there’s an increased risk of zoster virus reactivation.  
➢ Because HIV/AIDS and Zoster are viral infections that will have chronic stages people who are susceptible are at risk for HIV/AIDS 

or zoster infections acquire HIV and zoster respectively at the standard incidence rate represented by 

f1(t)=
α1

N
(H(t)+ ε1C(t)), (2)  

f2(t)=
α2

N
(P(t)+ ε2C(t)), (3)  

where ε1, ε2 ≥ 1 are parameters that reveals the degree of individuals infectiousness and 
α1 and α2 are the spreading rates of HIV/AIDS and varicella-zoster respectively. 
Based on the model state variables, the model assumptions described in the sub-section 2.1 and the model parameters interpreted in 

Table 1 above the population flow diagram for the HIV/AIDS and varicella-zoster co-infection spreading dynamics is represented 
Fig. 1. 

Using the population flow diagram given by Fig. 1 above that represent the co-infection spreading dynamics is represented by the 
following systems of ordinary differential equations: 

dS
dt

= (1 − p)Δ + κ V–(f1 + f2 + d)S,

dV
dt

= pΔ − (κ + d)V,

dH
dt

= f1S + (1 − ψ)φH − (δ1f2 + θ2 + d2 + d)H,

dP
dt

= f2S + σT − (δ2f1 + θ1 + d1 + d)P,

dC
dt

= δ1f2H + δ2f1P + ρA–( θ3 + d3 + d)C,

dA
dt

= θ2H + θ3C − (ρ + d)A,

dT
dt

= θ1P − (σ + d)T,

(4) 

Table 1 
Biological interpretations of parameters incorporated in the co-infection model.  

Parameter Interpretations of parameters per unit of time 

d The rate at which individuals died naturally 
Δ The rate at which individuals are recruited 
p The portion of recruited individuals who have got zoster vaccination 
κ The rate at which zoster vaccination wanes 
δ1 The parameter that modify individuals infectiousness 
δ2 The parameter that modify individuals infectiousness 
d1 The rate at which individuals died with zoster infection 
d2 The rate at which unaware HIV infected individuals died with HIV infection 
d3 The rate at which individuals died with HIV/AIDS and varicella-zoster co-infection 
σ The rate at which individuals recovered from zoster infection are re-infected 
ρ The rate at which infected individuals with undetectable viral load become re-infected by zoster 
α1 The rate at which individuals spread HIV/AIDS 
α2 The rate at which individuals spread varicella-zoster 
θ1 The rate at which individuals treated from varicella-zoster infection 
θ2 The rate at which individuals treated from HIV/AIDS infection 
θ3 The rate at which individuals treated from HIV/AIDS and varicella-zoster co-infection 
ψ The death probability of newborns infected with HIV during birth 
φ The rate at which HIV spreads from mother to child during birth  
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with the corresponding initial population S(0) = S0 ≥ 0, V(0) = V0 ≥ 0, P(0) = P0 ≥ 0, H(0) = H0 ≥ 0, A(0) = A0 ≥ 0, T(0) = T0 ≥ 0 
and N(t) is described in equation (1). 

3. Mathematical analyses of the Co-infection model (4) 

3.1. Properties of the co-infection model (4) solutions 

The two most important properties of an epidemiological model that should be proved are the uniqueness, non-negativity and 
boundedness for the model solutions. 

Theorem 1. The HIV/AIDS and Varicella-Zoster co-infection dynamical system (4) solutions are exists, unique, non-negative and bounded in 
the set described by 

Ω=
{
(S,V,H,P,C,A,T)ϵ R7

+ : 0≤N≤
Δ
d

}
. (5)  

Proof. To prove Theorem 1 stated above let us apply the theorem stated and proved by Picard–Lindelöf see reference [33]. This 
theorem is the most common approach to prove the ordinary differential equations (the initial value problem) solutions will exist and 
unique, where the functions incorporated are Lipschitz continuous locally. In our scenario, the functions defined on the co-infection 
model (4) right-hand side part are C1 on the topology of R7

+, at which Picard–Lindelöf criteria holds. Hence, the solution for the 
HIV/AIDS and varicella-zoster co-infection dynamical system (4) uniquely exist. 

According to the criteria stated by proposition A.1 of the research literature [34] one can verify that the functions in the 
co-infection model (4) described in the right hand side by gi(S,V,H,P,C,A,T) are non-negative provided that y ∈ [0,∞]

7 and y i = 0. 
This proved the theorem and is fundamental characteristic, particularly in mathematical epidemiology models, where negativity for 
the population state variables is meaningless. 

Boundedness for the HIV/AIDS and varicella-zoster co-infection model (4) solution is the necessary and sufficient condition to 
reveals that the co-infection model solutions remain within a certain specified region. One can verified as the constructed functions 
described in the right hand side of the model (4) by gi(S,V,H,P,C,A,T) holds the property gi(S,V,H,P,C,A,T) ≥ 0, as indicated in 
proposition A.1. 

According to non-negativity conditions and the criteria of theorem stated by Picard–Lindelöf t the HIV/AIDS and varicella-zoster 
co-infection model (4) solutions remained in the region described by [0,∞]

7 for each time t ≥ 0. The total sum of all the differential 
equations described in the co-infection model (4)gives the result dN

dt ≤ Δ − dN. Thus, we determined the total number of human 

S

Fig. 1. The population flow diagram such that f1 and f1 are represented by equations (2) and (3) respectively.  
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population denoted by N(t) and stated in equation (1) as N(t) ≤ N0e− dt + Δ
d
(
1 − e− dt) which implies N(t) is converges in the range of 

[0, Δd]. Consequently, the HIV/AIDS and varicella-zoster co-infection model (4) solution uniquely exist, and bounded in the region Ω as 
defined in equation (5). 

