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Abstract

In this paper, we propose two new families of estimators for estimating the finite population

distribution function in the presence of non-response under simple random sampling. The

proposed estimators require information on the sample distribution functions of the study

and auxiliary variables, and additional information on either sample mean or ranks of the

auxiliary variable. We considered two situations of non-response (i) non-response on both

study and auxiliary variables, (ii) non-response occurs only on the study variable. The per-

formance of the proposed estimators are compared with the existing estimators available in

the literature, both theoretically and numerically. It is also observed that proposed estima-

tors are more precise than the adapted distribution function estimators in terms of the per-

centage relative efficiency.

1. Introduction

One of the common problems in sample surveys is non-response. The non-response bias is

serious concern in survey studies. It occurs in many ways, including linguistic problems, ill-

ness, due to response, due to non-acceptance, the process of return address misguided, cap-

tured by another person, etc. Sometime, sample survey experts use the auxiliary information

to improve the precision of estimators. As expected, non-response not only reduces the pre-

cision of an estimator but also increases its bias. A number of research articles have been

published on the estimation of population mean under non-response in order to control the

non-response bias and to increase the efficiency of estimators. Hansen and Hurwitz [1] sug-

gested that a sub-sample of earlier non-respondents can be re-communicated with a more

expensive system. They adapted the first effort by a mail questionnaire and the second

attempt by personal interview. In addition, firstly, they developed an estimator to estimate

the population mean in the presence of non-response. For some related works on the non-

response, we refer to Rao [2], Khare and Srivastava [3], Khare and Sinha [4, 5], Olufadi and

Kumar [6], Muneer et al. [7], Pal and Singh [8], Ahmad and Shabbir [9] and the references

cited therein.
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The problem of estimating the finite population cumulative distribution function (CDF)

arises when the interest lies in knowing the proportion of values of the study variable that are

less or equal to a certain value. There are different situations where estimating the CDF is

deemed necessary. For example, for an economist, it is interesting to know the proportion of

the population that 27% or more Pakistanis do not have skills. Similarly, a soil scientist may be

interested in estimating the distribution of clay percent in the soil. In addition, policy-makers

may be interested in knowing the proportion of people living in a developing country below

the poverty line.

In survey sampling literature, the authors have estimated the CDF using information on

one or more auxiliary variables. Chambers and Dunstan [10] suggested an estimator for esti-

mating the CDF that requires information both on the study and auxiliary variables. On simi-

lar lines, Rao et al. [11] and Rao [12] proposed ratio and difference/regression estimators for

estimating the CDF under a general sampling design. Kuk [13] suggested a kernel method for

estimating the CDF using the auxiliary information. Ahmed Abu-Dayyeh [14] estimated the

CDF using information on multiple auxiliary variables. Chen and Wu [15] suggested a method

for estimating the CDF and quantiles using the model-calibrated pseudo empirical likelihood.

A calibration approach has been used by Rueda et al. [16] to devise an estimator for estimating

the CDF. Singh et al. [17] considered the problem of estimating the CDF and quantiles with

the use of auxiliary information at the estimation stage of a survey. Moreover, Chen et al. [18]

investigate the injury severities of truck drivers in single-and multi-vehicle accidents on rural

highways, Zeng et al. [19] worked on a multivariate random-parameters tobit model for ana-

lyzing highway crash rates by injury severity, Yaqub and Shabbir [20] considered a generalized

class of estimators for estimating the CDF in the presence of non-response. Dong et al. [21]

investigating the differences of single-vehicle and multi-vehicle accident probability using

mixed logit model, Chen et al. [22] worked on analysis of hourly crash likelihood using unbal-

anced panel data mixed logit model and real-time driving environmental big data, Zeng et al.

[23] suggested a jointly modeling area-level crash rates by severity and Zeng et al. [24] used

spatial joint analysis for zonal daytime and night time crash frequencies using a bayesian bivar-

iate conditional autoregressive model. Hussain et al. [25] proposed two new families of estima-

tors using the supplementary information on auxiliary variable and exponential function for

the population distribution functions in case of non-response under simple random sampling,

and Hussain et al. [26] two new families of estimators for estimating the finite population dis-

tribution function are proposed under simple and stratified random sampling schemes using

supplementary information on the distribution function, mean and ranks of the auxiliary

variable.

In this paper, we propose two new families of estimators for estimating the CDF using

information on the sample distribution function, mean and ranks of the auxiliary variable

along with the information on the sample distribution function of the study variable under

simple random sampling in the presence of non-response. The bias and mean squared errors

(MSEs) of the existing and proposed estimators of the CDF are derived under the first order of

approximation. The theoretical and numerical comparisons revealed that the proposed estima-

tors are more precise than the existing adapted estimators when estimating the CDF.

The issue of non-response in survey sampling threatens to undermine the validity of infer-

ences drawn from estimates based on those surveys. High non-response rates create opportu-

nity or risk for bias in estimates and affect survey design, data collection, estimation and

analysis Plewes et al. [27]. With these issues in mind, we propose two new families of estima-

tors for estimating the CDF using information on the sample distribution function, mean and

ranks of the auxiliary variable along with the information on the sample distribution function

of the study variable under simple random sampling in the presence of non-response. The bias
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and mean squared errors (MSEs) of the existing and proposed estimators of the CDF are

derived under the first order of approximation. The theoretical and numerical comparisons

revealed that the proposed estimators are more precise than the existing adapted estimators

when estimating the CDF.

The rest of the paper is organized as follows. In Section 2, some notations are given. In Sec-

tion 3, we adapt some estimators of the finite population mean for estimating the finite CDF.

The proposed estimators are given in Section 4. In Sections 5 and 6, theoretical and numerical

comparisons are conducted, respectively. Finally, conclusions are drawn in Section 7.

2. Notations

Consider a finite population O = {U1, U2,. . .,UN} of N distinct units, which is partitioned into

N1 respondents O1 ¼ fU1;U2; . . . ;UN1
g and N2 non-respondents O2 ¼ fU1;U2; . . . ;UN2

g,

where N = N1+N2. A sample of size n units is drawn from this population using simple random

sampling without replacement. It is assumed that out of n units, n1 units respond but n2 = n
−n1 units do not respond. Clearly, n1 and n2 units belong to the respondent and non-respon-

dent groups, respectively. Moreover, a sub- sample of size r = n2/k units, where k>1, is drawn

from n2 units using simple random sampling without replacement, and, this time the response

is obtained from r units. Let

Y: the study variable,

X: the auxiliary variable,

Z: ranks of X,

I(Y�y): indicator variable based on Y,

I(X�x): indicator variable based on X,

FðyÞ ¼
PN

i¼1
IðYi � yÞ=N: the population distribution function of I(Y�y),

F̂ðyÞ ¼
Pn

i¼1
IðYi � yÞ=n: the sample distribution function of I(Y�y),

FðxÞ ¼
PN

i¼1
IðX � xÞ=N: the population distribution function of I(X�x),

F̂ðxÞ ¼
Pn

i¼1
IðXi � xÞ=n: the sample distribution function of I(X�x),

�X ¼
PN

i¼1
Xi=N: the population mean of X,

�̂X ¼
Pn

i¼1
Xi=n: the sample mean of X,

�Z ¼
PN

i¼1
Zi=N: the population mean of Z,

�̂Z ¼
Pn

i¼1
Zi=n: the sample mean of Z,

Fð2ÞðyÞ ¼
PN2

i¼1
IðYi � yÞ=N2: the population distribution function of I(Y�y) for non-response

group,

Fð2ÞðxÞ ¼
PN2

i¼1
IðXi � xÞ=N2: the population distribution function of I(X�x) for non-response

group,

�X ð2Þ ¼
PN2

i¼1
Xi=N2: the population mean of X for non-response group,

�Z ð2Þ ¼
PN2

i¼1
Zi=N2: the population mean of Z for non-response group,
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F̂ ð1ÞðyÞ ¼
Pn1

i¼1
IðYi � yÞ=n1 denote the sample distribution function based on n1 responding

units out of n units,

F̂ ð1ÞðxÞ ¼
Pn1

i¼1
IðXi � xÞ=n1 denote the sample distribution function based on n1 responding

units out of n units,

�X ð1Þ ¼
Pn1

i¼1
Xi=n1 denote the sample mean based on n1 responding units out of n units,

�Z ð1Þ ¼
Pn1

i¼1
Zi=n1 denote the sample mean based on n1 responding units out of n units,

F̂ ð2rÞðyÞ ¼
Pr

i¼1
IðYi � yÞ=r denote the sample distribution function based on r responding

units out of n2 non-response units,

F̂ ð2rÞðxÞ ¼
Pr

i¼1
IðXi � xÞ=r denote the sample distribution function based on r responding

units out of n2 non-response units,

�X ð2rÞ ¼
Pr

i¼1
Xi=r denote the sample mean based on r responding units out of n2 non-response

units,

�Z ð2rÞ ¼
Pr

i¼1
Zi=r denote the sample mean based on r responding units out of n2 non-response

