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Abstract

In this paper, we propose two new families of estimators for estimating the finite population
distribution function in the presence of non-response under simple random sampling. The
proposed estimators require information on the sample distribution functions of the study
and aucxiliary variables, and additional information on either sample mean or ranks of the
auxiliary variable. We considered two situations of non-response (i) non-response on both
study and auxiliary variables, (ii) non-response occurs only on the study variable. The per-
formance of the proposed estimators are compared with the existing estimators available in
the literature, both theoretically and numerically. It is also observed that proposed estima-
tors are more precise than the adapted distribution function estimators in terms of the per-
centage relative efficiency.

1. Introduction

One of the common problems in sample surveys is non-response. The non-response bias is
serious concern in survey studies. It occurs in many ways, including linguistic problems, ill-
ness, due to response, due to non-acceptance, the process of return address misguided, cap-
tured by another person, etc. Sometime, sample survey experts use the auxiliary information
to improve the precision of estimators. As expected, non-response not only reduces the pre-
cision of an estimator but also increases its bias. A number of research articles have been
published on the estimation of population mean under non-response in order to control the
non-response bias and to increase the efficiency of estimators. Hansen and Hurwitz [1] sug-
gested that a sub-sample of earlier non-respondents can be re-communicated with a more
expensive system. They adapted the first effort by a mail questionnaire and the second
attempt by personal interview. In addition, firstly, they developed an estimator to estimate
the population mean in the presence of non-response. For some related works on the non-
response, we refer to Rao [2], Khare and Srivastava [3], Khare and Sinha [4, 5], Olufadi and
Kumar [6], Muneer et al. [7], Pal and Singh [8], Ahmad and Shabbir [9] and the references
cited therein.
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The problem of estimating the finite population cumulative distribution function (CDF)
arises when the interest lies in knowing the proportion of values of the study variable that are
less or equal to a certain value. There are different situations where estimating the CDF is
deemed necessary. For example, for an economist, it is interesting to know the proportion of
the population that 27% or more Pakistanis do not have skills. Similarly, a soil scientist may be
interested in estimating the distribution of clay percent in the soil. In addition, policy-makers
may be interested in knowing the proportion of people living in a developing country below
the poverty line.

In survey sampling literature, the authors have estimated the CDF using information on
one or more auxiliary variables. Chambers and Dunstan [10] suggested an estimator for esti-
mating the CDF that requires information both on the study and auxiliary variables. On simi-
lar lines, Rao et al. [11] and Rao [12] proposed ratio and difference/regression estimators for
estimating the CDF under a general sampling design. Kuk [13] suggested a kernel method for
estimating the CDF using the auxiliary information. Ahmed Abu-Dayyeh [14] estimated the
CDF using information on multiple auxiliary variables. Chen and Wu [15] suggested a method
for estimating the CDF and quantiles using the model-calibrated pseudo empirical likelihood.
A calibration approach has been used by Rueda et al. [16] to devise an estimator for estimating
the CDF. Singh et al. [17] considered the problem of estimating the CDF and quantiles with
the use of auxiliary information at the estimation stage of a survey. Moreover, Chen et al. [18]
investigate the injury severities of truck drivers in single-and multi-vehicle accidents on rural
highways, Zeng et al. [19] worked on a multivariate random-parameters tobit model for ana-
lyzing highway crash rates by injury severity, Yaqub and Shabbir [20] considered a generalized
class of estimators for estimating the CDF in the presence of non-response. Dong et al. [21]
investigating the differences of single-vehicle and multi-vehicle accident probability using
mixed logit model, Chen et al. [22] worked on analysis of hourly crash likelihood using unbal-
anced panel data mixed logit model and real-time driving environmental big data, Zeng et al.
[23] suggested a jointly modeling area-level crash rates by severity and Zeng et al. [24] used
spatial joint analysis for zonal daytime and night time crash frequencies using a bayesian bivar-
iate conditional autoregressive model. Hussain et al. [25] proposed two new families of estima-
tors using the supplementary information on auxiliary variable and exponential function for
the population distribution functions in case of non-response under simple random sampling,
and Hussain et al. [26] two new families of estimators for estimating the finite population dis-
tribution function are proposed under simple and stratified random sampling schemes using
supplementary information on the distribution function, mean and ranks of the auxiliary
variable.

In this paper, we propose two new families of estimators for estimating the CDF using
information on the sample distribution function, mean and ranks of the auxiliary variable
along with the information on the sample distribution function of the study variable under
simple random sampling in the presence of non-response. The bias and mean squared errors
(MSEs) of the existing and proposed estimators of the CDF are derived under the first order of
approximation. The theoretical and numerical comparisons revealed that the proposed estima-
tors are more precise than the existing adapted estimators when estimating the CDF.

The issue of non-response in survey sampling threatens to undermine the validity of infer-
ences drawn from estimates based on those surveys. High non-response rates create opportu-
nity or risk for bias in estimates and affect survey design, data collection, estimation and
analysis Plewes et al. [27]. With these issues in mind, we propose two new families of estima-
tors for estimating the CDF using information on the sample distribution function, mean and
ranks of the auxiliary variable along with the information on the sample distribution function
of the study variable under simple random sampling in the presence of non-response. The bias
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and mean squared errors (MSEs) of the existing and proposed estimators of the CDF are
derived under the first order of approximation. The theoretical and numerical comparisons
revealed that the proposed estimators are more precise than the existing adapted estimators
when estimating the CDF.

