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Protein generation has numerous applications in designing therapeutic antibodies and creating new drugs. Still, 
it is a demanding task due to the inherent complexities of protein structures and the limitations of current 
generative models. Proteins possess intricate geometry, and sampling their conformational space is challenging 
due to its high dimensionality. This paper introduces novel Markovian and non-Markovian generative diffusion 
models based on fractional stochastic differential equations and the Lévy distribution, allowing for a more 
effective exploration of the conformational space. The approach is applied to a dataset of 40, 000 proteins and 
evaluated in terms of Fréchet distance, fidelity, and diversity, outperforming the state-of-the-art by 25.4%, 35.8%, 
and 11.8%, respectively.

1. Introduction

Proteins perform numerous cellular functions such as enzymatic activity, structural support, transport and storage, signalling, regulation of 
gene expression, immune response, and catalysis of biochemical reactions [1]. They consist of linear chains of amino acids. These sequences form 
three-dimensional structures known as conformations, which result from the interactions between the amino acids and their environment [2]. 
These conformations determine, in turn, the functionality of proteins [3]. Protein generative models hold immense potential in various fields, from 
medicine to materials science. Generative models can be employed to design new therapeutic proteins [4] and understand disease mechanisms and 
protein dysfunctions [5]. They may accelerate research through cost-effective rapid prototyping [6] and may be customised for specific functions 
[7] in addition to being able to generate proteins that do not exist in nature. In materials science, generated proteins may be employed to create 
new biomaterials and to form nanoscale structures [8].

Nonetheless, generating proteins is a challenging problem due to the complexity of their geometry [9], the limited amount of structural data for 
specific proteins, the conformational variability, and importantly, the high dimensionality of their conformational space, which makes sampling a 
daunting task [10]. This paper proposes novel Markovian and non-Markovian diffusion probabilistic models based on fractional stochastic differential 
equations (SDEs) and the Lévy distribution [11], which allow for a more effective exploration of the conformational space and more accurate 
generated results. The proposed approach replaces the Wiener process in the forward noising equation with a Lévy process. The Lévy distribution is 
heavy-tailed and, unlike the Gaussian distribution, entails large fluctuations. The process may be reversed with a backward denoising fractional SDE 
[12], which involves fractional derivatives. Instead of employing only one distribution for noising, a family of Lévy distributions is used. The Lévy 
distribution is annealed from large to small fluctuations (i.e. from a heavy-tailed distribution to a Gaussian distribution), in a process reminiscent of 
simulated annealing, to improve the convergence of the calculations. Fifteen Lévy–Itō models are evaluated against five non-fractional state-of-the-
art models on a dataset of 40,000 proteins with three metrics: the Fréchet distance [13], the density, and the coverage [14].

The paper is organised as follows. Diffusion processes, SDEs, and score-matching techniques are introduced in Section 2.1. The solution of the 
backward equation with the exponential integrator method is presented in Section 2.2. Lévy–Itō diffusion models are introduced in Section 3, 
while the fractional Riesz derivative approximation and the stability index annealing are addressed in Section 4. The representation of proteins is 
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discussed in Section 5. The implementation and the methodology appear in Section 6, and the experimental results and their discussion are reported 
in Section 7. Section 8 concludes the paper. All the mathematical symbols appearing in this article are defined in Table A.4.

2. Background

Score-based probabilistic diffusion models are a subclass of diffusion models that employ a score function to guide the generation process. This 
score function estimates the gradient of the log probability of the data, providing a way to progressively denoise a sample from a random distribution 
to a data-like distribution [15,16]. The relevance of these models to protein generation and biological systems is manifold. Score-based models can 
generate high-quality samples of protein structures by learning the distribution of existing protein data. They can be used to predict the structure of 
proteins or to design new proteins with desired functions [17]. The iterative refinement process employed in these models mimics the natural folding 
of proteins, potentially providing insights into how amino acid sequences determine their 3-D structure [18]. The mathematical framework of score-
based diffusion models, often involving stochastic differential equations (SDEs), captures the complex, high-dimensional relationships inherent 
in biological data. This may be crucial for understanding multifaceted biological systems in which interactions at the molecular level influence 
macroscopic behaviour. Protein space is vast and largely unexplored. Score-based diffusion models can efficiently explore this space by generating 
novel protein sequences and structures, facilitating the discovery of proteins with unique or enhanced functionalities for medical and industrial 
applications [19,20].

The underlying SDEs in score-based diffusion models are similar to the dynamic processes observed in biological systems, in which deterministic 
and stochastic factors influence changes over time. This similarity may make these models particularly useful for simulating and understanding the 
dynamics of biological processes, such as enzymatic reactions, cellular signalling pathways or evolutionary changes [21]. Biological systems are 
often noisy and subject to multiple sources of uncertainty. Score-based diffusion models naturally incorporate noise and uncertainty, which may be 
advantageous for accurate modelling of biological phenomena that are inherently stochastic [16,22,23]. These models can integrate different types 
of biological data (e.g., genomic, proteomic, metabolomic) to generate comprehensive models of biological systems. This integrative approach may 
lead to a deeper understanding of the underlying mechanisms of complex biological processes and diseases. In summary, score-based probabilistic 
diffusion models, with their robust mathematical foundation and ability to model complex, noisy and high-dimensional data, have significant 
potential to advance our understanding and capabilities in protein generation and broader biological systems analysis. Their ability to generate new, 
plausible patterns from learned data distributions makes them a powerful tool for innovation in synthetic biology, drug design and systems biology.

