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Abstract We model the spread of an S7 (Susceptible — Infectious) sexually transmit-
ted infection on a dynamic homosexual network. The network consists of individuals
with a dynamically varying number of partners. There is demographic turnover due to
individuals entering the population at a constant rate and leaving the population after
an exponentially distributed time. Infection is transmitted in partnerships between
susceptible and infected individuals. We assume that the state of an individual in this
structured population is specified by its disease status and its numbers of susceptible
and infected partners. Therefore the state of an individual changes through partnership
dynamics and transmission of infection. We assume that an individual has precisely n
‘sites’ at which a partner can be bound, all of which behave independently from one
another as far as forming and dissolving partnerships are concerned. The population
level dynamics of partnerships and disease transmission can be described by a set of
(n + 1)(n 4 2) differential equations. We characterize the basic reproduction ratio Ry
using the next-generation-matrix method. Using the interpretation of Ry we show that
we can reduce the number of states-at-infection n to only considering three states-at-
infection. This means that the stability analysis of the disease-free steady state of an
(n+1)(n+2)-dimensional system is reduced to determining the dominant eigenvalue
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of a 3 x 3 matrix. We then show that a further reduction to a 2 x 2 matrix is possible
where all matrix entries are in explicit form. This implies that an explicit expression
for Ry can be found for every value of n.

Keywords SI-infection - Mean field at distance one - Dynamic network -
Concurrency - Ry

Mathematics Subject Classification 34D20 - 92D30

1 Introduction

The role that concurrent partnerships might play in the spread of HIV in sub-Saharan
Africa is the subject of an ongoing debate. While simulation studies have shown the
large impact that concurrency potentially has on the epidemic growth rate and the
endemic prevalence of HIV (Kretzschmar and Morris 1996; Morris and Kretzschmar
1997, 2000; Eaton et al. 2011; Goodreau 2011), the empirical evidence for such a
relationship is inconclusive (Lurie and Rosenthal 2010; Reniers and Watkins 2010;
Tanser et al. 2011; Kenyon and Colebunders 2012).

Mathematical modelling results have played a key role in fuelling the debate (Watts
and May 1992; Kretzschmar and Morris 1996; Morris and Kretzschmar 1997, 2000;
Eaton et al. 2011; Goodreau 2011). However, a mathematical framework suitable to
derive analytical results is still lacking. At present, simulation studies prevail, and
general theory is mainly focused on static networks (Diekmann et al. 1998; Ball
and Neal 2008; House and Keeling 2011; Lindquist et al. 2011; Miller et al. 2012;
Miller and Volz 2013). This motivated us to develop and analyse a mathematical
model for the spread of an SI (Susceptible-Infectious) infection along a dynamic
network.

In a previous paper (Leung et al. 2012) a model for a dynamic sexual network
of a homosexual population is presented that incorporates demographic turnover and
allows for individuals to have multiple partners at the same time, with the number
of partners varying over time. This network model can be seen as a generalization
of the pair formation models (that describe sequentially monogamous populations)
to situations where individuals are allowed more than one partner at a time. Pair for-
mation models were first introduced into epidemiology by Dietz and Hadeler (1988)
and extended in various ways (Kretzschmar et al. 1994; Inaba 1997; Kretzschmar
and Dietz 1998; Xiridou et al. 2003; Heijne et al. 2011; Powers et al. 2011). In the
present generalization, individuals have at most n partners at a time. We call n the
partnership capacity. In the partnership network individuals are, essentially, collec-
tions of n ‘binding sites’ where binding sites can be either ‘free’ or ‘occupied’ (by a
partner). In the case that n = 1 we recover the pair formation model of a monogamous
population.

Consider an individual in the sexual network. Since individuals may have several
partners simultaneously, the risk of acquiring infection depends on that individual’s
partners, but also on their partners, and so on. We would need to keep track of the entire
network to fully characterize the risk of infection to an individual. Here we introduce
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S1 infection on a dynamic partnership network: ... 3

an approximation rather than taking full network information into account: we assume
that properties concerning partners of partners can be obtained by averaging over the
population. This approximation is termed the ‘mean field at distance one’ assumption
(‘mean field at distance one’ should be read as one term; from here on we write this
without quotation marks). This assumption relates to what is called ‘effective degree’
in Lindquist et al. (2011), where transmission of infection along a static network is
studied (we are, apart from Britton and Lindholm 2010; Britton et al. 2011), not aware
of any analytical work so far, on disease transmission across dynamic networks with
demography (see e.g. Altmann 1995, 1998; Ferguson and Garnett 2000; Bansal et
al. 2010; Kiss et al. 2012; Miller and Volz 2013) and references therein for models
incorporating dynamic partnerships in a demographically closed population).

The mean field at distance one assumption is a moment closure approximation
obtained by ignoring certain correlations between the states of two individuals that
are in a partnership and, as a consequence, this assumption is inconsistent with the
assumptions that underlie the partnership network (see e.g. Ferguson and Garnett 2000;
Kamp 2010; House and Keeling 2011; Taylor et al. 2012) and references therein for
different moment closure approximations on networks). However, this assumption
allows us to write down a closed system of ODEs to describe an approximation of the
SI infection on the partnership network. If a partnership capacity n is given, then we
have an (n + 1)(n + 2) dimensional system of ODEs.

A large part of the paper is devoted to characterizing the basic reproduction number
Ry and proving its threshold character for the nonlinear system of ODEs. This system
is quite large already for small n. However, by considering only states-at-infection and
using the next-generation matrix approach, Ry can be characterized as the dominant
eigenvalue of an n x n matrix. Using the interpretation we can further reduce this and
Ry can ultimately be characterized as the dominant eigenvalue of a 2 x 2 matrix where
the entries of this matrix are explicit, and therefore also Ry has an explicit expression.
In fact, we are able to interpret Ry in terms of individuals (which are considered in
the model specification) and in terms of binding sites.

The structure of the paper is as follows. First, in Sect. 2, we consider the partnership
network of Leung et al. (2012) and summarize the main results needed for this paper.
Next, in Sect. 3 we superimpose an S/-infection on the network and specify the model
assumptions. Particular attention is given to the mean field at distance one assumption.
The rest of the paper is devoted to characterizing the basic reproduction number Ry.
For this, in Sect. 4, we first consider the linearisation of the system.

In Sect. 5, which constitutes the core of the paper, we characterize R in terms of
newly infected binding sites that produce newly infected binding sites. We introduce
a transition matrix X' and a transmission matrix 7 and define R( as the dominant
eigenvalue of the next generation matrix —7 X ~! (Diekmann et al. 2013, Section 7.2).
The building blocks for an explicit expression for R are presented in Appendix C. We
also show that R thus defined can be interpreted as the basic reproduction ratio for
individuals, since individuals can be considered to be collections of n binding sites.
Section 5 can be read independently of the rest of the paper.

The characterization of Ry in Sect. 5 does not, by itself, provide a mathematical
proof that the disease-free steady state is stable for Rp < 1 and unstable for Ry > 1.
We provide such a proof in Sect. 6. The proof is based on the Perron—Frobenius theory
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of spectral properties of positive and positive-off-diagonal irreducible matrices. In
particular we use that

— sign(Rop — 1) = sign(r) where r is the Malthusian parameter (i.e. the dominant
eigenvalue) of the matrix 7 + X

— the linearised system derived in Sect. 4 can be mapped in a natural way to the
binding-site system defined by the matrices X and 7', while preserving positivity.

The final Sect. 7 provides conclusions and plans for future work. Some more tech-
nical calculations are left for the six appendices. In particular, in Appendix B we show
with explicit calculations for the case n = 2 (suggested to us by Pieter Trapman (per-
sonal communication, 26 August, 2013)) that states of partners are not independent
of one another, implying that the mean field at distance one assumption yields only
an approximate and not an exact description.

2 The partnership network

In this section we will give a summary of the specification of the partnership network
and of the main results presented in Leung et al. (2012).

Consider a population of homosexual individuals—all with partnership capacity
n. The partnership capacity is the maximum number of simultaneous partners an
individual may have. One may think of an individual as having n binding sites. Binding
sites are either ‘occupied’ (by a partner) or ‘free’. We assume that binding sites of an
individual behave independently from one another as far as forming and dissolving
partnerships are concerned. Furthermore, individuals enter (‘birth’) and leave (‘death’)
the sexually active population.

The model specification begins at the individual level. The state of an individual is
given by k, the number of occupied binding sites, k = 0, .. ., n. Consider one individ-
ual born at time ¢, and suppose it does not die in the time interval under consideration.
An occupied binding site becomes free at rate o + 1, where o corresponds to ‘sepa-
ration” and p to ‘death of partner’. A free binding site becomes occupied at rate p F',
where F denotes the fraction of free binding sites in the pool of all binding sites in
the population. The possible state transitions and the rates at which they occur are:

k—k+1 with rate p(n — k) F,
k—k—1 with rate (o + w)k.

The probability that an individual is in state k at age a is denoted by pi (¢, a), where
1 denotes the time of birth. A newborn individual has n free binding sites, i.e.

1
0
p(1,0) =

0

Let A = A(F) denote the matrix corresponding to the state transitions described
above. So, as an example, for n = 2, the matrix A is as follows:
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—2pF o+ u 0
A=\ 20F —(pF+o+pn) 2(0c+up
0 pF —2(0 + )

Note that, throughout this paper, we will use the convention that, for a transition
matrix M = (m;;), m;; denotes the probability per unit of time at which a transition
from j to i is made (instead of the transition from i to j, as it is common in the
stochastic community.)

Then, as long as the individual does not die, we have

ap
%(tbv a) = A(F(ty + a)) p(tp, a).

We assume a stationary age distribution which is exponential with parameter u, so it
has probability density function
a+—> pe M. @)

Then, in a deterministic description of a large population, the fraction of the population
in state k at time ¢ is

o0 t
Pr(1) =/Me*““pk(t—a,a)da= / e M pr(a, t — a)da. 2
0 —00

The fraction of free binding sites F is defined as
1 n
Ft) = =2 (= k) PL(0). 3)
k=0

Due to the assumption of independence of binding sites with respect to partnership
dynamics, the dynamics of F decouple as stated in Lemma 1 below (the proof is
presented in Leung et al. 2012).

Lemma 1 The fraction of free binding sites F satisfies the differential equation

E=M+(U+M)(1—F)—PF —nF. “4)

Consequently,
F(t) > F,

fort — oo, where

P V(o +2p)4p + cher 21) — (0 + 2#)' )
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6 K. Y. Leung et al.

This convergence to F motivates us to take F constant and equal to F (note,
incidentally, that F does not depend on the partnership capacity ). As a consequence
the argument 7 in py (¢, a) no longer matters and Py () = Py is independent of time.
In fact, one finds that

&==(Z)/}wﬂ”dm%1—ew»”*dm
0

where

ela@) = —LE (1 = ¢~ 0F+ohia

pF+o+pn

is the probability that a binding site is occupied at age a, given that the ‘owner’ of the
binding site is alive. . We can get rid of the integral by using the binomium of Newton
to expand €(a)* (1 — €(a))" ¥ and compute the integral of an exponential function:

S e p—
=0i=0 J i :OF M+(,OF+U+;L)(n—k_j+l')'

(6)

So we have explicit expressions for the degree distribution P = (P)}_,-

There are two probability distributions that play a more important role in the charac-
terization of Ry. First, consider an individual that acquires a new partner. We assume, in
accordance with (3), that this newly acquired partner will have state k with probability

_ (n—k+1)Pr_1 _ (n—k+1)Pr_1

- Slon—DP B nF M

qk

(A potential partner with state k — 1 has (n — k 4 1) free binding sites. Immediately
after a match is made it will have state k. The denominator serves to renormalise into
a probability distribution.) This assumption gives us information on the state of an
individual in a randomly chosen partnership, as expressed in the next lemma.

Lemma 2 Choose an individual by first sampling a partnership from the pool of all
partnerships and next choosing one of the two partners at random. The probability
that this individual has k partners equals

_ k Py _ k Py
XL n(1—F)

Ok ®)
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Note that Lemma 2 does not imply that the states of the two individuals in this
partnership are independent of one another. Indeed, they are not. Information about
the number of partners of one of the individuals provides some information about the
duration of the partnership and thus influences the probability that the other individual
has k partners (or, in other words, there exists degree correlation in this network); see
Appendix B for explicit calculations for n = 2. (We have, so far, not calculated degree
correlations for general n.)