The rest of the paper is organized as follows. In Section 2, some notations are given. In Sec-
tion 3, we adapt some estimators of the finite population mean for estimating the finite CDF.
The proposed estimators are given in Section 4. In Sections 5 and 6, theoretical and numerical
comparisons are conducted, respectively. Finally, conclusions are drawn in Section 7.

2. Notations

Consider a finite population Q = {Uj, U,,. . .,Uy} of N distinct units, which is partitioned into
N, respondents Q, = {U,, U,, ..., Uy, } and N, non-respondents Q, = {U,, U,, ..., Uy, },
where N = N;+N,. A sample of size n units is drawn from this population using simple random
sampling without replacement. It is assumed that out of # units, n; units respond but n, = n
—n; units do not respond. Clearly, #; and n, units belong to the respondent and non-respon-
dent groups, respectively. Moreover, a sub- sample of size r = n,/k units, where k>1, is drawn
from #n, units using simple random sampling without replacement, and, this time the response
is obtained from r units. Let

Y: the study variable,

X: the auxiliary variable,

Z: ranks of X,

I(Y<y): indicator variable based on Y,

I(X<x): indicator variable based on X,

)
)
)

N

s

L I(Y, < y)/N: the population distribution function of I(Y<y),

1

1 1(
© I(Y, < y)/n: the sample distribution function of I(Y<y),

My

N

i

g

X

2
2
>, I(X < x)/N: the population distribution function of I(X<x),

(
(

ol

x) = > I(X; < x)/n: the sample distribution function of I(X<x),
X =32V, X,/N: the population mean of X,
X = >°1 ., X;/n: the sample mean of X,
Z =YY Z,/N: the population mean of Z,
Z= >, Z,/n: the sample mean of Z,
Fo(y) = S2¥ I(Y, < y)/N,: the population distribution function of I(Y<y) for non-response

group,

Fo(x) = Zf\i’l I(X; < x)/N,: the population distribution function of I(X<x) for non-response
group,

X @ = S X,/N,: the population mean of X for non-response group,

Zy)

= S Z,/N,: the population mean of Z for non-response group,
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F ) =220 I(Y; < y)/n, denote the sample distribution function based on #, responding
units out of # units,

F w(x) =221 I(X; < x)/n, denote the sample distribution function based on #, responding
units out of # units,

Xy, = 2.4 X;/n, denote the sample mean based on 1, responding units out of 7 units,
Z ) = 2oty Z;/n, denote the sample mean based on n; responding units out of 7 units,

F @n(¥) = 201, I(Y; < y)/r denote the sample distribution function based on r responding

units out of n, non-response units,

F on(X) = > I(X; < x)/r denote the sample distribution function based on r responding

units out of n, non-response units,

X 5 = i1 X;/7 denote the sample mean based on r responding units out of n, non-response

units,

Z oy = >, Z;/r denote the sample mean based on r responding units out of 7, non-response

units,

)
X, — X)?/(N — 1): the population variance of X,
$2 =3V (Z —Z)"/(N — 1): the population variance of Z,

St = S I(Y, < y) - E (¥))?/(N, — 1): the population variance of I(Y<y) for non-

response group,

Sho) = S (I(X, < x) — E (x))*/(N, — 1): the population variance of I(X<x) for non-

response group,

S§(2) = Zfi’l (X, - X (2))2 /(N, — 1): the population variance of X for non-response group,
S = Sz~ 2(2))2 /(N, — 1): the population variance of Z for non-response group,

C, = Si/F(y): the population coefficient of variation of I(Y<y),

C, = S,/F(x): the population coefficient of variation of I(X<x),

C, = S,/X: the population coefficient of variation of X,

C, = S,/Z: the population coefficient of variation of Z,

Ci2) = S1(2)/F2)(y): the population coefficient of variation of I(Y<y) for non-response group,
Cy2) = Sa(2)/F2y(x): the population coefficient of variation of I(X<x) for non-response group,
Ciy = S39) /X (2): the population coefficient of variation of X for non-response group,

Cya) = Syn)/ Z (2): the population coefficient of variation of Z for non-response group,

S, = S0, {(I(Y, < y) — E(»))(I(X, < x) — F(x))}/(N — 1): the population covariance
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between I(Y<y) and I(X<x),

Sy = S0 {(I(Y, <y) — E(»))(X, — X)}/(N — 1): the population covariance
between I(Y;<y) and X,

Sy = S, {(I(X, < x) — F(x))(X, — X)}/(N — 1): the population covariance
between I(X<x) and X,

S, =0 (Y, <y) — E(»)(Z, — Z)} /(N — 1): the population covariance
between I(Y<y) and Z,

S,, = >0 {(I(X, < x) — F(x))(Z, — Z)} /(N — 1): the population covariance
between I(X<x) and Z,

512(2) = ZII\EI {(I(Yi < y) - F(2) ()’))(I(Xz < x) - F(2) (x))}/(Nz - 1): the population covari-
ance between I(Y<y) and I(X<x) for non-response group,

Sise) = SR AI(Y, < y) — Fp,(»))(X; — X))}/ (N, — 1): the population covariance
between I(Y<y) and X for non-response group,

Soa2) = S AKX, < x) — Fiy)(x))(X; = X5))}/ (N, — 1): the population covariance
between I(X<x) and X for non-response group,

