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Traditional replication dynamic model and the corresponding concept of evolutionary stable strategy
(ESS) only takes into account whether the system can return to the equilibrium after being subjected
to a small disturbance. In the real world, due to continuous noise, the ESS of the system may not be
stochastically stable. In this paper, a model of voluntary public goods game with punishment is studied
in a stochastic situation. Unlike the existing model, we describe the evolutionary process of strategies
in the population as a generalized quasi-birth-and-death process. And we investigate the stochastic
stable equilibrium (SSE) instead. By numerical experiments, we get all possible SSEs of the system for
any combination of parameters, and investigate the influence of parameters on the probabilities of
the system to select different equilibriums. It is found that in the stochastic situation, the introduction
of the punishment and non-participation strategies can change the evolutionary dynamics of the
system and equilibrium of the game. There is a large range of parameters that the system selects the
cooperative states as its SSE with a high probability. This result provides us an insight and control
method for the evolution of cooperation in the public goods game in stochastic situations.

How did human’s cooperative behavior evolve? This question is listed on the “Science” magazine as one of the 25
core problems in the 125 scientific challenges proposed by scientists all over the world™?. In theory, cooperation
behavior is beneficial to the group, but it is unfavorable to the individual because of the cost. Self-interested indi-
vidual will choose to be a “free rider” without cooperation. The behavior of all individuals not cooperating will
make the group into the most unfavorable situation. But in reality, the phenomenon of cooperation is widespread.
It can be seen everywhere from human society to other biological groups in nature®. So, how does the coopera-
tive behavior emerge and evolve in cooperation dilemmas? This question has been plaguing theoretical scholars
from many disciplines*. Including the economics, sociology, psychology, theoretical biology, etc., all are trying
to find some corresponding theory to explain the phenomenon of cooperation. In the study of the evolution of
cooperation, the prisoner’s dilemma game and multiplayer public goods game are two basic models. In these
two games, there are inconsistencies between individual’s optimal behavior and the collective optimal behavior,
which depict the dilemma of cooperation in essence. At present, various cooperation mechanisms have been
proposed for the cooperation dilemma in theoretical studies, such as the punishment mechanism®~, the reward
mechanism®-!}, the reputation mechanism'?-', the network interaction mechanism!®-*8, the optional participa-
tion mechanism'>?, the kin selection mechanism?"??, the group selection mechanism?*»*, etc. All these mech-
anisms can promote the evolution of cooperation under certain conditions. Nowak systematically summarized
five important mechanisms which can promote cooperation®. With the gradual deepening on the study of these
mechanisms, the evolution of cooperation will still be the focus of academic attention in the future for a long time.

This article focuses on the public goods game in both of the punishment and optional participation mecha-
nisms which can be called voluntary public goods game with punishment. Anthropologists and biologists dis-
covered that punishing defectors was an effective way to maintain the cooperation between human and other
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biological populations very long ago. By behavioral experiments, experimental economists have also found that
altruistic punishment can significantly improve the level of cooperation in the population?. However, the reality
that the punishment itself is costly for it consumes time and energy; in addition, it needs to bear the risk of other’s
retaliation, which will produce the “second-order free ride” behavior. Then who will implement the punishment
becomes a second-order dilemma for the problem. As Colman described that under the punishment mechanism,
the interpretation of punishment is needed to replace the interpretation of cooperation?. Thus, various forms of
peer (individual) and pool (institutional) costly punishment have been studied in the evolutionary public goods
game?®36. For example, the introducing of punishing strategies of punishing cooperators and punishing defec-
tors?®?’; the introducing of the moralists who cooperate while punishing non-cooperative behavior and immor-
alists who defect while punishing other non-cooperative behavior®; tolerance-based punishment that individuals
have the traits to punish the co-players based on social tolerance®’; self-organized punishment that allowing play-
ers to adapt their sanctioning efforts in dependence on the success of cooperation®*; conditional punishment that
based the fine on the number of other punishers®; probabilistic sharing of the responsibility to punish defectors™®.
Chen et al.’’” studied the competition and cooperation among different punishing strategies in the spatial public
goods game. Chen and Perc®® also investigated the optimal distribution of unequal punishment for the public
goods game on a scale-free network. Recent studies related to this topic include implicated punishment that
punish all the group members once a wrongdoer is caught®’; the heterogeneous punishment that divide punishers
into categories according to their willing to bear for punishing’; competitions between prosocial punishment
and exclusion*!; etc. For a more detailed research progress on the punishment mechanism in evolutionary public
goods game, the reader can refer to the recent review article of Perc et al.**.

The optional participation mechanism was first proposed by Hauert et al.'®. By introducing a non-participation
strategy in the game, the participant is free to choose whether or not to participate in the investment business of
the public goods. The individual who does not participate does not contribute to the investment nor obtain the
cooperative benefit. It is found that the introduction of non-participation strategy can resolve the cooperation
dilemma in the public goods game to a certain extent. In the case of allowing non-participants, cooperation
and the defection strategies can coexist. Hauert ef al. established the replication dynamic equations of public
goods game with punishment and non-participation strategies, and analyzed the evolutionary dynamics of the
model***. The replication dynamic model assumes that the number of individuals in the population is infinite
or large enough. It uses differential equations to describe the evolution of different strategies in the system. The
evolutionary stable state of the system is analyzed by the stability of the differential equations at the equilibrium
point. The stable equilibrium point is the evolutionary stable strategy (ESS) of the game. In order to describe the
evolutionary dynamics in a finite size population and with mutation in the evolutionary process, Hauert et al.
established an evolutionary public goods game model with punishment and non-participation strategies using
the Moran process in the evolutionary biology*. Moran process based model uses the fixation probability to
analyze the evolutionary dynamics of only two strategies in the system. It is generally necessary to assume weak
selection in the analysis.