units,

S2
1
¼
PN

i¼1
ðIðYi � yÞ � FðyÞÞ2=ðN � 1Þ: the population variance of I(Y�y),

S2
2
¼
PN

i¼1
ðIðXi � xÞ � FðxÞÞ2=ðN � 1Þ: the population variance of I(X�x),

S2
3
¼
PN

i¼1
ðXi �

�XÞ2=ðN � 1Þ: the population variance of X,

S2
4
¼
PN

i¼1
ðZi �

�ZÞ2=ðN � 1Þ: the population variance of Z,

S2
1ð2Þ
¼
PN2

i¼1
ðIðYi � yÞ � Fð2ÞðyÞÞ

2
=ðN2 � 1Þ: the population variance of I(Y�y) for non-

response group,

S2
2ð2Þ
¼
PN2

i¼1
ðIðXi � xÞ � Fð2ÞðxÞÞ

2
=ðN2 � 1Þ: the population variance of I(X�x) for non-

response group,

S2
3ð2Þ
¼
PN2

i¼1
ðXi �

�X ð2ÞÞ
2
=ðN2 � 1Þ: the population variance of X for non-response group,

S2
4ð2Þ
¼
PN2

i¼1
ðZi �

�Z ð2ÞÞ
2
=ðN2 � 1Þ: the population variance of Z for non-response group,

C1 = S1/F(y): the population coefficient of variation of I(Y�y),

C2 = S2/F(x): the population coefficient of variation of I(X�x),

C3 ¼ S3=
�X : the population coefficient of variation of X,

C4 ¼ S4=
�Z : the population coefficient of variation of Z,

C1(2) = S1(2)/F(2)(y): the population coefficient of variation of I(Y�y) for non-response group,

C2(2) = S2(2)/F(2)(x): the population coefficient of variation of I(X�x) for non-response group,

C3ð2Þ ¼ S3ð2Þ=
�X ð2Þ: the population coefficient of variation of X for non-response group,

C4ð2Þ ¼ S4ð2Þ=
�Z ð2Þ: the population coefficient of variation of Z for non-response group,

S12 ¼
PN

i¼1
fðIðYi � yÞ � FðyÞÞðIðXi � xÞ � FðxÞÞg=ðN � 1Þ: the population covariance
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between I(Y�y) and I(X�x),

S13 ¼
PN

i¼1
fðIðYi � yÞ � FðyÞÞðXi �

�XÞg=ðN � 1Þ: the population covariance

between I(Yi�y) and X,

S23 ¼
PN

i¼1
fðIðXi � xÞ � FðxÞÞðXi �

�XÞg=ðN � 1Þ: the population covariance

between I(X�x) and X,

S14 ¼
PN

i¼1
fðIðYi � yÞ � FðyÞÞðZi �

�ZÞg=ðN � 1Þ: the population covariance

between I(Y�y) and Z,

S24 ¼
PN

i¼1
fðIðXi � xÞ � FðxÞÞðZi �

�ZÞg=ðN � 1Þ: the population covariance

between I(X�x) and Z,

S12ð2Þ ¼
PN2

i¼1
fðIðYi � yÞ � Fð2ÞðyÞÞðIðXi � xÞ � Fð2ÞðxÞÞg=ðN2 � 1Þ: the population covari-

ance between I(Y�y) and I(X�x) for non-response group,

S13ð2Þ ¼
PN2

i¼1
fðIðYi � yÞ � Fð2ÞðyÞÞðXi �

�X ð2ÞÞg=ðN2 � 1Þ: the population covariance

between I(Y�y) and X for non-response group,

S23ð2Þ ¼
PN2

i¼1
fðIðXi � xÞ � Fð2ÞðxÞÞðXi �

�X ð2ÞÞg=ðN2 � 1Þ: the population covariance

between I(X�x) and X for non-response group,

S14ð2Þ ¼
PN2

i¼1
fðIðYi � yÞ � Fð2ÞðyÞÞðZi �

�Z ð2ÞÞg=ðN2 � 1Þ: the population covariance

between I(Y�y) and Z for non-response group,

S24ð2Þ ¼
PN2

i¼1
fðIðXi � xÞ � F2ðxÞÞðZi �

�Z2Þg=ðN2 � 1Þ: the population covariance

between I(X�x) and Z for non-response group,

Δ12 = S12/(S1S2): the population correlation coefficient between I(Y�y) and I(X�x),

Δ13 = S13/(S1S3): the population correlation coefficient between I(Y�y) and X,

Δ23 = S23/(S2S3): the population correlation coefficient between I(X�x) and X,

Δ14 = S14/(S1S4): the population correlation coefficient between I(Y�y) and Z,

Δ24 = S24/(S2S4): the population correlation coefficient between I(X�x) and Z,

r12(2) = S12(2)/(S1(2)S2(2)): the population correlation coefficient between I(Y�y) and I(X�x)

for non-response group,

r13(2) = S13(2)/(S1(2)S3(2)): the population correlation coefficient between I(Y�y) and X for

non-response group,

r23(2) = S23(2)/(S2(2)S3(2)): the population correlation coefficient between I(X�x) and X for

non-response group,

r14(2) = S14(2)/(S1(2)S4(2)): the population correlation coefficient between I(Y�y) and Z for

non-response group,

r24(2) = S24(2)/(S2(2)S4(2)): the population correlation coefficient between I(X�x) and Z for

non-response group.
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We can write

FðyÞ ¼W1Fð1ÞðyÞ þW2Fð2ÞðyÞ ð1Þ

Similarly, let

FðxÞ ¼W1Fð1ÞðxÞ þW2Fð2ÞðxÞ ð2Þ

Let

�X ¼W1
�X ð1Þ þW2

�X ð2Þ ð3Þ

Similarly let

�Z ¼W1
�Z ð1Þ þW2

�Z ð2Þ ð4Þ

where Wj = Nj/N, FjðyÞ ¼
PNj

i¼1 IðYi � yÞ=Nj, for j = 1,2., FjðxÞ ¼
PNj

i¼1 IðXi � xÞ=Nj,
�Xj ¼

PNj
i¼1 Xi=Nj and �Zj ¼

PNj
i¼1 Zi=Nj.

Following Hansen and Hurwitz [1], Yaqub and Shabbir [20] have suggested an unbiased

estimator of F(y) under non-response, which is given by

F̂�ðyÞ ¼ w1F̂ ð1ÞðyÞ þ w2F̂ ð2rÞðyÞ

with its variance

VarðF̂�ðyÞÞ ¼ lS2

1
þ l2S

2

1ð2Þ
; ð5Þ

where wj = nj/n for j = 1,2, λ = (1/n−1/N) and λ2 = W2(k−1).

Similarly, let

1F̂�ðxÞ ¼ w1F̂ ð1ÞðxÞ þ w2F̂ ð2rÞðxÞ;

�̂X � ¼ w1
�X ð1Þ þ w2

�X ð2rÞ and

�̂Z � ¼ w1
�Z ð1Þ þ w2

�Z ð2rÞ;

are unbiased estimators of F(x), �X and �Z , respectively, under non-response, with correspond-

ing variances

1VarðF̂�ðxÞÞ ¼ lS2

1
þ l2S

2

1ð2Þ
;

Varð �̂X �Þ ¼ lS2

2
þ l2S

2

2ð2Þ
and

Varð �̂Z �Þ ¼ lS2

3
þ l2S

2

3ð2Þ
;

respectively.

PLOS ONE Estimation of finite population distribution function with dual use of auxiliary information

PLOS ONE | https://doi.org/10.1371/journal.pone.0243584 December 17, 2020 6 / 24

https://doi.org/10.1371/journal.pone.0243584


In order to obtain the biases and MSEs of the existing and proposed estimators, the follow-

ing relative error terms are considered. Let

e�
1
¼ F̂�ðyÞ � FðyÞ
FðyÞ;e�

2
¼F̂�ðxÞ� FðxÞ

FðxÞ;e�
3
¼ �̂X �� �X

�X ;e�
4
¼ �̂Z �� �Z

�Z ;

e2 ¼ F̂ðxÞ � FðxÞ
FðxÞ;e3¼ �̂X � �X

�X ;e4¼ �̂Z � �Z
�Z ;

such that Eðe�i Þ ¼ EðeiÞ ¼ 0 for i� = 1,2,3,4 and i = 2,3,4, where E(�) stands for the mathemati-

cal expectation of (�). Let

Vrstu ¼ E½er
1
es

2
et

3
eu

4
� and V�rstu ¼ E½e�r

1
e�s

2
e�t

3
e�u

4
�;

where r,s,t,u = 1,2,3,4, Here,

Eðe�2
1
Þ ¼ lC2

1
þ l2C

2

1ð2Þ
¼ V�2

2000
; Eðe�2

2
Þ ¼ lC2

2
þ l2C

2

2ð2Þ
¼ V�2

0200
;