S = SR AI(Y, < y) - Fo,(»))(Z; = Z5))}/(N, — 1): the population covariance
between I(Y<y) and Z for non-response group,

Sos0) = S A{(I(X, < x) — F,(x))(Z, — Z,)}/(N, — 1): the population covariance
between I(X<x) and Z for non-response group,

Ayp = 812/(8:S,): the population correlation coefficient between I(Y<y) and I(X<x),
A3 = §13/(8,S5): the population correlation coefficient between I(Y<y) and X,

Ass = §53/(8,S3): the population correlation coefficient between I(X<x) and X,

Aq4 = 814/(81S4): the population correlation coefficient between I(Y<y) and Z,

Aoy = 85,4/(8,S4): the population correlation coefficient between I(X<x) and Z,

Vi22) = S12(2)/(S1(2)S2(2)): the population correlation coefficient between I(Y<y) and I(X<x)
for non-response group,

Vi3 = S132)/(S1(2)53(2)): the population correlation coefficient between I(Y<y) and X for
non-response group,

V232) = $232)/ (S2(2)S3(2)): the population correlation coefficient between I(X<x) and X for
non-response group,

V142) = S142)/ (S1(2)S4(2)): the population correlation coefficient between I(Y<y) and Z for
non-response group,

V242) = $24(2)/(S2(2)S4(2)): the population correlation coefficient between I(X<x) and Z for
non-response group.
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We can write

Similarly, let

F(x) = W,F;(x) + W,Fy (x) (2)
Let
X = WX, + WX, (3)
Similarly let
Z=WZy+W,Zy (4)

where W; = N/N, F,(y) = S, I(Y, < y)/N,, forj =12, F(x) = X, I(X, < x)/N, X, =
Zﬁ] X;/N; and Z; = Zﬁ] Z,/N,.

Following Hansen and Hurwitz [1], Yaqub and Shabbir [20] have suggested an unbiased
estimator of F(y) under non-response, which is given by

P*()/) = W1P(1)()’) + Wzﬁm) »)
with its variance
Var(E* () = A8 + 1,82, (5)

where w; = nj/n for j = 1,2, 1 = (1/n-1/N) and 1, = Wy(k-1).
Similarly, let

H
E

=
I

W1F(1)(x) + WQF(Qr) (x),

<>
I
=
+
RS
P
:/N
5
o

are unbiased estimators of F(x), X and Z, respectively, under non-response, with correspond-
ing variances

1Var(F*(x)) = 48] 4 4,15,
Var(X*) = 182 + 2583, and

Var(Z') = iS2 + 1,8

3(2)

respectively.
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In order to obtain the biases and MSEs of the existing and proposed estimators, the follow-
ing relative error terms are considered. Let

¢ =FQ) - Fy)
F(y)Ae;:f:*Ex)fF(x)

F(x).ef=X*-X

such that E(e}) = E(e;) = 0 for i* = 1,2,3,4 and i = 2,3,4, where E(-) stands for the mathemati-
cal expectation of (-). Let

\%

rstu

=El¢| e, e, €} and V), = E[e]" e; e}’ €}"],

rstu
where r,s,t,u = 1,2,3,4, Here,

E(e”) = AC] + A,Cl ) = Vo, E(ey?) = 2C5 4 2,C5) = Vi
E(ef) = lCé + )LQC;(Q) = Vggm, E(e?) = 1C: + i2Cj(2) = Vggoz,
E(€)) = AC: = Vi, E(€3) = AC2 = Vi, E(€)) = ACE = Vs

E(eje;) = 21A,C.C, + }~2v12(2)c1(2)c2(2) = Vi

E(eje;) = AA;,C,C, + }"ZVIL}(Q)Cl(Z)CS(Z) = Vi

E(eje;) = 2A,,C,C, + lem)Cl(z)%) = Vi

E(eye;) = AA,,C,C, + JVQV%@)CQ(Q)C.S(Q) = V1100

E(eie;) = AA,,C,C, + }QVM(?)CQ(?)C,‘(?) = Vi

E(eje,) = 2A,C,C, = V0, E(ele;) = AA,C,Cy = V105
E(efe,) = AA,C,C, = Vi, Eleyey) = 2A,,C,Co = Vg,

E(e,e,) = AA,,C,C, = V-

2 VI2VE VR Y oy RV . .
LetAl,, = ( U7 N/ 7= S : the coefficient of multiple
) 2()00( 0200 0020 0110)

determination of I(Y<y) on I(X<x) and X with situation-I under non-response.

2 2 2
Let Vi 50 = Vo0 Vo020 Vigro Yoon—2Vion0 Vium Founo ) e coefficient of multiple
23(2) V3000 (Vo200 Voo20— V1)

determination of I(Y<y) on I(X<x) and X with situation-II under non-response.

9 VE2VE VIR VE oV VE Y . .
LetAj,, = ( L0 oo bl o0 oy o011 ) : the coefficient of multiple
) 2000( 0200 ' 0002 0101)

determination of I(Y<y) on I(X<x) and Z with situation-I under non-response.
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V2 Voooa+ V2 Voooo—2V1001 V100 Vi . .
Let V3, = (—He—p w20 0 I8 20 ): the coefficient of multiple
24(2) V3000 (Vo200 Voooz — V1)

determination of I(Y<y) on I(X<x) and Z with situation-II under non-response.