3.2. The co-infection model disease-free equilibrium point 

The HIV/AIDS and Varicella-Zoster co-infection model (4) disease-free equilibrium point denoted by (E0
HZ) is computed in the 

absence of both HIV/AIDS and varicella-zoster diseases within the population such that H = P = C = A = T = 0 and by putting system 
(4) equal to zero. Thus, after simplifying the computations the required co-infection disease-free equilibrium point for the co-infection 
model (4) is represented by: 

E0
HZ =

(
S0,V0,H0, P0,C0,A0,T0)=

(
(κ + d)(1 − p)Δ + pΔκ

(κ + d)d
,

Δp
κ + d

,0, 0,0, 0,0
)

. (6)  

3.3. The co-infection model (4) effective reproduction number 

An epidemiological model basic reproduction ratio represented by R 0, is a measure of how many new cases an average infected 
person can produce in a population where everyone is susceptible [17,35] whereas the effective reproduction number is the average 
secondary infected individuals produced by a single infected person in some susceptible and some non-susceptible population. Based 
on the criteria applied in Ref. [36], let’s define V +

i(x) as the rate of people entering compartment i, V
− 1

i(x) as the rate of people 
leaving compartment i, and F i(x) as the rate at which new cases of the disease occur in compartment i. Then V i(x) = V

−
i(x) −

V +
i, F =

[
∂F i
∂Xj

(Xo)

]

and V =

[
∂V i
∂Xj

(Xo)

]

, where F and V are mxm matrix with m is number of infected compartment and the product F 

V− 1 is known as the next-generation matrix. The dominant eigenvalue in magnitude of F V− 1 represents the basic/effective repro-
duction number as computed in Refs. [17,35]. In this sub-section, we need to compute three reproduction ratios (reproduction 
numbers) incorporated in the co-infection model (4). 

3.3.1. Basic reproduction number for HIV/AIDS only infection 
Now consider the HIV/AIDS and varicella-zoster co-infection model (4) and compute the HIV/AIDS only infection basic repro-

duction number as. 

F i(x)=
[

f1S
0

]

and V i(x)=
[
(θ2 + d2 + d)H − (1 − ψ)φH

(ρ + μ)A − θ2H

]

.

At the HIV/AIDS disease-free equilibrium point described in equation (6) where H = A = 0 we have determined the results rep-
resented by 

N0 = S0, F=

[
α1 α1
0 0

]

,V =

[
θ2 + d2 + d − (1 − ψ)φ 0

− θ2 ρ + d

]

,

and 

V− 1 =

⎛

⎜
⎜
⎜
⎝

1
θ2 + d2 + μ − (1 − ψ)φ

0

τ2

(θ2 + d2 + μ)(ρ + d) − (ρ + d)(1 − ψ)φ
1

ρ + d

⎞

⎟
⎟
⎟
⎠
.

Then we have computed the two matrices product represented by 

FV− 1 =

⎛

⎜
⎝

( α1

ρ + d

) (ρ + d + τ2)

(θ2 + d2 + d) − (1 − σ)φ
α1

ρ + d
0 0

⎞

⎟
⎠.

Thus, the HIV/AIDS only infection basic reproduction number is denoted represented by 

R 1 =
α1(ρ + d + θ2)

(ρ + d)((θ2 + d2 + d) − (1 − σ)φ) . (7)  

3.3.2. The varicella-zoster effective reproduction number 
Using similar approach used in the sub-section 3.3.1, the varicella-zoster disease-free equilibrium point and the co-infection model 

(4) we determined the results given by 
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F i(x)= [ f2S ] and V i(x)= (θ1 + d1 +d)P, N0 = S0 +V0, F=
α2(κ + d)d

(κ + d)(1 − p) + pκ + pd
,

V=(θ1 + d1 +d), and V− 1 =
1

θ1 + d1 + d
.

Thus, we have also got the product given by FV− 1 =
α2(κ+d)d

[(κ+d)(1− p)+pκ+pd](θ1+d1+d) and the varicella-zoster only infection effective repro-
duction number is denoted and represented by 

R 2 =
α2(κ + d)d

[(κ + d)(1 − p) + pκ + pd](θ1 + d1 + d)
. (8)  

3.3.3. Effective reproduction number for the Co-infection model 
By applying similar criteria in the sub-sections 3.3.1 and 3.3.2 the HIV/AIDS and varicella-zoster co-infection model (4) effective 

reproduction is computed as follows: 

F i(x)=

⎡

⎢
⎢
⎣

f1S
f2S
0
0

⎤

⎥
⎥
⎦ and V i(x)=

⎡

⎢
⎢
⎣

(δ1f2 + θ2 + d2 + d)H − (1 − σ)φH
(δ2f1 + θ1 + d1 + d)Z − σT

( θ3 + d3 + μ)C − af2H − δ2f1P − ρA
(ρ + d)A − θ2H − θ3C

⎤

⎥
⎥
⎦,

and computation at the co-infection model (4) disease-free equilibrium point E0
HC gives the results illustrated by 

N0 = S0 +V0, F=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

α1S
N

0
α1S
N

α1S
N

0
α2S
N

α2S
N

0

0 0 0 0

0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

V=

⎡

⎢
⎢
⎣

(θ2 + d2 + d) − (1 − σ)φ 0 0 0
0 (θ1 + d1 + d) 0 0
0 0 ( θ3 + d3 + d) − ρ

− θ2 0 − θ1 (ρ + d)

⎤

⎥
⎥
⎦,

V− 1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
d − (1 − σ)φ + d2 + θ2

0 0 0

0
1

θ1 + d1 + d
0 0

ρθ2

(d − (1 − σ)φ + d2 + dθ2)
(
d2 + dρ + dd3 + ρd3 + dθ3

) 0
d + ρ

d2 + dρ + dd3 + ρd3 + dθ3

ρ
d2 + dρ + dd3 + ρd3 + dθ3

θ2(d + d3 + θ3)

(d − (1 − σ)φ + d2 + θ2)
(
d2 + dρ + dd3 + ρd3 + dθ3

) 0
θ3

d2 + dρ + dd3 + ρd3 + dθ3

d + d3 + θ3

d2 + dρ + dd3 + ρd3 + dθ3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

and 

FV− 1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

δ1

d − (1 − σ)φ + d2 + θ2
0 0 0

0
δ2

d + d1 + θ1
0 0

0 0 0 0

0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Therefore, the characteristics polynomial of the matrix FV− 1 gives the eigenvalues illustrated by 

⎧
⎪⎨

⎪⎩
0,0,

α1S
N

d− φ+σφ+d2+θ2
,

α2S
N

d+d1+θ1

⎫
⎪⎬

⎪⎭
. 

Thus, the HIV/AIDS and varicella-zoster co-infection model (4) effective reproduction number is denoted and represented by 
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R ef =max
{

(d(1 − p) + κ)α1

(d + κ)(d − φ + σφ + d2 + θ2)
,

(d(1 − p) + κ)α2

(d + κ)(d + d1 + θ1)

}

. (9)  

3.3.4. The model (4) disease-free equilibrium point and its stability 

Theorem 2. The HIV/AIDS and varicella-zoster co-infection model disease-free equilibrium point E0
HC has a local asymptotic stability 

whenever the associated co-infection effective reproduction number described in the equation (9) is less than unity means R ef < 1 and 
is unstable whenever R ef > 1. 