Because of the strong interpretability, the evolutionary voluntary public goods game based on the model of
Hauert et al. has been widely studied by scholars. One of the extensions focuses on the use of different evolution-
ary dynamics to study the model. Wang and Xu et al. introduced the bounded rationality of the participants, using
the approximate optimal reaction dynamic equations to study the evolutionary voluntary Public goods game with
punishment*>*$. Xu et al. introduced a self-adjustment rule for the strategy updating of individuals, and under
this rule to study the evolutionary public goods game with non-participation strategy®’, and evolutionary public
goods game with both punishment and non-participation strategies*, respectively. Song et al. used the Logit evo-
lutionary dynamics to study the cooperative behavior of groups in the public goods game with non-participation
strategy®. It should be pointed out that all the above evolutionary dynamics studies are based on differential
equations, and all the equilibrium analysis is based on the concept of the ESS.

In addition, the impacts of other factors on the cooperative behavior of the population have also been stud-
ied in the voluntary public goods game. For example, Dercole et al. found that under the optional participation
mechanism, there was no need for excessive punishment to achieve the evolution of cooperation®®. Rand et al.
studied the impact of anti-social punishment on cooperative behavior of the population in the voluntary public
goods game’. Zhong et al. studied the impact of the aggregation of cooperation and the liquidity of the group due
to pursuit of profit on cooperative behavior of the population in the voluntary public goods game®2. Nakamaru et
al. studied the effects of different permit mechanisms on group cooperation and found that allowing deportation
has a better effect than unconditional acceptance in promoting cooperation®. Valverde et al. studied the influence
of the fluctuation on the voluntary public goods game by introducing a simple stochastic liquidity in the group
interaction network®.

In contrast to the above studies, this paper uses the stochastic evolutionary model proposed by Amir et a
and studies the stochastic stable equilibrium (SSE) of voluntary public goods game with punishment in a finite
size population. The concept of SSE was first proposed by Young and Foster®®*’. Unlike ESS, SSE can effectively
describe the continuous noise impact on the system during the evolutionary process of the system, which can
better analyze the stability of the equilibrium in a stochastic environment. Based on the SSE, in this paper, the
evolutionary process of strategies is described as a generalized quasi-birth-and-death process with ergodicity. The
stochastic stable state of the system under combinations of different parameters is analyzed by the limit distribu-
tion of the stochastic process. By analyzing the SSE of the system, we can reveal the influence of these parameters
on the cooperation behavior of the population in a stochastic situation.

1.5,

Results
Voluntary Public goods game with punishment. We introduce two strategies of punishment and
non-participation in the classical public goods game model. The punishment strategy participates in the
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investment of the public goods and punishes the defection strategies (free rides) randomly. Let o denote the pun-
ishment probability. Punishment is costly. Let v denote the unit cost of punishment for the punisher, 3 denote the
corresponding unit penalty for the individual who is punished (y < 3). Non-participation strategies do not par-
ticipate in the investment nor do they get the average investment income, but can get a fixed proportion of
income.

Assuming that there are four types of strategies in the population, namely cooperation type (denote as C),
defection type (denote as D), punishment type (denote as P) and non-participation type (denote as L), respec-
tively. Each time N individuals from the population are randomly selected to participate in the public goods game.
Each individual chooses the corresponding strategy according to its type. Let c denote the cost of investment, and
rthe return on investment coefficient (1 < r < N) of the public goods. Cooperation, defection and punishment
type are collectively referred to as participation type. Let S (1 <S < N) denote the number of participation type
individuals when it selected randomly from the N individuals. And the numbers of cooperation, defection and
punishment type are n¢, np and np respectively. When S > 1, the cooperation type individual’s payoff is
rene 1) ; the defection type individual’s payoff is rc(ﬂf; " afn,; the punishment type individual’s payoff

isM ¢ — aynp; and non-participation type individuals get a fixed income oc (0 < o < r — 1). When

$ = 1, %here is only one participant, and the game can not happen; we assume that this participant can only be
forced to obtain a fixed income as well as the non-participants.

When the population size is M, and the number of cooperation, defection, punishment and non-participation
type individuals in the group are i, j, k, [ respectively. The expected payoffs of the four types of strategies are

respectively:
(v )
ﬂc(i’j’k’l) — N - oc+ B —®(Dc (i=0);
M —
(N ) 1
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Stochastic Evolutionary dynamics.  The number of individuals in each type of strategies will evolve with the
amount of their payoffs. In order to describe the evolutionary process, we introduce a stochastic process z(t). Let
z(t) = (z4(1), z,(1), z4(t), M — z,(t) — z,(t) — z4(t)) denote the number of cooperation, defection, punishment
and non-participation type strategies in the population at time ¢, and define z( t) as the system state. For convenience,
we abbreviateitas(z,(t), z,(t), z;(t)). The state space of the systemisS = {(i, j, k)|0 < i+ j+ k < M; i, j, k € N},

w_ At each time
S )
lation adjusts its strategy according to its expected payoff, and the adjustment of the individual’s strategy leads to the

and the number of elements in the state space is|S| = the individual in the popu-

change of the system state. The three assumptions: inertia, myopic and mutation in the literature® about the
bounded rationality of individuals in the population are used in our model. Due to inertia, we can assume that it is
impossible to have more than two individuals to adjust their strategies simultaneously at one time. Myopic refers to
the individual when choosing its strategy; it will only consider the current payoff, regardless of the payoft in the
future. Mutation refers to the possibility that individuals may choose a non-optimal strategy with a small probability
because of the complex decision-making environment and the limited nature of individual cognitive ability.
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According to the above assumptions, when the system state (z,(¢), z,(t), z5(t))is (i, j, k) € S, the transfer rate
of the strategy x towards strategy y can be described as

ik ik i

p;'_{y) =ec+ k- (755” ) _ 7r,f” N, % y€{C D,P, L}, x=y. (5)

n f f>0 . . (irj>k) (i,juk) ..