2.1. Diffusion processes, SDEs, and score-matching techniques

A diffusion model consists of a fixed forward noising process that adds noise to the data and a learned backward denoising process that iteratively 
removes noise from them. The denoising process is trained to match the corresponding noising process at each iteration. Samples from the data 
probability distribution may be generated from random noise by simulating the backward diffusion process [15,24]. The forward noising process 
may be represented by an SDE such as

𝑑𝐱𝑡 = 𝐅𝑡𝐱𝑑𝑡+𝐆𝑡𝑑𝐰, 𝐱 ∈ℝ𝐷,𝐅 ∈ℝ𝐷×𝐷,𝐆 ∈ℝ𝐷×𝐷,𝐰 ∈ℝ𝐷 (1)

where 𝐅𝑡 is the drift matrix, 𝐆𝑡 is the diffusion matrix, and 𝐰 is a standard Wiener process [25]. This equation is linear in both the drift and the 
diffusion and corresponds to the noising process in which noise is gradually added to the data until a white noise is obtained. As demonstrated by 
[26,27], the reverse-time diffusion process has a closed-form solution:

𝑑𝐱𝑡 =
[
𝐅𝑡𝐱 −𝐆𝑡𝐆𝑇

𝑡 ∇𝐱 log𝑝𝑡 (𝐱)
]
𝑑𝑡+𝐆𝑡𝑑�̄� (2)

where 𝑝𝑡 (𝐱) is the data probability distribution, ∇𝐱 log𝑝𝑡 (𝐱) is its gradient, known as the score function, and �̄� denotes a standard Wiener process 
in the reverse-time direction. This equation corresponds to the denoising process in which noise is progressively removed until a new datum, 
distributed according to 𝑝𝑡 (𝐱), is generated. The score function is unknown [15,24] and must be approximated with a score-matching technique:

𝔼𝑝(𝐱𝑡)
[
1
2
‖‖‖𝐬𝜃 (𝐱𝑡, 𝑡)−∇𝐱𝑡 log𝑝

(
𝐱𝑡
)‖‖‖2𝚲𝑡
]

(3)

where 𝐬𝜃
(
𝐱𝑡; 𝑡
)

is a time-dependent deep neural network called the score network, represents the network parameters, 𝔼 is the mathematical 
expectation, and 𝚲𝑡 is a metric (a symmetric matrix). The mathematical expectation is defined as

𝔼𝑝(𝐱)𝑓 (𝐱)
∧
= ∫ 𝑝 (𝐱)𝑓 (𝐱)𝑑𝐱 (4)

while the metric is associated with a quadratic form:‖‖‖∇𝐱𝑡 log𝑝0𝑡
(
𝐱𝑡
)
− 𝐬𝜃
(
𝐱𝑡, 𝑡
)‖‖‖2𝚲𝑡 = [∇𝐱𝑡 log𝑝0𝑡

(
𝐱𝑡
)]

𝚲𝑡 𝐬𝜃
(
𝐱𝑡, 𝑡
)

(5)

The metric is determined by the data and the nature of the problem and is often approximated with the identity matrix.
Unfortunately, ∇𝐱 log𝑝𝑡 (𝐱) does not have a closed-form solution and is intractable. Nonetheless, as demonstrated by [27,28], the score function 

may be evaluated by employing the gradient of the noising distribution ∇𝐱𝑡 log𝑝 
(
𝐱𝑡|𝐱 0
)
:

𝔼𝑝(𝐱𝑡)
[
1
2
‖‖‖𝐬𝜃 (𝐱𝑡, 𝑡)−∇𝐱𝑡 log𝑝

(
𝐱𝑡
)‖‖‖2𝚲𝑡
]
= 𝔼𝑝(𝐱0)𝑝0𝑡(𝐱𝑡||𝐱0 )

[
1
2
‖‖‖𝐬𝜃 (𝐱𝑡, 𝑡)−∇𝐱𝑡 log𝑝

(
𝐱𝑡|𝐱 0
)‖‖‖2𝚲𝑡
]
+Ω (6)

where Ω is a constant, and 𝑝 
(
𝐱𝑡|𝐱 0
)

is the probability, at time 𝑡, of having a noisy datum 𝐱𝑡 given an uncorrupted datum 𝐱0. As opposed to the 
score function, the gradient of the noising distribution has a fixed closed form, which is often chosen to be Gaussian:( ) ( )
1642

𝑝0𝑡 𝐱𝑡 ||𝐱0 = μ𝑡𝐱0,𝚺𝑡 , μ𝑡,𝚺𝑡 ∈ℝ𝐷×𝐷,𝐋𝑡𝐋𝑇
𝑡 = 𝚺𝑡 (7)
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Table 1

VPSDE parametrisation.

𝐅𝑡 𝐆𝑡 μ𝑡 𝚺𝑡

1
2
𝑑 log𝛽𝑡
𝑑𝑡

𝐈
√

− 𝑑 log𝛽𝑡
𝑑𝑡

𝐈
√
𝛽𝑡𝐈

(
1 − 𝛽𝑡

)
𝐈

with mean μ𝑡 and covariance matrix 𝚺𝑡. It is convenient to express the covariance matrix in terms of its Cholesky decomposition, where 𝐋𝑡 is the 
Cholesky matrix [24]. This factorisation is the product of a lower triangular matrix and its transpose. The parameters of the score network may be 
learned by minimising the denoising score matching loss [29,30] with stochastic gradient descent optimisation techniques employing mini-batches 
[31], such as the adaptive moment estimation method (Adam) [31]:

𝜃∗ = argmin
𝜃

 (𝜃)

 (𝜃) = 𝔼𝑡∼ [0,𝑇 ]𝚲 (𝑡)𝔼𝑝(𝐱0)𝑝0𝑡(𝐱𝑡||𝐱0 )
[‖‖‖∇𝐱𝑡 log𝑝0𝑡

(
𝐱𝑡 ||𝐱0 )− 𝐬𝜃

(
𝐱𝑡, 𝑡
)‖‖‖2𝚲𝑡
]
, 𝚲 (𝑡) ∈ℝ+

(8)

where  (𝜃) is the loss function,  is the uniform distribution, and 𝚲 (𝑡) is a positive weighting function. It is important to note that the time must 
be sampled randomly (from a uniform distribution) to avoid bias when training the score network. Therefore, 

{
𝐱𝑡
} |𝑡 ∈ [0, 𝑇 ] must be time-encoded 

for the optimisation algorithm to identify the time correctly [32]. The time-dependent weight 𝚲 (𝑡) [33,27] determines the importance assigned to 
each time step and depends on the nature of the problem and the data. It may also be used as a forgetting mechanism.