Eðe�2
3
Þ ¼ lC2

3
þ l2C

2

3ð2Þ
¼ V�2

0020
; Eðe�2

4
Þ ¼ lC2

4
þ l2C

2

4ð2Þ
¼ V�2

0002
;

Eðe2

2
Þ ¼ lC2

2
¼ V0200;Eðe

2

3
Þ ¼ lC2

3
¼ V0020;Eðe

2

4
Þ ¼ lC2

4
¼ V2

0002
;

Eðe�
1
e�

2
Þ ¼ lD12C1C2 þ l2r12ð2ÞC1ð2ÞC2ð2Þ ¼ V�

1100
;

Eðe�
1
e�

3
Þ ¼ lD13C1C3 þ l2r13ð2ÞC1ð2ÞC3ð2Þ ¼ V�

1010
;

Eðe�
1
e�

4
Þ ¼ lD14C1C4 þ l2r14ð2ÞC1ð2ÞC4ð2Þ ¼ V�

1001
;

Eðe�
2
e�

3
Þ ¼ lD23C2C3 þ l2r23ð2ÞC2ð2ÞC3ð2Þ ¼ V�

0110
;

Eðe�
2
e�

4
Þ ¼ lD24C2C4 þ l2r24ð2ÞC2ð2ÞC4ð2Þ ¼ V�

0101
;

Eðe�
1
e2Þ ¼ lD12C1C2 ¼ V1100; Eðe

�

1
e3Þ ¼ lD13C1C3 ¼ V1010;

Eðe�
1
e4Þ ¼ lD14C1C4 ¼ V1001; Eðe2e3Þ ¼ lD23C2C3 ¼ V0110;

Eðe2e4Þ ¼ lD24C2C4 ¼ V0101:

Let D
2

1:23
¼

V�2
1100

V�
0020
þV�2

1010
V�

0200
� 2V�

1010
V�

1100
V�

0110

V�
2000
ðV�

0200
V�

0020
� V�2

0110
Þ

� �
: the coefficient of multiple

determination of I(Y�y) on I(X�x) and X with situation-I under non-response.

Letr2
1:23ð2Þ

¼
V2

1100
V0020þV2

1010
V0200 � 2V1010V1100V0110

V�
2000
ðV0200V0020 � V2

0110
Þ

� �
: the coefficient of multiple

determination of I(Y�y) on I(X�x) and X with situation-II under non-response.

Let D
2

1:24
¼

V�2
1100

V�
0002
þV�2

1001
V�

0200
� 2V�

1001
V�

1100
V�

0101

V�
2000
ðV�

0200
V�

0002
� V�2

0101
Þ

� �
: the coefficient of multiple

determination of I(Y�y) on I(X�x) and Z with situation-I under non-response.
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Letr2
1:24ð2Þ

¼
V2

1100
V0002þV2

1001
V0200 � 2V1001V1100V0101

V�
2000
ðV0200V0002 � V2

0101
Þ

� �
: the coefficient of multiple

determination of I(Y�y) on I(X�x) and Z with situation-II under non-response.

Under non-response, two situations are considered. The situation-I refers to the non-response

both on study and auxiliary variables while situation-II refers to the non-response only on the

study variable. For notational convenience, we follow the notations given in Table 1.

3. Adapted estimators

In this section, some estimators of finite population mean are adapted for estimating the finite

CDF under non-response with simple random sampling. Moreover, the biases and MSEs of

these adapted estimators are derived under the first order of approximation.

1. Cochran [28] adapted ratio estimator of F(y) is

F̂2 yð Þ ¼ F̂H yð Þ
FðxÞ
F̂ H ðxÞ

� �

: ð6Þ

The bias and MSE of F̂2ðyÞ, to the first order of approximation, are

BiasðF̂2ðyÞÞ ffi FðyÞðQ0200 � Q1100Þ;

Table 1. Estimators, variances, covariances and correlation under non-response situations.

Situation I II

Estimator

F̂ HðyÞ = F̂ �ðyÞ F̂ �ðyÞ

F̂ HðxÞ = F̂ �ðxÞ F̂ ðxÞ

�̂X H
= �̂X � �̂X

�̂Z H
= �̂Z � �̂Z
Variance/covariance

Qrstu = V�rstu Vrstu

Q2000 = V�
2000

V2000

Q0200 = V�
0200

V0200

Q0020 = V�
0020

V0020

Q0002 = V�
0002

V0002

Q1100 = V�
1100

V1100

Q1010 = V�
1010

V1010

Q1001 = V�
1001

V1001

Q0110 = V�
0110

V0110

Q0101 = V�
0101

V0101

Coefficient of correlation

%12 = Δ12 r12(2)

%13 = Δ13 r13(2)

%23 = Δ23 r23(2)

%14 = Δ14 r14(2)

%24 = Δ24 r24(2)

Coefficient of multiple determination

%2
1:23

= D
2

1:23
r2

1:23

%2
1:24

= D
2

1:24
r2

1:24

https://doi.org/10.1371/journal.pone.0243584.t001
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MSEðF̂2ðyÞÞ ffi F2ðyÞðQ2000 þ Q0200 � 2Q1100Þ: ð7Þ

2. Murthy [29] adapted product estimator of F(y) is

F̂3 yð Þ ¼ F̂HðyÞ
F̂HðxÞ
FðxÞ

� �

: ð8Þ

The bias and MSE of F̂3ðyÞ, to the first order of approximation, are

BiasðF̂3ðyÞÞ ¼ FðyÞQ1100;

MSEðF̂3ðyÞÞ ffi F2ðyÞðQ2000 þ Q0200 þ 2Q1100Þ: ð9Þ

3. The adapted difference estimator of F(y) is

F̂4ðyÞ ¼ F̂HðyÞ þ kðFðxÞ � F̂HðxÞÞ; ð10Þ

where k is an unknown constant. Here, F̂4ðyÞ is an unbiased estimator of F̂ðyÞ. The mini-

mum variance of F̂4ðyÞ at the optimum value k(opt) = (F(y)Q1100)/(F(x)Q0200) is

Varmin F̂4ðyÞ
� �

¼
F2ðyÞðQ2000Q0200 � Q2

1100
Þ

Q0200

: ð11Þ

Here, (11) may be written as

VarminðF̂4ðyÞÞ ¼ F2ðyÞQ2000ð1 � %
2

12
Þ: ð12Þ

4. Rao [30] adapted difference-type estimator of F(y) is

F̂5ðyÞ ¼ k1F̂HðyÞ þ k2ðFðxÞ � F̂HðxÞÞ; ð13Þ

where k1 and k2 are unknown constants. The bias and MSE of F̂5ðyÞ, to the first order of

approximation, are

BiasðF̂5ðyÞÞ ¼ FðyÞðk1 � 1Þ;

MSEðF̂5ðyÞÞ ffi F2ðyÞ � 2k1F
2ðyÞ þ k2

1
F2ðyÞ þ k2

1
F2ðyÞQ2000

� 2k1k2FðyÞFðxÞQ1100 þ k2

2
F2ðxÞQ0200: ð14Þ

The optimum values of k1 and k2, determined by minimizing (??), are

k1ðoptÞ ¼
Q0200

ðQ0200Q2000 � Q2
1100
þ Q0200Þ

;

k2ðoptÞ ¼
FðyÞQ1100

FðxÞðQ2000Q0200 � Q2
1100
þ Q0200Þ

:
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The minimum MSE of F̂5ðyÞ at the optimum values of k1 and k2 is

MSEmin F̂5ðyÞ
� �

¼
F2ðyÞðQ2000Q0200 � Q2

1100
Þ

ðQ2000Q0200 � Q2
1100
þ Q0200Þ

: ð15Þ

Here, (15) may be written as

MSEmin F̂5ðyÞ
� �

¼
F2ðyÞQ2000ð1 � %

2
12
Þ

1þ Q2000ð1 � %
2
12
Þ
: ð16Þ

5. Singh et al. [31] adapted generalized ratio-type exponential estimator of F(y) is

F̂6 yð Þ ¼ F̂H yð Þexp
aðFðxÞ � F̂HðxÞÞ

aðFðxÞ þ F̂HðxÞÞ þ 2b

� �

; ð17Þ

where a and b are known constants. The bias and MSE of F̂6ðyÞ, to the first order of approx-

imation, are

Bias F̂6ðyÞ
� �

ffi F yð Þ
3

8
y

2Q0200 �
1

2
yQ1100

� �

;

MSE F̂6ðyÞ
� �

ffi
F2ðyÞ

4
4Q2000 þ y

2Q0200 � 4yQ1100

� �
; ð18Þ

where θ = aF(x)/(aF(x)+b).

