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a b s t r a c t 

We propose a new statistical modeling method to analyze functional relationship between pre- 

dictor variables and correlated response variables, and apply it for modeling the number of HIV 

and AIDS cases influenced by early-age marriages and contraceptive users. The proposed method 

is LS-Spline BNNBR that is a Biresponse Nonparametric Negative Binomial Regression (BNNBR) 

based on least squares spline (LS-Spline). To validate the proposed method, we compare it with 

classical method, namely Ordinary Least Square Biresponse Parametric Negative Binomial Re- 

gression (OLS-BPNBR). The results show that the LS-Spline BNNBR method provided deviance 

value of 7.542334 which is smaller than that of OLS-BPNBR method, namely 7.993935. Thus, the 

proposed method has better prediction fit than the classical method. 

• This study discusses new statistical modeling method for the number of HIV and AIDS cases 

influenced by early-age marriages and contraceptive users where the response variables are 

correlated with each other. 

• The model estimation results show that the number of HIV and AIDS cases in Indonesia will 

decrease if the early-age marriages percentage increases and the contraceptive users percent- 

age decreases. 

• The results are useful to provide a scientific basis for making policies to control the number 

of HIV and AIDS cases in Indonesia. 
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Specifications table 

Subject area Mathematics and Statistics 

More specific subject area Nonparametric Regression. 

Name of your method LS-Spline BNNBR. 

Name and reference of original method Not Applicable. 

Resource availability Data Availability: The authors attest that, upon reasonable request, the corresponding author will provide the 

data used in this article. 

Background 

Infectious diseases, such as HIV (Human Immunodeficiency Virus) and AIDS (Acquired Immune Deficiency Syndrome), have 

attacked many people and have received very serious attention from several countries, including Europe, South America and North

America [ 1 ], Africa [ 2 , 3 ], China [ 4–7 ], Philippines [ 8 ], Brazil [ 9 ], Liberia [ 10 ], Ethiopia [ 11 ], and Indonesia [ 12 ], in an effort to

reduce the spread and number of victims due to HIV and AIDS [ 13–15 ]. These HIV and AIDS spread from sufferers to other people

through a transmission [ 16 , 17 ]. Some factors that influence the transmission include early-age marriages, drug users, contraceptive

users, education and the number of unemployed. Several researchers have studied the influencing factors of HIV and AIDS cases,

for examples, Tohari et al. [ 18 , 19 ] included drug users and contraceptive users factors; Ramadan et al. [ 20 ] included early-age

marriages and contraceptive users; Igwe et al. [ 21 ] included education and the number of unemployed factors; and Farman et al.

[ 22 ] included antiretroviral treatment compartment. A common statistical tool used to analyze the functional relationship between

predictor variables and response variables is the regression model. The regression model consists of parametric regression model 

and nonparametric regression model. In real cases, we often also use a combination of the two regression models, which is called

a semiparametric regression model. Furthermore, to estimate a regression model describing the relationship between the number 

of HIV and AIDS cases and influencing factors, some researchers employed statistical models of nonparametric and semiparametric 

regressions [ 18–20 ] and parametric regressions [ 21 , 22 ]. In those modeling, we often encounter the use of estimators to estimate these

models which are applied to HIV and AIDS cases dataset, for examples, local linear estimator was used to estimate the number of

cases of HIV and AIDS models influenced by drug users and contraceptive users percentage in Indonesia [ 18 ] and in East Java [ 19 ];

LS-Spline estimator was used to estimate a model of the number of HIV cases in Indonesia influenced by early-age marriages and

contraceptive users percentage [ 20 ]. On the other hand, other estimators have also been widely used by several previous researchers

to estimate nonparametric and semiparametric regression models applied to medical researches and other real cases, for prediction 

and interpretation purposes, for examples, smoothing spline [ 23–26 ]; penalized spline [ 27 ]; mixed estimator of smoothing spline and

Fourier series [ 28 ]; and truncated spline [ 29 , 30 ]. 

In this study, we want to analysis the correlation between the number of HIV and AIDS cases for each province in Indonesia. Since

there is two correlated response variables, then we use a biresponse regression model. Therefore, we develop a regression analysis

method called the LS-Spline BNNBR for modeling and analyzing HIV and AIDS cases occurred in all provinces of Indonesia influenced

by early-age marriages percentage and contraceptive users percentage. LS-Spline is one of spline estimators that has the ability to

explain changes in data behavior at certain sub-intervals, so it is very suitable for prediction and interpretation purposes [ 31 , 32 ].