Note that the model specification is deterministic in the sense that it concerns
expected values for a population of infinite size. Partnership formation is at random
between two free binding sites. As a consequence of mass action and infinite popu-
lation size, partnership formation with oneself or multiple partnerships with the same
individual occur with probability zero. For the same reason clustering does not occur
in the network. It should be possible to formulate a stochastic version for a population
of size N and derive the present description by considering the limit N — oco. We
conjecture that all the previous statements hold in the limit. In particular clustering
disappears in the limit, i.e. the probability that a path of a fixed finite length contains
a loop goes to zero in the limit.

Finally, to summarize, we have three degree distributions, i.e. probability distrib-
utions for the number of partners of an individual, that we will use throughout this

paper:

— P = (Py) for a random individual,

— g = (qx) for an individual who just acquired a partner (but is otherwise randomly
chosen),

— Q = (Qy) for an individual in a randomly chosen partnership.

3 Superimposing transmission of an infectious disease

We consider an S/ infection spreading on the dynamic sexual network described in
Sect. 2. We assume that individuals become infectious at the very instant that they
become infected and stay infectious (with the same infectiousness) for the rest of their
life.

3.1 i-states and i-dynamics

The model specification begins at the i-level (i for individual). We classify individuals
as either susceptible (indicated by the symbol —) or infectious (indicated by +). We
assume that the & classification has no influence whatsoever on partnership formation
and separation nor on the probability per unit of time of dying.

The state of an individual is now a triple (x, k—, k4 ), where x is either + or — and
k_ and k4 are nonnegative integers with 0 < k_ +k; < n. The x specifies whether the
individual itself is susceptible or infectious, k_ specifies the number of its susceptible
partners, and k4 specifies the number of its infectious partners.

@ Springer



8 K. Y. Leung et al.

3.1.1 Demographic change of i-states

Consider an individual and suppose it does not die in the period under consideration.
There are two types of state transitions: those that contribute to demography and those
that involve transmission of infection.

We let F_ denote the fraction of the total pool of binding sites that is free and
belongs to a susceptible individual and let F; denote the fraction that is free and
belongs to an infectious individual so F_ 4+ F, = F. We shall say that a binding site
is susceptible or infectious if the ‘owner’ is so.

The possible state transitions and corresponding rates that involve partnership for-
mation, separation, and death of a partner are as follows:

(£, k—, ki) > (£, k- — 1,ky) withrate (o + u)k_ (separation from or
death of a susceptible partner),

(£, k—, ky) = (£, k—,ky — 1) withrate (o + )k (separation from or
death of an infectious partner),

(£, k— k) = (£, k—+1,ky) withrate pF_(n — k_ — k) (acquisition of a
new partner who happens to be susceptible),

(£, k—, ky) > (£, k—,kp +1) withrate pFy(n — k— — k) (acquisition of

a new partner who happens to be infectious).
3.1.2 Transmission (mean field at distance one)

Next, consider the transmission events. A susceptible having a binding site that is
occupied by an infectious partner, gets infected by this partner at rate 5. There is more
than one way in which transmission events show up as i-level state transitions. First
of all, we have the possibility that a susceptible individual u gets infected by one of
its infectious partners. This occurs at rate B times the number of infectious partners u
has, i.e.,

(= k— k) = (4, k—, ky) with rate Bk...

Here we have assumed that the frequency of sex acts within one partnership does not
depend on concurrent other partnerships.

It is also possible that a partner v of u (with u either susceptible or infectious)
becomes infected by one of v’s infectious partners (which includes u if u is infectious).
Of course the probability that this happens depends on the actual configuration in terms
of number of partners of v and their infection status. That information is, however, not
incorporated in our description.

Therefore, we assume that we can average over all possibilities (we call this ‘mean
field at distance one’). This assumption is an approximation that we make in order
to close the infectious disease model within our limited bookkeeping framework; we
will come back to this in more detail in Sect. 3.2.2. More concretely we assume that
rates AL (¢) exist such that
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S1 infection on a dynamic partnership network: ... 9

(— k_yks) = (— k- — L ks +1)  withrate BA_(0)k_,
(4, k_ ky) = (. k- — 1, ke + 1) withrate BAL()k_, )

and that we can specify A (¢) as appropriate population averages. But before we can
provide this specification in Sect. 3.2.2, we have to define the relevant population-level
quantities. For this we need to first consider the i-level dynamics.

3.1.3 i-level dynamics

We have now described all i-states and the possible changes in i-states. The i-level
dynamics are as follows. Newborn individuals are in state (—, 0, 0) (we call this the
i-state-at-birth), i.e. at birth an individual is susceptible and has no partner at all. Let
pe(tp, a) denote the probability that an individual born at time #, is in state £ at age
a given that the individual does not die in the period under consideration, where ¢ is
any allowed triple (&, k_, k4). By choosing a way to order the £’s, we can think of p
as a vector. This ordering then also allows us to construct a matrix

B = B(Fy, Ay)
on the basis of the transition rates that are described in Sects. 3.1.1 and 3.1.2.

Then the matrix B allows us to describe the dynamics of p. As long as the individual
does not die,

0
£(fb, a) =B (Ft(tp +a), Ax(tp +a)) p(tp, a), (10)
with
1
0
P, 0) = | . (11)
0

if (—, 0, 0) is chosen as the first triple in our list.

Finally, as an example, we write out the matrix B for n = 2. If we order the twelve
states (£, k—, k) as (—,0,0), (-, 1,0), (—,2,0), (-,0,1), (-, 1,1), (—,0,2),
(+,0,0), (+,1,0), (+,2,0), (+,0, 1), (+,1, 1), (+, 0, 2), then B is of the form

_(B1 0
o= n)

with the B; being 6 x 6 matrices. By describes the transitions between — states:

(B)11i o4+n 0 o+ u 0 0
20F- (B2 2(0+w) 0 o+nu 0
Bl — 0 pF_ (B1)33 0 0 0
T 20Fy  BA- 0 (Bas o+pu 20+p |
0 pFL 2A- pF— (B1)ss 0
0 0 0 pFy  BA- (B1)66
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10 K. Y. Leung et al.

with (By)j; = — 21-621 ((B1)ij + (B2)ij), and where B; describes the transitions from
— to + states:

0O 0 0 0 0 O

0O 0 0 0 0 O

B, — 0O 0 0 0 0 O

o0 0 B 0 0}

0o 0 0 0 B O

0O 0 0 0 0 28

and B3 describes the transitions between + states:

(B3)11 o+u 0 o+ u 0 0
20F-  (B3)2 2(0 +w) 0 o+u 0
B — 0 pF_ (B3)33 0 0 0
T 20F,  pAy 0 (B3)as o+u 20+mw |
0 pFy 2A4 pF-  (B3)ss 0
0 0 0 pFy  BAL (B3)66
with (B3)jj = — Z?:] (B3);j. Soin this way, one can construct the matrix B explicitly.

3.2 Bookkeeping on the p-level and feedback

We have now specified the i-level dynamics. In this section we consider the p-level (p
for population) and the feedback to the i-level via the variables Fy and A..

3.2.1 Bookkeeping

In a deterministic description of a large population

00 t
Py(1) =/lw_““pe(t —a,a)da = / pe M py(at —ayda,  (12)
0 —0o0

is the fraction of the population that is in state £ at time ¢. In Sect. 3.3 we rewrite these
identities as differential equations.

3.2.2 Feedback

It remains to provide the feedback relations that express the individual level input
variables F1 (¢) and A4 (¢) in terms of output variables at the population level. Directly
from the interpretation it follows that we should take

n n—k+

1
Fa@ =~ 30 > (1= k- — k)P k(0. (13)

ke =0k_=0
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S1 infection on a dynamic partnership network: ... 11

The only unknown terms left are the mean field at distance one rates Ay (). In the
remainder of this section we define these rates and explain why our description is not
exact.

Consider a transition of an individual u, with u in state (£, k—, ky) — (£, k— —
1, k4 + 1). This transition occurs when a susceptible partner v of the focus individual
u in state (£, k_, k1) gets infected. The rate at which v gets infected depends on the
number of infectious partners v has. However, we only know that v is a susceptible
partner of u.

Note that we can not distinguish between two susceptible partners vy and v, of
an individual u# and that the states of v; and v, are correlated in the same way with
the state of u. In particular, the probability that vy is in state (—, m_, my) is equal
to the probability that v; is in that state. Therefore, we are interested in probabilities
Ay | (£, k—, ky)), where A(m 4 |(£, k—, k+)) denotes the conditional probability that
a susceptible partner of an individual in state (£, k_, k4 ) has itself m infectious
partners. The force of infection on a susceptible individual with m partners is Sm .
Therefore, by averaging over all possibilities, we obtain the following rates for the
corresponding transitions:

n—1
(— ko k) > (= k- = Lkp +1) withrate k- > Bmyd(my|(— k—. ky)),

m+:()

n
(ko k) = (ko = Lkp + 1) withrate k- D Bmydmy|(+, k-, ky)).

m+_1

We now make the simplifying assumption that the probability that a susceptible
partner of u has m infectious partners does not depend on the exact state of u but
only on u being susceptible or infectious. More precisely, we assume that we can
approximate A(m4|(£, k—, ky)) by

Ax(my),

where A_(m.) is the conditional probability that v has m infectious partners, given
that v is susceptible and v is a partner of susceptible individual u and A (m ) is that
same conditional probability when v is a partner of infectious individual «. In fact, as
we explain in Appendix B, the probabilities A1 (m ) are really an approximation of
A(m4|(£, k—, k4)) as these probabilities ignore correlations of u and v, i.e. between
the states of two individuals that are in a partnership. Note that for certain static
networks one can actually justify the mean field at distance one assumption for SI and
SIR infection (but presumably not for SIS), see (Decreusefond et al. 2012; Barbour
and Reinert 2013).
Assuming a two-type version of (8) we define

i m P m ()

n—1 n—I ’
1r=0 21 =1 I P11 (@)

A_(my) = (14)
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12 K. Y. Leung et al.

with the convention that A_ (m_) = 0 if the denominator equals zero, and

Do b M P m ) (8)

]
S 2 ol P 1+>(t)

Ay(my) = 5)

with the convention that A (1) = 1 and A4 (my) = 0 for m > 1, if the denominator
equals zero. The explanation of (14) and (15) is as follows. In both cases, we consider
the probability that the state of v is (—, m_, m), given that v is susceptible and v has
apartner u. In the case of (14), u is susceptible, so, if we also take into account that u is
one of the m_ susceptible partners of v, the probability that v is in state (—, m_, my)
is

m— P(fm m+)(t)
Zu—o 1_11 Pi_1)(@)

cf. Lemma 2. Similarly, in the case of (15), we ‘arrive’ at v via its link to the infectious
u, so then the probability that v is in state (—, m_, my) is

m+P(—m m+)(t)
Zz+—0 I 1l+P(—l l+)(t)

In both cases, the denominator serves to normalize.
The mean field at distance one terms A in (9) are now specified by

n—1

A= D myh_(my) (16)

my=1

with A_(m4) given by (14), and

A= D mpap(my) =14 D (my— Day(my), (17)

my=1 my=2

with A4 (m4) given by (15). (For mean field at distance one terms also see Lindquist
etal. 2011.)

Note that, from an individual-based perspective, (16) and (17) are the only formulas
consistent with our assumption that u’s susceptible partners are subject to a force of
infection B A4 depending only on ¢ and u’s infection status = (and not on the number
of susceptible and infectious partners of u cf. Appendix B). Hence our choice of the
term ‘mean field at distance one’ for the latter assumption.
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S1 infection on a dynamic partnership network: ... 13

3.3 The p-level differential equations

In a deterministic description of a large population, P(+ x_ ) denotes the fraction of
the population in state (&, k—, k) We take as the convention that the P+ r_ ¢, ) should
be interpreted as zero when k_ + k. > n, k- < 0, or ki < 0. By differentiation
of (12) and using (10)—(11) for p, we obtain the following set of (n + 1)(n + 2)
differential equations:

P00 _ Fn s )P + (o + (P +PCo)
R =p—(prn+ u)r— 0,0 + (0 + @)L 1,0) (=,0,1)
dP_ ik -
% = — (pF(n —k_ —ky)+ (o +pu)tk— + ki)
+Bks + BA_k— + 1) P— k_ky)
+poF - (n—k_ —ky+DP i 1)
+pFy(n—ko — ki + DP—k_k—1)
+ (0 + ) (k- + DPC g 1k + Ky + DPC i kyt1))
+BA_(k— + 1) P k_41ki—1)
APk .k -
(+dt D (0F(n — k- — k) + (0 + (k- +k)+HBA k- + 1) Pk k)

+pF_(n—k_ —ky+ DP i —1ky)

+oFi(n—k_ —ky+DPq i k-1

+ (0 + ) (k= + D Pk 41.ks) + kg + D Pk +1))
+ AL (k= + DPtk_+1ky—1) + Bkt P k_ky)-

Choose the same ordering of the £’s as before with the i-states in Sect. 3.2 and let P
denote the corresponding vector of the variables P;. In matrix notation, we have

dpP
=7 = Me00 + B (Fe. Ax) P —pP, (18)

where 1_ ¢, is the indicator function of (—, 0, 0), and B is the matrix corresponding
to the rates of the state transitions described in Sects. 3.1.1 and 3.1.2.