Proof. The matrix denoted by J
(

E0
HZ
)

and known as the Jacobian matrix for the HIV/AIDS and varicella-zoster co-infection dynamical 
system (4) at the model disease-free equilibrium point E0

HZ is computed and represented as 

J
(
E0

HZ
)
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

–d κ –a –bS –aω1–bω2 –a 0
0 − c 0 0 0 0 0
0 0 m 0 0 0 0
0 0 0 − e 0 0 σ
0 0 0 0 –f ρ 0
0 0 θ2 0 θ3 − g 0
0 0 0 θ1 0 0 − h

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where, a = α1
N S, b = α2

N S, c = (κ + d), m = (1 − σ)φ − (θ2 + d2 + d), e = (θ1 + d1 + d), 

f =( θ3 + d3 + d), g=(ρ+ d),h=(σ +d).

Then Characteristic equation of the matrix J
(
E0

HZ
)

at the disease-free equilibrium point E0
HZ is computed and represented by 

(− c − λ)(m − λ)(− λ+ d–)
(
(− e − λ)(− h − λ)

(
gx+ λ2 − fg+ fλ+ ρθ3

)
(1 − σθ1)

)
=0.

Thus, the associated eigenvalues are determined as λ = d,λ = − (d + κ),λ = − d,λ = − e,λ = (d + σ), 
or 

λ2 +(d+ ρ − ( θ3 + d3 + d))λ+( θ3 + d3 + d)(d+ ρ)+ ρθ3 =0. (10) 

Now to calculate for the remaining two eigenvalues of equation (10) we applied the local stability criteria described by Routh and 
Hurwitz and we verified that the necessary and sufficient conditions of the Routh and Hurwitz criteria holds whenever R ef < 1. Then, 
all the associated eigenvalues have negative real part whenever R ef < 1 and hence the HIV/AIDS and varicella-zoster co-infection 
model (4) disease-free equilibrium point has a local asymptotic stability property (is locally asymptotically stable) whenever R ef < 1 
like similar approach used in Refs. [16,22]. Furthermore, the numerical simulation results verified that the HIV/AIDS and 
varicella-zoster co-infection model (4) disease-free equilibrium point is globally asymptotically stable whenever R ef < 1. 

3.3.5. Existence and stability of endemic equilibrium point 
In this sub-section, we need to calculate the HIV/AIDS and varicella-zoster co-infection model (4) endemic equilibrium point by 

considering the persistence of infections such that H ∕= 0, P ∕= 0, A ∕= 0 and C ∕= 0). Then, after some steps of the computations we have 
determined the required endemic equilibrium point for the co-infection model denoted by 

E*
HZ =(S*,V*,H*,P*,C*,A*,T* )

by substituting in incidence rates illustrated by 

f1
*
(t)=

α1

N
(H*(t)+ ε1C*(t)) and f2

*
(t)=

α2

N
(P*(t)+ ε2C*(t)).

Thus, the model (4) endemic equilibrium point is represented by 

S* =
(1 − P)Δ

(f1
*
+ f2

*
+ d)

+
κ

(f1
*
+ f2

*
+ d)

(
pΔ

(κ + d)

)

,V* =
pΔ

(κ + d)
,

H* =

(
1

(δ1f1
*
+ θ2 + d2 + d) − (1 − σ)φ

)(
(1 − p)Δf1

(f1
*
+ f2

*
+ d)

+
κf1

(f1 + f2
*
+ d)

(
f1pΔ

(κ + d)

))

,

P* =

(
(p − 1)Δf1

*

(f1 + f2 + d)
−

κf2
*

(f1 + f2 + d)

(
pΔ

(κ + d)

))(
(σ + μ)

σθ1 − (σ + d)(δ2f2
*
+ θ1 + d1 + d)

)

,

A* =
θ2H* + θ3C*

(ρ + d)
,C* =

δ1f2H* + δ2f1P* + ρA*

( θ3 + d3 + d)
,
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and 

T* =

(
θ1

(σ + d)

)(
(p − 1)Δf2

*

(f1 + f2 + μ) −
κf1

*

(f1 + f2 + μ)

(
pΔ

(κ + d)

))(
(σ + d)

σθ1 − (σ + d)(bf1
*
+ θ1 + d1 + d)

)

.

4. Construction of the optimal control problem and its qualitative analysis 

In this part, our main objective is to analyze and solve the Optimal Control Problem to minimize the number of individuals co- 
infected with HIV/AIDS and varicella-zoster, while also aiming to reduce incurred costs. We have incorporated time-dependent 
control strategies into the co-infection model (4) to significantly manage the HIV/AIDS and varicella co-infection spreading dy-
namics in the community and to investigate various strategies for controlling spreading. By applying optimal control strategies in the 
constructed model (4), we aim to identify the most important intervention strategies to mitigate the spread of the HIV/AIDS and 
varicella co-infection spreading within a specified time frame. The intervention strategies considered for minimizing and eliminating 
the HIV/AIDS and varicella co-infection spreading include:  

(a) Protection strategies: Implementing measures to prevent individuals from acquiring infection.  
(b) Treatment strategies: Developing approaches to treat individuals already infected with HIV/AIDS and varicella-zoster. 

Now, let’s outline the particular control actions we implement for each of the two intervention strategies. In this part, we’ll revise 
and assess the optimal control problem for the HIV/AIDS and varicella co-infection model (4) to investigate the most important control 
strategy for reducing the number of individuals with HIV/AIDS, varicella-zoster and both infections combined, all while minimizing 
the total intervention costs. Here the main aim is determining the optimal control values represented by u* =

(
u*

1, u*
2, u*

3, u*
4, u*

5
)

for the 
control functions described by u = (u1, u2, u3, u4, u5) in order that the trajectories S*,V*,H*, P*,C*,A*,T* of the dynamical system (4) 
solutions at the interval of time illustrated by 

[
0,Tf

]
at the initial population illustrated by equation (5) and reducing the value of 

objective function. The time-dependent control functions we proposed incudes:  

➢ The time-dependent function defined by u1(t) called the control function that interprets the attempts to protect HIV/AIDS infection 
in the community.  

➢ The time-dependent function defined by u2(t) called the control function that interprets the attempts to protect varicella-zoster 
infected in the community.  

➢ The time-dependent function defined by u3(t) called the control function that interprets the attempts to treat the HIV/AIDS infected 
in the community.  

➢ The time-dependent function defined by u4(t) called the control function that interprets the attempts to treat of varicella-zoster 
infected in the community.  