Hereinafter, although Tohari et al. [ 18 , 19 ] have discussed HIV and AIDS modeling using local linear estimator, but according to

Wang [ 33 ], the local linear estimator is very well applied to data which tends to follow an uptrend or downtrend, and is less good

for data that fluctuates in sub-intervals. Apart from that, the predictor variables used by Tohari et al. [ 18 , 19 ] is drug users and

contraceptive users percentages, while here we use early-age marriages and contraceptive users percentages. Whereas, Ramadan 

et al. [ 20 ] discussed modeling the HIV cases only, no AIDS cases. In addition, we use a regression model with two response variables

correlated with each other. Thus, our proposed method is a development of the methods discussed by Tohari et al. [ 18 , 19 ] and

Ramadan et al. [ 20 ]. 

Method details 

In this section we provide details of method including defining structure of dataset, determining Pearson correlation coefficient, 

defining Biresponse Negative Binomial Regression (BNBR) model, determining Least Square Spline Biresponse Nonparametric Re- 

gression (LS-Spline BNR) model, and parameter selection method. 

Defining structure of dataset 

The dataset used in this study are secondary dataset collected from the Indonesian Central Statistics Agency in Surabaya City,

Indonesia. The dataset consist of the number of HIV and AIDS cases that occurred in thirty provinces in Indonesia throughout 2023

and the percentage of influencing factors, namely early-age marriages and contraceptive users. In this case, we consider a paired

dataset of the number of cases of HIV and the number of cases of AIDS in each province of Indonesia that are correlated with each

other. Also, we consider dataset of early-age marriages percentage and contraceptive users percentage. Here, the number cases of

HIV and AIDS are as response variables where the number of HIV cases is as the first response variable (𝑌1 ) and the number of AIDS

cases is as the second response variable (𝑌2 ) , and between the first response variable (𝑌1 ) and the second response variable (𝑌2 ) there

is a correlation. While, percentages of early-age marriages and contraceptive users are as predictor variables where percentage of
2
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Table 1 

The Number Cases of HIV and AIDS in 30 Provinces of Indonesia in 2023. 

Number Province HIV Cases (𝑌1 ) AIDS Cases (𝑌2 ) Early-Age Marriages (𝑋1 ) Contraceptive Users (𝑋2 ) 

1 D. I. Aceh 175 50 4.60 40.54 

2 Sumatera Utara 1904 326 4.82 38.27 

3 Sumatera Barat 364 89 3.48 41.98 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 
30 Papua 1790 254 13.21 19.33 

Source: Indonesian Central Statistics Agency. 

 

 

 

 

 

 

 

 

 

 

 

early-age marriages is as the first predictor variable (𝑋1 ) and percentage of contraceptive users is as the second predictor variable

(𝑋2 ) . The structure of the dataset is presented in Table 1 . 

Determining Pearson correlation coefficient 

In common, a measure of linear correlation in a regression model is determined by coefficient value of the Pearson correlation ( 𝜌).

It is a value from minus one (–1) to one (1) which describes a measure of the strength and direction of a linear relationship between

two variables [ 34 ]. The coefficient of Pearson correlation is determined by the covariance value of two variables that is divided

by multiplication value of their standard deviations [ 35 ]. Mathematically, the coefficient value of Pearson correlation between two

variables, namely 𝑌1 and 𝑌2 , is given by the following equation [ 34 , 35 ]: 

𝜌𝑌1 ,𝑌2 
=

𝐶𝑜𝑣
(
𝑌1 , 𝑌2 

)
√ 

𝑉 𝑎𝑟
(
𝑌1 
) √ 

𝑉 𝑎𝑟
(
𝑌2 
) (1) 

Defining Biresponse negative binomial regression (BNBR) model 

Biresponse Negative Binomial Regression (BNBR) model is a Negative Binomial Regression (NBR) model with two variables of 

response that are correlated with each other [ 36 ]. Let two random variables 𝑌1 𝑖 and 𝑌2 𝑖 , 𝑖 = 1 , 2 , … , 𝑛 , follow a mixed distribution of

Poisson-Gamma. The function of joint probability of the negative binomial response is given by the following equation [ 36 ]: 