6. Grover and Kaur [32] adapted generalized class of ratio-type exponential estimator of F(y)

is

F̂7ðyÞ ¼ k3F̂HðyÞ þ k4ðFðxÞ � F̂HðxÞÞ
� �

exp
aðFðxÞ � F̂HðxÞÞ

aðFðxÞ þ F̂HðxÞÞ þ 2b

� �

; ð19Þ

where k3 and k4 are unknown constants. The bias and MSE of F̂7ðyÞ, to the first order of

approximation, are

Bias F̂7ðyÞ
� �

ffi F yð Þ k3 � 1ð Þ þ
3

8
y

2k3F yð Þ þ
1

2
yk4F xð ÞQ0200 �

1

2
yF yð ÞQ1100;

MSEðF̂7ðyÞÞ ffi k2

4
F2ðxÞQ0200 þ k2

3
F2ðyÞQ2000 þ 2yk3k4FðyÞFðxÞQ0200

� 2k3k4FðyÞFðxÞQ1100 þ F2ðyÞ � 2k3F
2ðyÞ þ yk2

3
F2ðyÞ

þk3F
2ðyÞQ1100 � yk4FðyÞFðxÞQ0200 � 2yk2

3
F2ðyÞQ1100

�
3

4
y

2k3F
2 yð ÞQ0200 þ y

2k2

3
F2 yð ÞQ0200: ð20Þ
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The optimum values of k3 and k4, determined by minimizing (??), are

k3ðoptÞ ¼
Q0200ðy

2Q0200 � 8Þ

8ð� Q2000Q0200 þ Q2
1100
� Q0200Þ

;

k4ðoptÞ ¼
FðyÞðy3Q2

0200
� y

2Q0200Q1100 þ 4yQ2000Q0200 � 4yQ2
1100
� 4yQ0200 þ 8Q1100Þ

8FðxÞðQ2000Q0200 � Q2
1100
þ Q0200Þ

:

The simplified minimum MSE of F̂7ðyÞ at the optimum values of k3 and k4 is

MSEmin F̂7ðyÞ
� �

ffi
F2ðyÞ

64
64 � 16y

2Q0200 �
Q0200ð� 8þ y

2Q0200Þ
2

Q0200ð1þ Q2000Þ � Q2
1100

� �

: ð21Þ

Here, (21) may be written as

MSEmin F̂7ðyÞ
� �

ffi Varmin F̂4ðyÞ
� �

�
F2ðyÞðy2Q2

0200
� 8Q2

1100
þ 8Q0200Q2000Þ

2

64Q2
0200
f1þ Q2000ð1 � %

2
12
Þg

; ð22Þ

which shows that F̂7ðyÞ is more precise than F̂4ðyÞ.

4. Proposed estimators

The precision of an estimator surges by using the appropriate secondary information at the

estimation stage. In previous studies, the sample distribution function of the auxiliary variable

was used to expand the productivities of the prevailing distribution function estimators. In a

recent study, Haq et al. [33] recommended that to use ranks of the auxiliary variable as an

additional auxiliary variable to increase the precision of an estimator of the population mean.

On the similar lines use additional auxiliary information on sample means of the auxiliary and

ranked-auxiliary variables along with the sample distribution function estimators of F(y) and F
(x) to estimate the finite CDF. For this persists, we recommend two families of estimators for

estimating F(y). The (first and second) families of estimators, used the (sample mean of the

auxiliary variable and the sample mean of the ranked-auxiliary variable) as an additional auxil-

iary variable.

On the lines of F̂5ðyÞ and F̂6ðyÞ, first proposed family of estimators for estimating F(y) is

given by

F̂8ðyÞ ¼ k5F̂HðyÞ þ k6

FðxÞ � F̂HðxÞ
FðxÞ

� �
�X � �̂XH

�X

 !( )

exp
aðFðxÞ � F̂HðxÞÞ

aðFðxÞ þ F̂HðxÞÞ þ 2b

� �

; ð23Þ

where k5, k6 and k7 are unknown constants, a (6¼0) and b are either two real numbers or func-

tions of known population parameters of I(X�x), like R12, β2 (coefficient of kurtosis), C2, etc.

The estimator F̂8ðyÞ can also be written as

F̂8 yð Þ ¼ k5FðyÞð1þ e1Þ � k6e2 � k7e3f g 1 �
1

2
ye2 þ

3

8
y

2e2

2
þ � � �

� �

: ð24Þ
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Simplifying (24) and keeping terms only up to the second power of ei’s, we can write

F̂8ðyÞ � FðyÞ
� �

¼ � FðyÞ þ k5F yð Þ þ k5F yð Þe1 �
1

2
yk5F yð Þe2 � k6e2 � k7e3

þ
3

8
y

2k5F yð Þe2

2
þ

1

2
yk6e

2

2
�

1

2
yk5F yð Þe1e2 þ

1

2
yk7e2e3: ð25Þ

The bias and MSE of F̂8ðyÞ, to the first order of approximation, are

Bias F̂8ðyÞ
� �

ffi F yð Þ k5 � 1ð Þ þ
3

8
y

2k5F yð ÞQ0200 þ
1

2
yk6Q0200 �

1

2
yk5F yð ÞQ1100 þ

1

2
yk7Q0110;

MSEðF̂8ðyÞÞ ffi F2ðyÞðk5 � 1Þ
2
þ k2

5
F2ðyÞQ2000 þ k2

6
Q0200 þ k2

7
Q0020 þ y

2k2

5
F2ðyÞQ0200

� yk6F yð ÞQ0200 þ 2yk5k6F yð ÞQ0200 �
3

4
y

2k5F
2 yð ÞQ0200 þ yk5F

2 yð ÞQ1100

� 2yk2

5
F2ðyÞQ1100 � 2k5k6FðyÞQ1100 � 2k5k7FðyÞQ1010 � yk7FðyÞQ0110

þ2yk5k7FðyÞQ0110 � 2k6k7Q0110: ð26Þ

The optimum values of k5, k6 and k7, determined by minimizing (26), are

k5ðoptÞ ¼
8 � y

2Q0200

8f1þ Q2000ð1 � %
2
1:23
Þg
;

k6ðoptÞ ¼

FðyÞ
y

3Q3=2

0200ð%
2
23
� 1Þ þ Q1=2

2000ð� 8þ y
2Q0200Þð%12 � %23%13Þ

þ 4yQ1=2

0200ð%
2
23
� 1Þf� 1þ Q2000ð1 � %

2
1:23
Þg

2

4

3

5

8Q1=2

0200ð%
2
23
� 1Þf� 1þ Q2000ð1 � %

2
1:23
Þg

;

k7ðoptÞ ¼
FðyÞQ1=2

2000ð8 � y
2Q0200Þð%12 � %23%13Þ

8Q1=2

0200ð%
2
23
� 1Þf� 1þ Q2000ð1 � %

2
1:23
Þg
:

The simplified minimum MSE of F̂8ðyÞ, at the optimum values of k5, k6 and k7 is

MSEmin F̂8ðyÞ
� �

ffi
F2ðyÞf64Q2000ð1 � %

2
1:23
Þ � y

4Q2
0200
� 16y

2Q0200Q2000ð1 � %
2
1:23
Þg

64f1þ Q2000ð1 � %
2
1:23
Þg

; ð27Þ

where %2
1:23
¼

Q2
1100

Q0020þQ2
1010

Q0200� 2Q1010Q1100Q0110

Q2000ðQ0200Q0020� Q2
0110
Þ

� �
.

Here, (27) may be written as

MSEminðF̂8ðyÞÞ ffi VarminðF̂4ðyÞÞ � H1 � H2; ð28Þ
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where

H1 ¼
F2ðyÞðy2Q2

0200
� 8Q2

1100
þ 8Q0200Q2000Þ

2

64Q2
0200
f1þ Q2000ð1 � %

2
12
Þg

and

H2 ¼
F2ðyÞðy2Q0200 � 8Þ

2
ðQ0200Q1010 � Q0110Q1100Þ

2

64Q2
0200

Q0020ð1 � %
2
23
Þf1þ Q2000ð1 � %

2
12
Þgf1þ Q2000ð1 � %

2
1:23
Þg
:

It is clear that F̂8ðyÞ is more precise than F̂4ðyÞ.
On similar lines, second proposed family of estimators for estimating F(y) is given by

F̂9 yð Þ ¼ k8F̂ðyÞ þ k9

FðxÞ � F̂ðxÞ
FðxÞ

� �

þ k10

�Z � �̂Z
�Z

 !( )

exp
aðFðxÞ � F̂ðxÞÞ

aðFðxÞ � F̂ðxÞÞ þ 2b

� �

; ð29Þ

where k8, k9 and k10 are unknown constants, a(6¼0) and b are either two real numbers or func-

tions of known population parameters of I(X�x), like R12, β2 (coefficient of kurtosis), C2, etc.