3.3.1 Consistency relations

The Py, are related to each other by:

n l’l*k.;. n I’l*k.;.
DDk Pla ko ® =D Dk Pui i), (19)
ky=0k_=0 k+=0k_=0

This is evident from the interpretation, since both terms denote the number of SI
partnerships, i.e. the number of partnerships involving an infectious and a susceptible
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14 K. Y. Leung et al.

individual. The proof of (19) starts by differentiating both left- and right hand side
with respect to ¢ and continues by inserting components of (18); this is worked out
for a similar situation in (Lindquist et al. 2011, Appendix B).

We have assumed that the infectious disease has no influence on the partnership
formation and separation or on the probability per unit of time of dying. Therefore, the
disease-free partnership network is embedded in (18) and the fraction of individuals
in the population in state k at time ¢ is equal to

Pit)= D (P ko) + Pira_ip(®) . (20)
k_4ky=k

Furthermore, the dynamics of partnerships in the population are governed by the
sum of the fraction of free susceptible and the fraction of free infectious binding sites,
which is equal to the total fraction of free binding sites, i.e. F_(¢t) + F4+(t) = F(¢).
As a consequence, the set characterized by

F_(1)+ F (t)=F (21)

is invariant and attracting. Therefore, also in the network with infection superimposed,
we consider F'(¢) constant and equal to F' (see Lemma 1). Likewise, we can consider
the left hand side of (20) as constant in time and given by (6).

4 Linearisation and the map L

In this section we linearise system (18) around the disease-free equilibrium. Next
we show that we can reduce the dimension of the linearised system and consider
only the variables P _ 1y and P4 x_ k,). In Sect. 6 we will use this reduced lin-
earised system to prove that the basic reproduction number Ry, that we characterize
in Sect. 5, indeed provides a threshold value of 1 for the disease free steady state of
system (18) to become unstable. To this end we define a map L in Sect. 4.2, which
allows us to relate, in the linearisation, population-level fractions of individuals (that
we consider in the present section) to fractions of binding sites (that we consider in
Sect. 5).

4.1 Linearisation
Note that the disease-free equilibrium is given by
P k,0)(t) = Px,
0 <k <n,and Py(t) = 0 for all triplets £ not of the form (—, k, 0).

Next, note that we can use relationship (21) in order to replace F_ by F — F,
(note that this last expression does not involve any variable of the form P_ x o)).
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S1 infection on a dynamic partnership network: ... 15

Next, we can reduce the dimension of the system by n + 1 by eliminating the P_ x o),
k=0, ...,n, from the system using relation (20).

Consider the differential equations for P_ x_ 1y, 0 < k_ < n — 1, explicitly given
by

dP i_ 1) _

- —(pPF(n—k-=1) + (0 + k- + 1)+ B+ BA_k_ + 1) P i)

+p(F — F)(n —k_)P—j_—1.1) + pFy(n —k_)P_x_0)
+ (0 4+ w) (ke + DP j_41,1) + 2P k_2)
+BA_(k— + 1P k41,0

(as one can verify by writing out the relevant part of (18)).
Then the only nonlinear terms are those that involve Fy or AL as a factor. In these
differential equations we find, among the nonlinear terms,

pFi(n — k)P g ) (22)

and
BA—(k— + D P x_+1,0)- (23)

Trusting that it does not lead to confusion we will denote the variables in the
linearisation of (18) by the same symbols as the variables in the nonlinear system.
Linearisation of (22) yields

pFy(n —k_)P_

where Py_ is the fraction of the population in state k_ in the disease-free network and
F is defined as in (13), only now for the variables of the linearised system. For (23),
similarly replace P_ ;_41,0) by Px_41 but next use the identity

(k- + 1D P11 =0k 41 ) mPy
m

(cf. (8)). In the definition (16) of A_ we take linearisation into account by adapting
the denominator of the expression for A_ in (14). More precisely, we replace that
denominator by

Zum.
m

Note that this cancels the identical factor in the numerator. The upshot is that this sum
leads to the linearisation of (23) being equal to
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16 K. Y. Leung et al.

n—1 I’l*j.;.

BO« +1 D, D jsi-Pj (24)

j4=0j-=1

In all other nonlinear terms, whenever F, or A4 multiplies P, and Py is zero in
the disease free steady state, simply put F respectively A4 equal to their values in
the disease-free equilibrium, i.e.

F.=0
A_=0
Ay =1,

to obtain the corresponding term for the linearised system.
Thus we deduce that the linearised system is given by

% = —(pFn—ke =)+ (0 +m)k-+ 1) +p+B) P
+pFi(n —k )P+ pF(n — k)P _11)
+2(0 + WP i_2 + (0 +p)k— + D P x_+1,1)
n—1 n—jy
+BO 41 D D Jri-P
ji=0j_=1
APk ky)

o =f@mehAku+m+wxm+kq+u+w4pﬁhh)(%)
+pF(n —k- — ke + D P —1.4)

+ (o + k- +DPk 11k + (0 + @)y + DPo i kyt1)
+ Bk Pk k) + Blk— + D Pk 41k —1)s
and for k4 > 2,

AP k_ k)

o =—(0F(n—k- — k) + (0 + ) (k- +ky) + p+ Bky) Py

+pF(n—ko —ky+ DP s 15+ (0 + ) ke + DPC i 41k
+ (0 + ks + DP k- kv

Remark 1 In Lemma 3 below we will show that we can simplify expression (24) to

n—1

BOk 1 D j-Pj b

Jj-=0

Intuitively, one would expect that, in the linearisation, for ky > 2, P x_z,)(t) =
0 for all # if P ;_j,)(0) = 0. Indeed, in the beginning of an epidemic very few
individuals in the population are infectious. It is already very unlikely for a susceptible
individual to have an infectious partner, so the probability that a susceptible individual
has more than one infectious partner should be negligible. That this is indeed the case,
is established in the following lemma.
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S1 infection on a dynamic partnership network: ... 17

Lemma 3 In the linearised system (25), if P(— x_x,)(0) = 0, then
P k(@) =0,

forky > 2.

Proof We prove the lemma in four steps

Step 1. Observe first that the differential equations for P ;_ x,), k4 > 2, form a
closed system, i.e. they do not depend on the remaining variables (see (25)).

Step 2. Observe that this closed system has a certain hierarchical structure, viz. the
subsystem for the variables

P jn—k)

0 < j < k, depends on the variables of the subsystems with a lower value
of k, but not on the variables of any subsystem with a higher value of k (the
reason is that both F; and A_ were put equal to zero to derive the equations
that we consider; recall that we focus onn — k > 2).

Step 3. For k = 0 we have

dP(_’(),n) .

5 — (o +wn + pu+ Bn) P on

so, if P(_ 9, (0) =0, then P_ o, = 0.

Step 4. Consider £ = 1. The diagram in Fig. 1 shows at once that the zero state is
globally stable, i.e. if P j,—1)(0) =0, then P ; ,—1) =0, j =0, 1. For
k = 2, we have the diagram in Fig. 2, which shows thatif P_ ; ,_2)(0) =0,
then P(—,j,n—2) =0,j=0,1,2.

By continuing in this way we establish that for all £ with 0 < k < n — 2, if
P(—,j,n—k)(o) = 0, then P jn-k) = 0,j=0,1,...,k. O

Fig. 1 Diagram that shows that, c+U

if P(—, jn—1)(0) =0, then

P jn-1y=0,j=0,1
< pF >
(B + o+ W(-1) (B + o+ W(n-1)
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18 K. Y. Leung et al.

Fig. 2 Diagram that shows that, if P(_ j ,2)(0) =0, then P(_ j , 2)=0,j=0,1,2

It follows that we are left to deal with the stability of the following linear system:

dP_ _
T = (pF =k = D @+ 0k D+ B) P

+pFr(n—k_ )P+ pF(n —k_)P_ i 1,1

+ (o + k- + DP—k_+1,1)

n
+ B0k +1 z P y_1
I_=1

APt k_.1 _
— =—(pF(n—ko— 1)+ (0 +w) k- + 1)+ pu+ Bk_) P 1 (26)

+pF(n —k_)Pp_—1,1) + (0 + m)k— + D P k_+1,1)
+2(0 + )P k_2) + Bk— + D) P k_+1,0) + BP—k_.1)
and for k4 =0 and ky > 2,

AP k_ky)

o = —(pF(n — k- —kp) + (0 + W k= +kp) + p+ Bk=) Pri k)

+pF(n—ko —kp + DPg 14y + (0 + m) k= + D Pk 414,
+ (@ + ks + DPi_ ko) + B+ DPG i 41k—1D)-

Recall definition (13) of F.. In the reduced linearised system (26) we are left with
variables P x_ 1y and Py x_ ), k-, ky > 0,0 < k_ + ky < n. Therefore, (26)
is a closed system. Furthermore, note that the dimension of the system is n + %(n +
DH(n+2) = %(n2 =+ 5n + 2) (where the contribution n comes from the P_ ;_ 1) and
the J(n + 1)(n + 2) from the P x_ i)

4.2 The map L

Order the P, in some appropriate way, and denote the corresponding vector by P. We

1,2
(n“+5n+2) to Rn+2

define a linear map L from R2 as follows:

—k.
kom0 2k o — ko = k) Py k)
n
L(P) = (P—j-1.0) - : 27)

n—k
D=0 2k —0 K+ Ptk k)
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Note that L maps the positive P-cone to the positive cone in R"*2. In fact, if P is in
the interior of the positive cone, i.e. all vector elements are strictly positive, then

Vl*k.;.

n
DD =k —k)Pqi iy >0,

k+=0k_=0

sincen —k_ —ky >0forallk_ +ky <n,and Py x_x,) > Oforallk_ and k.,

P(—,j,l) > O,
and
n n—k+
Z Z ky Pyi_ k) > 0,
ky=0k_=0
since P4 k_k,) > Oforall k_ and we sum over k; =0, 1,2, ..., n. In particular it

follows that if L(P) = 0, then P = 0. We shall use this linear operator L in Sect. 6.

5 Dynamics of the binding sites of an infectious individual: characterization
of R()

By exploiting that an individual can be considered as a collection of n binding sites that
behave independently from one another as far as separation or acquiring a new partner
is concerned and by using our mean field at distance one assumption, we are able to
characterize Ry in terms of binding sites. In this section we only use the interpretation
of the model and we do not use the system (18) or its reduced linearisation (26). We
characterize Ry as the dominant eigenvalue of a next-generation matrix (NGM) that
we construct using the interpretation of the model.

The entries in the NGM can be viewed as expected offspring values for a multi-
type branching process (Jagers 1975; Haccou et al. 2005), with the two matrix-indices
specifying the type at birth of, respectively, offspring and parent. Several slightly
different branching processes may yield the same NGM and for the deterministic
theory (which is what we deal with here) there is no need to choose one of these as
‘the’ underlying process. A branching process corresponding to the NGM is subcritical
when Ry < 1 and supercritical when Ry > 1. Butdoes such a branching process indeed
correspond to the linearisation of (18) in the disease free steady state? Especially for
n > 1 this is a nontrivial question. In Sect. 6 we will therefore prove that Ry, as
computed from the NGM, is indeed a threshold parameter with threshold value one
for (18).

First, in Sect. 5.1, we consider the case n = 1. In Sect. 5.2 we generalize the
transition and transmission scheme to n > 1, and in Sect. 5.3 we characterize Ry on
the level of binding sites. We conclude this section by showing in Sect. 5.4 that Ry
also has an interpretation in terms of individuals. The explicit expression for Ry and
the remainder of its derivation is left for Appendix C.
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20 K. Y. Leung et al.

Fig. 3 Flow chart describing the possible transitions between states A, B and C and their corresponding
rates. Note that, in the beginning of the epidemic, only a few individuals in the population are infectious.
Therefore the probability that an infectious individual acquires an infectious partner is zero. This is repre-
sented in the flowchart where there is no direct arrow from A to C

Consider the usual setting for determining Ry, i.e. suppose that we have a population
in which only a few individuals are infectious and all others are susceptible. We are
interested in the expected number of secondary cases caused by one ‘typical’ infectious
case.