𝑓
(
𝑦1 , 𝑦2 

)
=

Γ
(

1 
𝛼
+ 𝑦1 + 𝑦2 

)
Γ
(

1 
𝛼

)
Γ
(
𝑦1 + 1 

)
Γ
(
𝑦2 + 1 

)𝜇
𝑦1 
1 𝜇

𝑦2 
2 𝛼

1 
𝛼

( 1 
𝛼
+ 𝑦1 + 𝑦2 

)−
(
1 
𝛼
+𝑦1 +𝑦2 

)
(2) 

where 𝑦1 , 𝑦2 = 0 , 1 , 2 , …; 𝛼 ≥ 0 is a dispersion parameter; 𝐸(𝑌𝑟 ) = 𝜇𝑟 ; 𝑉 𝑎𝑟 (𝑌𝑟 ) = 𝜇𝑟 (1 + 𝛼𝜇𝑟 ) ; 𝑟 = 1 , 2 ; and 𝐶𝑜𝑟𝑟 (𝑌1 , 𝑌2 ) =
√ 

𝜇1 𝜇2 𝛼2 

(1+𝜇1 𝛼)(1+𝜇2 𝛼) 
.

Suppose we have a paired data (𝐱𝑖 , 𝑦1 𝑖 , 𝑦21 ) where 𝐱𝑖 = (𝑥1 𝑖 , 𝑥2 𝑖 , … , 𝑥𝑝𝑖 ) 𝑇 , 𝑦1 𝑖 and 𝑦2 𝑖 are vectors of predictor variables of the first 

response and the second response, respectively. Next, if 𝑦1 𝑖 and 𝑦2 𝑖 are discrete type response variables with a random sample of size

n which is assumed to have a Biresponse Negative Binomial (BNB) distribution and is mutually correlated, then the function of joint

probability distribution of 𝑦1 𝑖 and 𝑦2 𝑖 is given as follows [ 37 ]: 

𝑓
(
𝑦1 𝑖 , 𝑦2 𝑖 |𝐱𝑖 

)
=
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(

1 
𝛼
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(

1 
𝛼

)
Γ
(
𝑦1 𝑖 + 1 

)
Γ
(
𝑦2 𝑖 + 1 

)𝜇
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𝛼

( 1 
𝛼
+ 𝑦1 𝑖 + 𝑦2 𝑖 

)−
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𝛼
+𝑦1 𝑖 +𝑦2 𝑖 

)
(3) 

where 𝜇1 𝑖 = exp (𝐱𝑇 
𝑖 
𝜷1 ) and 𝜇2 𝑖 = exp (𝐱𝑇 

𝑖 
𝜷2 ) . 

Determining least square spline Biresponse nonparametric regression (LS-Spline BNR) model 

Suppose that the paired dataset (𝑥𝑖 , 𝑦𝑖 ) , 𝑖 = 1 , 2 , … , 𝑛 where 𝑦𝑖 is the i th value of response variable , and 𝑥𝑖 is the i th value of

predictor variable, follow the following regression model: 

𝑦𝑖 =
𝑝 ∑

𝑗=1 
𝑠
(
𝑥𝑗𝑖 

)
+ 𝜀𝑖 (4) 

where 𝑠 (𝑥𝑗𝑖 ) is a function of regression curve and its shape is unknown, and 𝜀𝑖 is the i th value of random error. Here, the value of

the regression function can be determined by using a least square spline regression approximation with knots 𝜏1 , 𝜏2 , … , 𝜏𝑚 . Hence, 

we may express it the form of the following equation [ 38 ]: 

𝑝 ∑
𝑗=1 

𝑠
(
𝑥𝑗𝑖 

)
= 𝑠

(
𝑥1 𝑖 

)
+ 𝑠

(
𝑥2 𝑖 

)
+ …+ 𝑠

(
𝑥𝑝𝑖 

)
(5) 
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where 𝑖 = 1 , 2 , … , 𝑛 ; and 

𝑠
(
𝑥𝑗𝑖 

)
=

𝑞 ∑
𝑙=0 

𝛽𝑗𝑙 𝑥
𝑙 
𝑗𝑖 
+

𝑚 ∑
𝑘 =1 

𝛽𝑗( 𝑞+ 𝑘 ) 
(
𝑥𝑗𝑖 − 𝜏𝑗𝑘 

)𝑞 

+ (6) 

If there is one response variable in the nonparametric least square spline regression analysis, then a single response nonparametric

least square spline regression model will be obtained. Meanwhile, if there are two response variables in the nonparametric least

square spline regression, a biresponse nonparametric least squared spline regression model will be obtained. Biresponse regression 

(BR) model can be defined as a regression model that has two response variables where scientifically (logic) and mathematically

they are correlated or strongly related to each other [ 39 ]. Furthermore, the BR model with a regression curve that does not follow a

certain shape, it is called a biresponse nonparametric regression (BNR) model. The BNR model with the least square spline approach

can be written as follows: 

𝑦1 𝑖 = 𝑠1 
(
𝑥𝑖 

)
+ 𝜀1 𝑖 

𝑦2 𝑖 = 𝑠2 
(
𝑥𝑖 

)
+ 𝜀2 𝑖 

} 

(7) 

where 𝑖 = 1 , 2 , … , 𝑛 , and 𝜀1 𝑖 and 𝜀2 𝑖 are the i th values of random error for the first response and for the second response, respectively.

