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Abstract

The main purpose of this paper is to propose two new estimators for estimating the finite
population distribution function under simple and stratified random sampling schemes using
supplementary information on the distribution function, mean and ranks of the auxiliary vari-
able. The mathematical expressions for the bias and mean squared error of the proposed
estimators are derived under the first order of approximation. The theoretical and empirical
studies showed that the proposed estimators uniformly perform better than the existing esti-
mators in terms of the percentage relative efficiency.

1 Introduction

In survey sampling, the use of suitable auxiliary information improves the precision of estima-
tors of the unknown population parameter(s). Several estimators of population parameters,
including the population mean, median, total, distribution function, quantiles, etc., exist in the
literature, and requires, supplementary information on one or more auxiliary variables along
with the information on the study variable. A number of studies have been published on the
estimation of the population mean. Some important references to the population mean estima-
tion using auxiliary information include Murthy [1], Sisodia and Dwivedi [2], Srivastava and
Jhajj [3], Rao [4], Upadhyaya and Singh [5], Singh [6], Kadilar and Cingi [7], Kadilar and
Cingi [8], Gupta and Shabbir [9], Grover and Kaur [10], Grover and Kaur [11], Lu [12],
Muneer et al. [13], Shabbir and Gupta [14], and Gupta and Yadav [15]. In these studies, the
authors have proposed improved ratio, product, and regression type estimators for estimating
the finite population mean. These authors have used a single auxiliary variable for the estima-
tion procedure. In a recent study, Haq et al. [16] suggested using ranks of the auxiliary varible
as an additional auxiliary variable to increase the precision of the estimator of the population
mean in simple random sampling. However, to the best of our knowledge, there is no study
concerning the use of two auxiliary information variables for the estimation of the finite popu-
lation distribution function.
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The problem of estimating the finite population cumulative distribution function (CDF)
arises when the interest lies in finding out the proportion of the values of the study variable
that are less or equal to a certain value. There are situations where estimating the CDF is
deemed necessary. For example, for a nutritionist, it is interesting to know the proportion of
the population that consumes 25% or more of the calorie intake from saturated fat. In the liter-
ature, many authors have estimated the CDF using information about one or more auxiliary
variables. Chambers and Dunstan [17] suggested an estimator for estimating the CDF that
requires information both on the study and auxiliary variables. Similarly, Rao et al. [18] and
Rao [19] proposed ratio and difference/regression estimators for estimating the CDF under a
general sampling design. Kuk [20] suggested a kernel method for estimating the CDF using
the auxiliary information. Ahmed and Abu-Dayyeh [21] estimated the CDF using the informa-
tion on multiple auxiliary variables. Rueda et al. [22] used a calibration approach to develop an
estimator for estimating the CDF. Singh et al. [23] considered the problem of estimating the
CDF and quantiles with the use of at the estimation stage of a survey. Moreover, Yaqub and
Shabbir [24] considered a generalised class of estimators for estimating the CDF in the pres-
ence of non-response. Chen and Chen [25] investigated the injury severities of truck drivers in
single-and multi-vehicle accidents on rural highways while Zeng et al. [26] worked on a multi-
variate random-parameter Tobit model for analysing highway crash rates by injury severity,
and Yaqub and Shabbir [24] considered a generalised class of estimators for estimating the
CDF in the presence of non-response. Dong et al. [27] investigated the differences of single-
vehicle and multi-vehicle accident probability using a mixed logit model, Chen et al. [28]
worked on an analysis of hourly crash likelihood using an unbalanced panel data mixed logit
model and real-time driving environmental big data, Zeng et al. [29] suggested jointly model-
ling area-level crash rates by severity, and Zeng et al. [30] used spatial joint analysis for zonal
daytime and night-time crash frequencies using a Bayesian bivariate conditional autoregres-
sive model. However, these estimators only used one auxiliary variate.