The estimator F̂9ðyÞ can also be written as

F̂9 yð Þ ¼ k8FðyÞð1 þ e1Þ � k9e2 � k10e4f g 1 �
1

2
ye2 þ

3

8
y

2e2

2
þ � � �

� �

: ð30Þ

Simplifying (30) and keeping terms only up to the second power of ei’s, we can write

F̂9ðyÞ � FðyÞ
� �

¼ � F yð Þ þ k8F yð Þ þ k8F yð Þe1 �
1

2
yk8F yð Þe2 � k9e2 � k10e4

þ
3

8
y

2k8F yð Þe2

2
þ

1

2
yk9e

2

2
�

1

2
yk8F yð Þe1e2 þ

1

2
yk10e2e4: ð31Þ

The bias and MSE of F̂9ðyÞ, to the first order of approximation, are

Bias F̂9ðyÞ
� �

ffi F yð Þ k8 � 1ð Þ þ
3

8
y

2k8F yð ÞQ0200 þ
1

2
yk9Q0200 �

1

2
yk8F yð ÞQ1100 þ

1

2
yk9Q0101;

MSEðF̂9ðyÞÞ ffi F2ðyÞðk8 � 1Þ
2
þ k2

8
F2ðyÞQ2000 þ k2

9
Q0200 þ k2

10
Q0002 þ y

2k2

8
F2ðyÞQ0200

� yk9F yð ÞQ0200 þ 2yk8k9F yð ÞQ0200 �
3

4
y

2k8F
2 yð ÞQ0200 þ yk8F

2 yð ÞQ1100

� 2yk2

8
F2ðyÞQ1100 � 2k8k9FðyÞQ1100 � 2k8k10FðyÞQ1001 � yk10FðyÞQ0101

þ2yk8k10FðyÞQ0101 � 2k9k10Q0101: ð32Þ
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The optimum values of k8, k9 and k10, determined by minimizing (??), are

k8ðoptÞ ¼
8 � y

2Q0200

8f1þ Q2000ð1 � %
2
1:24
Þg
;

k9ðoptÞ ¼

FðyÞ½
y

3Q3=2

0200ð%
2
24
� 1Þ þ Q1=2

2000ð� 8þ y
2Q0200Þð%12 � R24R14Þ

þ 4yQ1=2

0200ð%
2
24
� 1Þf� 1þ Q2000ð1 � %

2
1:24
Þg

�

8Q1=2

0200ð%
2
24
� 1Þf� 1þ Q2000ð1 � %

2
1:24
Þg

;

k10ðoptÞ ¼
FðyÞQ1=2

2000ð8 � y
2Q0200Þð%12 � %24%14Þ

8Q1=2

0200ð%
2
24
� 1Þf� 1þ Q2000ð1 � %

2
1:24
Þg
:

The simplified minimum MSE of F̂9ðyÞ at the optimum values of k8, k9 and k10 is

MSEmin F̂9ðyÞ
� �

ffi
F2ðyÞf64Q2000ð1 � %

2
1:24
Þ � y

4Q2
0200
� 16yQ0200Q2000ð1 � %

2
1:24
Þg

64f1þ Q2000ð1 � %
2
1:24
Þg

; ð33Þ

where %2
1:24
¼

Q2
1100

Q0002þQ2
1001

Q0200� 2Q1001Q1100Q0101

Q2000ðQ0200Q0002� Q2
0101
Þ

� �
.

Here, (33) may be written as

MSEminðF̂9ðyÞÞ ffi VarminðF̂4ðyÞÞ � H1 � H3; ð34Þ

where

H1 ¼
F2ðyÞðy2Q2

0200
� 8Q2

1100
þ 8Q0200Þ

2

64Q2
0200
f1þ Q2000ð1 � R2

12
Þg

and

H3 ¼
F2ðyÞðy2Q0200 � 8Þ

2
ðQ0200Q1001 � Q0101Q1100Þ

2

64Q2
0200

Q0002ð1 � R2
24
Þf1þ Q2000ð1 � R2

12
Þgf1þ Q2000ð1 � R2

1:24
Þg
:

It is clear that F̂9ðyÞ is more precise than F̂4ðyÞ.
In Table 2, we put some members of the Singh et al. [31], Grover and Kaur [32], and pro-

posed families of estimators with selected choices of a and b.

Table 2. Some members of the adapted and proposed distribution function estimators.

a b F̂ 6ðyÞ F̂ 7ðyÞ F̂ 8ðyÞ F̂ 9ðyÞ
1 C2 F̂ ð1Þ6 ðyÞ F̂ ð1Þ7 ðyÞ F̂ ð1Þ8 ðyÞ F̂ ð1Þ9 ðyÞ
1 β2 F̂ ð2Þ6 ðyÞ F̂ ð2Þ7 ðyÞ F̂ ð2Þ8 ðyÞ F̂ ð2Þ9 ðyÞ
β2 C2 F̂ ð3Þ6 ðyÞ F̂ ð3Þ7 ðyÞ F̂ ð3Þ8 ðyÞ F̂ ð3Þ9 ðyÞ
C2 β2 F̂ ð4Þ6 ðyÞ F̂ ð4Þ7 ðyÞ F̂ ð4Þ8 ðyÞ F̂ ð4Þ9 ðyÞ
1 12 F̂ ð5Þ6 ðyÞ F̂ ð5Þ7 ðyÞ F̂ ð5Þ8 ðyÞ F̂ ð5Þ9 ðyÞ
C2 R12 F̂ ð6Þ6 ðyÞ F̂ ð6Þ7 ðyÞ F̂ ð6Þ8 ðyÞ F̂ ð6Þ9 ðyÞ
R12 C2 F̂ ð7Þ6 ðyÞ F̂ ð7Þ7 ðyÞ F̂ ð7Þ8 ðyÞ F̂ ð7Þ9 ðyÞ
β2 R12 F̂ ð8Þ6 ðyÞ F̂ ð8Þ7 ðyÞ F̂ ð8Þ8 ðyÞ F̂ ð8Þ9 ðyÞ
R12 β2 F̂ ð9Þ6 ðyÞ F̂ ð9Þ7 ðyÞ F̂ ð9Þ8 ðyÞ F̂ ð9Þ9 ðyÞ
1 NF(x) F̂ ð10Þ

6 ðyÞ F̂ ð10Þ

7 ðyÞ F̂ ð1Þ8 ðyÞ F̂ ð10Þ

9 ðyÞ

https://doi.org/10.1371/journal.pone.0243584.t002
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5. Efficiency comparisons in simple random sampling

In this section, the adapted and proposed estimators of F(y) are compared in terms of the min-

imum MSEs. [(i)]

1. From (5) and (28),

MSEminðF̂8ðyÞÞ < VarðF̂1ðyÞÞif

F2ðyÞQ2000%
2

12
þ H1 þ H2 > 0:

2. From (7) and (28),

MSEminðF̂8ðyÞÞ < MSEðF̂2ðyÞÞif

F2ðyÞ
Q2000

ðQ0200 � Q1100Þ
2
þH1 þH2 > 0:

3. From (9) and (28),

MSEminðF̂8ðyÞÞ < MSEðF̂3ðyÞÞif

F2ðyÞ
Q2000

ðQ0200 þ Q1100Þ
2
þH1 þH2 > 0:

4. From (12) and (28),

MSEminðF̂8ðyÞÞ < MSEminðF̂4ðyÞÞif

H1 þH2 > 0:

5. From (16) and (28),

MSEminðF̂8ðyÞÞ < MSEminðF̂5ðyÞÞif

F2ðyÞy2Q0200fy
2Q0200 þ 16Q2000ð1 � %

2
12
Þg

64f1þ Q2000ð1 � %
2
12
Þg

þ H2 > 0:

6. From (18) and (28),

MSEminðF̂8ðyÞÞ < MSEðF̂6ðyÞÞif

F2ðyÞ
Q2000

yQ0200

2
� Q1100

� �2

þH1 þH2 > 0:
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7. From (22) and (28),

MSEminðF̂8ðyÞÞ < MSEminðF̂7ðyÞÞif

H2 > 0:

8. From (5) and (34),

MSEminðF̂9ðyÞÞ < VarðF̂1ðyÞÞif

1

Q0200

F2ðyÞQ2

1100
þH1 þH3 > 0:

9. From (7) and (34),

MSEminðF̂9ðyÞÞ < MSEðF̂2ðyÞÞif

F2ðyÞ
Q2000

ðQ0200 � Q1100Þ
2
þH1 þH3 > 0:

10. From (9) and (34),

MSEminðF̂9ðyÞÞ < MSEðF̂3ðyÞÞif

F2ðyÞ
Q2000

ðQ0200 þ Q1100Þ
2
þH1 þH3 > 0:

11. From (12) and (34),

MSEminðF̂9ðyÞÞ < MSEminðF̂4ðyÞÞif

H1 þH3 > 0:

12. From (16) and (34),

MSEminðF̂9ðyÞÞ < MSEminðF̂5ðyÞÞif

F2ðyÞy2Q0200fy
2Q0200 þ 16Q2000ð1 � %

2
12
Þg

64f1þ Q2000ð1 � R2
12
Þg

þ H3 > 0:

13. From (18) and (34),

MSEminðF̂9ðyÞÞ < MSEminðF̂6ðyÞÞif
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F2ðyÞ
Q2000

yQ0200

2
� Q1100

� �2

þH1 þH3 > 0:

14. From (22) and (34),

MSEminðF̂9ðyÞÞ < MSEminðF̂7ðyÞÞif

H3 > 0:

The proposed families of estimators are always more precise than the adapted estimators

as the above conditions (i)–(xiv) are always true.