where ft= f , € > 0, is a small positive number, £ > 0. For example, when 7, > " the indi-
0 <0

vidual in the (i, j, k) state has a more incentive to move from strategy y to strategy x, but because of the mutation,
the transfer rate of the strategy x to strategy y is p)g’k) = ¢. Thus, the parameter € can be seen as the noise inten-
sity in the environment, and x can be understood as the speed at which the individual responds to the
environment. ) ) B B

When i, j, k, I equals to zero respectively, the corresponding ri/*/F- D7 (P 0FDr (5007 (6180) does not make sense.
At this point, the payofts of cooperation, defection, punishment and non-participation type strategies are defined
as the average payoff of the population.

LetI= (i, j, k), I' = (¢, j/, k). Due to time homogeneity, let p, ,(t) denote the transfer probability of the
system from state I to state I’ after time #. That is: '

P () = ples + 1) = (', j, K)[2(s) = (i, j, k)}, Vs > 0. )

Stochastic Stable Equilibrium. While ¢ > 0, this process is ergodic. According to the properties of the
stochastic process, whent — + oo, the limit of p, ,(¢) exists and it's independent of the initial state I. Let

lim p, ., (t) = vy
t—+o0 7’

)

Then vy, is the limit distribution of the quasi-birth-and-death process of reaching arbitrary state I' (I’ € §)

when the system noise is €. According to the limit distribution, it is possible to determine the evolutionary
stable state of the system under arbitrary noise intensity. Further, when the noise parameter is gradually
reduced to zero, let

lim vy = vy
e—0" I I (8)
According to v, we can determine the limit state of the system and its probability distribution when the sys-
tem noise is small enough. According to Young’s description in reference’, state I’ € § is stochastically stable if
and only if v, > 0.

Numerical experiments. The Gauss-Seidel iterative algorithm introduced by Stewart in his monograph®®
can be used to calculate the limit distribution of the above quasi-birth-and-death process. In the following, we will
show the SSE of the system in our stochastic evolutionary dynamics model, and investigate the effects of game
parameters on the SSE of the system. By a vast of numerical simulation experiments, we found that when ¢ is
positive and small enough, and for any parameters, the system has the limit distribution of more than zero only
in the (0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), (0, M, 0), (i, 0, M—i)(i=0, 1, 2, ... M) states. According to the above
definition of the SSE, only states (0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), (0, M, 0), (i, 0, M —i), (i=0, 1, 2, ... M) may
be the SSEs of the system. In addition, according to the description of the model, when there is only one partici-
pation type individual in the population and whether it is cooperation or defection, this strategy is equivalent to
the non-participation strategy. Thus (0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0) states are essentially equivalent to the sit-
uation that all individuals choose the non-participation strategy, and we denote these states as the “All L state. In
addition, we denote the state (0, M, 0) as the “All D” state. States (i, 0, M — i) i = 0, 1, 2, ... M) indicate the
co-existence of the cooperation and punishment strategies; or all the individuals choose the punishment strategy;
or all the individuals choose the cooperation strategy, and we denote them as the “C+ P” states. In the following,
we fix parameters M = 20, N = 4, ¢ = 1, k = 1, § = 1, and study the impacts of , v, r, o on the probabilities
of the system to choose different stable equilibriums.

By numerical experiments, Fig. 1 shows the SSEs of system and the probabilities for the system to select them
when punishment probability and the cost = 0.1, v = 0.3, and parameters (r, o) continuously change in the
regionl.1 <r < N, 0 < o < r — L It can be seen from the figure, when ¢ is small and r is large, the system
selects the “All D” state with probability 1, and only the “All D” state is the stochastic stable state of the system.
When ¢ is small and r is small, the system selects the “All L state with probability 1, and only “All I state is the
stochastic stable state of the system. When o is slightly larger and r is small, the system selects the “All L state with
a large probability, and selects “C + P” states with a small probability; “All L state and “C + P” states are the sto-
chastic stable states of the system. In all these situations, the probability for the system choosing “C+ P” states is
not large, indicating that when the punishment probability « is small, a small fixed income coefficient ¢ has a
limited effect on the cooperation behavior of the population. Only when o is not too small, and r is large, the
system selects “C + P” states with a large probability. In this situation, the effect for the promotion of cooperation
is significant. Interestingly, the parameters range that the system selects different stable states with high probabil-
ity is not regular. As shown in the figure, the probability that the system chooses different states exhibits rich and
nonmonotonic features.
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Figure 2. All stochastic stable states and their limit probabilities for fixedow = 0.1,y = 0.3r = 2.5, (a) 0 = 0.1;
(b)g =1L (c)o = 1.4.
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Figure 3. All stochastic stable states and their limit probabilities for fixeda = 0.1, = 0.3r = 3, (a) 0 = 0.4;
(b)o = L(c)o = 1.8.

In order to show all the stable states and their limit distributions, we also show the results in the simplex S4
form. Because there are many parameter combinations of (r, o), and each combination of parameters corresponds
to a simplex S4. So we only choose 4 groups for 12 combinations of (r, o) for fixed «=0.1, y=0.3 to show the
results. The results of the four groups are shown in Figs 2-5 respectively. For more combinations of (r, o) as
a = 0.1, v = 0.3, the possible stochastic stable states and their limit probabilities can be acquired from the sup-
plementary attachment file named Limit Probability Data.xlsx. For every piece of data in the Excel table, we can
easily draw its simplex S4.