Here, it is assumed that the curve shape of the regression functions 𝑠1 (𝑥𝑖 ) and 𝑠2 (𝑥𝑖 ) does not follow a certain shape. The curves of

𝑠1 (𝑥𝑖 ) and 𝑠2 (𝑥𝑖 ) change over certain sub-intervals with the general form given by Eq. (6) . Also, the random errors 𝜀1 𝑖 and 𝜀2 𝑖 are

correlated each other, and have mean of zero and variance of 𝜎2 . 

Based on models that have been discussed in previous sections, we develop a regression model, namely Biresponse Nonparametric

Negative Binomial Regression (BNNBR) model. The BNNBR is a negative binomial regression model that has two correlated response 

variables and the curve shape of its regression function does not follow certain shape, and the regression function is assumed to be

smooth only. 

Parameter selection method 

Parameter selection in the Least Squares Spline (LS-Spline) method involves determining the node points (knot points) and smooth-

ing parameters to minimize the error between the data and the spline curve, taking into account the smoothness of the curve. The

LS-Spline method aims to find the best spline function (with the smallest error) to model the data, taking into account the smoothness

of the curve. Knot points are points that divide the data into segments, where each segment is interpolated by a polynomial function

(usually a quadratic or cubic polynomial). The smoothing parameter controls how “straight ” or “squiggly ” the spline curve is. Higher

values of the smoothing parameter will produce a smoother curve, but may not fit the data well, while smaller values will produce a

curve that fits the data better, but may not be smooth. Optimal parameter selection can be done with various approach methods, such

as Penalized Least Squares (PLS), an approach method that combines goodness of fit with smoothness of the curve through smoothing

parameters; Cross-Validation, an approach method used to select the best smoothing parameters based on the predictive performance 

of the model; Bayesian Information, an approach method that uses a priori information to select smoothing parameters. 

The selection of the right parameters in the LS-Spline method is very important to obtain a good model, namely a model that fits

the data and also has adequate smoothness. The selection of these parameters can be done with various approaches, and the most

suitable approach will depend on the characteristics of the data and the purpose of the analysis. In this study, the selecting optimal

parameter and knots are performed based on the MLCV (maximum likelihood cross-validation) criterion proposed by Duin [ 40 ], and

Fong and Holmes [ 41 ]. 

Method validation 

In this section, we provide validation of method including testing the correlation between response variables, identifying the 

relationship between response and predictor variables, testing overdispersion, determining optimal knot points, and estimating the 

BPNBR and BNNBR models. 

Testing the correlation between response variables 

The correlation value between 𝑌1 and 𝑌2 is 0.7946. By using the significance level 0.05 and obtaining a p -value of 0.0001, it can be

concluded that the correlation between the two variables is significant. Thus, it can be interpreted that these two variables influence

each other. 

The scatter-plot given by Fig. 1 shows that there is a positive correlation between the number of cases of HIV and the number of

cases of AIDS. This fact indicates that the use of the BR model is appropriate for modelling these cases. 

Identifying the relationship between response and predictor variables 

Hereinafter, the following figures (see Figs. 2 and 3 ) present scatter plots for identifying the relationship of variables in the model,

namely between response and predictor variables. 

Figs. 2 and 3 show that scatter-plot results of predictor variables and response variables do not indicate a certain pattern that is a

pattern that usual occurs in the case of the parametric regression pattern. This fact supports that the use of the BNR model approach

is very suitable for modelling these cases. 
4
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Fig. 1. Scatterplot of the Number of Cases for HIV versus AIDS. 

Fig. 2. Scatter-plot Early-Age Marriage and Contraceptive Users versus the Number Cases of HIV. 

 

 

Testing overdispersion 

The next step is to investigate the presence of overdispersion for the variables 𝑌1 and 𝑌2 using the dispersion test, the results of

which are presented in Table 2 . 

Based on Table 2 , it can be observed that the same spread (equidispersion) assumption for variables 𝑌1 and 𝑌2 is not met. Therefore,

it is more appropriate to model them using distribution of Negative Binomial rather than distribution of Poisson. 
Table 2 

Results of Overdispersion Test. 