6. Empirical study

In this section, we conduct a numerical study to see the performance of the adapted and pro-

posed distribution function estimators. For this purpose, five population are considered. The

summary statistics of these populations are reported in Tables 3–6. The percentage relative

efficiency (PRE) of an estimator F̂ iðyÞ with respect to F̂HðyÞ is

PRE F̂ iðyÞ; F̂HðyÞ
� �

¼ VarðF̂HðyÞÞ
MSEminðF̂ iðyÞÞ � 100;

where i = 2,3,. . .,9.

The PREs of distribution function estimators, computed from five populations, are given in

Tables 7–14.

Population I -Gujarati [34]

Table 3. Summary statistics for population I.

Parameter Value Parameter Value

N 50 S2 0.50508

n 15 S3 21805

λ 0.04667 S4 15756

�X 75.8720 R12 −0.20000

�R 25.5000 R13 0.25176

F(y) 0.50000 R23 −0.79517

F(x) 0.50000 R14 0.21345

S1 0.50508 R24 −0.86628

Non-response

Parameter Value Parameter Value

N2 12 S4(2) 3.60555

w2 0.24000 R12(2) −0.50709

λ2 0.01600 R13(2) 0.35848

S1(2) 0.51493 R23(2) −0.82899

S2(2) 0.52223 R14(2) 0.36724

S3(2) 19.5392 R24(2) −0.86905

https://doi.org/10.1371/journal.pone.0243584.t003
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Y: The eggs produced in 1990 (millions) and

X: The price per dozen (cents) in 1991. The proportion of the non-response units in the given

population is considered to be the last 25% units.

Population II -Gujarati [34]

Y: The eggs produced in 1990 (millions) and

X: The price per dozen (cents) in 1990. The proportion of the non-response units in the given

population is considered to be the last 25% units.

Table 4. Summary statistics for population II.

Parameter Value Parameter Value

N 50 S2 0.50508

n 15 S3 21.3175

λ 0.04667 S4 15756

�X 78.2900 R12 −0.12000

�R 25.5000 R13 0.22925

F(y) 0.50000 R23 −0.78936

F(x) 0.50000 R14 0.18435

S1 0.50508 R24 −0.86630

Non-response

Parameter Value Parameter Value

N2 12 S4(2) 3.60555

w2 0.24000 R12(2) −0.16903

λ2 0.01600 R13(2) 0.25695

S1(2) 0.51493 R23(2) −0.81369

S2(2) 0.52223 R14(2) 0.22034

S3(2) 18.2593 R24(2) −0.86905

https://doi.org/10.1371/journal.pone.0243584.t004

Table 5. Summary statistics for population III.

Parameter Value Parameter Value

N 30 S2 0.50855

n 8 S3 9.23238

λ 0.09167 S4 8.79557

�X 67.2667 R12 −0.73333

�R 15.5000 R13 0.71975

F(y) 0.50000 R23 −0.83726

F(x) 0.50000 R14 0.73622

S1 0.50855 R24 −0.86728

Non-response

Parameter Value Parameter Value

N2 8 S4(2) 44949

w2 0.26667 R12(2) −0.60000

λ2 0.03333 R13(2) 0.36387

S1(2) 0.51755 R23(2) −0.81227

S2(2) 0.51755 R14(2) 0.28172

S3(2) 9.38749 R24(2) −0.84515

https://doi.org/10.1371/journal.pone.0243584.t005
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Table 6. Summary statistics for population IV.

Parameter Value Parameter Value

N 69 S2 0.50361

n 20 S3 7058.99

λ 0.03550 S2
44

20.0602

�X 49544 R12 0.94202

�R 35.0000 R13 −0.57090

F(y) 0.50725 R23 −0.57274

F(x) 0.50725 R14 −0.85584

S1 0.50361 R24 −0.86603

Non-response

Parameter Value Parameter Value

N2 17 S4(2) 5.04975

W2 0.24638 R12(2) 0.88273

λ2 0.01231 R13(2) −0.62943

S1(2) 0.51449 R23(2) −0.57830

S3(2) 5920.86 R24(2) −0.85391

https://doi.org/10.1371/journal.pone.0243584.t006

Table 7. PREs of distribution function estimators under situation-I using population I.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 89.193 F̂ ð1Þ7 ðyÞ 115.27 F̂ ð1Þ8 ðyÞ 116.13 F̂ ð1Þ9 ðyÞ 115.36

F̂ 2ðyÞ 38.87 F̂ ð2Þ6 ðyÞ 89.11 F̂ ð2Þ7 ðyÞ 115.28 F̂ ð2Þ8 ðyÞ 116.13 F̂ ð2Þ9 ðyÞ 115.36

F̂ 3ðyÞ 69.33 F̂ ð3Þ6 ðyÞ 89.19 F̂ ð3Þ7 ðyÞ 115.27 F̂ ð3Þ8 ðyÞ 116.13 F̂ ð3Þ9 ðyÞ 115.36

F̂ 4ðyÞ 108.61 F̂ ð4Þ6 ðyÞ 89.03 F̂ ð4Þ7 ðyÞ 115.28 F̂ ð4Þ8 ðyÞ 116.14 F̂ ð4Þ9 ðyÞ 115.37

F̂ 5ðyÞ 115.07 F̂ ð5Þ6 ðyÞ 46.07 F̂ ð5Þ7 ðyÞ 121.61 F̂ ð5Þ8 ðyÞ 1252 F̂ ð5Þ9 ðyÞ 121.70

F̂ ð6Þ6 ðyÞ 46.33 F̂ ð6Þ7 ðyÞ 121.5 F̂ ð6Þ8 ðyÞ 1241 F̂ ð6Þ9 ðyÞ 121.59

F̂ ð7Þ6 ðyÞ 1088 F̂ ð7Þ7 ðyÞ 115.09 F̂ ð7Þ8 ðyÞ 115.95 F̂ ð7Þ9 ðyÞ 115.17

F̂ ð8Þ6 ðyÞ 46.07 F̂ ð8Þ7 ðyÞ 121.61 F̂ ð8Þ8 ðyÞ 1252 F̂ ð8Þ9 ðyÞ 121.70

F̂ ð9Þ6 ðyÞ 1091 F̂ ð9Þ7 ðyÞ 115.09 F̂ ð9Þ8 ðyÞ 115.95 F̂ ð9Þ9 ðyÞ 115.18

F̂ ð10Þ

6 ðyÞ 99.44 F̂ ð10Þ

7 ðyÞ 115.07 F̂ ð10Þ

8 ðyÞ 115.92 F̂ ð10Þ

9 ðyÞ 115.15

https://doi.org/10.1371/journal.pone.0243584.t007

Table 8. PREs of distribution function estimators under situation-II using population I.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 89.19 F̂ ð1Þ7 ðyÞ 115.27 F̂ ð1Þ8 ðyÞ 117.91 F̂ ð1Þ9 ðyÞ 115.42

F̂ 2ðyÞ 38.87 F̂ ð2Þ6 ðyÞ 89.11 F̂ ð2Þ7 ðyÞ 115.28 F̂ ð2Þ8 ðyÞ 117.91 F̂ ð2Þ9 ðyÞ 115.43

F̂ 3ðyÞ 69.33 F̂ ð3Þ6 ðyÞ 89.19 F̂ ð3Þ7 ðyÞ 115.27 F̂ ð3Þ8 ðyÞ 117.91 F̂ ð3Þ9 ðyÞ 115.42

F̂ 4ðyÞ 108.61 F̂ ð4Þ6 ðyÞ 89.03 F̂ ð4Þ7 ðyÞ 115.28 F̂ ð4Þ8 ðyÞ 117.92 F̂ ð4Þ9 ðyÞ 115.43

F̂ 5ðyÞ 115.07 F̂ ð5Þ6 ðyÞ 46.07 F̂ ð5Þ7 ðyÞ 121.61 F̂ ð5Þ8 ðyÞ 1241 F̂ ð5Þ9 ðyÞ 121.76

F̂ ð6Þ6 ðyÞ 46.33 F̂ ð6Þ7 ðyÞ 121.50 F̂ ð6Þ8 ðyÞ 1231 F̂ ð6Þ9 ðyÞ 121.66

F̂ ð7Þ6 ðyÞ 1088 F̂ ð7Þ7 ðyÞ 115.09 F̂ ð7Þ8 ðyÞ 117.72 F̂ ð7Þ9 ðyÞ 115.24

F̂ ð8Þ6 ðyÞ 46.07 F̂ ð8Þ7 ðyÞ 121.61 F̂ ð8Þ8 ðyÞ 1241 F̂ ð8Þ9 ðyÞ 121.76

F̂ ð9Þ6 ðyÞ 1091 F̂ ð9Þ7 ðyÞ 115.09 F̂ ð9Þ8 ðyÞ 117.72 F̂ ð9Þ9 ðyÞ 115.24

F̂ ð10Þ

6 ðyÞ 99.44 F̂ ð10Þ

7 ðyÞ 115.07 F̂ ð10Þ

8 ðyÞ 117.70 F̂ ð10Þ

9 ðyÞ 115.22

https://doi.org/10.1371/journal.pone.0243584.t008
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Table 9. PREs of distribution function estimators under situation-I using population II.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 93.54 F̂ ð1Þ7 ðyÞ 109.64 F̂ ð1Þ8 ðyÞ 1112 F̂ ð1Þ9 ðyÞ 111.94