➢ The time-dependent function defined by u5(t) called the control function that interprets the attempts to treat the HIV/AIDS and 
varicella-zoster co-infected individuals in the community. 

Therefore, implementing appropriate treatment and protection strategies for individuals co-infected with HIV/AIDS and varicella- 
zoster, as well as those singly infected with either virus, within a community is crucial for enhancing the recovery process and 
increasing the number of individuals who recover. This is subject to the condition that the control measures for each intervention 
strategy fall within the range of 0–1. After integrating the five control functions described earlier into the dynamic system (4), the 
resulting set of differential equations for the HIV/AIDS and varicella-zoster co-infection spreading model (4) can be expressed as 
follows: 

dS
dt

=(1 − p)Δ + ψ V–((1 − u1(t))f1 +(1 − u2(t))f2 + d)S,

dV
dt

= pΔ − (ψ +d)V,

dH
dt

=(1 − u1(t))f1S + (1 − ψ)φH − (α1f1 + u3(t)θ2 + d2 +d)H,

dP
dt

=(1 − u2(t))f2S + σT −
(
α2f1 + u4(t)θ1 + d1 +d

)
P, (11)  

dC
dt

= α1f2H+α2f1P + ρA–( u5(t)θ3 + d3 + d)C,

dA
dt

= u3(t)θ2H + u5(t)θ3C − (ρ+ d)A,
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dT
dt

= u4(t)θ1P − (σ + d)T,

subject to the initial population S(0) = S0 ≥ 0, V(0) = V0 ≥ 0, H(0) = H0 ≥ 0, P(0) = P0 ≥ 0, C(0) = C0 ≥ 0, A(0) = A0 ≥ 0, and 
T(0) = T0 ≥ 0. 

Then we set the objective functional represented by 

J(u1, u2, u3, u4, u5)=

∫ Tf

0

(

D1H+D2P+D3C+
1
2
∑5

i=1
ψ iu2

i

)

dt, (12)  

where Tf is the final time D1, D2 and D3 are weight constants of the HIV infected, the Varicella-Zoster infected and HIV/AIDS and 
Varicella-Zoster co-infected individuals respectively while ui for i = 1, ...,5, are weight constants for each individual control function. 
We choose a nonlinear cost on the controls based on the assumption that the costs take nonlinear form as applied in Refs. [14,19,25,30, 
37]. 

Let us state the main objective of the constructed optimal control problem for the co-infection model (4) as to investigate the 
optimal control measures illustrated by u*

1, u*
2, u*

3, u*
4, u*

5 such that 

J
(
u*

1, u
*
2, u

*
3, u

*
4, u

*
5
)
=min{J(u1, u2, u3, u4, u5) : u1, u2, u3, u4, u5 ∈U }, (13)  

where U =
{

u1(t) , u2(t), u3(t), u4(t), u5(t) ∈ R5} such that u1(t), u2(t), u3(t), u4(t), u5(t) are Lebesgue measurable functions and 0 ≤

u1(t), u2(t), u3(t), u4(t), u5(t) ≤ 1 for 0 ≤ t ≤ Tf is the control set. 

Theorem 3. Given J(u1,u2, u3,u4, u5) subject to the system equation (11), then there are optimal control measures u* =
(
u*

1,u*
2,u*

3,

u*
4,u*

5
)

and associated optimal solutions to the initial value problem (11)-(13) by (S*,V*,H*,P*,C*,A*,T*), that minimizes J(u1,u2,u3,

u4,u5) over U. 

Proof. To verify the following four basic conditions required for the set of admissible controls U we can use the Fleming and Rishel’s 
theorem stated in 38. 

C1: The set of the co-infection model (4) variables to system (11)–(13) that correspond to the control functions in U is non-empty. 
C2: The set U called the control set is both closed and convex. 
C3: Every right hand side function of the control problem is continuous, is bounded above by a sum of the bounded control and the 

state, and can be represented a linear function of the control function u = (u1, u2, u3, u4, u5) where the coefficients are depend on time 
and the state variables. 

C4: The objective functional integrand that is given in equation (24) is convex. 
The first required condition (C1) can be verified by using the theorem described and proved by Picard-Lindelöf’s. If the co-infection 

model optimal control problem solutions remain bounded, continuous, and adhere to Lipschitz conditions in the co-infection model 
state variables, a unique solution exists for each permissible control U. We have proved that the number of human population at a given 
time t is bounded like 0 ≤ N(t) ≤ Δ

d also every state variables of the model is bounded. The state variables of the model remain 
continuous and limited in range. Likewise, we can demonstrate that the partial derivatives concerning the state variables are bounded. 
This confirms that the model is Lipschitz regarding the state variables. This completes the verification that condition C1 holds. 

By applying definition stated in Refs. [39,40], the control set U is convex and closed this proved the required condition C2.

Condition C3 is verified by observing the linear dependent conditions of the co-infection model optimal control problem equations on 
the control variables u1,u2,u3,u4,u5. 

Eventually, to justify the required condition C4 use definition stated in Refs. [41,42] that says any function which is constant 
function or linear function or quadratic function is convex. Hence, since the integrand of the objective functional given by L(x,u, t) =
D1H + D2P + D3C + 1

2ψ1u2
1 + 1

2ψ2u2
2 + 1

2ψ3u2
3 + 1

2ψ4u2
4 + 1

2ψ5u2
5 is a quadratic function which is convex function on U. To show the bound 

on L(x,u, t) use definition of the control function U as: then we have 12ψ5u2
5 ≤ 1

2ψ5 since 0 ≤ u5 ≤ 1 and hence 

1
2

ωψ5u2
5 −

1
2

ψ5 ≤ 0.

⟹L(x,u, t)=D1H + D2P + D3C +
1
2

ψ1u2
1 +

1
2

ψ2u2
2 +

1
2

ψ3u2
3 +

1
2

ψ4u2
4 +

1
2

ψ5u2
5 ≥

1
2

ψ1u2
1 +

1
2

ψ2u2
2 +

1
2

ψ3u2
3 +

1
2

ψ4u2
4 +

1
2

ψ5u2
5 −

1
2

ψ5.

⟹L(x,u, t) ≥ min
{

1
2

ψ1,
1
2

ψ2,
1
2

ψ3,
1
2

ψ4,
1
2

ψ5

}
(
u2

1 + u2
2 + u2

3 + u2
4 + u2

5
)
−

1
2

ψ5.