Under non-response, two situations are considered. The situation-I refers to the non-response
both on study and auxiliary variables while situation-II refers to the non-response only on the
study variable. For notational convenience, we follow the notations given in Table 1.

3. Adapted estimators

In this section, some estimators of finite population mean are adapted for estimating the finite
CDF under non-response with simple random sampling. Moreover, the biases and MSEs of
these adapted estimators are derived under the first order of approximation.

1. Cochran [28] adapted ratio estimator of F(y) is

Py = Fu) (T ). ©

The bias and MSE of F, (y), to the first order of approximation, are
Bias(F,(y)) = F(y)(Qumo = Qi)

Table 1. Estimators, variances, covariances and correlation under non-response situations.

Situation | I ‘ I
Estimator
F,() = F*(y) E(y)
e = Fr(x) F(x)
Z, = z z
Variance/covariance
Qrstu = Vr*stu Vrs'“
Q2000 = Voo V2000
Qozoo = ngoo Vozoo
Qoo20 = Voo Voozo
Qooo2 = Voo Voooz
Quoo = Vl*loo Vii00
Quoro = Viow Vioto
QlOOl = VI*OOI V1001
Qo110 = Voio Voiio
Qo101 = Vi Voio1
Coefficient of correlation
012 = Ap Vi
013 = Az Vize
023 = Ay V)
Q14 = Ay Vi
024 = Ay Vo)
Coefficient of multiple determination
Ol = Aigg Vi
O = Af,u Vi

https://doi.org/10.1371/journal.pone.0243584.t001
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MSE(FQ()/)) = FQ(y)(QQUOO + Qozoo - 2Q11oo)' (7)

2. Murthy [29] adapted product estimator of F(y) is

By =2 (7)) (%)

The bias and MSE of F(y), to the first order of approximation, are
Bias(F,(y)) = F(9) Q1005

MSE(PS()/)) = Fz(y)(QQl]OO + QO?OU + 2Q1100)' (9)

. The adapted difference estimator of F(y) is

E,(y) = Ey(y) + k(F(x) — Fy(x)), (10)

where k is an unknown constant. Here, F,(y) is an unbiased estimator of F(y). The mini-

mum variance of F 4() at the optimum value kopy = (F(¥)Q1100)/ (F(x)Qo200) is

Varmm (134()/)) _ F ()’)(onozonmo — QllOO) ) (11)
0200

Here, (11) may be written as

Varmin(F4(y)) = F(y) Qupo(1 — Q?Q)' (12)

. Rao [30] adapted difference-type estimator of F(y) is

Es(y) = kFy () + ky(E(x) = Fyy(x)), (13)

where k; and k, are unknown constants. The bias and MSE of F; (y), to the first order of
approximation, are

Bias(F;(y)) = F(y)(k, — 1),
MSE(F;(y)) 2 F*(y) — 2k, F*(y) + KIF*(5) + k1 F (7) Quong

_2k1k2F()’)F(x)Q1100 + ngQ(x)anno' (14)

The optimum values of k; and k,, determined by minimizing (??), are

_ Q0200
opt) ’
(Qozoonooo - Q?wo + Q0200)

ky

L _ F(y)Qui0 .
2(opt) F(x)(Q2000Q0200 — Q%mo + Qozoo)
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The minimum MSE of F,(y) at the optimum values of k; and k; is

F ()’)(onooQomo — Q?mo) ) (15)
Q2000 Q0200 - Qfmo + Qozoo)

MSE_, (ﬁo()’)) = (

Here, (15) may be written as

M (Fi0) = T g e

. Singh et al. [31] adapted generalized ratio-type exponential estimator of F(y) is

) alF(x) ~ Fy 2)
F i) = Fy(plexp (A E ) 17)

where a and b are known constants. The bias and MSE of F,(y), to the first order of approx-
imation, are

1%

. 3 1
Bias (Fo ()’)) E(y) (g 0* Qpago — ) 0Q1100> )

FZ

<

MSE(F, () =

4 (4Q2000 + 92Q0200 - 49Q1100)7 (18)

where 0 = aF(x)/(aF(x)+Db).

. Grover and Kaur [32] adapted generalized class of ratio-type exponential estimator of F(y)

1S

a(F(x) — Fy(x)) >
F(x) + F,(x)) +2b)’

F0) = {kF0) + k() ~ F, o) e (19

where k3 and k, are unknown constants. The bias and MSE of F,(y), to the first order of
approximation, are

N 3 1 1
BiaS(F7()’)) = F(y)(ks - 1) +§02k3F()’) —|—§9k4F(x)Q0200 - §0F()’)Q11007

MSE(F7()’)) = kiFZ (%) Quago + ngz()’)onoo + 20k;k ,F(y)F(x) Qa0
—2k;k, F(y)F(x)Q, 140 + FZ()’) - ngFz )+ Ok:%F?()’)

+k3F2 ()’)Quoo - 0k4F(y)F(x)Q0200 - 29k§F2()’)Q1100

3
a1 92k3F2 () Qa0 + 02k§F2 () Qpa00- (20)
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The optimum values of k3 and kg4, determined by minimizing (??), are

k. = QOZOO (02 Q()f_)()g - 8)
3(opt) 8(_Q2000Q0200 + Q%mo — Q0200> y

— F(y)(93 3200 — OZQOZOOQIIOO + 49Q2000Q0200 — 49Qf100 — 49Q0200 + SQIIOO)
P 8F(x)(Q2000Q0200 - Q%IOO + QO2OU)

ky

The simplified minimum MSE of F. (y) at the optimum values of k5 and k, is

()
64

MSE,.. (F.(y)) =

Qpooo(—8 + 02Q0200>2 ) (21)

64 — 160°Qyyy —
( 020 Qo200(1 + Qmoo) - Q%mo

Here, (21) may be written as

F2 (y) (OQQgZOO — 8Q?100 + 8Q0200Q2000)2

MSE, .. (F,(y)) = Var,,, (F,(y)) — 64Q2 {1+ Quop(1 — 03))

(22)

which shows that F_(y) is more precise than F,(y).