𝑌1 𝑌2 

Dispersion Ratio 4.9905 4.9148 

Pearson’s Chi-Squared 40.1133 40.1133 

p-value < 0.0001 < 0.0001 

Poisson Bivariate? No No 

5



A. Ramadan, N. Chamidah, I.N. Budiantara et al. MethodsX 14 (2025) 103336

Fig. 3. Scatter-plot Early-Age Marriage and Contraceptive Users versus the Number Cases of AIDS. 

Table 3 

Optimal Knot Point Combination Based on the Largest MLCV. 

Predictor Variables 

𝑌1 𝑌2 

Number of Knots Knot Points Number of Knots Knot Points 

𝑿 1 3 5.9625; 11.1550; 13.2475 3 5.9625; 11.1550; 13.2475 

𝑿 2 3 42.0850; 48.6100; 58.1450 3 42.0850; 48.6100; 58.1450 

MLCV –217.1424 –213.7064 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Determining optimal knot points 

The optimal combination of knot points selected is the one with the largest MLCV (maximum likelihood cross-validation) value

proposed by Duin [ 40 ], and Fong and Holmes [ 41 ]. The optimal combination of knot points for each variable of predictor is presented

in Table 3 . 

We can observe from Table 3 that the largest MLCV value for the combination in the relationship with 𝑌1 is −217 . 1424 and in the

relationship with 𝑌2 is − 213 . 7064 . 

Estimating the BPNBR and BNNBR models 

Hereinafter, we determine the estimation values of parameters of the BNNBR model by using a maximum likelihood estimation

method. Finally, we compare the proposed model approach, i.e., BNNBR model, with the classical model, i.e., BPNBR model to

show suitability of the proposed model in predicting based on the deviance values of these models [ 42 ]. The model with a smallest

deviance value is to be the best model that can be used for prediction purpose [ 43 ]. The results of estimating parameters of regression

models of BPNBR (Biresponse Parametric Negative Binomial Regression) based on Ordinary Least Square (OLS) estimator and BNNBR 

(Biresponse Nonparametric Negative Binomial Regression) based on Least Square Spline (LS-Spline) estimator for the number of cases 

of HIV and AIDS, and Deviance values for those two cases are presented in Tables 4 and 5 , respectively. 

Based on the deviance values in Table 5 , it is found that the Deviance value of BNNBR model is smaller than that of BPNBR model.

Also, it can be shown that the Deviance value of BNNBR model is smaller than value of Chi-Squared distribution, i.e., 𝜒2 
𝑛 −2 = 41 . 33714 ,

and its p-value is greater than significance level value of 0.005. This means that the best model approach for modelling the number

of cases of HIV and AIDS is BNNBR model. In other words, the BNNBR model based on least square spline estimator is an appropriate

model approach for these cases. Thus, the proposed model approach in this research, namely BNNBR model, with the estimation

results of model parameters presented in Table 4 , is a better model approach for modelling these cases than classical model approach,

namely BPNBR model. Next, we obtain the estimated BNNBR model based on LS-Spline estimator for the first response variable as
6
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Table 4 

Estimation Results of Models for HIV and AIDS Cases Using Least Square Spline Estimator. 

HIV AIDS 

Estimator BPNBR Model BNNBR Model Estimator BPNBR Model BNNBR Model 

𝛽0 8.0416 93.5820 𝛽0 6.0725 54.4770 

𝛽1 − 0.0782 − 0.0400 𝛽1 − 0.0647 0.0802 

𝛽1 , 1 _ 0.0568 𝛽1 , 1 _ − 0.0876 

𝛽1 , 2 _ − 0.0360 𝛽1 , 2 _ 0.2417 

𝛽1 , 3 _ − 0.5246 𝛽1 , 3 _ − 0.6963 

𝛽2 − 0.0210 − 0.0551 𝛽2 − 0.0126 − 0.0101 

𝛽2 , 1 _ − 0.0585 𝛽2 , 1 _ − 0.0608 

𝛽2 , 2 _ 0.0423 𝛽2 , 2 _ − 0.0927 

𝛽2 , 3 _ 0.6147 𝛽2 , 3 _ 0.6982 

𝛼̂ 0.5247 0.8525 𝛼̂ 0.5247 0.8525 

Table 5 

Deviance for BPNBR Model and BNNBR model. 