The score tends to vary rapidly. As pointed out by [30], parametrising the score network in terms of the learned noise ε𝜃 (𝐱, 𝑡), that is,

𝐬𝜃
(
𝐱𝑡, 𝑡
)
≈ −𝐋−𝑇

𝑡 ε𝜃
(
𝐱𝑡, 𝑡
)

(9)

may significantly improve the accuracy of the learning process. Therefore, when expressed in terms of the learned noise, the training loss function 
becomes:

̄ (𝜃) = 𝔼𝑡∼ [0,𝑇 ]𝔼𝑝(𝐱0),ε∼ (𝟎,𝐈)

[‖‖‖ε− ε𝜃
(
μ𝑡𝐱0 +𝐋𝑡ε, 𝑡

)‖‖‖2�̄�𝑡
]
, �̄�𝑡 = 𝐋−1

𝑡 𝚲𝑡𝐋−𝑇
𝑡 (10)

This equation is employed to determine the parameters of the noise network ε𝜃
(
𝐱𝑡, 𝑡
)
.

2.2. Solution of the backward equation with the exponential integrator method

Once the score network has been learned, it may be substituted in the backward diffusion equation in place of the score function:

𝑑�̂�𝑡 =
[
𝐅𝑡�̂� +

1 + 𝜂2

2
𝐆𝑡𝐆𝑇

𝑡 𝐋
−𝑇
𝑡 ε𝜃 (�̂�, 𝑡)

]
𝑑𝑡+ 𝜂𝐆𝑡𝑑�̄�, 𝜂 ≥ 0 (11)

A parameter 𝜂 is introduced here to further generalise the backward equation to SDEs and ordinary differential equations (ODEs): it is equal to 
1 for SDEs and 0 for ODEs. This equation may be solved with an explicit numerical method, such as the Euler method [34]. Unfortunately, this 
approach results in low accuracy and is unstable when the step size is insufficiently small [27,35]. Therefore, [24] proposed solving Eq. (11) with 
an exponential integrator (EI) to take advantage of the semi-linear structure of the reverse process, a technique known as diffusion exponential 
integrator sampler (DEIS):

�̂�𝑡−Δ𝑡 =𝚿 (𝑡−Δ𝑡, 𝑡) �̂�𝑡 +
⎡⎢⎢⎣
𝑡−Δ𝑡

∫
𝑡

1 + 𝜂2

2
𝚿 (𝑡−Δ𝑡, 𝜏)𝐆𝜏𝐆𝑇

𝜏 𝐋
−𝑇
𝜏 ε𝜃
(
�̂�𝜏 , 𝜏
)
𝑑𝜏
⎤⎥⎥⎦+

𝑡−Δ𝑡

∫
𝑡

𝜂𝚿 (𝑡−Δ𝑡, 𝑡)𝐆𝜏𝑑�̄� (12)

where Δ𝑡 is a small time interval, �̂�𝑡 is an estimate of 𝐱𝑡, and the transition matrix 𝚿 is given by

𝜕𝚿 (𝑡−Δ𝑡, 𝑡)
𝜕𝑡

= 𝐅𝑡𝚿 (𝑡−Δ𝑡, 𝑡) , 𝚿 (𝑡, 𝑡) = 𝐈 (13)

This solves the backward equation exactly if the noise ε𝜃
(
�̂�𝑡, 𝑡
)

is constant over the time interval [𝑡−Δ𝑡, 𝑡] [24]. The backward equation does not 
need to be trained for each value of 𝜂. Indeed, a Fokker–Planck–Kolmogorov (FPK) equation may be associated with the backward equation [27]:

𝑑�̂�𝑡 =
[
𝐅𝑡�̂� −

1 + 𝜂2

2
𝐆𝑡𝐆𝑇

𝑡 ∇𝐱𝑡 𝑝𝑡 (𝐱)
]
𝑑𝑡+ 𝜂𝐆𝑡𝑑�̄�⇒

𝜕𝑝𝑡 (𝐱)
𝜕𝑡

= −∇ ⋅
{[

𝐅𝑡𝐱 −
1
2
𝐆𝑡𝐆𝑇

𝑡 ∇𝐱𝑝𝑡 (𝐱)
]
𝑝𝑡 (𝐱)
}
⇒

𝜕𝑝𝑡 (𝐱)
𝜕𝜂

= 0 (14)

This equation does not depend on 𝜂 and, as demonstrated by [27], the score function is the same regardless of its value. As a result, the score 
network is trained only once with 𝜂 = 1. The parameter 𝜂 is only employed in the generative process to parametrise the various models. When 
𝜂 = 1, the model corresponds to the well-known Markovian denoising diffusion probabilistic model (DDPM), and when 𝜂 = 0, it corresponds to the 
non-Markovian denoising diffusion implicit model (DDIM) [36]. These models do not result from an ad hoc procedure but follow naturally from the 
SDEs and the numerical method (DEIS) employed for solving them. In this work, the variance-preserving SDE (VPSDE) parametrisation is chosen 
for the drift matrix, the diffusion matrix, and the mean and the covariance of the noising distribution [30], as reported in Table 1.

In this work, the noising parameter is scheduled (parametrised) according to

𝛽𝑡 = 𝛽min +
𝑡
𝑇

(
𝛽max − 𝛽min

)
(15)
1643

with 𝛽min = 𝛽0 = 0 and 𝛽max = 𝛽𝑇 = 1 [30]. With this parametrisation, the transition matrix becomes
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𝚿 (𝑡−Δ𝑡, 𝑡) =

√
𝜷 𝑡−Δ𝑡
𝜷𝑡

(16)

while the solution of the backward equation with DEIS is given by

�̂�𝑡−Δ𝑡 =
√
𝛽𝑡−Δ𝑡

(
�̂�𝑡 −
√
1 − 𝛽𝑡ε𝜃

(
�̂�𝑡, 𝑡
)√

𝛽𝑡

)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

�̂�0

+

√
1 − 𝛽𝑡−Δ𝑡 − 𝜂2

1 − 𝛽𝑡−Δ𝑡
1 − 𝛽𝑡

(
1 −

𝛽𝑡
𝛽𝑡−Δ𝑡

)
ε𝜃
(
�̂�𝑡, 𝑡
)
+ (17)

𝜂

√
1 − 𝛽𝑡−Δ𝑡
1 − 𝛽𝑡

(
1 −

𝛽𝑡
𝛽𝑡−Δ𝑡

)
ε, 𝜂 ∈ [0,1] , ε ∼ (𝟎, 𝐈)

This equation implies that the solution is normally distributed with mean μ𝜂 and variance 𝜎2𝜂 :