In this paper, we propose two new families of estimators for estimating the CDF using the
information on the distribution function, ranks, and mean of the auxiliary variable under simple
random sampling and stratified random sampling. The bias and mean squared errors (MSEs) of
the existing and proposed estimators of the CDF are derived under the first order of approxima-
tion. The theoretical and numerical comparisons showed that the proposed estimators are more
precise than the existing adapted estimators when estimating the CDF of a finite population.

2 Notation in simple random sampling

Consider a finite population Q = {1,2,. . .,N} of N distinct units. In order to estimate the finite popu-
lation distribution function, a sample of size # units is drawn from Q using simple random sam-
pling without replacement. Suppose Y and X are the study and auxiliary variables, respectively. Let
Z denote the ranks of X, I(Y<y) is indicator variable based on Y and I(X<x) is indicator variable
based on X. Similarly, F(y) = S0, I(Y, < y)/Nand F(y) = S0 I(Y, < y)/n (F(x) = S0, 1
(X, < x)/Nand F(x) = 320, I(X, < x)/n) are the population and sample distribution functions
of Y (X), respectively. Let X =S¥ X./NandX = 3" X,/n(Z =3, Z/Nand Z =

i=1n

D Z,/n) are the population and sample means of X (Z), respectively.

In order to obtain the biases and mean squared errors (MSEs) of the adapted and proposed
estimators of F(y), we consider the following relative error terms. Let
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such that e; = 0 for i = 0,1,2,3, where E(-) is the mathematical expectation of (-). Let

\%

rstu

=E[¢| ¢, e, €},
E(e]) = AC} = Vi, E(€3) = AC5 = Vg, E(€3) = AC; = Vg, E(€]) = AC = Vi,
E(ee,) = AR,C,C, = Vi, Eese5) = AR;;C,Cy = Viygyy, Eerey) = AR, C,Cy = Vi,

E(eye;) = ARy;C,C; = Vi, E(esey) = ARy, C,Cy = Vi,

where A = (N-n)/(nN), §2 = S (I(Y, < y) — E(»))*/(N — 1),
83 =30 (I(X, < x) = F(x))’/(N = 1),
S5 =L (X, = X)*/(N - 1),
SZ = Z?;(Zi - 2)2/( 1),
Cy = S1/F(y), C, = Sy/F(x),
C,=8/X,C,=8,/Z, Ry, —812/(F()’)F(x))
Ry = 813/(F()’) )s Ryy = S5/ (F(y)Z Z), R 1 = Su/(F(x)X), Ry, = SM/(F(X)Z),

S = L {U(Y, < y) = F())(I(X; < x) = F(x))}/(N = 1),
Si; = L AU(Y, < y) = F())(X, = X)}/(N — 1),
823:Zi1{(1(xi§x)_F(x))(Xi_X)}/(N )’

S =2 AU(Y, <) = FO)(Z = 2)}/(N - 1),

Su =L {U(X, < x) = F(x))(Z, — Z)}/(N - 1).

In addition, let R? ,, = (R}, + R}, — 2R,R3R,;)/(1 — R},) be the multiple correlation coef-
ficient of I(Y<y) on I(X<x) and X, and let R?,,, = (R%, + Ri 2R,R,R,,)/(1 — R3,) be the
multiple correlation coefficient of I(Y<y) on I(X<x) and Z, under simple random sampling.

3 Adapted estimators in simple random sampling

In this section, some estimators of finite population mean are adapted for estimating the finite
CDF under simple random sampling. The biases and MSEs of these adapted estimators are
derived under the first order of approximation.