BPNBR model BNNBR model 

Deviance 7.993935 7.542334 

p-value 0.999 0.999 
follows: 

𝜇̂1 = exp [𝛽0 + 𝛽1 𝑥1 + 𝛽1 , 1 
(
𝑥1 − 𝜏1 , 1 

)
+ + 𝛽1 , 2 

(
𝑥1 − 𝜏1 , 2 

)
+ + 𝛽1 , 3 

(
𝑥1 − 𝜏1 , 3 

)
+ 

+𝛽2 𝑥2 + 𝛽2 , 1 
(
𝑥2 − 𝜏2 , 1 

)
+ + 𝛽2 , 2 

(
𝑥2 − 𝜏2 , 2 

)
+ + 𝛽2 , 3 

(
𝑥2 − 𝜏2 , 3 

)
+ ] 

= exp [93 . 582 − 0 . 04𝑥1 + 0 . 0568
(
𝑥1 − 5 . 9625 

)
+ − 0 . 036

(
𝑥1 − 11 . 155 

)
+ − 0 . 5246

(
𝑥1 − 13 . 2475 

)
+ 

+ − 0 . 0551𝑥2 − 0 . 0585
(
𝑥2 − 42 . 085 

)
+ + 0 . 0423

(
𝑥2 − 48 . 61 

)
+ + 0 . 6147

(
𝑥2 − 58 . 145 

)
+ ] . 

Hence, we obtain the estimated Least Square Spline (LS-Spline) regression function for the first response variable as follows: 

𝑠̂1 
(
𝑥1 
)
= 93 . 582 − 0 . 04𝑥1 + 0 . 0568

(
𝑥1 − 5 . 9625 

)
+ − 0 . 036

(
𝑥1 − 11 . 155 

)
+ − 0 . 5246

(
𝑥1 − 13 . 2475 

)
+ 

=

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

93 . 582 − 0 . 04𝑥1 for 𝑥1 < 5 . 9625 
93 . 2433 + 0 . 0168𝑥1 for 5 . 9625 ≤ 𝑥1 < 11 . 155 
93 . 6449 − 0 . 0192𝑥1 
100 . 5945 − 0 . 5438𝑥1 

for 
for 

11 . 155 ≤ 𝑥1 < 13 . 2475 
𝑥1 ≥ 13 . 2475 

𝑠̂1 
(
𝑥2 
)
= 93 . 582 − 0 . 0551𝑥2 − 0 . 0585

(
𝑥2 − 42 . 085 

)
+ + 0 . 0423

(
𝑥2 − 48 . 61 

)
+ + 0 . 6147

(
𝑥2 − 58 . 145 

)
+ 

=

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

93 . 582 − 0 . 0551𝑥2 for 𝑥2 < 42 . 085 
96 . 044 − 0 . 1136𝑥2 for 42 . 085 ≤ 𝑥2 < 48 . 61 
93 . 9878 − 0 . 0713𝑥2 
58 . 2461 + 0 . 5434𝑥2 

for 
for 

48 . 61 ≤ 𝑥2 < 58 . 145 
𝑥2 ≥ 58 . 145 

. 

Also, we obtain the estimated BNNBR model based on LS-Spline estimator for the second response variable as follows: 

𝜇̂2 = exp [𝛽0 + 𝛽1 𝑥1 + 𝛽1 , 1 
(
𝑥1 − 𝜏1 , 1 

)
+ + 𝛽1 , 2 

(
𝑥1 − 𝜏1 , 2 

)
+ + 𝛽1 , 3 

(
𝑥1 − 𝜏1 , 3 

)
+ 

+𝛽2 𝑥2 + 𝛽2 , 1 
(
𝑥2 − 𝜏2 , 1 

)
+ + 𝛽2 , 2 

(
𝑥2 − 𝜏2 , 2 

)
+ + 𝛽2 , 3 

(
𝑥2 − 𝜏2 , 3 

)
+ ] 

= exp [54 . 477 + 0 . 0802𝑥1 − 0 . 0876
(
𝑥1 − 5 . 9625 

)
+ + 0 . 2417

(
𝑥1 − 11 . 155 

)
+ − 0 . 6963

(
𝑥1 − 13 . 2475 

)
+ 

+ − 0 . 0101𝑥2 − 0 . 0608
(
𝑥2 − 42 . 085 

)
+ − 0 . 0927

(
𝑥2 − 48 . 61 

)
+ + 0 . 6982

(
𝑥2 − 58 . 145 

)
+ ] . 