We gradually increase the parameter value of punishment probability c. Figure 6 shows when the punishment
probability value o = 0.5 and the punishment cost v = 0.3, the SSEs of the system and the probabilities for the
system to select them change with parameters (r, o) (1.1 < r < N, 0 < ¢ < r — 1) varying. It can be seen from

SCIENTIFICREPORTS|7: 16110 | DOI:10.1038/s41598-017-16140-8 5



www.nature.com/scientificreports/

r=350=1

(b)

c 035

03
025

02
10.15

D
0.1
P
0.0
L 0
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Figure 5. All stochastic stable states and their limit probabilities for fixedow = 0.1,y = 0.3r = 3.9, (a) 0 = 0.5;
(b)o = L(c)o =2.5.
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Figure 6. The relationship between the limit distribution of the three stable states and (, ) with fixed
a = 0.5,v=0.3.

the figure that compared with the case @ = 0.1, the increase in the punishment probability greatly expands the
parameter ranges for the system selecting “C + P” states, which can greatly promote the evolution of cooperation.
Except for the following two cases: for small o and large r, the system selects the “All D” state with a small proba-
bility; for small o and small r, the system selects the “All L state with a not too large probability. For other param-
eter ranges, the system selects “C + P” states with a large probability or the probability equals to 1. If further
increase the punishment probability o, the conclusions are similar. Figure 7 shows the corresponding case when
a = land vy = 0.3. Compared with Fig. 6, the parameter range that the system choosing “C+ P” states as its sta-
ble states has further expanded, or that the probability of choosing “C+ P” states is further increased. As can be
seen from the figure, for any combination of parameters, the probability of the system choosing “C+ P” states is
greater than 0.94, and the parameter range of the system to choose the “All D” state or the “All L state with a small
probability is consistent with Fig. 6.
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Figure 9. The relationship between the limit distribution of the three stable states and (, ) with fixed
a=1, y=0.8.

Finally, it is necessary to analyze the effect of the punishment cost on the system’s selection of various types of
stable equilibriums and their probabilities. Take parameter values of Fig. 6 in which punishment probability and
the costar = 0.5, 7 = 0.3 as a reference. Figure 8 shows the stochastic stable equilibriums and their probabilities
of the system to choose them with the change of (r, 0) (1.1 < r < N, 0 < 0 < r — 1) whena = 0.5andy = 0.8.
Compared with Fig. 6, it can be found that the increase of punishment cost narrows the parameter range that
system selecting the “C 4 P” states with high probabilities, and increases the probabilities that system selecting
“All D” and “All I”” states under the same parameter. For small o and large r, the system selects the “All D” state
with a large probability. For small o and small r, the system selects the “All I state with a large probability. It is
important to note that, although the probability of punishment is not large and the cost of punishment is large,
the system has a wide range of parameters of selecting “C + P” states, which also explains the effectiveness of this
mechanism in promoting cooperation.

At the same high punishment cost, we increase the punishment probability. In order to compare the results with
that in Figs 3 and 4, we leta = 1, v = 0.8. And Fig. 9 shows the corresponding stochastic stable equilibriums
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and their probabilities for the system to choose them with the change of (, ) (1.1 < r < N,0< o0 <r — 1).In
contrast to Fig. 7, it is found that under the same parameters, the increase in punishment costs narrows the
parameter range of the system selecting “C+ P” states with a large probability, and greatly increases the probabil-
ity of the system selecting the “All D” state, and slightly increase the probability of the system selecting the “All I
state. When punishment cost is large, for small o and large r, the system chooses the “All D” state with a large
probability, which cannot occur for small punishment costs. In contrast to Fig. 8, it is found that when the pun-
ishment costs is high; the increase in the punishment probability is very effective for suppressing the system to
choose the “All I”” state; because the maximum value of v,;; is reduced from 0.8 to near 0.14. But the suppression
effect for the system to choose the “All D” state is not significant because the maximum value of the system to
choose the “All D” state v, is almost not changed, nor the parameter range for system to choose this state.

It can be seen from Figs 1-5 that the introduction of the punishment strategy and the non-participation strat-
egy can change the evolutionary dynamics and equilibriums of the system in the public goods game. The system
selects the “C + P” states with large probabilities over a large range of parameters. When other parameters are
fixed, the influence of the four parameters that are the punishment probability «, the punishment cost ~, the fixed
income coeflicient of the non-participation strategy o, the investment income coefficient of the public goods , on
the stochastic stable equilibriums of the system and their probabilities for the system to choose them can be sum-
marized as follows: (i) For small o and small ~, there are parameter regions of (o, r) for the system to choose the
three stochastic stable states of the “All I, “All D” and “C 4 P” states with large probabilities respectively. In gen-
eral, when o is small and r is large, the system chooses the “All D” state with a large probability; when o is small
and r is not too large, the system chooses the “All L” state with a large probability; when ¢ is not too small and r is
large, the system chooses the “C+ P” states with a large probability. The parameter regions for the system to
choose these three stable states with large probabilities show some irregular features. (ii) When + is small, the
increase of o will greatly expand the parameter ranges that system selecting the “C+ P” states with large proba-
bilities, which can greatly promote the evolution of cooperation. When « increases to a certain extent (the specific
value depends on ), the system selects the “C 4 P” states with a probability close to 1 for any parameters of (o, 7).
(iii) When +yis large, the increase of a can only expand the parameter range for the system choosing “C+ P” states
with large probabilities to a small degree. The increase in « is very effective for the suppression of system selecting
the “All I state, but the suppression effect of the system to choose the “All D” state is not significant. Even if « is
increased to 1, there is still a range where the system chooses the “All D” state with a large probability. (iv) Overall,
the increase of y will reduce the parameter range of the system to choose “C+ P” states with a large probability,
and greatly increase the probability of the system choosing the “All D” state, and slightly increase the probability
of the system choosing the “All L  state under the same combination of parameters.