4. Proposed estimators

The precision of an estimator surges by using the appropriate secondary information at the
estimation stage. In previous studies, the sample distribution function of the auxiliary variable
was used to expand the productivities of the prevailing distribution function estimators. In a
recent study, Haq et al. [33] recommended that to use ranks of the auxiliary variable as an
additional auxiliary variable to increase the precision of an estimator of the population mean.
On the similar lines use additional auxiliary information on sample means of the auxiliary and
ranked-auxiliary variables along with the sample distribution function estimators of F(y) and F
(x) to estimate the finite CDF. For this persists, we recommend two families of estimators for
estimating F(y). The (first and second) families of estimators, used the (sample mean of the
auxiliary variable and the sample mean of the ranked-auxiliary variable) as an additional auxil-
iary variable.

On the lines of F, (y) and F,(y), first proposed family of estimators for estimating F(y) is
given by

N F(x) - Fu (%) (X - X, a(F(x) — F, (%))
FS(”‘{’%FH@”’%( o) )( X )}e"p(a<F<x>+ﬁHx>>+zb>’ )

where ks, kg and k; are unknown constants, a (£0) and b are either two real numbers or func-
tions of known population parameters of [(X<x), like Ry,, 5, (coefficient of kurtosis), C,, etc.

The estimator F(y) can also be written as

. 1 3,
Fy(y) = {k;F(y)(1 +¢,) — ke, — kre;} (1 - 5962 +§92‘3§ + - ) (24)
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Simplifying (24) and keeping terms only up to the second power of e;’s, we can write

R 1
(Fs()’) - F()’)) = —F(y) + k,F(y) + k;F(y)e, — §9k5F(J’)ez — kee, — kqey
3 5 , 1 , 1 1
+ 3 0°k,F(y)e; + 3 Okge; — 3 0k .F(y)ee, + 3 Ok, e,e,. (25)
The bias and MSE of F,(y), to the first order of approximation, are
. 3, 1 1 1
Bias (FxO’)) = F(y) (k> -1+ g@ ksF(J’)Qozoo + §0k6Q0200 ) kaF()’)Qnoo + 591{7(\)(»1107
MSE(R@O’)) =~ F(y)(k; — 1>2 + ngQ()/)onoo + kZQOZOO + ngomo + QQkEFQ()/)Qomo
3
—0ksF () Qqang + 20Kk F(y) Qup — ZGQkBFQ(y)QOQOO + GksFQ(y)Quoo

_26k§F2()’)Q1100 - kakeF(y)Qnoo - 2k5k7F()’)Q1010 - 6k7F()’)Q0110

+29k5k7F()’) Qoo — 2k6k7Q0110' (26)
The optimum values of ks, ks and k;, determined by minimizing (26), are

. _ 8 — 92Q0200
SOP) 8T 4 Quupe (1 — 0ln)}

93Q3é§0(«933 -1)+ Q;égo(_g + 02Q0200)(~912 — 053013)
B + 40Q(1)£(2)0(Q§3 = {1+ Qupo(1 — 0] )}
6(opt) — p
a SQ(I)%U(Q%;; —D{-1+ Q2ouo(1 - 9523)}

F(y) ;{)30(8 - 02Q0200)(912 — 053013)
7(o] -
or) 8Q3}é§0(9§3 -D{-1+ Q2ooo(1 - 9%23)}

The simplified minimum MSE of F(y), at the optimum values of ks, ks and k; is

F?(){64Qu(1 — 0} 55) — 0" D00 — 1602Q0200Q2000(1 —01)}

MSE_. (E,(y)) = . (27)
( * ) 64{1 + QQUUU(]' - 9%23)}
9 waoQU()z()+Qf010Q()2t)(J*201010(2110000110)
where Q123 = ( Q2000(Q0200Q0020— Q2 )
Here, (27) may be written as
MSE,,,(Fy(y)) = Var,,,.(F,(y)) — H, — H,, (28)
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where

_ F ()’) (02 Q(Zmoo _ 8Q%IUU + 8Q0200Q2000>2 and
' 64Q3200{1 + Q2000(1 - Q%z)}

_ F? ()’)(92(20200 — 8)2<Q0200Q1010 — Q0110Q1100>2 )
64Q200 Quozo(1 — @35){1 + Quoo(1 — 0%,) H1 + Qupo(1 — 07 3)}

H,

It is clear that F,(y) is more precise than F, (y).
On similar lines, second proposed family of estimators for estimating F(y) is given by

N F(x) — F(x) Z-Z o aFE) — F(x)
F9<y>—{ng<y>+kg(—F(x) )w(—z )}ep<a<F<x>_ ) @

where kg, ko and k;( are unknown constants, a(£0) and b are either two real numbers or func-
tions of known population parameters of I[(X<x), like Ry,, B, (coefficient of kurtosis), C,, etc.