Hence, we obtain the estimated Least Square Spline (LS-Spline) regression function for the second response variable as follows: 

𝑠̂2 
(
𝑥1 
)
= 54 . 477 + 0 . 0802𝑥1 − 0 . 0876

(
𝑥1 − 5 . 9625 

)
+ + 0 . 2417

(
𝑥1 − 11 . 155 

)
+ − 0 . 6963

(
𝑥1 − 13 . 2475 

)
+ 

=

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

54 . 477 + 0 . 0802𝑥1 for 𝑥1 < 5 . 9625 
54 . 9993 − 0 . 0074𝑥1 for 5 . 9625 ≤ 𝑥1 < 11 . 155 
52 . 3031 + 0 . 2343𝑥1 
61 . 5273 − 0 . 462𝑥1 

for 
for 

11 . 155 ≤ 𝑥1 < 13 . 2475 
𝑥1 ≥ 13 . 2475 
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Table 6 

Estimation Results of BPNBR and BNNBR Models for HIV Cases in Provinces of 

Indonesia. 

Province Actual value BPNBR estimates BNNBR estimates 

D. I. Aceh 175 924.8305 1034.3020 

Sumatera Utara 1904 953.5007 1161.7960 

Sumatera Barat 364 979.3528 999.1675 

Riau 476 756.3893 549.5239 

Jambi 187 388.5071 421.9925 

Sumatera Selatan 521 346.6077 333.4724 

Bengkulu 146 353.2486 384.2741 

Lampung 526 397.7340 1396.5450 

Kepulauan Bangka Belitung 184 286.9720 718.1603 

Kepulauan Riau 669 1030.5550 1036.0460 

D. I. Yogyakarta 567 839.1410 453.9010 

Banten 1392 601.9347 257.7956 

Bali 1571 710.6282 365.4187 

Nusa Tenggara Barat 207 291.5693 62.2019 

Nusa Tenggara Timur 429 864.8434 1083.9120 

Kalimantan Barat 531 301.0060 358.2154 

Kalimantan Tengah 257 259.8611 244.7520 

Kalimantan Selatan 419 244.6545 1798.6030 

Kalimantan Timur 1089 575.9843 478.4879 

Kalimantan Utara 130 575.8438 931.4379 

Sulawesi Utara 508 330.6063 221.6458 

Sulawesi Tengah 227 390.0507 353.2633 

Sulawesi Selatan 1227 612.2225 869.6165 

Sulawesi Tenggara 193 451.5318 899.7073 

Gorontalo 109 399.8054 310.1686 

Sulawesi Barat 31 295.1199 52.6925 

Maluku 320 867.7301 1403.5600 

Maluku Utara 257 416.0015 543.1579 

Papua Barat 360 593.2297 1572.7500 

Papua 1790 736.9071 3305.1660 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑠̂2 
(
𝑥2 
)
= 54 . 477 − 0 . 0101𝑥2 − 0 . 0608

(
𝑥2 − 42 . 085 

)
+ − 0 . 0927

(
𝑥2 − 48 . 61 

)
+ + 0 . 6982

(
𝑥2 − 58 . 145 

)
+ 

=

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

54 . 477 − 0 . 0101𝑥2 for 𝑥2 < 42 . 085 
57 . 0358 − 0 . 0709𝑥2 for 42 . 085 ≤ 𝑥2 < 48 . 61 
61 . 5419 − 0 . 1636𝑥2 
20 . 9451 + 0 . 5346𝑥2 

for 
for 

48 . 61 ≤ 𝑥2 < 58 . 145 
𝑥2 ≥ 58 . 145 

. 

The formula 𝑠̂1 (𝑥1 ) explains the relationship between 𝑋1 and 𝑌1 , the formula 𝑠̂1 (𝑥2 ) explains the relationship between 𝑋2 and 𝑌1 . 

Also, the formula 𝑠̂2 (𝑥1 ) explains the relationship between 𝑋1 and 𝑌2 , and the formula 𝑠̂2 (𝑥2 ) explains the relationship between 𝑋2 
and 𝑌2 . Next, when the 𝑋1 value is between 5.9625 and 11.1550, adding the 𝑋1 value will increase 𝑌1 , other than in this range adding

the 𝑋1 value will decrease 𝑌1 . When the 𝑋2 value is > 58.1450, the 𝑌1 value will increase, otherwise, the 𝑌1 value will decrease. When

the 𝑋1 value is < 5.9625 and between 11.1550 and 13.2475, the 𝑌2 value will increase. When the 𝑋2 value is > 58.1450, the 𝑌2 value

will increase. Based on the estimation of the BNNBR models, it can be observed that when the percentage of the number of early-age

marriages is between 5.9625 and 11.1550, increasing the number of early-marriages will increase the number of cases of HIV. On the

other hand, when the percentage of the number of contraceptive users is > 58.1450, the number of cases of HIV will increase. Also,

when the percentage of the number of early-age marriages is < 5.9625 and between 11.1550 and 13.2475, the number of cases of

AIDS will increase. Whereas when the percentage of the contraceptive users is > 58.1450, the number of cases of AIDS will increase.