Discussing. The evolution process of strategies of public goods game in a finite size population is modeled by
a generalized quasi-birth-and-death process under the framework of stochastic stable equilibrium in this paper.
Both punishment and non-participation strategies are introduced into the traditional public goods game. The
stochastic stable state of the evolutionary system is analyzed by the limit distribution of the stochastic process.
This paper focuses on the influence of parameters such as the punishment probability, the punishment cost, the
fixed income coeflicient of non-participation strategy, and the investment income coeflicient of the public goods
on the system’s selection of different equilibriums and their probabilities.

The contribution of this paper is mainly manifested in the following aspects: First, the model of this paper
further develops the model of Amir ef al.>®, and generalizes the Markov-based evolutionary process from
one-dimension to multidimensional case, while the analysis under multidimensional situation is more difficult
than that in one dimension. Secondly, the model of this paper further enriches the concept of SSE. Since the con-
cept of evolutionary games has been put forward, ESS has been regarded as its core equilibrium concept. There
is little literature on the analysis of SSE in a stochastic situation. As far as we know, in the recent literature, Quan
et al.®® studied the SSE of 2 x 2 symmetry stochastic evolutionary games in finite populations with non-uniform
interaction rate based on a one-dimension Markov process. And other models basically based on the stochastic
differential equations for analysis which assume a infinite size population, such as recent literature of Huang et al.*®
and Liang et al.*". In this paper, the model is based on the multidimensional stochastic process which can describe
the finite size population and the multi-strategy situation. Then, the model of this paper has different character-
istics with the most commonly used Moran process model in finite size population. For the Moran process based
model, it is generally necessary to assume weak selectivity in the analysis, and the fixation probability method
can only analyze the evolutionary dynamic with only two kinds of strategies in the system, which has some lim-
itations. Finally, this paper obtains the range of parameters of all possible stochastic stable equilibriums that the
system may choose by numerical experiments. Among the parameters, some may not be changed according to
the actual situation, but others can be adjusted within a certain range, such as the punishment probability, the
fixed income coefficient. Therefore, by adjusting the corresponding parameter values, we can facilitate the system
to select “C+ P” states with large probabilities, which provides a feasible method for realizing the evolution and
control of cooperation in public goods game.

Methods

Expected Payoffs in a finite size population. Assume a finite population of size M, the four types of
strategies for cooperation, defection, punishment and non-participation are well mixed. Let i, j, k,
(i +j + k + I = M) denote the number of each type respectively. In the following, we analyze the expected pay-
off for each type of the strategies in this finite size population.
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Each time N individuals are randomly selected from the group for the public goods game. In a sample, when
the number of participation type is S, for a defection type, the probability of encountering other S; — 1 (S, > 1)

participation type individuals is:
r+j+k—j[ 1]
S - 1 N - SO
u T (S > 1).
(v-1) o
In these S, — 1individuals, the probability that there are m cooperation or punishment type, and S, — 1 — m
defection type is:
itk|| J1
m Sy —1—m

itj+k—1
Sy —1

p(S =58 =

pln, + n, =m) =

(10)

We do not consider the penalty items in our analysis at first. After this treatment, the strategies of the cooper-
ation type and the punishment type are the same, including their payoffs. When the number of participation type
individuals is S, and the total number of cooperation and punishment type individuals is 1, then the defection

rem

type individual’s payoft is " (do not consider the penalty items). Thus, for a defection type individual, when it’s
in the state that the number of participation type individuals is S(S, > 1), the expected payoff for it is:

. . i+k|[ J-1
rem e m J(So—1-—m
Z—p(nc—i—n =m) = Z—m —
m=0 So "’ m=050 itj+k—1
S, — 1
rc i+ k
= —|S% - 1|—F7
So i+j+k—1 (11)

Therefore, when the population size is M, and the individual numbers of cooperation type, defection type, pun-
ishment type, non-participation type are1, j, k, I respectively, the expected payoff for the defection type is (do not
consider the penalty items):

N .
(kD) _ S =D+ S s itk e
T ocp(S, ) SOZ::ZSO( 0 )i+j+k— 1p( o)
(1 ) Y+j+k—1[ z]
— AN 1 oc + rei+ k) LS -1 So— 1 N—5%
(M—l) i+j+k—lso=z So (M_l)
N-1 N-1
(v ) (")
_ AN-1 oc + re(i + k) 1 - 1 M_(I_N_i_l)&
04—” M—1-1 NM-I (M—l)
N-1 N-1 (12)

Because when the number of participation type is Sy, and a participation type individual meets with other §;, — 1
participation individuals, when its type change from the defection to the cooperation, the amount of its payoff

reduction is (1 — SL)C . Thus, in the whole population, the expected payoft difference between the defection type
0
individuals and cooperation (or punishment) type individuals is (do not consider the penalty items):

i+j+k—1 1
Sy — 1 N -8,

(N21)
r M—N (NiJ

CONM-—1-1 (M—”
N-1

ro1+1 M—l—z_q]

]
R ik S L
Sy=2 S

4

X +r
NM-1-1 M-1-1 (13)
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Taking into account the corresponding penalty items and penalty cost for each type of strategy and the
above-mentioned expected payoffs are corrected as follows.