�̂�𝑡−Δ𝑡 ∼ (μ𝜂, 𝜎2𝜂 𝐈)
μ𝜂 =
√
𝛽𝑡−Δ𝑡

(
�̂�𝑡−
√
1−𝛽𝑡ε𝜃

(
�̂�𝑡 ,𝑡
)√

𝛽𝑡

)
+
√

1 − 𝛽𝑡−Δ𝑡 − 𝜂2
1−𝛽𝑡−Δ𝑡
1−𝛽𝑡

(
1 − 𝛽𝑡

𝛽𝑡−Δ𝑡

)
ε𝜃
(
�̂�𝑡, 𝑡
)

𝜎2𝜂 = 𝜂2
1−𝛽𝑡−Δ𝑡
1−𝛽𝑡

(
1 − 𝛽𝑡

𝛽𝑡−Δ𝑡

) (18)

the latter result being obtained with the reparametrisation trick [37]. The following section extends the previous results to a non-Gaussian distribu-
tion, namely the Lévy or stable distribution.

3. Lévy–Itō diffusion models

The Lévy or stable distribution [11] is an extreme distribution [38] with a heavy tail. Unlike the Gaussian distribution, the suppression of large 
fluctuations is polynomial and not exponential [11], meaning that very large values are most likely to occur:

𝑝𝐿 (𝑥;𝛼, 𝛾, 𝜇, 𝜎) ∼
𝐶±|𝑥|1+𝛼
|||||𝑥→±∞

(19)

where 𝐶± are constants and 𝛼 ∈ ]0,2] is the stability index. The stable distribution does not have a closed form, but it may be expressed in terms of 
the Fourier transform of its characteristic function 𝜑 (𝑘;𝛼, 𝛾, 𝜇, 𝜎):

𝑝𝐿(𝑥;𝛼, 𝛾, 𝜇, 𝜎) =

∞

∫
−∞

𝜑(𝑘;𝛼, 𝛾, 𝜇, 𝜎) exp[−2𝜋𝑖𝑘𝑥]𝑑𝑘, 𝑖 =
√
−1 ∶

𝜑(𝑘;𝛼, 𝛾, 𝜇, 𝜎) =
⎧⎪⎨⎪⎩
exp
[
𝑖𝑘μ− |𝑘𝜎| (1 + 2𝑖 𝛾

𝜋
sgn (𝑘) log |𝑘𝜎|)] ⇔ 𝛼 = 1

exp
[
𝑖𝑘μ− |𝑘𝜎|𝛼 (1 + 𝑖𝛾 tan

(
𝜋𝛼
2

)
sgn (𝑘)

(|𝑘𝜎|1−𝛼 − 1
))]

⇔ 𝛼 ≠ 1

(20)

where 𝛾 ∈ [−1,1] is the skewness parameter, μ ∈ ℝ is the location parameter, and 𝜎 ∈ ℝ+ is the scale parameter. Stable distributions with large 
stability indices have heavier tails and random walks characterised by larger steps. The skewness determines the distribution’s degree of asymmetry 
(only symmetrical distributions are considered in this work, i.e. 𝛾 = 0). The location parameter specifies the location of the distribution’s maximum, 
while the scale distribution determines its spread. The following alternative notation is also employed for the distribution:

𝛼 (𝜎) ≡ 𝑝𝐿 (𝑥;𝛼,0,0, 𝜎) (21)

with 𝛼 (𝜎)|𝛼=2 =  (0,√2𝜎
)

corresponding to the Gaussian distribution. Therefore, the Lévy distribution is a generalisation of the normal 
distribution.

The Lévy distribution is illustrated for various values of the stability index in Fig. 1, and the corresponding heavy tails are reported in Fig. 2. From 
a random walk perspective, the Lévy distribution allows transitions much larger than its Gaussian counterpart’s [38]. These large steps are required 
to explore the solution space in its entirety, which may not be readily accessible to small Gaussian steps [38]. This phenomenon is illustrated in 
Fig. 3, which shows random walks of a hundred steps for various values of the stability index, demonstrating that smaller values of the index favour 
further exploration of the solution space.

The forward SDE, as described by Eq. (1), may be generalised to include Lévy processes [39,11]:

𝑑𝐱𝑡 = 𝐅𝑡𝐱𝑑𝑡+𝐆𝑡𝑑𝐰+𝐇𝑡𝑑𝐋𝛼 (22)

where 𝐋𝛼 =
[
𝑑𝐿𝛼,1, 𝑑𝐿𝛼,2,… , 𝑑𝐿𝛼,𝐷

]
is a Lévy process with stability index 𝛼, and 𝐇𝑡 ∈ℝ𝐷×𝐷 is known as the fractional diffusion matrix. It should 

be noted that a one-dimensional Lévy distribution is associated with each dimension. Such a model is known as a fractional diffusion model (FDM) 
or a Lévy–Itō model (LIM).

As demonstrated by [40], the reverse-time fractional diffusion denoising process associated with this equation has a closed-form solution, given 
by

[
𝑇

]
𝛼
𝜕𝛼−2||𝐱𝑡|| ∇𝐱𝑡 𝑝𝑡

(
𝐱𝑡
)

̄
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𝑑𝐱𝑡 = 𝐅𝑡𝐱 −𝐆𝑡𝐆𝑡 ∇𝐱 log𝑝𝑡 (𝐱) 𝑑𝑡+𝐆𝑡𝑑�̄�− 𝛼𝐇𝑡 𝑝𝑡
(
𝐱𝑡
) +𝐇𝑡𝑑𝐋𝛼 (23)
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Fig. 1. Lévy distribution for various values of the stability index.