5.1 Thecasen =1

First, consider a population of individuals with partnership capacity n = 1. Then each
individual has exactly one binding site. If we now consider an infectious individual,
then its binding site can be in one of three states:

— A—Afree
— B—occupied by a susceptible partner
— C—occupied by an infectious partner

Please note that we recycle symbols: the A here has nothing to do with the matrix A of
Sect. 2 and the B here has nothing to do with the matrix B in (10) of Sect. 3. In Fig. 3
the possible state transitions and corresponding rates for an infectious individual are
given. Note that it is highly unlikely that an infectious individual acquires an infectious
partner in the beginning of an epidemic, and therefore there is no transition from A to
C.

We can characterize R by constructing an NGM K that involves a transmission
part 77 and a transition part X.

Recall that we use the convention that, for a transition matrix M = (m;;), m;;
denotes the probability per unit of time at which a transition from j to i occurs (instead
of the transition from i to j, as it is common in the stochastic community).

The matrices 7 and X' are obtained as follows. Consider an infectious individual,
and order the states as A, B, C. Then the transitions of the individual’s binding site
are described by the following matrix X' (see Fig. 3 for its graphical representation):

—(pF+u)  o+nu o+nu
= pF  —(B+o+2n) 0 . (28)
0 B —(o +2u)
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Here (X1),y is the rate at which a transition from a binding site in state y to state x
occurs, x,y € {A, B, C}, x # y, and for the diagonal elements we have (X)yx =
—(+ Xy (D).

Consider an infectious individual # with its binding site in state B. If u infects its
susceptible partner v, then the binding site of u transits from B to C. This transition is
represented by (X1)cp = B > 0. In addition to this transition, an additional C binding
site is created. Indeed, v is now also an infectious individual who has a binding site
occupied by an infectious partner (namely u). This shows that one transition from B
to C always creates one additional C binding site in the population. Accordingly we
define the transmission matrix 77:

=8

(=)
—_- O O

0
0]. (29)
0

Using 77 and X we can construct the NGM K7 :
Ki=Ti(—z)".

The basic reproduction number Ry is defined as the dominant eigenvalue of K (Diek-
mann et al. 2013, Section 7.2).

In the present case we can, quite easily, give an explicit expression for Ry. Note that
T has one-dimensional range spanned by the vector (0, 0, 1)’. Therefore (0, 0, 1)’ is
the eigenvector corresponding to the dominant eigenvalue Ry. We find K applied to
this vector by first constructing (— %) ™! applied to this vector. This can be done by
either treating it as a linear algebra problem or we can use the interpretation for it:
(—(Z1)710,0, 1)), is the mean time spent in state x when starting in state C,x = A,
B, C (in fact we only use x = B). We find that

ot+i
u(pF+o+2u1)
pF(o+)
w(B+o+2u)(pF+o+2u)
B F+p)+u(p F+o+2u)
w(B+o+2u)(pF+o+2u)

(-zn~!

- oo
|

and subsequently,

)

i (o) = BoF (o + 1)
1 nPB+o+2u)(pF +o+2u) \

from which we conclude that

Ry = BoF (o + 1)
w(B+o+2u)(pF +0 +2u)

(30)

Alternatively, we can characterize R by first step analysis; see Appendix A for the
details or Diekmann et al. (2013, Section 7.8) or Miller et al. (2012, formula (3.1.9))
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or Inaba (1997, Section 4.1). However, this does not have such a nice generalization
ton > 1 as the ABC scheme does.

5.2 Generalization of the transition and transmission matrix: n > 1

Now consider the case n > 1. In this case, an individual is a collection of n binding
sites. These binding sites may be free, occupied by a susceptible or occupied by an
infectious individual, i.e. in states A, B, or C, respectively. An infectious individual
can infect a susceptible individual in the population if it has a binding site that is
occupied by a susceptible individual. In that case, that binding site becomes occupied
by an infectious individual. Similar to the n = 1 situation we observe that if a binding
site makes a transition from ‘occupied by a susceptible individual’ to C, it creates a
new infectious individual in the population. However, we need to know in which states
the n binding sites of this new infectious individual are. Obviously, one new infectious
binding site is in state C, viz. the binding site still occupied by its epidemiological
parent. In order to know the states of the other n — 1 binding sites, we need to know
the number of (susceptible) partners of this individual at epidemiological birth.

Naively, motivated by Lemma 2, one would think (as we did at first) that the number
of partners of anewly infected individualis k (i.e. 1 binding site in state C, k—1 binding
sites in state B and n — k binding sites in state A) with probability Q. The computation
of the corresponding Ry is rather straightforward (using the method explained in
Appendix A for n = 1). However, one can check numerically that the stability switch
of the disease free steady state of (18) does not coincide with Ry = 1 when Ry is
defined in this manner. We conclude that the premise is wrong. In retrospect this makes
sense. First of all, we know that ¢ differs from Q, where g and Q are defined by (7)
and (8), respectively. In our model description we keep track of the number of partners
of an individual. We use mean field at distance one for the partners of partners of this
individual (and this shows up in the A4 in the transmission events). So we need to do
the same when characterizing R and also take into account the partners of susceptible
partners. Therefore, we need to extend the information that is tracked in the scheme.

We generalize the ABC scheme of Sect. 5.1 as follows. Consider an infectious
binding site. Then this binding site can be in one of n + 2 states:

— A—free
— Bj—occupied by a susceptible partner that has j partnersintotal, j =1,...,n
— C—occupied by an infectious partner.

Let B denote the collection of all states B;. We denote the transition matrix of the
states A, Bj, j = 1,...,n,and C by X (see Fig. 4 for the corresponding flowchart),
where B
—(oF+n) o+p o+ n
y= pFq >B 0 , (31)
0 B —(o +2u)

where 0 denotes the n dimensional zero vector, ¢ + x and B both denote an n-
dimensional row vector, namely
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Fig. 4 Flow chart describing

the possible transitions between
states A, Bj,j =1,...,n,and
C and their corresponding rates

®
n
otm=@+pw (1 1),
B= B(11---1).

The vector ¢ is the probability vector with elements g given by (7), and X is an
n x n matrix describing the transitions between the states B, ..., B, and out of B;
see Fig. 4 for the corresponding flowchart.

Let’s describe X'g more carefully. The matrix X'p describes the transitions between
the B; and out of B. Thus X is an n x n tridiagonal matrix with negative diagonal
entries and positive off-diagonal entries. More specifically,

(Zp)j-1,j= (+w( -1,
(Tp)jj = —(B+pFn— )+ (@ +mwj+mw,
(XB)j+1,j = pFn—j).
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infection of v
u v u v

® infectious individual
O susceptible individual
— free binding site

—— partnership

Fig.5 Tllustration of the construction of 7 for n = 3. Suppose we start with an individual with two binding
sites in A and one binding site in By. Then u has one susceptible partner v. If u infects v, then v will have
one binding site in C, one binding site in A, and one binding site will be occupied by a susceptible partner
w. In the example, w has three partners in total and therefore the binding site of v would be in state B3.
However, information about the partners of w is not incorporated in our model description and therefore
we assume that w has three partners with probability Q3

Indeed, a susceptible individual with 1 infectious and j — 1 susceptible partners loses
one of these susceptible partners at rate (o + u)(j — 1), acquires a new susceptible
partner at rate pF (n — j), and, since it can also become infectious, lose its infectious
partner, or_die (these last three mark transitions out of B), the rate out of B is (Xg) , ; =
—B+pFn—j)+ @+ wpm)j+uw.

The other elements of X' have the following interpretation. Note that, in the begin-
ning of an epidemic, a binding site in state A acquires a susceptible partner at rate p F.
The probability that, just after the moment of acquisition, this susceptible partner has
in total j partners is g in accordance with (7). Therefore, the rate at which a bind-
ing site in state A transits to state B is (¥)p;, 4 = pFq;. In a similar way one can
use the interpretation (and the flowchart in Fig. 4) to find the other entries for the
matrix X

Finally, we need to construct the transmission matrix 7". A transmission corresponds
to a transition B; — C, i.e. if an infectious individual # with a binding site in B;
infects its partner v. This is included in the matrix X' since (X)c p;, = B > 0.
The transmission matrix 7" includes the binding sites of the newly infected partner
v. Concerning the binding sites of v, since it is now infectious, we observe that it
has one binding site in C, n — j binding sites in A and j — 1 binding sites will be
occupied by susceptible individuals, i.e. j — 1 binding sites will be in the set B (see
Fig. 5 for an illustration where u has a binding site in B, that changes state to C
and v is the newly infected individual with one binding site in C, one binding site
in A and one binding site occupied by a susceptible individual). All that is left to
specify are the states of the j — 1 binding sites in B, i.e. we need to know how many
partners these susceptible partners of v have (in Fig. 5: how many partners does w
have).

The probability that a partner w of v has k partners depends on the state of v,
where v is in state (+, j — 1, 1) immediately after infection by u. However, as
another manifestation of the mean field at distance one assumption, we approximate
this probability by only taking into account that the susceptible individual w has at
least one partner v. Therefore, we assume that w has k partners with probability Oy
(cf. Lemma 2). In other words, we assume that a binding site of v occupied by a
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susceptible partner, i.e. a binding site in the set B, is in state By with probability

Ok.

Accordingly, we define the transmission matrix 7" as follows:

T=p(061¢x0), (32)
where ¢; is the n + 2 vector
n—j
p;i=10G-DQ | =0n—-)D¥va+ (G —Dvs+ Ve, (33)
1
j=1,...,n, where
1 0 0
Va=|0]), vo={0Q |, Yc=|0], (34)
0 0 1

and Q is the probability vector with components Qy given by (8). Note that the ¢;
are a linear combination of the ¥, x € {A, B, C}. We conclude that the range of T is
spanned by V4, ¥, Vc.

In Sect. 5.4 we shall show that we can identify the ¢; with an individual in state
(4, j — 1, 1), which allows us to interpret Ry in terms of individuals. But first, in
Sect. 5.3, we focus on the interpretation in terms of binding sites.

5.3 Ry in terms of binding sites

Now that we have defined the transition matrix X and the transmission matrix 7,
we are ready to define the basic reproduction ratio Ry for n > 1 as the dominant
eigenvalue of the matrix

T(—x) L

In order to underpin this, consider variables X 4, X Bj and X, where X4, X Bj
and X¢ are the fractions of the total binding-site population in states A, B}, and C,
respectively. Then, based on the interpretation, X 4, Xp s and X ¢ should satisfy the
following system of differential equations:

XA XA
4 Xp, X,
— : =(T+X : . 35
il B T+ : (35)
X3, XB,
Xc Xc
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It follows that the zero state (X4, Xp,, ..., Xp,, Xc)' = 0 switches stability at Ry =
1. We formulate this as

Theorem 1 Ry, defined as the dominant eigenvalue of T (— X)), is a threshold para-
meter with threshold value one for the zero state of (35).

Note that 7(—¥)~!is an (n +2) x (n + 2) matrix. Also, elements (T (— X))y,
can be interpreted as the expected number of binding sites in x created by one binding
site in y, where x,y € {A, By, ..., By, C}. This gives us an interpretation of Ry in
terms of binding sites A, By, ..., B,, C. However, we can reduce the characterization
of Ry to a problem involving a 3 x 3 matrix by averaging the B; in the right way (and
this allows us to consider binding sites in A, B, C only). We show this in the remainder
of this subsection.

Consider the 3 x 3 matrix K = (ky y) where the ky y, x, y = A, B, C, are defined
by

Ty = D> keyt. (36)

x=A,B,C

Then Ry is also the dominant eigenvalue of K. We formulate this in a theorem.

Theorem 2 Ry, defined as the dominant eigenvalue of K, where K is defined by (36),
is a threshold parameter with threshold value one for the zero state of (35).

Proof We have defined Ry as the dominant eigenvalue of 7(—X ') and this Ry is a
threshold parameter of the linear system corresponding to the matrix 7 4 X according
to Theorem 1. We will show that 7 (— X ~!) and K have the same dominant eigenvalue.