The estimator F,(y) can also be written as

i N S

Fy(y) = {kF(y)(1 +e,) — koe, — kyge, 1 — 5062 + §9 et (30)
Simplifying (30) and keeping terms only up to the second power of ¢;’s, we can write

. 1

(Fg()’) - F()’)) = 7F(y) + ksF(y) + ksF()’)el - §0k8F()’)e2 - kge2 - kwe4
35 , 1 , 1 1
+§0 k,F(y)e, + §9k962 - §9k8F(y)ele2 + 3 Ok, e,e,. (31)
The bias and MSE of F,(), to the first order of approximation, are
e N 3, 1 1 1
Bias (Fo()/)) = F()’) (ks - 1) + §9 k8F(y)Q0200 + §9k9Q0200 D) kap(y)Qnoo + §9k9Q01017
MSE(FQ (y)) = F2 (y) (kS - ]‘)2 + k§F2 (y) Q2000 + ngOQOO + k?OQOUOZ + 02k§F2 (y)QOZOU

3
_HkQF(y)QOQOU + 20k8k9F(y) QUQUU - Z 02k8F2 (y) QO?OU + ngFQ (y) QHOU

_20k§F2 ()’)Qnoo - 2k8k9F()’)Q1100 - 2k8kmF()’)Q10m - kaF()’)Qmm

+20k8k10F()’)Q0101 - 2k9k10Q0101- (32)
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The optimum values of kg, ko and k, determined by minimizing (??), are

— 8 — 02Qo200
vy 8{1 + Quu(1 —2},)}’

kg

0’ 3430(934 -1+ Q%go(_g + 02Q0200)(Q12 —R,R,,)

k . + 40Q(1Jé(2JO(Q§4 = D{=1+ Quu(1 — 01, }
9(opt) — ’

oY 8Q(1)é§0(49§4 - 1){_]‘ + QZOOO(]‘ - 9%24>}

E(y) ;(/)(2)0(8 - 02Q0200)(912 — 05,01) )
SQ(lJé(QJo(Q%z; = D{=1+ Qupo(1 — 0},)}

10(opt) =

The simplified minimum MSE of F, () at the optimum values of ks, ko and kyq is

FZ()’){64Q2000(1 — 9%24) — 04Q(2)200 — 160Q0200Q2000(1 — Q§,24)}

MSE,_, (F = 33
mm( 9()/)) 64{1 + Qupo(1 — 07,,)} ’ %)
2 (ot Q0200*201001Q110000101>
where Qa1 = ( Q2000(Q0200Q0002- Q3 ;) ’
Here, (33) may be written as
MSE,,,(Fy(y)) = Var,,.(F,(y)) — H, — Hj, (34)

where

FQ()’)(92 (21200 — SQ%IOO + 8Q0200)2

and
64Q(2)200{1 + onoo(l - R?z)}

H, =

_ F (y)(ngozoo — 8)2(Q0200Q1001 — Q0101Q1100)2 )
64Q3200Q0002(1 - R34){1 + onoo(1 - R%2)}{1 + onoo(l - R%.m)}

Hy

It is clear that F,(y) is more precise than F, ().
In Table 2, we put some members of the Singh et al. [31], Grover and Kaur [32], and pro-
posed families of estimators with selected choices of a and b.

Table 2. Some members of the adapted and proposed distribution function estimators.

a b Fy(y) F,(y) Fy(y) Fy(y)

1 G ED() EY(y) EQ() EQ ()
1 B2 () FO @) FO@) FS ()
B> C EQ(y) ) FO() F ()
C B> B (y) EP(y) F{'(y) F'(y)
! 12 FP0) FP) EY () FY )
G Ry, bl é“) (») F 56) (y) E gi) ») F gﬁ) »)
Ry o FO @) FO(y) FO() FP()
i R, F() ) EO() ES(y)
R, B, FO(y) FO @) EO () FJ()
1 NE(x) FI ) ) FO () EM(y)

https://doi.org/10.1371/journal.pone.0243584.t1002
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5. Efficiency comparisons in simple random sampling

In this section, the adapted and proposed estimators of F(y) are compared in terms of the min-
imum MSEs. [(i)]

1. From (5) and (28),

MSE,,,, (F(y)) < Var(F,())if

FQO’)Qmoonz +H, +H, > 0.

2. From (7) and (28),

MSE,, (Fy(y)) < MSE(F,(y))if

F(y) :
Q (Qozon - Quoo)z + H1 + H2 > 0.
2000

3. From (9) and (28),

MSE,, (Fy(y)) < MSE(F, (y))if

F(y)
Q(y (Quang + Quio)” + Hy + H, > 0.
2000

4. From (12) and (28),

MSE,, (Fy(y)) < MSE,,,,(F,(»))if
H, +H,>0.
5. From (16) and (28),
MSEmin (FB (y)) < MSEmin (FS (y))lf

F ()’)GZQOQOU{BQQMU + 16Qy00 (1 — 0},)}
64{1 + QQUOU(l - Q%z)}

+H, > 0.

6. From (18) and (28),

MSE,,, (Fy(y)) < MSE(F,(y))if

FQ) (M

2
Q ) _Qnoo) +H1+H2>O~
2000
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7. From (22) and (28),

MSE,,;,(Fy(y)) < MSE,, (F;(7))if

H, > 0.