Fig. 2. Lévy distribution heavy tails corresponding to Fig. 1

Fig. 3. Lévy random walks corresponding to the distributions shown in Fig. 1

where 𝜕𝛼−2||𝐱𝑡|| is the fractional Riesz derivative of order 𝛼 − 2, and �̄�𝛼 is a Lévy process in the reverse-time direction. The fractional exponentiation of 
𝐇𝑡 is evaluated using its spectral decomposition [41]:

𝐇𝛼
𝑡 =𝐔

⎡⎢⎢⎢⎣
𝜆𝛼1

𝜆𝛼2
⋱

𝜆𝛼
𝐷

⎤⎥⎥⎥⎦𝐔
𝑇 (24)

where 𝐔 is the eigenvector matrix associated with 𝐇 and 
{
𝚲𝑖

}𝐷
𝑖=1 are the corresponding eigenvalues. The fractional Riesz derivative, which is a 

generalisation of the standard derivative, may be evaluated based on the properties of the Fourier transform [42,43]. Indeed, it is well known from 
Fourier analysis [44] that the fractional derivative may be obtained by raising the Fourier frequencies by the fractional exponent and then taking 
the inverse Fourier transform:

𝜕𝛼|𝐱| [𝑓1 (𝐱) , 𝑓2 (𝐱) ,… , 𝑓𝐷 (𝐱)
] ≡ [𝜕𝛼||𝑥1||𝑓1 (𝐱) , 𝜕𝛼||𝑥2||𝑓2 (𝐱) ,… , 𝜕𝛼||𝑥𝐷||𝑓𝐷 (𝐱)

]
𝜕𝛼||𝑥𝑖||𝑓 = −1 (||𝑘𝑖||𝛼 [𝑓 ] (𝑘)

) (25)

Here,  is the Fourier transform and −1 is the corresponding inverse transform:

 [𝑓 ] (𝐤) = ∫ 𝑑𝐷𝑥 exp (−2𝜋𝑖𝐤 ⋅ 𝐱)𝑓 (𝐱)
−1 [𝑓 ] (𝐱) = ∫ 𝑑𝐷𝑘 exp (2𝜋𝑖𝐤 ⋅ 𝐱)𝑓 (𝐤) (26)

where 𝑖 =
√
−1 is the imaginary unit. Unlike the Wiener process, the backward equation involves not only the score function but also the data 
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distribution and the fractional Riesz derivative of the score function. In this work, only Lévy-driven SDEs are considered:
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𝑑𝐱𝑡 = 𝐅𝑡𝐱𝑑𝑡+𝐇𝑡𝑑𝐋𝛼 (27)

As for the Wiener process, a fractional Fokker–Planck equation (FFPE) [40,38] may be associated with the forward (noising) process:

𝑑𝐱𝑡 = 𝐅𝑡𝐱𝑑𝑡+𝐇𝑡𝑑𝐋𝛼 ⇒
𝜕𝑝𝑡 (𝐱)
𝜕𝑡

= −∇ ⋅
[
𝐅𝑡𝐱 −𝐇𝛼

𝑡 𝐪 (𝑡, 𝑥)𝑝𝑡 (𝐱)
]
, 𝑞𝑖 (𝑡, 𝑥) =

𝜕𝛼−2||𝑥𝑖|| 𝜕𝐱𝑖 𝑝𝑡 (𝐱)
𝑝𝑡 (𝐱)

(28)

where 𝐪 (𝑡,𝐱) =
[
𝑞𝑖 (𝑡, 𝑥)

]
.

4. Approximation of the fractional Riesz derivative and annealing of the stability index

The backward fractional equation has a high computational complexity, which may impede the training of the score network. More importantly, 
unlike its gradient, the noising distribution 𝑝0𝑡

(
𝐱𝑡 ||𝐱0 ) cannot replace the data distribution 𝑝𝑡 (𝐱) in the score-matching technique. For this reason, 

and because the solution of the backward equation is an incremental process, the fractional Riesz derivative is expressed as a truncated series 
expansion. As proposed by [42], the fractional Riesz derivative may be expanded as

𝜕𝛼−2||𝑥𝑖|| 𝜕𝑥𝑖𝑝𝑡 (𝐱)
𝑝𝑡 (𝐱)

≈ 1
ℎ𝛼−2

∑
𝑘∈ℤ

(−1)𝑘Γ (𝛼 − 1)

Γ
(
𝛼
2 − 𝑘
)
Γ
(
𝛼
2 + 𝑘
) 𝜕𝑥𝑖𝑝𝑡 (𝑥1, 𝑥2,… , 𝑥𝑖 − 𝑘ℎ,…𝑥𝑑

)
[1 − 𝑘ℎ]𝜕𝑥𝑖𝑝𝑡 (𝐱) (29)

where ℎ ∈ℝ+ is a parameter. If the expansion is truncated to first order, one obtains

𝜕𝛼−2||𝑥𝑖|| 𝜕𝑥𝑖𝑝𝑡 (𝐱)
𝑝𝑡 (𝐱)

≈ 1
ℎ𝛼−2

Γ (𝛼 − 1)

Γ
(
𝛼
2

)2 𝜕𝑥𝑖 log𝑝𝑡 (𝐱) (30)

where Γ (𝑧) = ∫ ∞
0 𝑡𝑧−1 exp (−𝑡) 𝑑𝑡 is the gamma function. From this approximation of the fractional derivative, by employing the VPSDE parametri-

sation with 𝐇𝑡 =𝐆𝑡 and solving the backward equation with the DEIS method, one obtains

�̂�𝑡−Δ𝑡 =
(
1 + 𝛽𝑡

𝛼𝑡
Δ𝑡
)
�̂�𝑡 + 𝛼𝑡

(
𝛽𝑡Δ𝑡

1
ℎ𝛼𝑡−2

Γ
(
𝛼𝑡−1
)

Γ
( 𝛼𝑡
2

)2
)
∇𝐱𝑡 𝑝
(
�̂�𝑡
)
+
(
𝛽𝑡Δ𝑡
)1∕𝛼𝑡 ε

ε ∼ 𝛼𝑡 (𝐈)
(31)

where

𝛼𝑡 (𝐈)
∧
=
[𝛼𝑡 (1) ,𝛼𝑡 (1) ,… ,𝛼𝑡 (1)

]
∈ℝ𝐷 (32)

This equation is isomorphic to its non-fractional counterpart, with the Wiener process being replaced by the Lévy process, and with the introduction 
of a fractional exponent 

(
1∕𝛼𝑡
)

for the noising parameter 𝛽𝑡. It should be noted that the stability index is now a function of time. As for Eq. (11), 
the parameter 𝜂 may be introduced, thus encompassing both Markovian and non-Markovian models. The loss function is similar to its non-fractional 
(Wiener process) counterpart, with the important distinction that the noise is distributed according to a stable distribution instead of a Gaussian 
one:

𝑝𝐿
(𝜃) = 𝔼𝑡∼ [0,𝑇 ]𝔼𝑝(𝐱0),ε∼𝛼𝑡(𝐈)

[‖‖‖ε− ε𝜃
(
μ𝑡𝐱0 + 𝜎𝐈ε, 𝑡

)‖‖‖2
]

(33)

where 𝜎 is the scale parameter of the Lévy distribution (not to be confused with the standard deviation of the Gaussian distribution). Unfortunately, 
it is challenging to denoise the large divergent noise generated by the heavy tail [40]. This is in contrast with the Gaussian noise, which does not 
diverge. However, these large steps are required to explore the solution space fully, which may not be readily achievable with small Gaussian steps 
[38]. Therefore, with the aim of maximising benefits and minimising drawbacks, the stability index is annealed from a low value (large fluctuations) 
to 𝛼 = 2 (small fluctuations, Gaussian distribution):

𝛼𝑡 = 𝛼min +
𝑡
𝑇

(
𝛼max − 𝛼min

)
(34)

with 1 ≤ 𝛼min < 2 and 𝛼max = 2. Values less than one are not employed because the mean and the variance become infinite [45]. Invariant represen-
tations of proteins are addressed in the next section (also see Fig. 4 for the graphical summary of the proposed approach).

5. Protein backbone representation

Proteins’ tertiary structures, which include their complex three-dimensional arrangements, are influenced by the interactions of their amino 
acid side chains along with the backbone. For instance, Fig. 5 shows the backbone of entry 10GS of the Protein Data Bank (PDB), a database of 
three-dimensional structural data for large biological molecules, such as proteins and nucleic acids [46]. The backbone corresponds to the folding 
of the protein’s amino acid sequence [47,48]. Each amino acid sequence is oriented, begins with the N-terminus, and ends with the C-terminus 
[47,48]. The folding results from interactions between amino acids and their interaction with the surrounding environment, which is essentially 
aqueous [47]. The resulting structure is called the native state [47,48]. Proteins’ backbones may have any arbitrary orientation. The neural network 
must learn proteins’ backbones irrespective of orientation to generate new proteins. There are essentially two ways to achieve this objective: by 
employing equivariant neural networks (ENNs) [49] or a rotation- and translation-invariant representation [50,51]. ENNs have an architecture that 
implements an equivariant map in which the same symmetry group acts on the domain and codomain. For the noise network ε𝜃 (𝐱, 𝑡), this means 
that if the coordinates are rotated and translated, the generated noise follows the same transformation:
1646

𝐑ε+ 𝐭 = ε𝜃 (𝐑𝐱 + 𝐭, 𝑡) (35)
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Fig. 4. Graphical summary of the proposed approach.

where 𝐑 is the rotation matrix and 𝐭 is the translation. This is in contrast with an invariant map in which

ε = ε𝜃 (𝐑𝐱 + 𝐭, 𝑡) (36)

This is the approach that has been adopted in this work. The three-dimensional structure of a backbone may be characterised by the position or 
coordinates of its 𝛼-carbons [47,48], that is, the first carbon atom of each amino acid forming the sequence [47,48]. The 𝛼-carbons may be ordered 
because, as stated earlier, their corresponding amino acid sequence is oriented. An invariant representation is obtained by evaluating the Euclidean 
distance between each pair of 𝛼-carbons [50] (Fig. 6 shows the distance matrix of protein 10GS). The distance matrix is defined as

𝐃 =
[
𝑑𝑖𝑗
]

𝑑𝑖𝑗 =
‖‖‖𝐚𝑖 − 𝐚𝑗

‖‖‖2 (37)

where 
{
𝐚𝑖
}𝐷
𝑖=1 are the Cartesian coordinates of the 𝛼-carbons. This representation is unique because of the amino acid sequence ordering. The 

invariance comes from the Euclidean distance, which is invariant to translation and rotation. The coordinates of the 𝛼-carbons may be retrieved 
from the distance matrix with various techniques [51], among which the alternative direction method of multipliers (ADMM) is one of the most 
accurate [52]. This method is a combination of dual ascent with decomposition and the method of multipliers:

𝐆𝑘+1, 𝜂𝑘+1 = argmin
𝐆,η

𝜉‖η‖1 + 1
2

(
𝑚∑

𝑖=1,𝑗=1

(
𝑔𝑖𝑖 + 𝑔𝑗𝑗 − 2𝑔𝑖𝑗 + 𝜂𝑖𝑗 − 𝑑2𝑖𝑗

)2)
+ 𝜒

2
‖‖𝐆−𝐙𝑘 +𝐔𝑘

‖‖22
𝐙𝑘+1 = Π𝑛+

(
𝐆𝑘+1 +𝐔𝑘

)
𝐔𝑘+1 =𝐔𝑘 +𝐆𝑘+1 −𝐙𝑘+1

(38)

where 𝐆 =
[
𝑔𝑖𝑗
]
=
[⟨
𝐚𝑖,𝐚𝑗
⟩]

is the Gram matrix (containing the inner product of each pair of 𝛼-carbon coordinates), η is a slack matrix, 𝜒 > 0 is an 
augmented Lagrangian penalty, 𝜉 ∈ℝ, Π𝑛+ is a projection in the symmetric positive semi-definite matrix space, and 𝐔 is an auxiliary matrix. After 
convergence, the coordinates of the 𝛼-carbons may be obtained with the singular value decomposition factorisation technique [52].

6. Implementation and methodology

The noise network ε𝜃 (𝐱, 𝑡) is implemented with a standard U-Net [53] in which, to improve performance, the original ReLU activation function 
is substituted for a Swish function with hyperparameter 𝚲 [54]:

𝜏 (𝑥) = 𝑥
1 + exp (−𝜆𝑥)

(39)

The network comprises a contracting and an expansive path [53]. The contracting path involves multiple convolution kernels, Swish functions, and 
a maximum pooling for downsampling. At each downsampling step, the number of feature channels is doubled. The expansive path consists of an 
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upsampling, multiple convolutions that halve the number of feature channels, a concatenation with the correspondingly cropped feature map from 
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Fig. 5. Backbone of protein 10GS from the PDB

Fig. 6. Distance matrix of protein 10GS from the PDB (first 120 amino acids).