For defection type individuals, the penalty item brought by the punishment strategies is LG\ - Dap.
Where « is the probability of the defection type individuals being punished by the punishment type strategy, 3is
the penalty intensity coefficient, ﬁ(N — 1)is the expected number of punishment type individuals in a sample.

For punishment type individuals, the punishment cost is Mi [(N = Dary.

State transition probability. Figure 10 shows the possible state transfer processes of the system. Obviously,
the evolution of the system is a three-dimensional state-limited and discrete Markov process; more specifically, a
generalized quasi-birth-and-death process.

According to the system evolutionary rules and the transition rate between different strategies, after a small
enough time f, the probabilities of the system transfers from state I = (j, j, k) to states (i — 1, j, k + 1),

(i—1,5,k), (i—1,j+1,k) are pc(i’l’}’,‘)t + o(t), pc(’if)t + o(t), pc(‘il’;)t + o(t)‘ Fespectively; to states
(j— Lk+ 1,07 — 1L, Kk,Gi+ 1,j— 1, k) are p{i”0t + o(t), pi0t + o(t), pSYt + o(t) respectively; to
states (i, j + 1, k — 1), (i, j, k — 1), i + 1, j, k — 1) are p}Ei’l’j’;)t + o(t), p;ij;f)t =+ o(t), p;ij;’é‘)t + o(t) respec-
tively; to states (i + 1, j, k), (i, j, k + 1), (i, j + 1, k) are pL(i’i’é)t + o(t), pL(ij;’;f)t + o(t), pL(ij;’II;)t + o(t) respec-

tively; and the probability to keep the same state is] — Zx,ye{C,D,P,L}P)Sii;()t — o(t); where o(¢) is a high order
x=y

infinitesimal of t when ¢ is small enough.
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The Gauss-Seidel iterative algorithm.

Input: infinitesimal generator matrix Q=(q)

Output: the limit distribution of each state x=(X;)
Choose an initial guessx=¢,=(1,0,...,0) to the solution
repeat until convergence
for i from 1 ton do
0«0
for j from 1 to n do
if j#i then
O 0tq,x;
end if

end (j-loop)
veto
qii
end (i-loop)
check if convergence is reached
end (repeat)

The infinitesimal generator matrix Q=(q,) is as follows.

The infinitesimal generator matrix Q = (qij) is as follows.

AO CO
Bl Al C1
Q=| .
BM—I AM—I CM—l
BM AM

where (the blank of each matrix equals zero)

Di,O Fi,O
Ei,l Di,l E,l
Ai = K - .
Ei,M—i—l Di,M—i—l Fi,M—i—l
Ei,M—L Di,M—i
dya o
Py dij )
D, =
P

(1,j,0)
pLHD

(i,j,1) (1,j,1)
pP*)D PL*)D

_ (j.2) -
£ P p
. (Lj,M—i—j—1)
: pL—»D
(i,j,M—i—j)
pPHD
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W50) 5 (05,0)
PD~>L pD*)P

1) (1)

Ei,j = pD—»L ?—;P
LjiM—i—j) . (@i ,M—i—j)
Ppr PpZp
Gi,O Hi,O
Bi — Gi,l Iin,l
Gi,M—i Hi,M—i
(1,j,0) 4 (i,},0)
pC—»L pC—>P
WLjp1) (1)
G .= pCA)L C—P
ij X
(L,j,M—i—j) (1,j,M—i—j)
pC—»L PC—»P
(1,j,0)
PC—>D
(0,j,1)
Hi,j = pC—*D
(i,j,M—i—j)
PCHD
Ki,O
Il 1 Ki,l
G= I,
Ki,M—i—l
Ii,Mfi
(1,j,0)
pL*)C
@jp1) o (@j,1)
pP—»C pL_>C
— 1,j,2) -
Kij= Ppll»c
(1 M—i—j—1)
pLHC
(Lj,M—i—j)
pPHC
(1,j,0)
pDHC
(i,j,1)
Ii)j = Pr”c '
(1j,M—i—j)
PD—>C

Thed-,j,k(i, jk=0,1,..,Mandi+j+ k < M)ofQ= (g;) can be obtained by equations Q1 = 0, where

1
1 is the column vector with all components equal to one, and 0 is the column vector with all components equal to

Zero.

References

. Kennedy, D. & Norman, C. What don’t we know? Science 309, 75-75 (2005).

. Pennisi, E. How did cooperative behavior evolve. Science 309, 93-93 (2005).

. Fehr, E. & Fischbacher, U. The nature of human altruism. Nature 425, 785-791 (2003).

. Johnson, D. D. P, Stopka, P. & Knights, S. The puzzle of human cooperation. Nature 421, 911-912 (2003).

. Henrich, J. et al. Costly punishment across human societies. Science 312, 1767-1770 (2006).

. Yamagishia, T. & Shinada, M. Punishing free riders: direct and indirect promotion of cooperation. Evolution and Human Behavior

28, 330-339 (2007).

7. Rand, D. G., Ohtsuki, H. & Nowak, M. A. Direct reciprocity with costly punishment: Generous tit-for-tat prevails. J. Theor. Biol. 256,
45-57 (2009).

8. Rand, D. G,, Dreber, A., Ellingsen, T., Fudenberg, D. & Nowak, M. A. Positive Interactions Promote Public Cooperation. Science 325,
1272-1275 (2009).

AU W=

SCIENTIFICREPORTS|7: 16110 | DOI:10.1038/s41598-017-16140-8 12



www.nature.com/scientificreports/

17.

18.
19.

20.

21.

22.

29.

30.

31.

32.

33.

34.
35.