The range of T is spanned by three linearly independent vectors ¥4, ¥, ¥c. If
T(—E)_lv = Av,with A # 0,v # 0, then v liesintherange of 7',i.e. v = ZV wy Yy,
with at least one of the w, # 0. Therefore,

T2 v=T" (Z wywy)
y
=22 kaywyi,
x oy
where the summation is over x or y € {A, B, C}. On the other hand, this is equal to
Av =2 Z Wy Vy.
X

Since the 1, are linearly independent, it follows that

z kyywy = Awy,
y

for all x = A, B, C. In matrix notation:

Kw = Aw,
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where w = (wy) is a three-dimensional vector, not equal to the zero vector. We
conclude that if A is a nonzero eigenvalue of 7(—X )~!, then A is also a nonzero
eigenvalue of K. To find the dominant eigenvalue Ry of 7 (—X)~!, we can focus on
the 3 x 3 matrix K = (ky ). O

Consider the definition of K given by (36). This definition allows for an interpre-
tation of the elements ky ,. Indeed, k. , can be interpreted as the expected number of
binding sites in x created by one binding site in y, with x, y € {A, B, C}. Therefore,
we call K the NGM on the level of binding sites, and Ry can be interpreted as the
expected number of secondary cases caused by a typical newly infected binding site in
the beginning of an epidemic. Note that when x or y equals B we specify a probability
distribution rather than a specific state.

The relation (36) completely characterizes the matrix K. However, using the inter-
pretation, we can give explicit expressions for the entries of K ; see Appendix C. In this
appendix it is also shown that, in order to find Ry, we can reduce K to a 2 x 2 matrix
and calculate the dominant eigenvalue of this smaller matrix. By combining (55)—
(57), (59), and (61)-(63) we then find R( given as an explicit function of the model
parameters.

We have characterized Ry in terms of binding sites, both by considering all possible
states {A, B1, ..., By, C} and by considering {A, B, C}. This allows for an interpre-
tation of Ry in terms of binding sites. As we next show, we may also interpret Ry in
terms of individuals.

5.4 Ry in terms of individuals

The model description is on the level of individuals, so it is only sensible that, in this
section, we concern ourselves with the interpretation of Ry in terms of individuals, i.e.
the interpretation of Ry as the expected number of secondary cases caused by a typical
newly infected individual (rather than binding site) in the beginning of an epidemic.

Individuals can be considered as collections of n binding sites. We find the relation
between the binding site level and the individual level as follows. Recall (33), where
we see in the second equality that the ¢; are a linear combination of the ¥4, ¥,
and ¥¢. Note that ¢; is a collection of n infectious binding sites, n — j in state A,
1 in state C, and j — 1 in states B;, [ = 0, ..., n (and where the infectious binding
site is in state B; with probability Q;). We can identify ¢; with an individual in state
(+,j — 1, 1). Note that the (+, j — 1, 1) are the possible states of an individual at
epidemiological birth. For the case n = 1, we have ¢ = ¢ only (which corresponds
to the only state-at-epi-birth (4, 0, 1) since an infectious individual at epi-birth is in
a partnership with its epidemiological partner).

This observation allows us to also give an interpretation to R( for individuals.
Indeed, consider KM = ((knd); i), where the (kindy; ; are characterized by

T(—2_1)¢j = Z(kind)ij(ﬁi. (37)
i=1
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Element (k"d); ; 1is then the expected number of secondary cases in state i caused
by one infectious individual in state j. Here i and j are of the form (4, m, 1), m =
0, ..., n—1.To arrive at the interpretation of Ry on the individual-level, we can prove
that the dominant eigenvalue of K" (which is the NGM on individual level) equals
the dominant eigenvalue R( of K; see Appendix E for the details.

The matrix K™ is completely characterized by the identity (37). But, as in the case
of K, we can use the interpretation to give a more explicit expression for the entries
of K™; see Appendix F.

5.5 Ro: equivalence of different interpretations

In Sect. 5.3 Ry is defined as the dominant eigenvalue of 7 (— >)~ 1. Theorem 2 states
that Ry is also the dominant eigenvalue of the ABC-NGM K, where K is defined
by (36), and in Appendix C we show that, in order to find the dominant eigenvalue of
K, we can reduce K to a2 x 2 matrix K. Finally, in Appendix E, we show that R
is also the dominant eigenvalue of the NGM K™ on individual level. We summarize
this in (38), where < refers to ‘has the same dominant eigenvalue’.

T(-¥") < K & k™" (38)
¢

K

In the next section we prove that Rg defined in this way is indeed a threshold for
the stability of the disease-free steady state of the nonlinear system (18), by using L
defined in (27) to relate the linearisation of (18) to (35).

6 Proof that R is a threshold parameter

Recall that, using the mean field at distance one assumption, we have written down a
system of differential equations to describe the transmission of the infectious disease
across the dynamic network. We will refer to the system (18) of differential equations
for the fractions of the population of individuals in states ¢, £ = (&, k_, k4 ) as the
P-system. In Sect. 4 we have linearised this system around the disease-free steady
state and we were able to restrict this linearised system to the fractions P(_ x 1) and
P4 k_ ky)- In Sect. 5 we considered binding sites of an infectious individual (in the
linearisation!) and these binding sites could be in A, B, and C. This led to the ABC-
system (35). Ry, defined as the dominant eigenvalue of K , is a threshold for the stability
of the zero state of (35); this was formulated in Theorem 2. In this section we will
prove that Ry is also a threshold for the stability of the disease-free steady state of
system (18). We do so by relating the reduced linearisation (26) of the P-system to
the ABC-system (35).
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6.1 Thecasen =1

For n = 1 the proof is relatively easy, since there is no distinction between ‘individual’
and ‘binding site’. As the proof provides guiding lines for the general case, we present
it first.

If we write out (26) for n = 1 we obtain the system of four ODE:

% =—(+2u+ B P01 +pFLPo

@ = —(pF + P00+ (@ + ) PG.1.0) + (0 + 1) Pro)
% = —(0 + 21+ B)P+,1,0) + pF Pt 0,0)

@ =—(0 +2u+ B)P+.0.1)+ BP+.1.0 + BP—.0.1)-

The consistency relation (19), which for n = 1 reduces to
P(_7 07 1) = P(+7 1’0)’ (39)
is reflected in the fact that the first and third equation of the system of ODEs are

identical (recall that, forn = 1, F equals Py and Fy equals Py o,0)). Using (39) we
reduce to the three-dimensional system

dP 0.0 _

(;—t ) _ —(pF + W) Pt.0.0)+ (0 + 1) Pt.1.0) + (0 + 1) P01
dP, B

(;1_’0) = —(0 +2u+ B)P+.1,00 + PF P00
dPi+ 0.1

(:lrt L — (o +2u+ B)Pt.0.1) + 2BP.1.0) + BP—.0.1)-

To finish the proof, we only need to observe that the corresponding matrix is exactly
Y| + Ty, with Xy defined in (28) and 77 in (29).

Indeed, recall the three states A, B, and C that we defined for the binding site of
an infectious individual in Sect. 5.1 and the population level fractions X4, Xp, X¢
in states A, B, and C. Since individuals have exactly one binding site we identify the
fractions of binding sites with fractions of individuals:

X4 = P+,00
XB = P4,1,0)
Xc = Pr01-

With this identification, the linearisation of the P-system equals the (linear) ABC-
system. Therefore, not only is there a stability switch of the disease-free state of the
ABC-system at Ry = 1 (see also Theorem 2), but in fact there is also a stability switch
for the disease-free state of the system at Ry = 1.
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P(-,0,1)
e p
G+l
B
P(+,0,0) P(+,1,0) P(+,0,1)

b

Fig. 6 Flow chart representing part of the linearised system of ODEs (26) for the p-level fractions

G+U
G+
28
P +00 P10 P01
i pF i i

Fig.7 Flow chart of Fig. 6 with P_ ¢ 1) eliminated. Note that this figure does not allow for an individual-
level interpretation; the rate at which an individual in state (+, 1, 0) infects its susceptible partner is 8
(compare with Fig. 3). But the flow from population-level fraction P 1 o) to P4 o,1) is with rate 28 since
it implicitly captures the inflow from P(_ o, 1)

To enhance the understanding, we present the main ingredients of the proof
once more, but now by way of pictures. Figure 3 depicts the possible states and
state transitions for an infectious individual. The corresponding part of the transi-
tion matrix is X|. The corresponding p-level variables are P, with indices £ =
(+,0,0), (+, 1,0), (4,0, 1). This + part of the P-vector does not form a closed
system. Indeed, an individual in state (—, 0, 1) has probability per unit of time § to
jump to (4, 0, 1), as indicated in Fig. 6.

When this jump occurs, the responsible partner (the ‘epidemiological parent”) jumps
from (4, 1, 0) to (+, 0, 1). The interpretation underlying this last statement is math-
ematically reflected in the consistency relation (39). Using (39) we reduce the flow
chart of Fig. 6 to the one depicted in Fig. 7. The corresponding matrix is X' + 7.

6.2 Generalization: n > 1

In general, for n > 1, we can express X4, Xp ;s and X¢ in terms of the linearised
P-system by:
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n n7k+

Xa= D D (n—k- —k)PGi iy

ky=0k_=0

n n—k+

Xc = Z Z ki P+ k_ky)-

k=0 k_=0

The explanation is as follows. An individual in state (4, k—, k) is infectious and has
n — k_ — k4 free binding sites and k4 binding sites occupied by infectious partners.
Summing over all possible states (+, k_, k4) we obtain the number of binding sites
in, respectively, states A and C. For the number of binding sites in state B; we observe
that an individual in (—, j — 1, 1) has j partners in total and one infectious partner.
This infectious individual therefore has a binding site occupied by a susceptible partner
who has j partners in total, i.e. a binding site in state B;. The total number of binding
sites in state B; is therefore P ;1 1).

So the map L defined in (27) maps the P-variables to the X 4 pc-variables, i.e. we

have the linear transformation

Xa

X,

: =LP. (40)

X3,

Xc
By differentiating L P and using (26), we obtain the linear system of differential
equations (35) for X 4, XBj, and Xc.

It remains to prove that the stability switch of the zero state of the A BC-system
occurs if and only if the disease-free state of the P-system (18) switches stability. This
will be shown in the remainder of this section.

We know that Ry is a threshold parameter for the zero state of the ABC-system
(see Theorem 2), i.e.

sign(Ro — 1) = sign(rapc), (41)

where 74 g is the spectral bound of T + X, i.e. rapc = sup{Re(A): A € o (T + X))},
and o (T + %) is the spectrum of T + X.

So in order to show that Ry is a threshold for the disease free state of the P-system,
it suffices to show that

sign(rapc) = sign(rp). 42)

Here rp is the spectral bound of Mp where Mp is the matrix corresponding to the
right-hand side of (26). In fact we will show that rspc = rp.

We will proceed as follows. First we shall prove that r4pc and rp are dominant
eigenvalues of the matrices 7 + X and Mp, respectively, in the sense that these
eigenvalues are uniquely characterized by the positivity of the eigenvector (up to a
multiplicative positive constant).

We show in Lemmas 4 and 5 that T + X and M p are irreducible matrices. This
then allows us to conclude that the dominant eigenvalues of Mp and T + X are real
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and uniquely characterized by a positive eigenvector (see e.g. Theorem 2.5 of Seneta
1973). In other words, there exists a real eigenvalue rp for Mp for which it holds
that rp > Re A for any eigenvalue A # rp of Mp and rp is uniquely defined by the
positivity of the corresponding eigenvector (and similarly with 4 pc replacing rp and
T + X replacing Mp).

In Lemmas 4 and 5 below we use that a matrix M = (m,y) is irreducible if and
only if variable x communicates with variable y (x <> y) for all variables x and y, i.e.

there is a path from x to y (x — y), i.e. there are variables y, y2, ..., ¥, such that
My y, -+ My, v My, ¢ > 0, and a path from y to x (y — x), i.e. there are variables
X1, X2, ..., X; such that my v, ---my, y;my y > 0. Note that the somewhat unusual

notation is due to our convention that m, denotes the transition from y to x (instead
of the transition from x to y, as it is common in the stochastic community).

Lemmad T + X is an irreducible matrix.

Proof The flowchart describing the matrix X' is presented in Fig. 4. We immediately
see from this figure that from any state x there is a path to any other state y, with
x,y €{A, By, Ba, ..., By, C}.Itfollows that X isirreducible. Since T is nonnegative,
also T + X is irreducible. O

Lemma 5 Mp is an irreducible matrix.

Proof With respect to a splitting of P into — components and + components, M p is
a block matrix that consists of four matrices M1, M>, M3, My:

-+

My Ms
Mp = .
P +(M2 M4)

The matrices M5 and M3 are non-negative matrices, not equal to the zero matrix, while
M and M, are positive off-diagonal. We show that M| and M, are irreducible, and
that this implies that M p is irreducible.