Fig. 7. Outline of the architecture of the U-NetDetailed architecture of the U-Net.

the contracting path, and Swish functions. The network also implements position embedding [32] for time encoding, as described by Eq. (8) below. 
The neural network architecture is outlined in Fig. 7, with the full details shown in Fig. 8.

The loss function of the noise network, which corresponds to Eq. (33), is optimised with the Adam stochastic optimisation method [31]. This 
algorithm evaluates and accumulates, for each iteration, the expectations of both the gradient and its second moment. The accumulated expectations 
are rescaled as time passes. Finally, a correction is applied to the learnable parameters. The stability index of the multidimensional Lévy distribution 
is annealed according to Eq. (34). The U-Net neural network and the Lévy–Itō diffusion model were implemented in the Mathematica language, 
1648

version 13.3. The calculations were performed on a computing node with two 16-core Intel Xeon Gold 6130 CPUs clocked at 2.1 GHz, 192 GB of 
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Fig. 8. Detailed architecture of the U-Net.

Table 2

Hyperparameters of the U-Net.

Number of steps used to corrupt the distance matrices 200

Base channel size of the U-Net 32
Encoded time step for the corruption of the distance matrices 16
Depth of the U-Net 3
Mini-batch size for training 1024
Initial noising parameter 0.0001
Final noising parameters 0.02

RAM, and two NVidia V100 GPUs with 32 GB of RAM each. Both GPUs were used concurrently for the calculations. The hyperparameters of the 
network were determined by grid search and are reported in Table 2.

The results were evaluated with three metrics: the Fréchet distance, the density, and the coverage. The Fréchet distance [13] measures the 
similarity between the real and generated data distributions:

𝑑2𝐹 (𝐗,𝐘) = ||μ𝐗 − μ𝐘||2 + tr
[
𝚺𝐗 +𝚺𝐘 − 2

(
𝚺𝐗𝚺𝐘

)1∕2 ] ∈ℝ+ (40)

where μ𝐗 and 𝚺𝐗 are the mean and covariance of the real data, while μ𝐘 and 𝚺𝐘 are the mean and covariance of the generated data. The square 
root is evaluated according to Eq. (24) [41]. The density metric measures the fidelity, the degree to which the generated samples resemble the real 
ones [14]. It is defined as

𝜌 = 1
𝑘𝑀

𝑀∑
𝑗=1

𝑁∑
𝑖=1

𝕀𝐲𝑗∈○
(
𝐱𝑖 ,NND𝑘

(
𝐱𝑖
)), 𝜌 ≥ 0 (41)

where 𝕀 is a binary (0 or 1) indicator, NND𝑘

(
𝐱𝑖
)

is the Euclidean distance between 𝐱𝑖 and its 𝑘𝑡ℎ nearest neighbour, ○ 
(
𝐱𝑖𝑟
)

is the hypersphere of 
radius 𝑟 centred on 𝐱𝑖, 

{
𝐱𝑖
}𝑁
𝑖=1 are the real data, and 

{
𝐲𝑗
}𝑀
𝑗=1 are the generated data. The density is not bounded: the larger the value, the better the 

fidelity. The coverage metric, on the other hand, measures the diversity, the degree to which the generated samples cover the full variability of the 
real samples [14]. It is defined as

𝜅 = 1
𝑁

𝑁∑
𝑖=1

𝕀∃ 𝑗
|||𝐲𝑗∈○(𝐱𝑖 ,NND𝑘(𝐱𝑖)) , 𝜅 ∈ [0,1] (42)

Unlike the density, the coverage is bounded and normalised. The density and coverage have been proposed as more robust alternatives to the 
precision and recall as defined in [55], which tend to overestimate the true manifolds around outliers [14].

7. Experimental results and discussion

The dataset was generated automatically by retrieving 42, 082 Homo sapiens proteins from the PDB. For each protein downloaded, the coordinates 
of the 𝛼-carbons were extracted, and the corresponding distance matrices were evaluated for the first 32 amino acids with the help of Eq. (37). 
During the training phase, the dataset was divided into a training (90%) and a validation set (10%). A total of twenty Lévy–Itō models were 
trained. The models were parametrised by their stability index annealing schedule 𝛼𝑡, defined by Eq. (34), and by their model hyperparameter 𝜂
(Markovian versus non-Markovian). For each model, the quality of the generated distance matrices (one thousand generated distance matrices for 
each model) was assessed with three metrics, namely the Fréchet distance, the density, and the coverage, which are defined by Eq. (40), (41) and 
(42), respectively. The results are reported in Table 3.

To facilitate graphical comparison, 3-D surface plots for the Fréchet distance, the density and the coverage are provided in Figs. 9, 10 and 11, 
respectively.

The best results appear in bold. The best Fréchet distance and coverage were obtained with a stability index annealing schedule of 1.9–2 and a 
model parameter of 0.8. The best density was obtained with a stability index annealing schedule of 1.7–2 and a model parameter of 1. As shown 
in the table, Markovian models tend to outperform non-Markovian models when Lévy distributions are employed. Pure non-Markovian (DDIM) 
models (𝜂 = 0) have poor performances irrespective of the stability index annealing schedule. The best performances were obtained for Markovian 
(DDPM) and quasi-Markovian models (𝜂 = 0.8). The annealed Lévy distribution improves all metrics, particularly the coverage, which attained 
values as high as 0.98. Compared with the best Gaussian model, which appears in italics, the best Lévy–Itō model improved the Fréchet distance by 
25.4%, the density by 35.8%, and the coverage by 11.8%. Therefore, the Lévy–Itō model outperforms the Gaussian model both in the Markovian and 
1649

non-Markovian regimes.
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Table 3

Evaluation of the Lévy–Itō models for various stability index annealing sched-
ules and model hyperparameters.