36.
37.
38.
39.
40.
41.
42.
43.

44.

45.
46.

47.
48.

49.

50.

51.

52.

53.

54.

55.

56.

. Sigmund, K., Hauert, C. & Nowak, M. A. Reward and punishment. Proceedings of the National Academy of Sciences of the United

States of America 98, 10757-10762 (2001).

. Jimenez, R., Cuesta, J. A., Lugo, H. & Sanchez, A. The shared reward dilemma. J. Theor. Biol. 251, 253-263 (2008).
. Sasaki, T., Uchida, S. & Chen, X. Voluntary rewards mediate the evolution of pool punishment for maintaining public goods in large

populations. Scientific Reports 5,8917 (2015).

. Nowak, M. A. & Sigmund, K. Evolution of indirect reciprocity. Nature 437, 1291-1298 (2005).
. Rockenbach, B. & Milinski, M. The efficient interaction of indirect reciprocity and costly punishment. Nature 444, 718-723 (2006).
. Brandt, H. & Sigmund, K. The good, the bad and the discriminator - Errors in direct and indirect reciprocity. J. Theor. Biol. 239,

183-194 (2006).

. Ohtsuki, H. Reactive strategies in indirect reciprocity. J. Theor. Biol. 227, 299-314 (2004).
. Santos, E C., Santos, M. D. & Pacheco, J. M. Social diversity promotes the emergence of cooperation in public goods games. Nature

454,213-216 (2008).

Ohtsuki, H., Hauert, C., Lieberman, E. & Nowak, M. A. A simple rule for the evolution of cooperation on graphs and social
networks. Nature 441, 502-505 (2006).

Taylor, P. D., Day, T. & Wild, G. Evolution of cooperation in a finite homogeneous graph. Nature 447, 469-472 (2007).

Hauert, C., De Monte, S., Hofbauer, J. & Sigmund, K. Volunteering as Red Queen mechanism for cooperation in public goods games.
Science 296, 1129-1132 (2002).

Hauert, C,, Traulsen, A., Brandt, H., Nowak, M. A. & Sigmund, K. Via freedom to coercion: The emergence of costly punishment.
Science 316, 1905-1907 (2007).

Sinervo, B. & Clobert, J. Morphs, dispersal behavior, genetic similarity, and the evolution of cooperation. Science 300, 1949-1951
(2003).

Smith, J., Van Dyken, J. D. & Zee, P. C. A Generalization of Hamilton’s Rule for the Evolution of Microbial Cooperation. Science 328,
1700-1703 (2010).

. Traulsen, A. & Nowak, M. A. Evolution of cooperation by multilevel selection. Proceedings of the National Academy of Sciences of the

United States of America 103, 10952-10955 (2006).

. Goodnight, C. J. Multilevel selection: the evolution of cooperation in non-kin groups. Popul. Ecol. 47, 3-12 (2005).

. Nowak, M. A. Five rules for the evolution of cooperation. Science 314, 1560-1563 (2006).

. Fehr, E. & Gachter, S. Cooperation and punishment in public goods experiments. American Economic Review 90, 980-994 (2000).

. Colman, A. M. The puzzle of cooperation. Nature 440, 744-745 (2006).

. Helbing, D., Szolnoki, A., Perc, M. & Szabo, G. Punish, but not too hard: how costly punishment spreads in the spatial public goods

game. New Journal of Physics 12, 083005 (2010).

Helbing, D., Szolnoki, A., Perc, M. & Szabo, G. Defector-accelerated cooperativeness and punishment in public goods games with
mutations. Physical Review E 81, 057104 (2010).

Helbing, D., Szolnoki, A., Perc, M. & Szabd, G. Evolutionary Establishment of Moral and Double Moral Standards through Spatial
Interactions. Plos Computational Biology 6, 1000758 (2010).

Szolnoki, A., Szabo, G. & Czako, L. Competition of individual and institutional punishments in spatial public goods games. Physical
Review E 84, 046106 (2011).

Szolnoki, A., Szabo, G. & Perc, M. Phase diagrams for the spatial public goods game with pool punishment. Physical Review E 83,
036101 (2011).

Gao, J., Li, Z., Cong, R. & Wang, L. Tolerance-based punishment in continuous public goods game. Physica a-Statistical Mechanics
and Its Applications 391, 4111-4120 (2012).

Perc, M. & Szolnoki, A. Self-organization of punishment in structured populations. New Journal of Physics 14, 43013-43025 (2012).
Szolnoki, A. & Perc, M. Effectiveness of conditional punishment for the evolution of public cooperation. Journal of theoretical biology
325,34-41 (2013).

Chen, X, Szolnoki, A. & Perc, M. Probabilistic sharing solves the problem of costly punishment. New Journal of Physics 16, 083016
(2014).

Chen, X., Szolnoki, A. & Perc, M. Competition and cooperation among different punishing strategies in the spatial public goods
game. Physical Review E 92, 012819 (2015).

Chen, X. & Perc, M. Optimal distribution of incentives for public cooperation in heterogeneous interaction environments. Frontiers
in Behavioral Neuroscience 8, 248 (2014).

Chen, X., Sasaki, T. & Perc, M. Evolution of public cooperation in a monitored society with implicated punishment and within-
group enforcement. Scientific Reports 5, 17050 (2015).

Perc, M. & Szolnoki, A. A double-edged sword: Benefits and pitfalls of heterogeneous punishment in evolutionary inspection games.
Scientific Reports 5, 11027 (2015).

Liu, L., Chen, X. & Szolnoki, A. Competitions between prosocial exclusions and punishments in finite populations. Scientific Reports
7, 46634 (2017).