⟹L(x,u, t) ≥ min
{

1
2

ψ1,
1
2

ψ2,
1
2

ψ3,
1
2

ψ4,
1
2

ψ5

}(
|(u1, u2, u3, u4, u5)|

2
)
−

1
2

ψ5.
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⟹L(x,u, t)≥M1|u|β − M2,where M1 =min
{

1
2

ψ1,
1
2

ψ2,
1
2

ψ3,
1
2

ψ4,
1
2

ψ5

}

,M2 =
1
2

ψ5,

u = (u1, u2, u3, u4, u5), and β = 2. This completes the proved of Theorem 3 above. 
According to the Pontryagin’s maximum principle criteria that are necessary for an optimal solution holds we convert system (11)– 

(14) in to a required problem that minimizes the Hamiltonian function denoted by H at the controls u1, u2, u3, u4, u5 including the state 
equation and the adjoint property. 

The corresponding Hamiltonian function is represented by the function 

H = D1H + D2P + D3C +
1
2

ψ1u2
1 +

1
2

ψ2u2
2 +

1
2

ψ3u2
3 +

1
2

ψ4u2
4 +

1
2

ψ5u2
5

+λ1((1 − p)Δ + ψ V–((1 − u1(t))f1 + (1 − u2(t))f2 + d)S)

+λ2(pΔ − (ψ + d)V)

+λ3((1 − u1(t))f1S + (1 − ψ)φH − (α1f1 + u3(t)θ2 + d2 + d)H)

+λ4
(
(1 − u2(t))f2S + σT −

(
α2f1 + u4(t)θ1 + d1 + d

)
P
)

+λ5(α1f2H + α2f1P + ρA–( u5(t)θ3 + d3 + d)C)

+λ6
(
u3(t)θ2H + u5(t)θ3C − (ρ + d)A

)

+λ7(u4(t)θ1P − (σ + d)T),

(14)  

where λi, i = 1,…,7 are the adjoint variables. 

Theorem 4. For an optimal control set u1, u2, u3, u4, u5 that minimizes J over U, there is an adjoint variables, λ1, …, λ7 such that: 

dλ1

dt
=(λ1 − λ3)(1 − u1(t))

(
α1(H(t) + ε1C(t))N − α1(H(t) + ε1C(t))S

N2

)

+ (λ1

− λ4

)

(1 − u2(t))
(

α2(P(t) + ε2C(t))N − α2(P(t) + ε2C(t))S
N2

)

+ λ1d + (λ5 − λ4)δ2α1

(
H(t) + ε1C(t)

N2

)

P  

+(λ5 − λ3)δ1α2

(
P(t) + ε2C(t)

N2

)

H + λ1d,

dλ2

dt
=(λ2 − λ1)ψ + λ2d,

dλ3

dt
=(λ1 − λ3)(1 − u1(t))

(
α1SN − α1(H(t) + ε1C(t))S

N2

)

+(λ4 − λ1)α2(1 − u2(t))
(
(P(t) + ε2C(t))S

N2

)

+

+(λ4 − λ5)α1δ2

(
N − (H(t) + ε1C(t))P

N2

)

+(2λ3 − λ5)α2δ1

(
(P(t) + ε2C(t))N − (P(t) + ε2C(t))H

N2

)

− + (λ3 − λ6)u3(t)θ2 + λ3(d2 +d

− (1 − ψ)φ) − D1,

dλ4

dt
=(λ3 − λ1)(1 − u1(t))α1

(H(t) + ε1C(t))S
N2 +(λ1 − λ4)(1 − u2(t))α2

(
NS − (P(t) + ε2C(t))S

N2

)

+(λ4 − λ5)δ2α1

(
(H(t) + ε1C(t))N − (P(t) + ε1C(t))P

N2

)

+(λ3 − λ5)δ1α2

(
NH − (P(t) + ε2C(t))H

N2

)

+(λ4 − λ7)u4(t)θ1 + λ4(d1 +d) − D2,

dλ5

dt
=(λ1 − λ3)(1 − u1(t))α1

(
ε1NS − (H(t) + ε1C(t))S

N2

)

+(λ1 − λ4)(1 − u2(t))α2

(
ε2NS − (P(t) + ε2C(t))S

N2

)

+(λ4 − λ5)δ2α1

(
ε1NP − (H(t) + ε1C(t))P

N2

)

+(λ3 − λ5)δ1α2

(
ε2NH − (P(t) + ε2C(t))H

N2

)

+(λ5 − λ6) u5(t)θ3 + λ5 (d3 + d) − D3,

(15)  

dλ6

dt
=(λ3 − λ1)(1 − u1(t))α1

(H(t) + ε1C(t))S
N2 +(λ4 − λ1)(1 − u2(t))α2

(P(t) + ε2C(t))S
N2 +(λ5 − λ4)δ2α1

(H(t) + ε1C(t))P
N2 +

(λ5 − λ3)δ1α2
(P(t) + ε2C(t))H

N2 +(λ6 − λ5)ρ + λ6d,
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(

(λ3 − λ1)(1 − u1(t))α1
(H(t) + ε1C(t))S

N2 +(λ4 − λ1)(1 − u2(t))α2
(P(t) + ε2C(t))S

N2 +(λ5 − λ4)δ2α1
(H(t) + ε1C(t))P

N2 +

(λ5 − λ3)δ1α2
(P(t) + ε2C(t))H

N2 +(λ7 − λ4)σ + λ7d, (λ3 − λ1)(1 − u1(t))α1
(H(t) + ε1C(t))S

N2

+(λ4 − λ1)(1 − u2(t))α2
(P(t) + ε2C(t))S

N2 +(λ5 − λ4)δ2α1
(H(t) + ε1C(t))P

N2 +(λ5 − λ3)δ1α2
(P(t) + ε2C(t))H

N2 +(λ7 − λ4)σ + λ7d,

with the final conditions λi
(
Tf ) = 0, for i = 1, …, 7. 

Proof. Let us use the necessary and sufficient conditions stated as 

dλ1

dt
= −

∂H

∂S
,
dλ4

dt
= −

∂H

∂P
,

dλ2

dt
= −

∂H

∂V
,
dλ5

dt
= −

∂H

∂C
, (16)  

dλ3

dt
= −

∂H

∂H
,
dλ6

dt
= −

∂H

∂A
, and

dλ7

dt
= −

∂H

∂T
.