1. The traditional unbiased estimator of F(y) is

By(y) = S I(Y, < ) (1)
The variance of F, (y) is
Var(F,(y)) = F () Vg (2)

2. Cochran [31] adapted ratio estimator of F(y) is
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The bias and MSE of F, (), to the first order of approximation, are

Bias(ﬁ2(y)) = F(y) (Voo — Vi)

MSE(FZ()/)) = FQ(y)(VQOOO + V0200 - 2‘/1100)' (4)

If R1,>C,/(2C,), then 132()/) is better than ﬁl (y) in terms of MSE.
3. Murthy [32] adapted product estimator of F(y) is

)
F, =F . 5
0 =t0)(52) 5
The bias and MSE of F,(y), to the first order of approximation, are

Bias(ﬁgo/)) =F(y) V1005

MSE(Fi(y)) &= FQ(y)(VZOOO + VOZOO + 2V1100)' (6)

If —C,/(2C;) >R, then F,(y) is better than F, (y) in terms of MSE.
4. The adapted difference estimator of F(y) is

E,(y) = F(y) + k(F(x) = F(x)). (7)

where k is an unknown constant. Here, F, () is an unbiased estimator of F(y). The minimum
variance of F ,(y) at the optimum value kopey = (F(y) V1100)/ (F(x) Vo) is

Varmin (F/I (y)) _ F2 (y)(‘fg()o() V0200 — V12100) ' (8)

‘/0200

Here, (8) may be written as

Var,,, (F,(y) = F(y) Vag (1 — R},). (©)
5. Rao [4] adapted difference-type estimator of F(y) is

Ei(y) = kF(y) + ky(F(x) — F(x)), (10)

where k; and k, are unknown constants. The bias and MSE of F;(y), to the first order of
approximation, are

Bias(F;(y)) = F(y)(k, — 1),
MSE(F;(y)) 2 F*(y) — 2k, F*(y) + KIF*(7) + KIF*(9) Vg

—2k,k,F(y)E(x) V)00 + ngQ (%) Viago- (11)
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The optimum values of k; and k,, determined by minimizing (11), are

k _ Vozoo
) =
(ort) (V0200 V2000 - V12100 + Vo2oo)

. _ F(y) Vi
2(opt) F(x) (Voo Vosoo — Voo + Vosoo)

The minimum MSE of F(y) at the optimum values of k; and k, is

MSE._. (13 ()/)) — FZ()’)(VzooUVozoo — meo) ) (12)
min o (Vzooo V0200 - V12 100 + Vozoo)

Here, (12) may be written as

NS (00) = ®

6. Singh et al. [33] adapted generalized ratio-type exponential estimator of F(y) is

F.() :P(y)exp(a a(F(x) — F(x)) >

(F(x) + F(x)) + 2b (14)

where a and b are known constants. The bias and MSE of F(y), to the first order of approxi-
mation, are

. e 3 1
BlaS(Fﬁ(}V)) =~ F(y) <8 92V0200 - 20V1wo)a

~ F? .
MSE (Fb (y)) = iy) (4V2000 Jr 02 VU?UO - 40V1100)7 (15)
where 6 = aF(x)/(aF(x)+Db).

7. Grover and Kaur [11] adapted generalized class of ratio-type exponential estimator of F
() is

B.0) = (FO) + k(F() — FJexp (- ST EED ), (16

(F(x) + F(x)) + 2b

where k; and k, are unknown constants. The bias and MSE of F,(y), to the first order of
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approximation, are
. n N 3 5 1 1
Blas(F7(y)) ~F(y) (ks —1) + g@ kyF(y) +§0k4F(x)V0200 - §0F()’)V110m
MSE(F7()’)) = kiFZ (%) Vigggo + k‘stz()’) Voo T 20ksk F(y)F () Voo
—2k;k, F(y)F(x) V)00 + F? ) — 2k3F2 )+ Ok;%.FQ()’)
+hF(9) Vigo — Ok, F(2) F(x) Viggy — 2065F (9) Vi
3
1 92k3F2 () Viago + 92k§F2 () Viano (17)

The optimum values of k3 and k,, determined by minimizing (17), are

k; — Vozoo(()2 V0200 - 8)
3(opt )
(ory) 8(_V2000 V0200 + V12100 - Vozoo)

_ F(J’)(QS ng — 02 V0200 V11oo + 40V2000 Vozoo _ 40V121oo — 40V0200 + 8V11oo)
orY 8F(x)(Vayouo Voano — Vi + Viooo)

ky

The simplified minimum MSE of F(y) at the optimum values of k5 and k, is

R P ‘ Voo (=8 + 0* V)’
MSE,,. (F,(y)) = 0) 64 — 160°V,y,, — o200(=8 + 6 Vi) . (18)
64 Vnzoo(l + VZOOO) - V12100

Here, (18) may be written as

FZ (y)(ez V[?QUO — 8V1210() + 8V0200 V2000)2

MSE__ (F ~ Var_ (F, - )
mm( 7(y)) mm( 4()’)) 64V5200{1 + VQUUU(]' _R%z)}

which shows that F_(y) is more precise than F, ().