Consider M. This matrix consists of the rates corresponding to the possible flows of
the — variables, i.e. population-level fractions of the form P(_ 4 1) (andrates B+0 +2u
out of the — states, that we do not need to consider here). In Fig. 8 part of the possible
flows and corresponding rates are represented graphically. From Fig. 8 we immediately
see that, from any variable P(_ x 1), one can find a path to any other variable P_ ; 1),

0 PEON 4 g PEMR o pROD g 28T o PF
G+l (c+pk (o+u)(k+1) (o+p)(n-1)

Fig. 8 Graphical representation of part of matrix M (point k represents fraction P(_ x 1)) showing that
x — yforall x,y = P 1), i.e. My is irreducible. Part of M) that is being ignored is e.g. the rates
B + o + 2 out of each variable P(_ ;_ 1) leaving the — system
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Fig. 9 Graphical representation n e
of the possible flows
incorporated in the matrix My
(coordinate (k—, k4 ) represents
fraction P(y x_ k,)), ignoring
the death rate « out of each
fraction

Fig. 10 Rates corresponding to k
the flows of Fig. 9, ignoring the +
death rate © out of each variable

p E(n-k+1)

(o + pwk_

or in other words, P_ x 1) — P 1) forallk,I =0,...,n — 1. Therefore M is an
irreducible matrix.

Consider the matrix M4. This matrix consists of the rates corresponding to the
possible flows of the + variables. i.e. population-level fractions of the form Py x_ ).
In Fig. 9 a graphical representation of part of the possible flows are given and in Fig. 10
the rates corresponding to these flows are given. These figures show (literally) that My
is irreducible.

Finally, consider two variables x~ = P(_ x 1y, x™ = P ;_,) of the matrix Mp.
We show that x~ <> x .

Since M5 and M3 are non-negative and non-zero, there are variables y~, y ™,z 7, z*
such that y~ — y* and z+ — z~. Note that, in terms of interpretation, the nonzero
elements of M» correspond to infection of — individuals by one of their + partner, i.e.
transitions with rate 8 from fractions P ; 1y to Py j 1). The nonzero elements of
M3 correspond to the feed into the P ;_ 1) category via the Fy terms from fractions
Ptk k-

We find a path from x~ — x™ through y~ and y™, i.e.

+

’

x‘—)y_—>y+—>x
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and a path from x* — x~ through z* and 77, i.e.

+

xt — 7t

— 7 = x .

Note that the paths x~ — y~, y* — xT, x* — z7, and z= — x exist since M,
and M, are irreducible.

Since any two variables x~ and xT of Mp communicate, i.e. x~ < xT, Mp is
irreducible. O

We now have all the ingredients to prove that Ry is a threshold parameter for the
disease free state of (18).

Since Mp is an irreducible positive off-diagonal matrix, we know that Mp has a
real dominant eigenvalue rp with corresponding positive eigenvector v, i.e.

Mpv=rpu.

Then how does this relate to 7 + X'? On the one hand we find that

d dP
—LP=L—=LMpP,
dt dt

on the other hand L P = x and (35) holds. Therefore

LMpP =(T 4+ X)LP, (43)
and it follows that

rpLv=LMpv=(T+ X)Lv.

We have seen in Sect. 4 that if v is strictly positive then so is Lv. Furthermore, since
T + X is an irreducible positive off-diagonal matrix (see Lemma 4), the Malthusian
parameter of 7' + X' is uniquely characterized by a positive eigenvector. Therefore rp
is also the Malthusian parameter of 7 + X with corresponding eigenvector Lv, i.e.

rp =TFrABC- 44)

Finally, (42) together with Theorem 2 shows that Ry is a threshold parameter of the
P-system.

6.3 Characterization of the Malthusian parameter r (= rapc = rp)

In this section we characterize the initial exponential growth rate r = rapc = rp
(recall (44)). The Malthusian parameter r satisfies

T+X)yw=rv & Tv=wl—-X)v.
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So (r1 — X)v lies in the range of T, i.e.
rl —Xyw=w

with
w=daa+dpyp+dcyc, (45)

where the d, are some constants, not all equal to zero, and the ¥, are defined in (34),
x = A, B, C. This is equivalent to

v=(rl — E)_lw.
Therefore
Tl — ) 'w=uw,

where w is defined by (45), so

D ATl =) Y =D dii (46)
X X
Since the range of T is spanned by 1., we also have that, for certain constants (m, )y,

Tl =) " =D (m)y sy (47)

B
The Malthusian parameter » then needs to satisfy
M,d =d,

where M, = ((m,),y) is a 3 x 3 matrix characterized by (47), with matrix elements
(m;)xy depending on the unknown r. Identity (47) fully characterizes elements (m, )y,
but, as in the case of K and K™, we can use the interpretation to give explicit expres-
sions for the entries of M,, in the last paragraph of Appendix C we outline how this
can be done.

Finally, consider the case n = 1, then r satisfies

Tirl — ) 'w=w, (48)

where X1 and T; are defined in (28) and (29), respectively. Since the range of 77 is
spanned by V¢, we see that w = . We find that

0

0
Tl — X)) o] = 0
1 BoF(o+p)
(r+p)(r+B+o+21)(r+pF+o+2u)
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It then follows from (48) that we find r by solving the following third-order polynomial
inr:

BoF (o +w) =@ +pm)(r+B+0+2u0Fr+pF +0+2u).

7 Looking back and ahead

The overall aim of our research is to formulate and analyse models for the spread of an
infectious disease across a network that is dynamic in the double sense that individuals
come (by birth) and go (by death) and that links/partnerships are formed and broken.
In particular our aim is to investigate the role of concurrency in the spread of sexually
transmitted infections.

In Leung et al. (2012) we introduced a class of doubly dynamic network models
that are relatively simple to describe, that involve just a few parameters, and for which
one can calculate many statistics exactly in explicit detail. The next step, taken here,
is superimposing the spread of an infection. In order to retain the simplicity, we again
characterize individuals by their dynamic degree (i.e. the current number of their
partners), but now include the disease status (S versus /) of the individual itself and
of its partners. In this bookkeeping scheme we need to account for the infection of a
partner by one of its other partners, but the scheme itself does not provide information
about partners of partners. Thus we faced a closing problem. The mean field at distance
one assumption provided a natural solution.

Originally we thought that this was an assumption because we had not yet found
a way to prove it. In a late stage Pieter Trapman pointed the way to the current
Appendix B, showing that the assumption is inconsistent with the model itself. We then
realised that, in essence, our bookkeeping scheme constitutes a first order description
that we close by making the (inconsistent) mean field at distance one assumption. So
the deterministic system studied here provides at best an approximation to the large
system size limit of a stochastic model.

The great advantage of the deterministic system of dimension (n + 1)(n + 2)
is that it is amenable to analysis. The fact that binding sites operate to some extent
independently from each other enables a reduction of the dimension from (n+1) (n+2)
to 2 in the characterization of Rp. Indeed, we characterized the basic reproduction
number Ry as the dominant eigenvalue of a 3 x 3 matrix with elements describing the
expected numbers of newly infected binding sites of three different types generated
by one infected binding site of either type during its life time. We could then further
reduce the 3 x 3 matrix to a 2 x 2 matrix which lead to an explicit expression for
the dominant eigenvalue Ry. We also verified that the basic reproduction number R
defined in this way is indeed a threshold parameter for the stability of the disease free
steady state of the nonlinear system of model equations. This is done by establishing
a relationship between the exponential growth rate r of the epidemic in the linearised
system and the quantity R( on the level of binding sites.

The characterization of  and Ry opens up the route for investigating the impact of
concurrency on the transmission of the SI infection in the dynamic network. We can
now study how r and Rg depend on the capacity n when fixing all other parameters at
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constant values. Furthermore, the relationship between concurrency measures on the
one hand and Ry, r, and the endemic steady state on the other, can be analysed. This
will be explored in a follow-up paper. (Concerning the endemic steady state, we will
need to derive the equations that characterize it, to investigate the uniqueness and to
prove that existence requires Ry > 1.)

There are a number of generalisations of the network model that are both useful
and feasible. The extension to a heterosexual population requires only the distinction
between males and females and some assumptions on the symmetry or asymmetry
in rates and partnership capacity between the two sexes. We expect that all results
presented here carry, mutatis mutandis, over to that situation. No doubt the model
can also be extended to the situation that n is a random variable with a prescribed
distribution.

Other generalisations pertain to the description of infectiousness. An obvious exam-
ple is a model with two consecutive stages /1 and />, where infectiousness is charac-
terised by §; in stage I;. Other compartmental epidemic models could be considered
as well, such as SIR and SIS. Inclusion of the impact of the disease on mortality is
very relevant in the context of HIV. Unfortunately it might turn out to be very hard.

The most stringent limitation of our framework is the assumption that having a
partner does not influence an individual’s propensity to enter into a new partnership
or its contact rate in other ongoing partnerships. This is clearly at odds with reality
(although equally clearly it is an impossible task to disentangle the manifold ways in
which dependence ‘works’ in reality). Dependence destroys the basis on which our
analytic approach rests.

Be that as it may, we view the work presented here as a first step towards a frame-
work for studying the impact of dynamic network structure on the transmission of an
infectious disease.

Acknowledgments We thank Pieter Trapman, Martin Bootsma, and Hans Metz for useful ideas and
discussions. We thank two anonymous referees for helpful suggestions. KYL is supported by the Netherlands
Organisation for Scientific Research (NWO) through research programma Mozaiek, 017.009.082.

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.

Appendix A: Ry for n = 1: alternative method

We can also characterize R for the case n = 1 in the following way. An individual at
epidemiological birth is in state C with probability one (since it has its epidemiological
parent as partner) and each time it visits C (which is only possible by jumping from B
to C since the probability to encounter an infectious individual is zero at the beginning
of an epidemic) a new infectious individual is created; recall Fig. 3. So, for Ry, we
simply need to count the expected number of times to visit C when starting in C. This
can be done by exploiting the Markov property:

Ry = mcc(1 + Ry), (49)
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where mcc is the probability to ever enter state C when starting in state C. Let myy,
denote the probability to ever enter state x when starting in y, x, y € {A, B, C}. We
find ¢ by first-step analysis:

TT, —6+Hﬂ
CC_G+2/L CA
pF
TTCA = = TTCB
pF +u
B o+ u
TCB

= T .
B+o+2u B+o+2u A

Solving for mc¢ we find

_ BoF (o + )
(0 +2w) (PF (B + 1) + (B +0 +2u))

Tce
This yields the same expression (30) as the ABC scheme does.

Appendix B: Correlation between the states of two partners

Consider a randomly chosen partnership. For convenience we call the individuals in
the partnership # and v. Then, without knowing anything about v, the probability that
u is in state k, k > 1, is given by Qj (Lemma 2), i.e.

P (u in state k) = Q.

In other words, Qy is the probability that an individual is in state k given that it has at
least one partner.

Let’s study this partnership in more detail. The states of u and v are independent
of each other at the moment + = 0 when the partnership uv is formed, i.e.

P (u in state k and v in state [ at t = 0)
= P(uin state k att = 0) P(v in state [ at t = 0)
= qk4qi,
cf. assumption (7).
Aslong as we condition on the existence of the partnership u v the remaining binding

sites of u behave independently of the remaining binding sites of v and consequently
there is independence of the states of # and v at any time ¢ = s in the partnership, i.e.

P (u in state k and v in state [ at t = s)
= P(uinstate k att = s)P(v in state [ att = s).

However, if we do not specify the duration so far of the partnership, then we find
dependence between the states of u and v:
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Fig. 11 The three possible u Vi

configurations for the — o X4
partnership uv concerning

additional partners when n = 2

P (u in state k and v in state [)
o0
= /(o +2pw)e T2 Py in state k at £ = 5 and v in state [ at f = s5)ds
0

o0
= /(a +2p)e” T2 Py in state k at £ = 5) P (v in state [ at t = s)ds

0
# P(u in state k) P(v in state [) = Q; Q.

Here the density (o + 2u)e~@+2#$ accounts for the conditioning on the uv part-
nership remaining in existence. We show the inequality with explicit calculations for
n = 2. In this case, individuals can have 0, 1, or 2 partners. Choose a partnership at
random from the population and label the partners # and v. Since n = 2, u and v both
have one additional binding site that can be either free or occupied. This gives us three
possible states for the partnership #v, we denote these states by x11, x12, and x27; see
Fig. 11.

Let 7 () denote the probability distribution for the configuration of the partnership
uv at time ¢ given that uv exists for the period under consideration.
At t = 0 the probability distribution of the different configurations is given by

ai

m(0) = | 29192

a3

Given that the partnership uv exists for the time interval under consideration, the
transitions and the corresponding rates are represented by the flowchart in Fig. 12. We
denote the corresponding transition matrix by M.