Then solving the results of (16) the full expression of the adjoint functions dλi
dt for i = 1, 2,3, 4,5, 6,7 of the optimal control system 

(11) based on (14) and (15) are given by system (15). This proved the theorem. 
The criteria that verifies optimality: The optimality criteria we have explored, guided by Pontryagin’s Maximum Principle, focus 

on minimizing the Hamiltonian H with respect to the control functions u1, u2, u3, u4 and u5. Considering the convexity of the cost 
function, if the optimal control resides within the interior region, we must adhere to the following fundamental necessary and suf-
ficient optimality conditions for the optimal control problem (11): 

∂H

∂u*
1
=0,

∂H

∂u*
2
= 0,

∂H

∂u*
3
= 0,

∂H

∂u*
4
= 0, and

∂H

∂u*
5
= 0. (17) 

After solving and simplifying the results we have determined the final optimal control strategies results given by: 

u*
1 =maxe{0,min {1,

(λ3 − λ1)f1S
ψ1

}},

u*
2 =max {0,min {1,

(λ4 − λ1)f2S
ψ2

}},

u*
3 =max {0,min {1,

(λ3 − λ6)θ2H
ψ3

}},

u*
4 =max {0,min {1, (λ4 − λ7)θ1P

ψ4
}},

u*
5 =max {0,min {1,

(λ5 − λ6)θ3PC
ψ5

}}.

Theorem 5. For any t ∈
[
0,Tf

]
, the bounded solutions to the optimality system are unique. We can refer [43], for the proof of the theorem. 

5. Investigation of parameters sensitivity and numerical analysis 

5.1. Investigation of the parameters sensitivity 

Now we need to investigate the significance of each model parameter that affects the spread of the disease. Using criteria similar to 
those described in Ref. [42], we conducted sensitivity analyses to understand how different parameters affect the effective repro-
duction ratio of the HIV/AIDS and varicella-zoster co-infection dynamical system (4). These analyses help us identify which param-
eters have the greatest influence on the spread of the co-infection disease. By pinpointing the most sensitive parameters those with 
higher sensitivity indices we gain valuable insights into which factors play the most significant role in driving the spread of the disease. 
Specifically, our sensitivity analyses focused on parameters R 1 and R 2, allowing us to better understand their impact on the spread of 
the co-infection.  

(1) SI(κ) =
κ(d− d(1− p))

(d+κ)(κ+d(1− p)).  

(2) SI(Δ) = 1. 
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(3) SI(φ) = −
(σ− 1)φ

d− φ+σφ+d2+θ2
.  

(4) SI(α1) =
κ+d[1− p]

(d+κ)(d− φ+σφ+d2+θ2)

(
α1
R 1

)

= 1.  

(5) SI(σ) = −
σφ

d− φ+σφ+d2+θ2
.  

(6) SI(α2) =
κ+d[1− p]

(d+κ)(d+d1+θ1)

(
α2
R 2

)

= 1. 

The model parameters sensitivity investigation results by using the parameter values described by Table 2 and considering the co- 
infection model effective reproduction number R ef as a response function illustrated by Fig. 2 reveals that the top three most sensitive 
parameters are the recruitment rate, the spreading rate, and the zoster vaccination coverage portion. These parameters emerge as 
influential factors, shaping the dynamics of HIV/AIDS and varicella-zoster co-infection disease spreading within the population. These 
findings underscore the importance of considering these variables in understanding and addressing the spread of HIV/AIDS and 
varicella-zoster infections. 

Table 2 
Parameter Values used in the Co-infection Model.  

Parameter Values References 

d 0.1 [21] 
Δ 100 [39] 
p 0.8 Estimated from [24] 
κ 0.35 Estimated 
δ1 1 Estimated 
δ2 1 Estimated 
d1 0.32 Estimated from [24] 
d2 0.29 Assumed 
d3 0.3 Assumed 
σ 0.65 Estimated from [24] 
ρ 0.32 Estimated 
α1 2.5 Estimated from [13] 
α2 3.5 [24] 
θ1 0.87 Estimated from [24] 
θ2 0.45 Estimated from [13] 
θ3 0.53 Assumed 
ψ 0.35 Estimated 
φ 0.6 Estimated  

Fig. 2. The diagram that reveals the HIV/AIDs and varicella-zoster co-infection model sensitivity analyses.  
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5.2. Simulations for the of HIV/AIDS and zoster co-infection model 

The HIV/AIDS and varicella-zoster dynamical system (4) is highly non-linear and complex and hence investigating every analytical 
solution for this dynamical system is more complicated and extremely difficult. To examine the solutions in the case of such com-
plexities, it becomes essential to perform numerical simulation of the dynamical system particularly important when validating the 
predictions of a mathematical model regarding the dynamics of HIV/AIDS and varicella-zoster co-infection. In this sub-section, we 
have applied the Runge-Kutta fourth order numerical forward scheme method with MATLAB and performed simulations using 
parameter values described in Table 2 to investigate the behavior of co-infection model (4) solutions over time, and then comparing the 
simulation results as discussed in Ref. [16]. In this part of the study, the aim is to investigate the impacts of various characteristics 
(parameters) related to HIV/AIDS and zoster co-infection, such as treatment rate, portion of vaccination, and vaccination decay rate. 

The numerical simulation graph presented by Fig. 3 depicts the HIV/AIDS and Varicella-Zoster co-infection model (4) disease-free 
equilibrium point local asymptotic stability whenever its associated effective reproduction number is below one 

(
R ef < 1

)
. This plot 

also highlights the biological significance of the spread and expansion of HIV/AIDS and Varicella-Zoster co-infection within a pop-
ulation restricted to a particular area, demonstrating that the infection will dies out if this condition is met. 

The numerical simulation diagram presented by Fig. 4 above reveals the result that the solutions of the HIV/AIDS and Varizola- 

Fig. 3. Behaviors of the HIV/AIDS and Varicella-Zoster co-infection model (4) solutions whenever R ef < 1..  

Fig. 4. The behavior of the HIV/AIDS and Varicella-Zoster co-infection model (4) solutions whenever R ef > 1..  
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Zoster co-infection dynamical system (4) will converge towards its endemic equilibrium point whenever R ef > 1. From a biological 
standpoint, this suggests that the HIV/AIDS and Varizola-Zoster co-infection disease spreads uniformly within the community. 

The simulation results depicted in Fig. 5 indicates that as the portion of vaccination for zoster disease rises, there is a decline in the 
number of individuals co-infected with HIV/AIDS and Varicella-Zoster. Therefore, increasing the portion of vaccination is the best 
control measure to mitigate the co-infection disease spreading in the population. Thus, higher portion of vaccination can alleviate 
potential complications resulting from the co-infection of HIV/AIDS and Varicella-Zoster. 

The simulation fraph described by Fig. 6 invesigates and reveals that as the treatment rate for HIV/AIDS and Varicella-Zoster co- 
infected individuals increases implies the number of zoster-infected individuals decreases. Consequently, treating the HIV/AIDS and 
Varicella-Zoster co-infected individuals represents another fundamental approach to minimize and control the prevalence of these 
diseases in the population under consideration. 