4 Proposed estimators in simple random sampling

The precision of an estimator increases by using suitable auxiliary information at the estima-
tion stage. In previous studies, the sample distribution function of the auxiliary variable was
used to improve the efficiencies of the existing distribution function estimators. In a recent
study, Haq et al. [16] suggested using ranks of the auxiliary variable as an additional auxiliary
variable to increase the precision of an estimator of the population mean. On similar lines, we
use additional auxiliary information on sample means of the auxiliary and ranked-auxiliary
variables along with the sample distribution function estimators of F(y) and F(x) to estimate
the finite CDF. For this purpose, we propose two families of estimators for estimating F(y).

4.1 First proposed family of estimators

For the first family of estimators, the sample mean of the auxiliary variable is used as an addi-
tional auxiliary variable; whilst in the second family of estimators, the sample mean of the
ranked auxiliary variable is used as an additional auxiliary variable.
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On the lines of F (y) and F(y), first proposed family of estimators for estimating F(y) is
given by

WA P (x) — Fx) X-X\| [ alFx)~F(x)
F*”‘{h””+“< FG3) )*“( X )}I(MH@+F@D+%> 2

where ks, k¢ and k; are unknown constants, a(£0) and b are either two real numbers or func-
tion of known population parameters of I(X<x), like R,, B, (coefficient of kurtosis), C,, etc.

The estimator F,(y) can also be written as

- 1 39,

Fy(y) = {k;F(y)(1 +€,) — kse, — ke } (1 — 5062 —|—§0 et (21)
Simplifying (21) and keeping terms only up to the second power of ¢;’s, we can write

(10) ~ FO)) = ~F(3) + k) + kF)e, — 20k F(e, ke, — ke,

3 1 1 1
+3 0’k F(y)e? + 3 Okge; — 3 0k,F(y)e,e, + 3 Ok e,e,. (22)
The bias and MSE of F(), to the first order of approximation, are
N 3 1 1 1
Bias (F 0’)) = (}’) (ks -1+ S 0 ksF(J’) Vioaoo + ) Ok Vo — ) 0k5F(J’) Vi + ) Ok; V105
MSE(FS (y)) = F2 (y) (kf) - 1)2 + ngQ (y) V?UUU + k VO?OU + k2 VUO20 + 02k2F2 (y) 0200

_Gka( )VOZOU + 26k k F( ) 0200 BQkSFQ( ) 0200 + Gk FQ( ) 1100

_20k§F2()’) 1100 2k k F()’) 1100 — 2k5k7F()’)me Ok F()’) 0110

+20k k F(y) 0110 2k6k7VOHU' (23)

The optimum values of ks, ks and k;, determined by minimizing (23), are

8 — 92 Vo2oo

PO 8L A Ve (1 = R4}

k

03 J2/§0(R2 1) + V%(?l)(_s + 02 VU2UO)(R12 - R23R13)
. +40V5§§0(R53 - 1){_1 + Vzooo(l - R? 23)}
opt) T
" SVSQ/[?O(RgS - 1){_1 + Vzooo(l R%zs)}

Ko

o F()’) 21430(8 B 92 uzuo)(R — R23R13)
7(opt) — .
b 8V32/50( ){ 1+ V2000( R%z:s)}
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The simplified minimum MSE of F () at the optimum values of ks, ks and k is