8. From (5) and (34),

MSE,,,, (Fy(y)) < Var(F,(7))if

1
—FZ()’) ?100 +H1 +H3 > 0.
Q0200

9. From (7) and (34),

MSE,, (Fy(y)) < MSE(F, (y))if

F(y)
Q (Qozoo - Q1100)2 + H1 + H3 > 0.
2000

10. From (9) and (34),

MSE,, (Fy(y)) < MSE(F, (y))if

F(y) :
Q— (Qozoo + Quoo)z + H1 + st > 0.
2000

11. From (12) and (34),

MSE,,;,(Fy(y)) < MSE,,(F,(7))if

H, +H, > 0.
12. From (16) and (34),
MSEmin (FQ (y)) < MSEmin (ﬁB ()/))lf

Fz(y)GZQOQOO{g?QOZOO + 16Qy0 (1 — Q?z)}
64{1 + Q2000(1 - R%z)}

+H, > 0.

13. From (18) and (34),

MSE,,, (Fy(y)) < MSE,, (Fy(y))if
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P (y) (0Q ?
( 20— Qnoo + H1 + st > 0.
onoo 2

14. From (22) and (34),

MSE,,;,(Fy(y)) < MSE,, (F;())if

H; > 0.

The proposed families of estimators are always more precise than the adapted estimators
as the above conditions (i)-(xiv) are always true.

6. Empirical study

In this section, we conduct a numerical study to see the performance of the adapted and pro-
posed distribution function estimators. For this purpose, five population are considered. The
summary statistics of these populations are reported in Tables 3-6. The percentage relative
efficiency (PRE) of an estimator F,(y) with respect to F,(y) is

PRE(ﬁl(y),ﬁH(y)) = Var(ﬁH@))
MSE,..(F,(y)) x 100,

wherei=2,3,...9.
The PREs of distribution function estimators, computed from five populations, are given in
Tables 7-14.

Population I -Gujarati [34]

Table 3. Summary statistics for population I.

Parameter Value Parameter Value

N 50 Sz 0.50508
n 15 S3 21805
A 0.04667 S4 15756
X 75.8720 Ry, —-0.20000
R 25.5000 Ri3 0.25176
F(y) 0.50000 Ry ~0.79517
F(x) 0.50000 Ry, 0.21345
Sy 0.50508 Ry —0.86628
Non-response

Parameter Value Parameter Value

N, 12 Sa2) 3.60555
Wy 0.24000 Rix) —0.50709
A2 0.01600 Riz) 0.35848
Si2) 0.51493 Ros) ~0.82899
S22) 0.52223 Ruse 0.36724
S32) 19.5392 Roazy -0.86905

https://doi.org/10.1371/journal.pone.0243584.t1003
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Table 4. Summary statistics for population II.

Parameter Value Parameter Value

N 50 S, 0.50508
n 15 Ss 21.3175
A 0.04667 M 15756

X 78.2900 Ry, —0.12000
R 25.5000 Ris 0.22925
E(y) 0.50000 Ry -0.78936
F(x) 0.50000 Ry 0.18435
Si 0.50508 Ryy —-0.86630
Non-response

Parameter Value Parameter Value

N, 12 Sa2) 3.60555
W, 0.24000 Rz —-0.16903
A 0.01600 Ri32) 0.25695
Si2) 0.51493 Ry3(2) —-0.81369
S22) 0.52223 Ris2) 0.22034
S32) 18.2593 Rou2) —-0.86905

https://doi.org/10.1371/journal.pone.0243584.1004

Y: The eggs produced in 1990 (millions) and

X: The price per dozen (cents) in 1991. The proportion of the non-response units in the given
population is considered to be the last 25% units.

Population IT -Gujarati [34]

Y: The eggs produced in 1990 (millions) and

X: The price per dozen (cents) in 1990. The proportion of the non-response units in the given
population is considered to be the last 25% units.

Table 5. Summary statistics for population III.

Parameter Value Parameter Value

N 30 S, 0.50855
n 8 Ss 9.23238
A 0.09167 M 8.79557
X 67.2667 Ry, —-0.73333
R 15.5000 Rys 0.71975
F(y) 0.50000 Ry -0.83726
F(x) 0.50000 ): 0.73622
M 0.50855 Ry —-0.86728

Non-response

Parameter Value Parameter Value

N, 8 Sa2) 44949
Wy 0.26667 Rz —0.60000
Az 0.03333 Riz) 0.36387
Si) 0.51755 Rosa) -0.81227
S202) 0.51755 Ruse) 0.28172
S 9.38749 Rou) ~0.84515

https://doi.org/10.1371/journal.pone.0243584.t1005
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Table 6. Summary statistics for population IV.