Based on the simulation results described by Fig. 7, we can observe the influence of the vaccination portion (p) on the co-infection 
model effective reproduction number R ef . The diagram (Fig. 7) reveals that as the value of the portion p increases, both the repro-
duction numbers R 1 and R 2 decrease, leading to a decline in their maximum value as well. Moreover, the value of R =

max {R 1, R 2} less than one whenever the value of the portion p more than 0.3. 
The simulation result re-presented by Fig. 8 explore how the diseases spreading rates described by {α1 and α2} affect the overall 

spread of HIV/AIDS and varicella-zoster co-infection in the population. It’s clear that as the values of α1, and α1 increase then the 
values of both R 1 and R 2 rise as well. To keep the spread of the disease under control the value of the co-infection model (4) 

Fig. 5. Simulation to reveals the impact of portion of zoster vaccination (p) on the HIV/AIDS and Varicella-Zoster co-infected individuals.  

Fig. 6. Simulation to reveals the impact of treatment of the HIV/AIDS and Varicella-Zoster co-infection treatment (θ3) on the varicella-zoster 
infected individuals. 
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represented by R ef = max{ R 1, R 2}, should be less than 0.33. Therefore, it is fundamental on focusing to lower the diseases 
spreading rates for both HIV/AIDS and Zoster diseases. 

The simulation graph represented Fig. 9 explains the possible impact of Zoster vaccination waning rate (κ) on the HIV/AIDS and 
Varicella-Zoster co-infection model (4) effective reproduction number described R ef = max {R 1, R 2}. The result reveals that the 
values of both R 1 and R 2 grow whenever the value of vaccination waning rate (κ) rises. One can concluded that the whenever the 
value of vaccination waning rate (κ) is smaller than 0.81, the minimum value of the HIV/AIDS and Varicella-Zoster co-infection 
dynamical system (4) effective reproduction number R ef = max{R 1, R 2} = max{1.78, 2.76} = 2.76 is attained. The impact of zoster 
vaccination in preventing the HIV/AIDS and Varicella-Zoster co-infection spreading in the community should be carefully observed 
and made decisions by the public health stakeholders. 

5.3. Numerical simulation of the optimal control problem 

Using the same numerical methods used in the sub-section 5.2, in this sub-section, we carried out numerical simulations for the 
constructed optimal control problem to investigate the best control strategies over time to achieve specified objectives with the 
associated constraints. The process we carried out in this sub-section also gives insights into the control problem system dynamics, the 
optimizing performance, and assessing the robustness of the proposed control strategies across various applications. Incorporating 
optimal control theory in the proposed study is highly significant, as it introduces five control strategies aimed at managing the 
spreading dynamics of HIV/AIDS and varicella-zoster co-infection in the population. The proposed time-dependent control strategies 
encompass preventing of HIV/AIDS and zoster infections, enhancing recovery from each infection, and providing treatment for the 
HIV/AIDS and varicella-zoster co-infected individuals. This sub-section also emphasizes the critical importance of the five proposed 
control strategies, both collectively and individually, highlighting their role in shaping the best effective approaches to address the 

Fig. 7. Simulation results to reveal the impact of portion of vaccination (p) on various reproduction numbers consideration for the co-infection 
model (4). 

Fig. 8. Simulation result that reveals the impact of the spreading rates (α1,α1) on various reproduction numbers of the co-infection model (4).  
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complexities of HIV/AIDS and varicella-zoster co-infection spreading dynamics in the community. Performing the numerical analysis 
computations enables researchers to explore the behavior of these control strategies in various scenarios, providing valuable insights 
that contribute to the development of best effective intervention strategies for managing the HIV/AIDS and varicella-zoster co- 
infection. 

Simulation results represented by Figs. 10 and 11 reveal how the particular control strategy influences the spreading dynamics of 
HIV/AIDS-infected individuals. The result collected from Fig. 10 indicated that the implementation of the control strategy u1 leads to a 
sharp decrease in the number of HIV/AIDS-infected individuals compared to the scenario where this approach is not applied. Similarly, 
the result collected from Fig. 11 demonstrates the impact of the control strategy u2 on the same population, showing a significant 
reduction in the number of infected individuals compared to when this control is absent. These noticeable declines highlight the 
effectiveness of these control measures in curbing the spread of HIV/AIDS infection, underscoring their critical role in public health 
interventions. 

The impacts of the two control measures (u3,u3) on the HIV/AIDS infection in biological aspects can be investigated from simu-
lations results represented by Figs. 12 and 13. The finding collected from Fig. 12 reveals the significance of u3 on the HIV/AIDS 
infection spreading dynamics that means it depicts that a rapid decline in the HIV/AIDS infected population. Similarly the result 
collected from the simulation finding described by Fig. 13 shows the impact of u4 on the HIV/AIDS infection spreading dynamics, 
having similar decline approach. The findings discussed in this part highlight the biological efficacy of these control strategies in 
reducing the spread of HIV/AIDS in the community, underscoring their crucial role in shaping the best effective intervention strategies 

Fig. 9. Simulation result to reveals the impact of the Zoster vaccination waning rate (κ) on various reproduction numbers of the co-infection 
model (4). 

Fig. 10. Simulation to reveals impact of control strategy u1 on HIV/AIDS infection.  
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and mitigating the impact of the HIV/AIDS infection in the community. The charts shown in Figs. 12 and 13 above show the biological 
impact of the two control strategies denoted by (u3 and u4) on HIV/AIDS-infected individuals. Fig. 12 demonstrates the impact of the 
control strategy u3 on HIV/AIDS infection, showing a significant decrease in the HIV/AIDS-infected population. Similarly, Fig. 13 
examines the impact of the control strategy u4 on HIV/AIDS infection, revealing a comparable decline. These results emphasize the 
biological effectiveness of these controls in curtailing the spread of HIV, highlighting their pivotal role in shaping the best effective 
intervention strategies and mitigating the impact of HIV/AIDS infection in the community. 

The simulation results in this part are represented by Figs. 14 and 15 and investigated the impacts of the control function u5 on the 
HIV/AIDS-infection and the crucial impact of the aggregate control measures u1, u2, u3, u4 and u5 on the HIV/AIDS-infected population 
respectively. Unlike situations where these control strategies are not used, the result collected from graph shows a sharp decrease in the 
number of HIV/AIDS-infected individuals. This highlights the combined and powerful impact of the comprehensive intervention 
strategy. The visual representation underscores the collective effectiveness of the control measures for reducing the spread of HIV/ 
AIDS, emphasizing the crucial significance of a multifaceted approach in managing and alleviating the infection’s impact on the 
population. 