F̂ 2ðyÞ 49.21 F̂ ð2Þ6 ðyÞ 93.49 F̂ ð2Þ7 ðyÞ 109.64 F̂ ð2Þ8 ðyÞ 1112 F̂ ð2Þ9 ðyÞ 111.94

F̂ 3ðyÞ 69.33 F̂ ð3Þ6 ðyÞ 93.54 F̂ ð3Þ7 ðyÞ 109.64 F̂ ð3Þ8 ðyÞ 1112 F̂ ð3Þ9 ðyÞ 111.94

F̂ 4ðyÞ 103.04 F̂ ð4Þ6 ðyÞ 93.44 F̂ ð4Þ7 ðyÞ 109.65 F̂ ð4Þ8 ðyÞ 1112 F̂ ð4Þ9 ðyÞ 111.94

F̂ 5ðyÞ 109.5 F̂ ð5Þ6 ðyÞ 56.89 F̂ ð5Þ7 ðyÞ 113.76 F̂ ð5Þ8 ðyÞ 118.43 F̂ ð5Þ9 ðyÞ 116.15

F̂ ð6Þ6 ðyÞ 57.17 F̂ ð6Þ7 ðyÞ 113.69 F̂ ð6Þ8 ðyÞ 118.36 F̂ ð6Þ9 ðyÞ 116.08

F̂ ð7Þ6 ðyÞ 101.42 F̂ ð7Þ7 ðyÞ 109.51 F̂ ð7Þ8 ðyÞ 113.99 F̂ ð7Þ9 ðyÞ 111.81

F̂ ð8Þ6 ðyÞ 56.89 F̂ ð8Þ7 ðyÞ 113.76 F̂ ð8Þ8 ðyÞ 118.43 F̂ ð8Þ9 ðyÞ 116.15

F̂ ð9Þ6 ðyÞ 101.43 F̂ ð9Þ7 ðyÞ 109.51 F̂ ð9Þ8 ðyÞ 113.99 F̂ ð9Þ9 ðyÞ 111.81

F̂ ð10Þ

6 ðyÞ 99.70 F̂ ð10Þ

7 ðyÞ 109.50 F̂ ð10Þ

8 ðyÞ 113.97 F̂ ð10Þ

9 ðyÞ 111.79

https://doi.org/10.1371/journal.pone.0243584.t009

Table 10. PREs of distribution function estimators under situation-II using population II.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 95.28 F̂ ð1Þ7 ðyÞ 107.67 F̂ ð1Þ8 ðyÞ 111.43 F̂ ð1Þ9 ðyÞ 109.67

F̂ 2ðyÞ 524 F̂ ð2Þ6 ðyÞ 95.24 F̂ ð2Þ7 ðyÞ 107.67 F̂ ð2Þ8 ðyÞ 111.43 F̂ ð2Þ9 ðyÞ 109.68

F̂ 3ðyÞ 609 F̂ ð3Þ6 ðyÞ 95.28 F̂ ð3Þ7 ðyÞ 107.67 F̂ ð3Þ8 ðyÞ 111.43 F̂ ð3Þ9 ðyÞ 109.67

F̂ 4ðyÞ 101.07 F̂ ð4Þ6 ðyÞ 95.20 F̂ ð4Þ7 ðyÞ 107.68 F̂ ð4Þ8 ðyÞ 111.43 F̂ ð4Þ9 ðyÞ 109.67

F̂ 5ðyÞ 107.53 F̂ ð5Þ6 ðyÞ 69.66 F̂ ð5Þ7 ðyÞ 109.98 F̂ ð5Þ8 ðyÞ 113.82 F̂ ð5Þ9 ðyÞ 1102

F̂ ð6Þ6 ðyÞ 69.78 F̂ ð6Þ7 ðyÞ 109.96 F̂ ð6Þ8 ðyÞ 113.81 F̂ ð6Þ9 ðyÞ 1100

F̂ ð7Þ6 ðyÞ 100.49 F̂ ð7Þ7 ðyÞ 107.54 F̂ ð7Þ8 ðyÞ 111.29 F̂ ð7Þ9 ðyÞ 109.53

F̂ ð8Þ6 ðyÞ 69.66 F̂ ð8Þ7 ðyÞ 109.98 F̂ ð8Þ8 ðyÞ 113.82 F̂ ð8Þ9 ðyÞ 1102

F̂ ð9Þ6 ðyÞ 100.49 F̂ ð9Þ7 ðyÞ 107.54 F̂ ð9Þ8 ðyÞ 111.29 F̂ ð9Þ9 ðyÞ 109.53

F̂ ð10Þ

6 ðyÞ 99.82 F̂ ð10Þ

7 ðyÞ 107.53 F̂ ð10Þ

8 ðyÞ 111.28 F̂ ð10Þ

9 ðyÞ 109.52

https://doi.org/10.1371/journal.pone.0243584.t010

Table 11. PREs of distribution function estimators under situation-I using population III.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 79.57 F̂ ð1Þ7 ðyÞ 208.21 F̂ ð1Þ8 ðyÞ 210.57 F̂ ð1Þ9 ðyÞ 216.06

F̂ 2ðyÞ 29.47 F̂ ð2Þ6 ðyÞ 79.36 F̂ ð2Þ7 ðyÞ 208.22 F̂ ð2Þ8 ðyÞ 210.59 F̂ ð2Þ9 ðyÞ 216.07

F̂ 3ðyÞ 1694 F̂ ð3Þ6 ðyÞ 79.57 F̂ ð3Þ7 ðyÞ 208.21 F̂ ð3Þ8 ðyÞ 210.57 F̂ ð3Þ9 ðyÞ 216.06

F̂ 4ðyÞ 1940 F̂ ð4Þ6 ðyÞ 79.16 F̂ ð4Þ7 ðyÞ 208.24 F̂ ð4Þ8 ðyÞ 210.61 F̂ ð4Þ9 ðyÞ 216.09

F̂ 5ðyÞ 207.46 F̂ ð5Þ6 ðyÞ 152.74 F̂ ð5Þ7 ðyÞ 270.64 F̂ ð5Þ8 ðyÞ 2709 F̂ ð5Þ9 ðyÞ 282.08

F̂ ð6Þ6 ðyÞ 1424 F̂ ð6Þ7 ðyÞ 2855 F̂ ð6Þ8 ðyÞ 288.28 F̂ ð6Þ9 ðyÞ 296.98

F̂ ð7Þ6 ðyÞ 145.64 F̂ ð7Þ7 ðyÞ 209.72 F̂ ð7Þ8 ðyÞ 2110 F̂ ð7Þ9 ðyÞ 217.63

F̂ ð8Þ6 ðyÞ 152.74 F̂ ð8Þ7 ðyÞ 270.64 F̂ ð8Þ8 ðyÞ 2709 F̂ ð8Þ9 ðyÞ 282.08

F̂ ð9Þ6 ðyÞ 146.98 F̂ ð9Þ7 ðyÞ 209.85 F̂ ð9Þ8 ðyÞ 2124 F̂ ð9Þ9 ðyÞ 217.76

F̂ ð10Þ

6 ðyÞ 97.78 F̂ ð10Þ

7 ðyÞ 207.47 F̂ ð10Þ

8 ðyÞ 209.83 F̂ ð10Þ

9 ðyÞ 215.29

https://doi.org/10.1371/journal.pone.0243584.t011
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Table 12. PREs of distribution function estimators under situation-II using population III.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 83.66 F̂ ð1Þ7 ðyÞ 177.62 F̂ ð1Þ8 ðyÞ 185.30 F̂ ð1Þ9 ðyÞ 185.98

F̂ 2ðyÞ 35.82 F̂ ð2Þ6 ðyÞ 83.49 F̂ ð2Þ7 ðyÞ 177.63 F̂ ð2Þ8 ðyÞ 185.32 F̂ ð2Þ9 ðyÞ 185.99

F̂ 3ðyÞ 151.28 F̂ ð3Þ6 ðyÞ 83.66 F̂ ð3Þ7 ðyÞ 177.62 F̂ ð3Þ8 ðyÞ 185.30 F̂ ð3Þ9 ðyÞ 185.98