Parameter Value Parameter Value
N 69 | S, 0.50361
n 20 | S5 7058.99
yl 0.03550 | S2, 20.0602
X 49544 | Ry, 0.94202
R 35.0000 | Ry3 -0.57090
E(y) 0.50725 | Ry3 —0.57274
F(x) 0.50725 | Ry4 —0.85584
M 0.50361 | Ry —-0.86603
Non-response
Parameter Value | Parameter Value
N, 17 | Sae) 5.04975
W, 0.24638 | Ryx(2) 0.88273
A 0.01231 | Ry -0.62943
S12) 0.51449 | Rys(a) -0.57830
Ss2) 5920.86 | Rysca) -0.85391
https://doi.org/10.1371/journal.pone.0243584.t1006
Table 7. PREs of distribution function estimators under situation-I using population I.
Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
j:l(y) 100 f:g)(),) 89.193 j:<71>(y) 115.27 f:gn(y) 116.13 p(gn(y) 115.36
132(),) 38.87 f:g})(y) 89.11 i:<72>(y) 115.28 ﬁ;?>(y) 116.13 j:g@(y) 115.36
F,() 69.33 F9(y) 89.19 F9 () 115.27 | B9 (y) 116.13 F9 () 115.36
F,() 108.61 FO(y) 89.03 FOy) 115.28 | (9 (y) 116.14 O y) 115.37
1:"5()’) 115.07 f:?)(),) 46.07 j:<75>(y) 121.61 13(35)(}') 1252 j:g)(y) 121.70
f:g”(y) 46.33 i:<76>(y) 121.5 j:gi)(y) 1241 j:g)@(y) 121.59
ED(y) 1088 ED(y) 115.09 | £ (y) 115.95 ED () 115.17
F () 46.07 FO () 12161 | E(y) 1252 FO ) 121.70
f:?)(),) 1091 j:gm(y) 115.09 f:gf’)(y) 115.95 j:gﬂ)(y) 115.18
ﬁéw)(y) 99.44 i:<710>(y) 115.07 f:;w)(y) 115.92 ﬁgw)(y) 115.15
https://doi.org/10.1371/journal.pone.0243584.t007
Table 8. PREs of distribution function estimators under situation-II using population I.
Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
i:l(y) 100 Fé”(y) 89.19 13;1)(},) 115.27 j:g)(y) 117.91 j:gl)(y) 115.42
E,() 38.87 | £ ?(y) 89.11 | £ (y) 115.28 F2(y) 117.91 FP(y) 115.43
Fy@y) 69.33 | F¥(y) 89.19 | F¥(y) 115.27 EP () 117.91 EP () 115.42
j:4(y) 108.61 j:f;*)(y) 89.03 pg‘l)(y) 115.28 j:<4>(y) 117.92 1:"(4)(),) 115.43
ﬁs(}’) 115.07 j:éfﬁ(y) 46.07 1:"(75)(},) 121.61 1:;5)@) 1241 Fi;’”(y) 121.76
EO(y) 46.33 | F19(y) 121.50 EO®y) 1231 EO®) 121.66
ED(y) 1088 | £ (y) 115.09 ED () 117.72 ED(y) 115.24
j:g”(y) 46.07 j:<78>(),) 121.61 p<8>(y) 1241 j:@)(y) 121.76
j:g”(y) 1091 j:<79>(y) 115.09 Fgg)(y) 117.72 Fgg)(y) 115.24
EI9 () 99.44 | F19(y) 115.07 EM(y) 117.70 EM(y) 115.22
https://doi.org/10.1371/journal.pone.0243584.t1008
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Table 9. PRE:s of distribution function estimators under situation-I using population IIL.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F, ») 100 f:g) ) 93.54 f:<71> ) 109.64 f:g) ») 1112 j:g” ) 111.94
F,(») 49.21 é ) 93.49 f:<72> ) 109.64 f:g?) ») 1112 f:g?) ) 111.94
F,() 69.33 | £9(y) 93.54 9 () 109.64 F9 ) 1112 EP () 111.94
F,() 103.04 | (0 (y) 93.44 FO ) 109.65 FO ) 1112 EY () 111.94
f:s(y) 109.5 é (y) 56.89 f:(75)(y) 113.76 I:"Z(f)(y) 118.43 ﬁgm(y) 116.15
é ) 57.17 f:<76> ») 113.69 f:;ﬁ ») 118.36 f:gﬁ) ) 116.08
F(y) 101.42 F7(y) 109.51 F(y) 113.99 E(y) 111.81
FY(y) 56.89 FO () 113.76 FO ) 118.43 F¥ () 116.15
EO(y) 101.43 EO(y) 109.51 EO(y) 113.99 EO () 111.81
p(gm) ») 99.70 FUO ») 109.50 1:";101 ») 113.97 F 5)10) ) 111.79
https://doi.org/10.1371/journal.pone.0243584.t009
Table 10. PREs of distribution function estimators under situation-II using population II.
Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
ﬁl(y) 100 f:él) () 95.28 ﬁ(;) ) 107.67 f:gl) ) 111.43 EW ) 109.67
ﬁ'z(y) 524 (y) 95.24 ﬁ(z) ()’) 107.67 f:(Z) ()/) 111.43 ﬁg” (y) 109.68
Fy(y) 609 (),) 95.28 EP ) 107.67 EP () 111.43 EP () 109.67
134(),) 101.07 (y) 95.20 j:(74) ) 107.68 f:;“) ) 111.43 Pff) ) 109.67
F.(y) 107.53 <’ ) 69.66 FOy) 109.98 FOy) 113.82 FOy) 1102
FOy) 69.78 FOy) 109.96 FOy) 113.81 FOy) 1100
pg ) 100.49 f:<77> ») 107.54 f:g” ») 111.29 j:g) ) 109.53
EO () 69.66 EO(y) 109.98 EO () 113.82 EP ) 1102
EO(y) 100.49 EO ) 107.54 EO() 111.29 EO () 109.53
F élﬂ) ») 99.82 f:glﬂ) ) 107.53 f:glo) ) 111.28 F 