The findings collected from the results represented by Figs. 16 and 17 revealed the impact of implementing the control measure u3 
on the varicella-zoster infection, showing a reduction of the zoster infected individuals and examined the combined impact of the two 
control measures u3 and u4 , on the same class show a greater decline respectively. From a biological perspective, the findings 
emphasize that the significance of understanding how the control strategies interact; offering valuable insights for devising optimized 
intervention strategies against varicella-zoster infections in the community. 

Fig. 11. Simulation to reveals impact of control strategy u2 on HIV/AIDS infection.  

Fig. 12. Simulation to reveals impact of control strategy u3 on HIV/AIDS infection.  
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Fig. 13. Simulation to reveals impact of control strategy u4 on HIV/AIDS infection.  

Fig. 14. Simulation result to reveals the impact of u5 on the HIV/AIDS infection.  

Fig. 15. Simulation result to reveals the impacts of u1, u2, u3, u4 and u5 on the HIV/AIDS infection.  
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From the finding collected from Fig. 18 gives a comprehensive insight into the biological interpretation when all the possible 
control measures are use simultaneously to individuals infected with varicella-zoster virus. Therefore, the combined implementation of 
all the proposed control strategies is pivotal for effectively curtailing varicella-zoster infections that spreads in the community. 
Furthermore, it gives highlights for the stakeholders that each control measure targets specific aspects such as protection, recovery 
enhancement, and treatment, working synergistically to reduce the number of varicella-zoster infection. Thus, this holistic approach 
acknowledges the intricate nature of varicella-zoster infection dynamics and underscores the significance of a multifaceted inter-
vention strategy in managing and controlling varicella-zoster infection in the community. 

In this part, we carried out numerical simulation to investigate and discussed the impacts of the control strategies used to simulate 
Figs. 19 and 20 respectively. The finding from Fig. 19 reveals that the impact of implementing the control measures u3 and u4 on the co- 
infection that shows a decline in the co-infected population. Similarly, the finding from Fig. 20 reveals that the impacts of the com-
bined implementation of u3, u4 and u5, that indicate a more substantial decrease in co-infection compared to the implementation of the 
controls u3 and u4. Thus, utilizing u3, u4 and u5 simultaneously is the most strong strategy to undertake the co-infection. This offers 
valuable insights for creating comprehensive interventions to manage the dynamics of the co-infected population. 

Fig. 21 explains the biological consequences of implementing all the proposed control measures simultaneously on individuals co- 
infected with HIV/AIDS and varicella-zoster. The results underscore the pivotal role of a comprehensive intervention strategy in 
addressing co-infection. By integrating measures to prevent HIV and Varicella-Zoster, improve recovery, and offer treatment for co- 

Fig. 16. Simulation to reveals the impact of the control measure u3 on the zoster infection.  

Fig. 17. Simulation to reveals the impact of the control measures u3 and u4 on the zoster infection.  
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infections, the figure demonstrates a significant decrease in the co-infected population. From a biological standpoint, this highlights 
the importance of a multifaceted approach that addresses various aspects of infection dynamics concurrently. These findings suggest 
that a holistic strategy, incorporating multiple control measures, is crucial for effectively managing and mitigating the impact of co- 
infections, providing valuable insights for public health interventions. 

6. Conclusions and recommendations 

This proposed study built up an integer model integrating five time-dependent optimal control strategies to scrutinize the dynamics 
of HIV/AIDS and varicella-zoster co-infection spreading in the community. Rigorous assessment of the model’s equilibrium points is 
conducted to ensure its mathematical and epidemiological robustness. The models associated reproduction numbers are computed, 
and sensitivity analysis was performed to gauge the influence of the model parameters variations on the co-infection disease 
propagation. 

Then the sensitivity analysis and the various numerical simulations are carried out to explore the impacts of slight parameter 
fluctuations on the reproduction number and the model state variables. The results underscore the efficacy of medication and treat-
ment of zoster-only cases in reducing both HIV/AIDS and zoster co-infection within the community. Furthermore, modifying the zoster 
vaccination coverage emerges as a critical prophylactic measure, significantly curtailing the frequency of both infectious diseases. 
Based on these visible findings of the numerical simulation, the following recommendations are proposed: Achieving a zoster 
vaccination rate exceeding one-third is imperative for eliminating the HIV/AIDS and varicella co-infection in the community, 
consideration to reducing the zoster vaccination portion by over four-fifths as a potential control measure for the HIV/AIDS and 

Fig. 18. Simulation result to reveals the impact of all the control measures on the zoster infection.  

Fig. 19. Simulation result to reveals the impacts of the control measures u4 and u5 on the co- Infected infection.  
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varicella co-infection management, vaccine coverage surpassing one-third is essential to mitigate all the three illnesses, prioritizing the 
reduction of the spreading rate by more than one-third is crucial for controlling the spread of the HIV/AIDS and varicella co-infection. 
This study underscores the practical impact of pharmaceutical interventions in reducing HIV/AIDS and varicella co-infection. 
Moreover, modifying the access to the zoster vaccine emerges as a pivotal prophylactic measure, with numerical simulation results 
demonstrating its tangible impact on minimizing the disease frequency within communities. These outcomes bolster the case for 
vaccination programs and highlight the real-world implications of public health measures. 

Finally, the numerical simulation performed for the optimal control problem model has yielded significant insights into the 
spreading dynamics of HIV/AIDS and varicella-zoster co-infection. The control measures (u₁, u₂, u₃, u₄, and u₅) we have introduced in 
the co-infection model (4) play crucial roles in protecting against the HIV/AIDS or varicella-zoster infections, enhancing recovery, and 
declining the treated co-infected individuals. The detailed examination of particular and combined control measures highlights their 
impacts in reducing the respective infected population and mitigating HIV/AIDS and varicella-zoster co-infection. Looking ahead, 
exploring stochastic or fractional order approaches with cost-effectiveness analysis could enhance the model’s accuracy and capture 
more complex real-world scenarios. Such advancements could provide valuable insights for public health practices and intervention 
planning, advance our understanding of co-infection dynamics and optimal control strategies. 
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Fig. 20. Simulation result to reveals the impacts of the control measures u3, u4 and u5 on the infection.  

Fig. 21. Impact of implementing all the possible control strategies simultaneously on the HIV/AIDS and varicella-zoster co-infection.  
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