F̂ 4ðyÞ 1611 F̂ ð4Þ6 ðyÞ 83.32 F̂ ð4Þ7 ðyÞ 177.65 F̂ ð4Þ8 ðyÞ 185.33 F̂ ð4Þ9 ðyÞ 186.00

F̂ 5ðyÞ 177.16 F̂ ð5Þ6 ðyÞ 1443 F̂ ð5Þ7 ðyÞ 207.48 F̂ ð5Þ8 ðyÞ 216.89 F̂ ð5Þ9 ðyÞ 217.71

F̂ ð6Þ6 ðyÞ 138.06 F̂ ð6Þ7 ðyÞ 2184 F̂ ð6Þ8 ðyÞ 2262 F̂ ð6Þ9 ðyÞ 223.48

F̂ ð7Þ6 ðyÞ 132.03 F̂ ð7Þ7 ðyÞ 178.54 F̂ ð7Þ8 ðyÞ 186.26 F̂ ð7Þ9 ðyÞ 186.94

F̂ ð8Þ6 ðyÞ 1443 F̂ ð8Þ7 ðyÞ 207.48 F̂ ð8Þ8 ðyÞ 216.89 F̂ ð8Þ9 ðyÞ 217.71

F̂ ð9Þ6 ðyÞ 132.90 F̂ ð9Þ7 ðyÞ 178.62 F̂ ð9Þ8 ðyÞ 186.34 F̂ ð9Þ9 ðyÞ 187.02

F̂ ð10Þ

6 ðyÞ 98.29 F̂ ð10Þ

7 ðyÞ 177.17 F̂ ð10Þ

8 ðyÞ 1883 F̂ ð10Þ

9 ðyÞ 185.50

https://doi.org/10.1371/journal.pone.0243584.t012

Table 13. PREs of distribution function estimators under situation-I using population IV.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 140.20 F̂ ð1Þ7 ðyÞ 715.05 F̂ ð1Þ8 ðyÞ 736.10 F̂ ð1Þ9 ðyÞ 755.46

F̂ 2ðyÞ 678.05 F̂ ð2Þ6 ðyÞ 139.93 F̂ ð2Þ7 ðyÞ 715.03 F̂ ð2Þ8 ðyÞ 736.09 F̂ ð2Þ9 ðyÞ 755.44

F̂ 3ðyÞ 25.76 F̂ ð3Þ6 ðyÞ 140.23 F̂ ð3Þ7 ðyÞ 715.05 F̂ ð3Þ8 ðyÞ 736.10 F̂ ð3Þ9 ðyÞ 755.46

F̂ 4ðyÞ 709.37 F̂ ð4Þ6 ðyÞ 139.69 F̂ ð4Þ7 ðyÞ 715.02 F̂ ð4Þ8 ðyÞ 736.08 F̂ ð4Þ9 ðyÞ 755.43

F̂ 5ðyÞ 7103 F̂ ð5Þ6 ðyÞ 141.99 F̂ ð5Þ7 ðyÞ 715.12 F̂ ð5Þ8 ðyÞ 736.18 F̂ ð5Þ9 ðyÞ 755.54

F̂ ð6Þ6 ðyÞ 141.75 F̂ ð6Þ7 ðyÞ 715.11 F̂ ð6Þ8 ðyÞ 736.17 F̂ ð6Þ9 ðyÞ 755.53

F̂ ð7Þ6 ðyÞ 138.24 F̂ ð7Þ7 ðyÞ 7196 F̂ ð7Þ8 ðyÞ 736.02 F̂ ð7Þ9 ðyÞ 755.37

F̂ ð8Þ6 ðyÞ 1402 F̂ ð8Þ7 ðyÞ 715.12 F̂ ð8Þ8 ðyÞ 736.18 F̂ ð8Þ9 ðyÞ 755.54

F̂ ð9Þ6 ðyÞ 137.98 F̂ ð9Þ7 ðyÞ 7195 F̂ ð9Þ8 ðyÞ 736.00 F̂ ð9Þ9 ðyÞ 755.36

F̂ ð10Þ

6 ðyÞ 101.35 F̂ ð10Þ

7 ðyÞ 7103 F̂ ð10Þ

8 ðyÞ 735.06 F̂ ð10Þ

9 ðyÞ 7538

https://doi.org/10.1371/journal.pone.0243584.t013

Table 14. PREs of distribution function estimators under situation-II using population IV.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value

F̂ 1ðyÞ 100 F̂ ð1Þ6 ðyÞ 127.83 F̂ ð1Þ7 ðyÞ 3060 F̂ ð1Þ8 ðyÞ 305.59 F̂ ð1Þ9 ðyÞ 308.98

F̂ 2ðyÞ 297.38 F̂ ð2Þ6 ðyÞ 127.66 F̂ ð2Þ7 ðyÞ 3059 F̂ ð2Þ8 ðyÞ 305.58 F̂ ð2Þ9 ðyÞ 308.98

F̂ 3ðyÞ 31.59 F̂ ð3Þ6 ðyÞ 127.85 F̂ ð3Þ7 ðyÞ 3059 F̂ ð3Þ8 ðyÞ 305.59 F̂ ð3Þ9 ðyÞ 308.98

F̂ 4ðyÞ 299.62 F̂ ð4Þ6 ðyÞ 127.50 F̂ ð4Þ7 ðyÞ 3059 F̂ ð4Þ8 ðyÞ 305.58 F̂ ð4Þ9 ðyÞ 308.98

F̂ 5ðyÞ 3029 F̂ ð5Þ6 ðyÞ 128.96 F̂ ð5Þ7 ðyÞ 3062 F̂ ð5Þ8 ðyÞ 305.60 F̂ ð5Þ9 ðyÞ 309.00

F̂ ð6Þ6 ðyÞ 128.80 F̂ ð6Þ7 ðyÞ 3062 F̂ ð6Þ8 ðyÞ 305.60 F̂ ð6Þ9 ðyÞ 309.00

F̂ ð7Þ6 ðyÞ 126.58 F̂ ð7Þ7 ðyÞ 3057 F̂ ð7Þ8 ðyÞ 305.56 F̂ ð7Þ9 ðyÞ 308.96

F̂ ð8Þ6 ðyÞ 128.98 F̂ ð8Þ7 ðyÞ 3062 F̂ ð8Þ8 ðyÞ 305.61 F̂ ð8Þ9 ðyÞ 309.00

F̂ ð9Þ6 ðyÞ 126.41 F̂ ð9Þ7 ðyÞ 3057 F̂ ð9Þ8 ðyÞ 305.56 F̂ ð9Þ9 ðyÞ 308.96

F̂ ð10Þ

6 ðyÞ 101.02 F̂ ð10Þ

7 ðyÞ 3029 F̂ ð10Þ

8 ðyÞ 305.28 F̂ ð10Þ

9 ðyÞ 308.67

https://doi.org/10.1371/journal.pone.0243584.t014
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Population III-Singh [35]

Y: Duration of sleep of persons with age more than 50 years and

X: The age of persons in years. The proportion of the non-response units in the given popula-

tion is considered to be the last 25% units.

Population IV-Singh [35]

Y: The estimated number of fish caught by marine recreational fisherman in year 1995 and

X: The estimated number of fish caught by marine recreational fisherman in year 199 The

share of the non-response units in the given population is the last 25% units.

As mention above, we used four data sets for numerical illustration. We also considered dif-

ferent sample sizes from these populations. We then used simple random sampling, and the

MSEs (minimum) of the proposed families of estimators pointed out in Eqs 28 and 21. The

proposed families of estimators and the adapted estimators were compared between each

other with respect to their PREs values. The result of PREs are presented in Tables 7–14, for

both Situations under non-response. In Tables 3–6, we see the summary statistics about the

populations. We can also observed from numerical results shown in Tables 7–14 that the PREs

of all families of estimators change with the choices of a and b. It is further noted that the pro-

posed families of estimators are more precise than the adapted distribution function estimators

of Hansen and Hurwitz [1], Cochran [28], Murthy [29], Rao [30], Singh et al. [31] and Grover

and Kaur [32] in terms of the PRE. It can be seen that, for some data sets the second proposed

family of the estimators perform better than the first proposed family of estimators for both sit-

uations of non-response, and for data sets, it is also observed that the first proposed family of

the estimators performs better than the second proposed family of estimators under both situ-

ations of non-response.

7. Conclusion

In this paper, we have proposed two new families of estimators for estimating the finite popu-

lation distribution function in the presence of non-response under simple random sampling.

The proposed estimators required information on the sample distribution function of study

variable, and the distribution function of auxiliary variable with additional information on

either sample mean or ranks of the auxiliary variable. The bias and MSE of the proposed fami-

lies of estimators were derived under the first order of approximation. Based on the theoretical

and numerical (four populations considered in the numerical investigation) comparisons, it

has turned out that the proposed families of estimators are more precise than their adaptive

estimators under two situations of non-response. Thus, we acclaim categorically, the use of

our proposed families of estimators over the existing estimators deliberate in this paper for the

new survey for estimating the finite population distribution function in the presence of non-

response.
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