Note that the ‘age’ of the partnership uv is exponentially distributed with parameter
o + 2. Therefore the probability distribution for the configuration of partnership uv
at the moment we pick the partnership from the pool of partnerships is
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Fig. 12 The flowchart for the 2pF pF
three possible configurations for
the partnership uv concerning

additional partners given that uv
exists for the period under
consideration

G+l 2(c+p)

o0
(a+2M)/e*t("+2“)1n(t)dt = (0 +2u) fOOO et(M*((TJrZM)I)jT(O)dt

0
= —(0 +20)M — (o + 2 D)7 (0) (50)
0 +c
= 20102 —2¢|, (51)
Q%~I—c

where

o (pFp)?
(0 +2)2pF +30 +4u)(2pF + 20 +3u)%’

The states of u and v are independent of one another iff ¢ = 0

Note that c = 0 if © = 0 and = 0 corresponds to a dynamic network without
demography. One should, however, not conclude that demography necessarily leads
to correlation. We assumed that individuals are born single. One can think of other
ways of incorporating demography, e.g. individuals having k partners at birth with
probability equal to the degree distribution (Kamp 2010). Adopting this rule creates
a partnership network where, when disease is not considered, the correlation is zero
between the degrees of two partners [in essence this rule makes ‘death’ the same as
rewiring of partnerships after an exponentially distributed amount of time and then
basically a dynamic network in a closed population is considered (Miller et al. 2012)].

Appendix C: The matrix elements k, , of K and a characterization of Ry by a
2 x 2 matrix

In this appendix we use the interpretation to guide us in deriving explicit expressions
for the ky , and in that way we derive an explicit expression for Ry.
First of all, as explained below, the following equalities hold:

o+2u pFlo+2m) -1

w(pF+o+2q1) M(pF+G+2M)( 2
B pF_(d+2[L)

(B+o+21)(0+21) (o F+o+2u)

(—2) 'y = : (52)
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__otp
0 F(u(pi)’+a+2u)
— — _pFlo+p) -1
) W= (Zp)'Q | + | npFroran "B 1|, (53)
0 B(F+u)
n(Bt+o+2u)(pF+o+2p)
otu
w(pF+o+2up)
-1 _ pFlo+w) -1
(=2)" Y = pFtoian "B . (54)
B(pF+) 1

w(B+o+21)(pF+o+2u) t Brotan

Indeed, if we multiply the right-hand side of each of these equalities with the matrix
Y, where X is defined in (31), we obtain —¢,, x = A, B, C.

The elements — X ! Yy, x = A, B, C, also have an interpretation. The interpreta-
tion of (— X ~'44) , is as follows. Consider a binding site in state A. The probability
for the binding site to be in state A in the time interval [0, 7] is

1

A

where X is defined in (28). It enters the set B at rate p F'. The probability that the
binding site is in state By upon entering B is gi. The probability to remain in By in
the time interval [z, s] is the kth component of

e(S—T)EBq_

By integrating over all possible s we find the expectation:

N

o0 1
// e |o pFe ¥ g drds
0 0

0 A
B 1
=pF |-Z" 0] | (-Zp) g
0 A
pF (0 +2u) _
(—Zp)7'q.

© w(pF + o +2u1)

The kth component is then the mean time a binding site that starts in state A will spend
in state Bj. Similarly, one can interpret (—E‘lwc) By -

Finally, we show how to derive (53) by exploiting the interpretation of —X ~!vg
(this is the most complicated case and it involves all building blocks for the other
cases).

First note that (¢°% ) y is the probability to be in state y at time s when one starts
life in state x, so ((—Z’)_llﬂx)y, x,y = A, B, C is the mean time spent in state y
when the binding site starts its life in state x. Therefore
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o0

AP yds = (=) My,
0

There are flows out of B to A and C with rates o + p and , respectively. There is
also a flow in to B from A with rate p F. Note that the transition matrix between state
A, set B, and state C is exactly X', where X is defined in (28).

We shall use the inverse (— 2) ! in the following calculations. Using linear algebra
or interpretation, we obtain

o+2u o+p otup
w(pF+o+2u) w(pF+o+2u) n(pF+o+2u)
(—x)~! = pF(o+2p) (pF+w)(o+2p) (F+1)(0+24)
w(Bto+2u)(pF+o+2u) p(B+o+2uw)(pF+o+2p)  w(B+o+u)(pF+o+2u)
BoF BoF+1) BloF+w+u(pF+o+2u)

w(B+o+2m)(pF+o+211) pu(B+o+20)(pF+o+2u) w(B+o+2u)(pF+o+21)

The mean time a binding site born in one of the states B; in the set B, spends in
state A is given by

0
_ o+ u
—zp 1 =—,
0 u(pF +o +2u)
A

while the mean future time a binding site presently in B spends in state C is

_ BloF + 1)
. w(B+o +2m)(pF +o +2p)

0
—zn7 1
0

To determine the mean time spent in the set B, when starting life in B, is a bit
more complicated. First of all, a binding site that starts life in B starts life in state B;
with probability Q;, j =1, ..., n. The mean time it then spends in state B without
leaving the set B is given by

(—Zp) ' O
Next, the binding site in B leaves B and enters A with probability

o+ u
B+o+2u

If that is the case, then the mean future time it spends in By is, by first step analysis,

pF (o +2u)

T ((—xp) ! .
,u(pF+a+2u)(( B) @ik

(=) "a)p, =
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Similarly, the probability to enter state C from B is

B
B+o+2u

and the mean time it will spend in By is

pF (o + 1)

—2_1 =
() o, ==

(=p'q)

i
Therefore, the mean time spent in state By after leaving B is

o+ u oF (o +2u)

. —xp) !
,3+0'+2M/L(,OF+(T+2/L)[( B) qlk
B pF (o + 1) 1
+ _ -
,3+0+2MM(,0F+0+2/L)[( LR
F
PO (spy g

~ w(pF 4o +2p)

This explains (53).
The matrix 7 is given by (32). By multiplying with (52), (53), and (54), we obtain
the first column of K

kaa Flo 42 i1 (= BI(=Zp) gk
kpa | = LPEO 2D (S0 G Di—zm gk ). 659
kca n(pF +o+2u) S (=ZB) gl

the second column of K is given by

kap S (n—kI(—=2Zp) " Ol
ke | = B | Xioi(k — DI(—Zp) 'Ol
ke S (=Zp) 'Ok
- S (n=I(—=2Zp) 'qlk
F
% ST k= DI=Zp) gl |, (56
wpF+o+20) \ s 1 xp gl

and the third column is

kac P ket (= BI(=Zp) " gk
kpe | = PRI (S0 G Dz lak ). 6D
kcc npF +o+2p) SEo (=2 gk

Note that the elements kyy, x,y = A, B, C involve the vectors (—Z‘B)_lq and
(-Zp)~'0.
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We can simplify the sums > }_, [(—Zp) gl and > }_, [(— Zp)~' Qlx. Note that

n

D=2 =

= B+o+2u

since (—Xp)i is the mean time to spent in state k when starting life in state /, by
summing over all possible states k € B, we obtain the mean time to spent in B when
starting in some state / € B (this is of course equal to 1 over the rate of leaving B).
Therefore, for any probability distribution PP,

D I(=zp) Pl = Z(Z[(—EB)—I]H)PI
k=1

I=1 \k=1
1
1
T B+o+2u

n

P,

where the last equality holds since IP is a probability distribution. So

1

B+o+2u ©8)

D=2 gl =D [(-Zp) ' Ok =
k=1 k=1

which we can use to simplify K.
Observe that the sum of the first and second row of K is n — 1 times the third row
of K, i.e.

kA,y “rkB,y =n-1- kC,ya
and the third column is a multiple of the first column, i.e.

o+
U+2H« xX,A-

kx,C =

So we find that, of the three eigenvalues that K has, at least one equals zero. Moreover,
using (58),

ke = BpF (o +2u)
w(B+o +2u)(pF +0 +2u)’
and
F
kep = B (1+ pF(o + 1) )
B+o+2u wpF +o+2p)
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To find the dominant eigenvalue of K we can therefore reduce K to the 2 x 2 matrix
K:

o+u o+un
7 (kAA + s3akca kap + kaB)
kpa kpp

BpF(o+p) B(pF+p)(o+u)
_ [ *aa + sErerzmo Fre T k4B T nBre 20 FFo 2 . (59)
kpa kg

Note that

D =R=55 Pl = (0= 1) Y [=55" Pl = D_(k = D[~ Pl
k k k

n—1
= ot a Z(k DI-2Z5" Pl, (60)
where P is the probability distribution ¢ or Q, and we have used (58) in the second
equality. Therefore, the only ingredients left in order to arrive at a completely explicit
expression for the dominant eigenvalue Ry of the 2 x 2 matrix K are explicit expressions
for the sums > _; (k — D[(—Zp) 'qlx and > 7_; (k — D[(—Zp) "' QL.

In the remainder of this appendix we show that

S - D=5y gl = ——— = Dol S
. (pF+o+w(B+o+2u) pF+20+3u+p
and
_ (n—1)pF
k—D[-Z7' 0l = —
Zk:( o O e 0+ o + 2w
B (n—1DY(o +2un) 62)
(pF +20 +3w)(B + pF +20 +3up)’
where _ _
pFu(pF +20 +3u) 63)

T 042w (pF +o +wQ2pF +20 +30)

We obtain an explicit expression for Ry by using (60) and plugging (61) and (62)
(together with (63)) into (55) and (56). Next, plug these into (59) and use that the
dominant eigenvalue of a 2 x 2 matrix is

tr + v/tr2 — 4 det
2

(where tr and det denote the trace and determinant of K, respectively).
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Fig. 13 Stgte transitions and pF (n-1) pF
corresponding rates between
states By, ..., By,; the
corresponding transition
matrix is denoted M e
O+H (c+u)(n-1)

Finally, in the remainder of this appendix we will show (61) and (62) by straight-
forward computations that we divide up in four lemma’s (for the first of these we only

sketch the proof).
We need the following ingredients. Let M be the matrix corresponding to the state
transitions between the states By, k = 1, ..., n; see Fig. 13. Then

Yp=M—(B+o+2ul.

Furthermore, '™ denotes the fundamental solution of

dm
— = Mnm. 04
o 7 (64)

We also use the relationship between ¢ and Q:
o
0=+ 2M)/e_(°+2“)’e’qut (65)
0

(see proof Leung et al. 2012, Lemma 2).
We need the probability distribution ¢ for n = 2: ¢@® = (qu), qéz))’ where the
superscript (2) is to distinguish the n = 2 probabilities from general n > 2.

@ _ PFu+ (0 +21) Q20 +3u)

U7 (0 +20)QpF +20 +31)°

qéz) _ ,OF(ZG_-F 3u) .
(0 +2wW)Q2pF + 20 +3u)

(66)

Finally, we use two probabilities for binding sites. Consider one binding site. Con-
ditioning on the individual staying alive till at least time #, €y(¢) and €1 (¢) denote the
probabilities that the binding site is occupied at time 7, given that, respectively, it was
free or occupied at time t = 0. So ¢;, i = 0, 1, satisfies

de; _
d_tl =pFe —(c+ ) —¢)

with initial conditions €3(0) = 0 and €;(0) = 1. Solving these, we find
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€(t) = — PE R pF e—(PF+U+;L)t’
pF+o+pn pF+o+p 67
€1(t) = — rE 4 _U Tu e—(pl:“+a+u)t.
pF+o+u pF+o+pu
Lemma 6 .
Z(k — D) = (n — peo®) + (j — Der (1), (68)

k=2

Sketch of proof Consider a randomly chosen partnership between two individuals u
and v. Then (e'M); ; 1s the probability for u to be in state k given that it starts life in
j (here: ‘life starts’ at the moment uv is formed). Then > }_,(k — 1)(e"™)y; is the
expected number of partners of u, minus partner v, at time ¢ given that u started life
in j. Conditioning on the existence of uv, the other n — 1 binding sites of u behave
independently of one another.

Since u starts life in state j, there are j — 1 binding sites that have probability
€1(¢) to be occupied at time ¢ and n — j binding sites that have probability €y () to
be occupied at time 7. Therefore, the expected number of occupied binding sites of u
minus the binding site occupied by v at time ¢ is exactly the right hand side of (68).

O

We now consider the expected number of ‘other’ partners of an individual that just
acquired a new partner in the following lemma.

Lemma 7

Sk = D = (0 — 1gs?,

k=1

with qéz) given by (66).

Proof The probability g is given by (7) with
o0
Py = (k " 1) / pe M (1 — eg(a))" ey (@) ~da.
0

Then

(k—1)(n—k+1)Pr_

o0

/ pe M (1 — eg(a))eg(a)(1 — ep(@)) *ep(a) 2da
0

n!
k—2)!(n —k)!