Next, based on the estimated BPNBR and BNNBR models above, the estimation results of the BPNBR model and the BNNBR model

for cases of HIV and AIDS in Provinces of Indonesia are presented in Tables 6 and 7 , respectively. 

In the following figure (see Fig. 4 ), we provide plot results of estimation values of BPNBR and BNNBR models compared with the

actual values for HIV cases and AIDS cases. 

Fig. 4 shows that visually, the estimation curve of the number of HIV and AIDS cases using the BNNBR model approach based on

the Least Square Spline (LS-Spline), which is called LS-Spline BNNBR method, is more representative than using the BPNBR model

approach based on the Ordinary Least Square (OLS), which is called OLS-BPNBR method. This is in accordance with the results of the

statistical model estimation calculations in the discussion section above. This fact shows that the use of proposed method, namely

LS-Spline BNNBR, is more suitable to model the number of HIV and AIDS cases in Indonesia affected by percentages of early-age

marriages and contraceptive users than the use of classical method, namely OLS-BPNBR. 
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Table 7 

Estimation Results of BPNBR and BNNBR Models for AIDS Cases in Provinces of 

Indonesia. 

Province Actual value BPNBR estimates BNNBR estimates 

D. I. Aceh 50 193.1880 222.6137 

Sumatera Utara 326 195.9927 231.8532 

Sumatera Barat 89 203.9569 200.5402 

Riau 298 168.3712 172.0723 

Jambi 16 103.0856 55.4942 

Sumatera Selatan 163 93.6184 57.2711 

Bengkulu 31 95.2129 60.8734 

Lampung 67 106.2309 184.0213 

Kepulauan Bangka Belitung 16 80.9490 166.6755 

Kepulauan Riau 119 212.5029 191.7193 

D. I. Yogyakarta 69 185.7665 115.2610 

Banten 142 145.6403 47.7602 

Bali 492 163.5997 91.2873 

Nusa Tenggara Barat 154 78.1226 35.7430 

Nusa Tenggara Timur 148 181.1759 252.7148 

Kalimantan Barat 79 83.6125 82.8065 

Kalimantan Tengah 26 74.3718 64.1185 

Kalimantan Selatan 139 71.9458 450.4949 

Kalimantan Timur 274 135.3478 157.1256 

Kalimantan Utara 34 131.7264 231.7817 

Sulawesi Utara 214 88.8937 60.9751 

Sulawesi Tengah 59 100.0115 113.2853 

Sulawesi Selatan 327 138.8830 225.6909 

Sulawesi Tenggara 57 107.7482 372.5032 

Gorontalo 43 103.0841 65.9548 

Sulawesi Barat 12 77.1433 36.7339 

Maluku 20 177.9342 262.2399 

Maluku Utara 85 102.8879 261.8785 

Papua Barat 80 129.1699 334.5676 

Papua 254 144.6874 479.7195 

Fig. 4. Plots of actual values (plaid), estimation values of BPNBR (red) and BNNBR (blue) for HIV (left) and AIDS (right). 

 

 

 

 

Conclusion 

The data analysis results using the proposed method, namely LS-Spline BNNBR, show that the best combination of knots for the

first predictor variable (𝑋1 ) and the second predictor variable (𝑋2 ) is combination of three knots for each response variable, with the

largest Maximum Likelihood Cross-Validation (MLCV) values for the first response variable (𝑌1 ) and for the second response variable 

(𝑌2 ) are −217 . 1424 and −213 . 7064 , respectively. Also, the results show that LS-Spline BNNBR method is the best method for modelling

the number of cases of HIV and AIDS in Indonesia. Hereinafter, based on the estimation results using the proposed method, namely
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LS-Spline BNNBR, show that when the percentage of the number of early-age marriages is between 5.9625 and 11.1550, increasing the

number of early-marriages will increase the number of HIV cases in Indonesia. On the other hand, when the percentage of the number

of contraceptive users is > 58.1450, the number of HIV cases in Indonesia will increase. Also, when the percentages of the number of

early-age marriages are < 5.9625 and between 11.1550 and 13.2475, the number of AIDS cases in Indonesia will increase. Whereas

when the percentage of the contraceptive users is > 58.1450, the number of AIDS cases in Indonesia will increase. Therefore, to reduce

the number of cases of HIV and AIDS in Indonesia, the early-age marriages percentage must be reduced, while the contraceptive users

percentage must be increased. 
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