𝛼𝑡 ∶
[
𝛼min , 𝛼max = 2

]
𝜂 Fréchet distance Density Coverage

1.7 0 (DDIP) 3356.07 151.116 0.480562
1.8 1461.18 722.888 0.731619
1.9 132.6 2220.11 0.87636

1.7 0.2 3002.92 377.008 0.641818
1.8 1303.88 1384.61 0.852051
1.9 115.51 2964.98 0.929732

1.7 0.5 4300.96 3167.42 0.96647
1.8 741.59 4134.47 0.969488
1.9 62.74 4528.85 0.980538

1.7 0.8 586.77 5139.79 0.978993
1.8 276.59 4614.55 0.962739
1.9 29.48 5393.87 0.982296

1.7 1 (DDPM) 227.61 5471.74 0.974455
1.8 46.41 5129.79 0.951333
1.9 31.74 5145.97 0.923697

2 0 38.82 407.418 0.633382
2 0.2 29.86 2133.49 0.886127
2 0.5 39.53 4029.47 0.878998
2 0.8 39.9 4541.96 0.767193
2 1 40.46 4716.76 0.663181

Fig. 9. A 3-D surface plot of the dependence of the Fréchet distance on the stability index and the parameter 𝜂. The surface has been interpolated to order three.

8. Conclusions and future work

A new diffusion model for data generation has been proposed based on fractional SDEs, the exponential integrator method, and the annealed 
stable distribution. The model outperforms Markovian and non-Markovian Gaussian diffusion models when evaluated according to the Fréchet 
distance, density, and coverage when applied to distance matrices. This improved performance originates from the Lévy distribution. As shown in 
Fig. 1, which represents Lévy random walks for various values of the stability index, Lévy distributions tend to explore the solution space further 
than their Gaussian counterparts. This may be explained by their heavy tails, which generate larger steps than normal distributions. These large 
steps make it possible to reach areas that would otherwise remain inaccessible with a Gaussian random walk [38]. Initially, the stability index 
is low to promote solution space exploration. Then, it is progressively increased (annealed) to converge to a particular solution. This approach 
is reminiscent of simulated annealing [56], an optimisation method in which the temperature is initially high to allow the algorithm to escape 
local minima and is then progressively annealed to lower values to converge to the optimal solution. In future work, the proposed method will be 
applied to more sophisticated diffusion models, such as the generalised denoising diffusion implicit models [24]. Asymmetrical Lévy distributions 
and smaller stability indices (heavier tails) could also be employed. Currently, the multidimensional Lévy distribution is diagonal, which means 
that it is implicitly assumed that there is little or no covariation [57] between the dimensions, covariation being a generalisation of the notion of 
covariance for stable distributions. Therefore, it is proposed to employ non-diagonal stable distributions [45,58], which are defined as

𝐿𝛼,μ (𝐤) = exp
(
−𝐼𝐱 (𝐤)

)
= 𝔼
[
exp (𝑖 ⟨𝐤,𝐱⟩)] = exp

⎡⎢−𝑖 ⟨μ,𝐤⟩− 𝜓𝛼 (⟨𝐤, 𝐬⟩) Δ (𝑑𝑠)
⎤⎥ (43)
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Fig. 10. A 3-D surface plot of the dependence of the density on the stability index and the parameter 𝜂. The surface has been interpolated to order three.

Fig. 11. A 3-D surface plot of the dependence of the coverage on the stability index and the parameter 𝜂. The surface has been interpolated to order three.

where 𝔼 is the mathematical expectation, ⟨𝐤,𝐱⟩ is the inner product, and

𝜓𝛼(𝑢)
∧
=
⎧⎪⎨⎪⎩
|𝑢|𝛼 (1 − 𝑖sgn (𝑢) tan 𝜋𝛼

2

)
if 𝛼 ≠ 1|𝑢| (1 + 𝑖 𝜋2 sgn (𝑢) ln |𝑢|) if 𝛼 = 1

(44)

Unlike the univariate case, only two parameters are required: a stability index 𝛼 and a localisation vector 𝜇. The information about the scale and 
the asymmetry is encapsulated in Δ (𝑑𝑠), which is a measure, or partition, defined on the hypersphere 𝑆𝐷 . The application of the multidimensional 
Lévy distribution for protein generation shall, therefore, be the foundation of our future work.
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Appendix A

Table A.4

Definitions of the mathematical symbols used in this work.

Symbol Definition

𝐱𝑡 Distance matrix
𝐅𝑡 Drift matrix
𝐆𝑡 Diffusion matrix
𝐰 Wiener process
∇𝑥 Gradient
𝑇 Transpose
𝐬𝜃 (𝐱𝑡 , 𝑡) Score function
𝚲𝑡 Metrix (symmetric matrix)
𝑝(𝐱𝑡) Data distribution
𝑝(𝐱𝑡|𝐱0) Probability, at time t , of having a noisy datum 𝐱𝑡 given an uncorrupted datum 𝐱0 Normal distribution
𝐋𝑡 Cholesky matrix
𝜃 Parameters of the neural network
𝜆𝑡 Positive weighting function
 Uniform distribution
ε𝑡(𝐱𝑡 , 𝑡) Learned noise
ε Noise
�̄�𝑡 𝐋−1

𝑡 𝚲𝑡𝐋−𝑇
𝑡

𝜂 Markovian parametrisation
Δ𝑡 Time interval
𝚿 Transition matrix
�̂� Estimate
ℝ Real numbers
=̂ Equal by definition
μ𝑡 Mean
𝚺𝑡 Covariance matrix
∼ Distributed as
𝛽𝑡 Noising parameters
𝑝𝐿,𝛼 Lévy (stable) distribution
𝛼 Stability index
𝛾 Skewness parameter
𝜇 Localisation parameter
𝐇𝑡 Fractional diffusion matrix
𝐋𝛼 Lévy process with stability index 𝛼
𝜕𝛼−2||𝑥𝑖 || Fractional Riesz derivative of order 𝛼 − 2
𝐔 Eigenvectors
𝜆𝑖 Eigenvalue
 Fourier transform
𝐤 Fourier frequencies
∇⋅ Divergence
Γ Gamma function
𝜎 Standard deviation
𝐑, 𝐭 Rotation matrix and translation vector
𝐃 Distance matrix
𝐚𝑖 Cartesian coordinates of the 𝛼-carbon
𝐆 Gram matrix
η Slack matrix
 Augmented Lagrangian penalty∏

𝑁
+

Projection in the symmetric positive semi-definite matrix space

𝜏(𝑥) Swish activation function
𝑑𝐹 Fréchet distance
𝜌 Density
𝕀 Binary indicator
○ Hypersphere
∈ Belongs to
𝜅 Coverage
∃ There exists
𝔼 Mathematical expectation⟨𝐤,𝐱⟩ Inner product
sgn Sign function
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