=n(n—1) / pe (1 — 60(61))60(61)(’; - i)(l — co(a))"*eo(@) Pda
0
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If we now take the sum Zk (k — 1)qx, then we obtain

n

N
Sg="0 D / pe (1 — p(@)ep(a)da
nkF s

k=2
-1
=1 p®
2F o
which we wanted to show. 0
Lemma 8
n oF )
D k=DM =mn-1 (— - Yef<pF+a+u>) ,
k=2 pF+o+nu

where Y is the positive constant (63).

Proof We combine Lemmas 6 and 7.

D te=DEe™Mg =D "(k—=1) > (¢"™)jq;

k=2 k=2 j=1
n n
=>"q; > (k=™
j=1 k=2

(Lemma 6) = > g; ((n — j)eo(t) + (j — De1(®)
j=1

(Lemma 7) = (n — (1 — g§”)eo(t) + (n — Dgi”e1 (1)
= =1 (P +aPa10)).
Finally, one can use (66) and (67) in the last step to arrive at the explicit expression. O

Lemma 9 The equalities (61) and (62) hold.

Proof Putting all the pieces together, we obtain

o0
n
Sk - D=5l = k- 1) /e—(ﬁ+a+2u)tethdt
k=2 k 0 L

oo
=> (k=1 / emBroT20t (M gy, dt
k 0
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e-(ﬂ+o‘+2/.£)l‘ Z(k _ 1)(eth)kdt

o0
0/ k
oo
(Lemma 8) = /e—(ﬂ+0+2u)t(n_1) (L _ ye—t(pF+a+u)) dt
pF+o+pu
0
(n—DpF (n—1Y

(0F+o+w(B+0+2u) pF+20+3u+p
and for the sum involving Q, we use (65), and then find

n

D k= DI-Z5' Ok

k=2

oo
=> k=1 / e~ Prot2t M oqy
k 0

k

00 00
— Z(k —1) /ef(ﬂ+(r+2u)tetM(o, +2u) / 67(U+2V’)Tequd‘[dt
k 0 0 k

[c el
=(+2w) Y (k=1 / / e Prot 2t =0T (FDM g g gy
k 00

=(0+2p.)/
0

(Lemma 8) = (o +2uw)

k

o~ (BHo+2m)t ,—(0+2)7 Z(k -1 (e(‘”)Mq) drdt
k
k

0\8 0\8

o0
/[67(5+0+2u)167(0+2u)r
0

n—1 L _ Ye—(t+f)(PF+0+lL) dtdt
oF+o+pu
(n—1pF (n—1DY(o +2p)

T pFtot+mBrot2n)  (pF 420 +30B+pF +20 +30)°
O

Finally, we note that we can use the method described in this appendix to find explicit
expressions for the matrix entries of the 3 x 3 matrix M,, that are characterized by
identity (47). Note that we can find expressions for the 7 (rI — X )1 Yo, x =A,B,C
by simply replacing — Xp by rI — X in the calculations in this appendix. This allows
us to characterize (m,),,. We refrain from elaborating the details.
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Appendix D: Mean field at distance one—bounds for R

As explained in the main text, the mean field at distance one assumption is a moment
closure approximation as we ignore certain correlations between the states of two
individuals in a partnership. One may wonder how well ‘the real Ry’ (presuming
it can be defined, when no assumption is made about the degree distribution of the
partners of an individual at epi-birth) is approximated by Ry as derived under the mean
field at distance one assumption. Note that here we focus on the mean field at distance
one assumption in the linearised system only.

In this appendix we provide lower- and upper bounds for ‘the real Ry’ for the case
n = 2 with numerical values presented in Fig. 14.

Consider a randomly chosen partnership with partners u and v. Assume that the
partnership is formed at time ¢ = 0. Then, as long as we condition on the existence of
partnership uv, the states of u and v are independent from one another at time t = s
(as also explained in Appendix B). The probability that « is in state 1 or 2 at time s is
given by the probability distribution

sM
Mg,

s > 0, where
—,0}_7 o+ u
M = - .
( pF —(o +u>)

For s = 0, this yields initial condition g, for s — 0o we obtain probability distribution

g+
oo _ [ pF+o+u
q - pF
pF+o+p
[ 3
L L]
L o® ¥
1.02 Tee L te
. * . L] *
L g ok
L] LN ]
L ®e e o Fe
1.00 to Lt ]l
. _7777777777777777777777:77O7“.’*’>{7f1;7.7“ 77777
r L]
L] **Q‘ L]
. *
. * 3
L 0o % 3
0.98 T e *
I . o e g
* +Teow
. L] *
* L]
L E .
o * °x
0.96 |- oTiitetes
o4 e
r L]
3 ***‘
Q‘ . e Ft e ) L]
I kg @
L} L} * L}

Fig. 14 For different values of parameters p, o, u, B, the basic reproduction number Ry is determined
together with a lower and an upper bound for ‘the real Ry’. We focus here on parameter values for which
Ry lies around threshold value 1
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Then

@2 < P(v has degree 2 at time s | u has degree k at time s) = (eSMq)z <g5°

(note that the equality holds since the degrees of # and v are independent of one another
as long as we specify the duration of the partnership uv). Therefore

g2 < P(v has degree 2 | u has degree k) < g5°, (69)

k =1, 2 (recall that we condition on the existence of partnership #v). Under the mean
field at distance one assumption, we say that

P (v has degree 2 | u has degree k) = Q».

As we will explain now, (69) provides us with a bandwidth for ‘the real Ry’ (in which
the mean field at distance one Ry also falls).

The mean field at distance one assumption manifests itself in the distribution
Q, which plays a role in elements k4p and kpp. For n = 2, we find ZZ:l(” —
DI-X5' Ol = [- 25" 011 and 3}, (k — D[ T QL = [-Z5' Q.

If we replace Q by a probability distribution IP in (59) (and keep all other elements
equal) then we deal with [—21;1 P];, j = 1, 2. Using (58) we find that [—21;1 Pl +
[—Z‘El Pl = 1/(B + o + 2u) holds so we can eliminate [—EEI P];. (All other
elements in (59) do not concern the mean field at distance one assumption, so for
any assumption on the degree distribution of the partners of an individual at epi-birth,
these will be the same.) We can then express the dominant eigenvalue A of K asa
function of [—Xp TPy, using the explicit formula for the dominant eigenvalue of a
2 x 2 matrix. This is then a monotonically increasing function of [— X5 ! P,.

Furthermore, one can check that

25 ' Ph=[-25 ' lu(1 - P) + [-Z5 ' In P>
=[5 o1 + (—Z5 o2 — [~ Z5 ' 1a1) Pa,

where [~ X5 122 > [~ Z5 121 (note that S = M — (B+0 +210)1),50 [~ Z5 ' Pl
is a monotonically increasing function of [P>. Using (69) we then find

-2z gl < [-25' 01 < [-55'¢™],

and we find a lower (upper) bound by replacing IP by ¢ (¢°°) for ‘the real Ry’ which we
can compare with the dominant eigenvalue Ry of (59). We evaluate this numerically
in Fig. 14 to get some indication of how well the mean field at distance assumption
performs.

We believe that this can be generalized to obtain a bandwidth for R for n > 2 by
considering expected values but we have not elaborated the details.
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Appendix E: The dominant eigenvalue of K equals the dominant
eigenvalue of K"d

We have defined R on the binding-site level as the dominant eigenvalue of a NGM K.
In this section we prove that K and K ind the NGM on the individual level, have the
same dominant eigenvalue Ry. Therefore, R has an interpretation on both the binding
site and the individual level.

Lemma 10 K and K have the same dominant eigenvalue R.

Proof With the 3 x n matrix G given by

n—1n-2--- 1 0
G = 0 1 ---n—-2n-1 (70)
1 1 - 1 1
the identity _
GK™ = KG (71)

holds. Since T > 0,7 # 0, =X~ ! >> 0, ¥, ¢; > 0, ¥, ¢ # 0, we know that
(kind) xy > 0and k;; > O for all x, y. Therefore K ind and K are primitive matrices.

Now suppose that v is the eigenvector corresponding to eigenvalue Ry, then K ™y =
Rov implies that

K(Gv) = Ry(Gv).

Since v can be chosen as a strictly positive vector (as it belongs to the dominant
eigenvalue of a primitive matrix) and G is non-negative and non-zero, Gv is also
strictly positive. Therefore, Gv is the (strictly positive) eigenvector corresponding to
the eigenvalue Ry of K. Since K is primitive, it must also be the dominant eigenvalue
of K.

On the other hand, suppose w is the eigenvector corresponding to the dominant
eigenvalue A of K’ (where ' denotes the transpose of K), so K’w = Aw. Then we can
choose w strictly positive, as K is primitive. Then

(K™Y (G'w) = A(G'w).
So we see that A is an eigenvalue of (K"’ (and therefore also of K ™) with strictly

positive eigenvector G'w. Therefore, A is the dominant eigenvalue of K™ i.e.x = Ry.
O

Appendix F: Characterizing the matrix elements (k"%); j
The matrix elements (k"); ; of the matrix K ind are uniquely characterized in (37).

However, as in the case with K, we can give more explicit expressions for (k"d), j
using the interpretation.
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Indeed, (knd); j can be interpreted as the expected number of secondary cases in
state i caused by one individual in state j, where i and j are of the form (4, m, 1),
m =0, ...,n—1. Anewlyinfected individual in state j = (4, m, 1) has m susceptible
partners, where each of these partners is in state k = (—, [, 1) with probability Oy
(as a consequence of the mean field at distance one assumption). The probability
that an individual in state k gets infected and has state-at-epi-birth i = (+, m’, 1) is
[B(—XB)"'1ix. On top of the secondary cases caused by infecting existing partners,
the newly infected individual can also cause secondary cases among the partners that
it acquires after epi-birth. A newly acquired partner is in state k = (—,/, 1) with
probability ¢;, and the probability that this individual gets infected and has state-at-
epi-birthiis again [B(— >8) 1ix. The expected additional lifetime number of partners
of anindividual in state j = (+, m, 1) isn —m — 1 times the expected lifetime number
of partners of a free binding site plus m + 1 times the expected additional lifetime
number of partners of an occupied binding site, where the expected lifetime number
of partners of a free binding site is

pF (o +21)
w(pF +o+2p)’

while the expected additional lifetime number of partners of an occupied binding site
is

o+u pFlo+2u)  pF(o+pu)
o +21n w(pF +0 +2u)  wpF +o+2u)

Using this interpretation of the matrix elements (k'"%); ; we find
K" = p(~zp) 1 (0r' + g5, (72)

with s = (s¢) and r = (ry) are n-dimensional vectors, where r is the second row of
the matrix G defined in (70), i.e.

rn=k—1,
k=1,...,n,and
F 2
Sk:((n_kaaﬂL) p_(o+ ) _
o+2u) u(pF +o+2p)

Inorder to prove that K™, defined by (37), satisfies (72), we use results from Appen-
dix C. First of all, ¢; can be written as
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¢j=0m—Dva+ (G —Dyp+Yc.

Therefore,

T(-2) "¢ =m—NTD) Wa+ (G- DT ()" yp+ T2 yc
= (=)D kea¥u + (=D D ke p¥a + D ke

= ((n — jDkaa + (j — Dkap + kac) ¥a
+ ((n — j)kpa + (j — Dkpp + kpc) ¥B
+ ((n— jkca + (j — Dkcp + kce) ve.

Now, we can expand this using the characterization of the k, of Appendix C. The
coefficient of ¢ is

(n— jkca + (j — Dkcp + kcc

BoF (o +2u)

_PPTAT T AR —5p) gl 1 ool
 Feem DI ORIRNUED N (CE ]

i=1 i=1

. BoF(o + 1) < 1
+( =) >3 ;
¥ W(pF +0 421 i:l[( B) 4]

BpFo+1) < =
4 TP ) i
M(pFMHM);[( ) gl

_ pF(o+2w) . pF(o+ 1) ) $ .
= — = = _E i
5 ((n T S v ;‘,[( » gl

=(n = j)

+BG =D D I(-2Zp) " Ql;

i=1

= > 8(I-Z0 " glis; + [~ Zm) ™' Qiry )

i=1

- iﬂ [(=2p) ' @s" + 0] .

y
i=1 /

On the other hand,
n .
T(—2)""¢; =D (k"¢
i=1

= > (n =D& ¥a+ D — DE )y + D K" ve.
i=1 i=1

i=1
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Therefore

w0y = B[~ =p)~ qs" + 0]

ij
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