Perc, M. et al. Statistical physics of human cooperation. Physics Reports 687, 1-51 (2017).

Hauert, C., Haiden, N. & Sigmund, K. The dynamics of public goods. Discrete Cont Dyn-B 4, 575-587 (2004).

Brandt, H., Hauert, C. & Sigmund, K. Punishing and abstaining for public goods. Proceedings of the National Academy of Sciences of
the United States of America 103, 495-497 (2006).

Wang, Z., Xu, Z.-]. & Zhang, L.-Z. Punishment in optional public goods games. Chinese Physics B 19 (2010).

Xu, Z., Wang, Z. & Zhang, L. Bounded rationality in volunteering public goods games. Journal of theoretical biology 264, 19-23
(2010).

Xu, Z., Wang, Z., Song, H. & Zhang, L. Self-adjusting rule in spatial voluntary public goods games. Epl 90 (2010).

Wu, Z.-W,, Xu, Z.-J. & Zhang, L.-Z. Punishment Mechanism with Self-Adjusting Rules in Spatial Voluntary Public Goods Games.
Communications in Theoretical Physics 62, 649-654 (2014).

Song, Q.-Q., Li, Z.-P, Fu, C.-H. & Wang, L.-S. Optional contributions have positive effects for volunteering public goods games.
Physica a-Statistical Mechanics and Its Applications 390, 4236-4243 (2011).

Dercole, E, De Carli, M., Della Rossa, F. & Papadopoulos, A. V. Overpunishing is not necessary to fix cooperation in voluntary
public goods games. Journal of theoretical biology 326, 70-81 (2013).

Rand, D. G. & Nowak, M. A. The evolution of antisocial punishment in optional public goods games. Nature Communications 2, 434
(2011).

Zhong, L.-X., Xu, W.-].,, Shi, Y.-D. & Qiu, T. Coupled dynamics of mobility and pattern formation in optional public goods games.
Chaos Solitons & Fractals 47, 18-26 (2013).

Nakamaru, M. & Yokoyama, A. The Effect of Ostracism and Optional Participation on the Evolution of Cooperation in the
Voluntary Public Goods Game. Plos One 9 (2014).

Valverde, P. A., da Silva, R. & Stock, E. V. Global oscillations in the Optional Public Goods Game under spatial diffusion. Physica
a-Statistical Mechanics and Its Applications 474, 61-69 (2017).

Amir, M. & Berninghaus, S. K. Another Approach to Mutation and Learning in Games. Games and Economic Behavior 14, 19-43
(1996).

Foster, D. & Young, P. Stochastic evolutionary game dynamics. Theoretical Population Biology 38, 219-232 (1990).

SCIENTIFICREPORTS|7: 16110 | DOI:10.1038/s41598-017-16140-8 13



www.nature.com/scientificreports/

57. Young, P. The Evolution of Conventions. Econometrica 61, 57-84 (1993).

58. Stewart, W. J. Introduction to the Numerical Solution of Markov Chains. (DBLP, 1994).

59. Quan, J. & Wang, X. J. Some analytic properties of the model for stochastic evolutionary games in finite populations with non-
uniform interaction rate. Communications in Theoretical Physics 60, 37-47 (2013).

60. Huang, W., Hauert, C. & Traulsen, A. Stochastic game dynamics under demographic fluctuations. Proceedings of the National
Academy of Sciences of the United States of America 112, 9064-9069 (2015).

61. Liang, H., Cao, M. & Wang, X. Analysis and shifting of stochastically stable equilibria for evolutionary snowdrift games. Systems ¢
Control Letters 85, 16-22 (2015).

Acknowledgements

This research was supported by the National Natural Science Foundation of China (No. 71501149, 71231007),
Soft science project of Hubei Province (No. 2017ADC122) and the Fundamental Research Funds for the Central
Universities of China (WUT: 2017VI070).

Author Contributions

J.Q., W.L. and X.W. designed the study; J.Q., Y.C. and X.W. performed mathematical analysis; J.Q. and Y.C.
performed numerical experiments; J.Q. and W.L. wrote the paper. All authors contributed to all aspects of the
study.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-017-16140-8.

Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

T ] icense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS|7: 16110 | DOI:10.1038/s41598-017-16140-8 14


http://dx.doi.org/10.1038/s41598-017-16140-8
http://creativecommons.org/licenses/by/4.0/

	Stochastic evolutionary voluntary public goods game with punishment in a Quasi-birth-and-death process

	Results

	Voluntary Public goods game with punishment. 
	Stochastic Evolutionary dynamics. 
	Stochastic Stable Equilibrium. 
	Numerical experiments. 
	Discussing. 

	Methods

	Expected Payoffs in a finite size population. 
	State transition probability. 

	Acknowledgements

	Figure 1 The relationship between the limit distribution of the three stable states and with fixed .
	﻿Figure 2 All stochastic stable states and their limit probabilities for fixed , , (a) (b) (c) .
	﻿Figure 3 All stochastic stable states and their limit probabilities for fixed , , (a) (b) (c) .
	﻿Figure 4 All stochastic stable states and their limit probabilities for fixed , , (a) (b) (c) .
	﻿Figure 5 All stochastic stable states and their limit probabilities for fixed , , (a) (b) (c) .
	Figure 6 The relationship between the limit distribution of the three stable states and with fixed .
	Figure 7 The relationship between the limit distribution of the three stable states and with fixed .
	Figure 8 The relationship between the limit distribution of the three stable states and with fixed .
	Figure 9 The relationship between the limit distribution of the three stable states and with fixed .
	Figure 10 Possible state transfer processes of the system.
	Figure 10 The Gauss-Seidel iterative algorithm.