F ()’){64V2000(1 — Rf.z:;) — 94 ngoo — 1602 V0200 Vzooo(l — szz)}

( * ) 64{1 + Vzooo(1 - szs)} ’
2 Vi Yoo+ Vi V0200 -2 V1010 Vitoo Vono)
where R1-23 B ( Va000 (Vo200 Vo020 = Vi 1) :
Here, (24) may be written as
MSEmin(FB(y)) = Varmin(F-'l(y)) - H1 - HQ’ (25)

where

F ()’) (62 V(?QOO -8 meo +8 Vnzno V2000)2
64V§200 { 1+ Vzooo ( 1- R%z) }

H = and

— F ()’) (02 Vozoo - 8)2(V0200V1o10 B Vouovnoo)2
64Vg2oovoo2o(1 - Rgs){l + Vzooo(l - R%z)}{l + V2000(1 - R%.Qi&)}

H,

It can be seen that F,(y) is more precise than F,(y).

4.2 Second proposed family of estimators

On similar lines, second proposed family of estimators for estimating F(y) is given by

N F(x) — F(x) Z-7 oo (_AE() — F(x))
F9<y>—{k8F<y>+kg(—F(x) )+km<—z )} P L ) @9

where kg, kg and ko are unknown constants, a(£0) and b are either two real numbers or func-
tions of known population parameters of I(X<x), like Ry,, §, (coefficient of kurtosis), C,, etc.

The estimator F,(y) can also be written as
A 1 35,
Fy(y) = {ksF)(1 +€) — kye, — kype, {1 — 5062 + §9 et (27)
Simplifying (27) and keeping terms only up to the second power of ¢;’s, we can write

(Bs0) ~ FO)) = ~F0) + KEG) + kE)e, 5 0k FG)e, — ke, — ke,

3 5 1 1 1
—l—ée‘ng(y)eg + §0k9e§ - §9k8F()/)ele2 +3 Ok, eze,. (28)
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The bias and MSE of F,(), to the first order of approximation, are

. a 3 1 1 1
Bias (Fg()/)) = F(y)(ks —1) + §02ksF(y) Voo + §0k9V0200 D) OksF(y) Vg0 + §0k9V0101a
MSE@@O’)) =~ F(y) (ks — 1)2 + ngQ () Vago + kgvmoo + k?OVOOOQ + 92k§F2 ) Voo
3
—0kyF(y) Visgy + 20kskyF(y) Vigyy — ZHkaFQ(y) Voo + HksFQ () Vi

_29k§F2 ()’) Vnoo - 2k8k9F(y) Vnoo - 2k8k10F()’) me - leoF(J’) V(n(n

+29k8k10F0/) VO]U] - 2k9k10V0101' (29)
The optimum values of kg, ko and k4, determined by minimizing (29), are

_ 8 — 02V0200
opY) 8{1 + Vzooo(l - R%.m)}’

kg

93 V[}Z/[?O (R§4 - 1) + V%({(?U(_8 + 02 VOZDO)(RIZ - R24R14)

o +40V(1)2/30(R§4 — 1){_1 + Vzooo(l _ R?.u)}
opt) p S
' 8Vé2/§0(R§4 - 1){_1 + VQOOO(I - Rf.24)}

ky

— F(J’) V;({(?O(s - HQVozon)(Rn - R24R14) )
SVS%O(R@ - 1){_1 + V2000(1 - R?.u)}

10(opt)

The simplified minimum MSE of F ,(¥) at the optimum values of kg, ko and k is

)) ) F ()’){64V20(J0(1 B R?.24) — 04 V§2oo _ 169V0201)V2000(1 B R?24)}

MSEmin P (y ) (30)
( ! 64{1 + Vzooo(l - R%.24)}
2 (Vi Voot Vige Vo200—2Vioon VIIUUVOIOI)
where Ry = ( Va000 (Vo200 Vooo2 = V1) :
Here, (30) may be written as
MSEmin(lA:Q(y)) = Varmin(Ffi(y)) - Hl - H35 (31)

where

H — F2()’)(02V§200 — 8V12100 + 8Vo2oo)2 and
' 64‘/3200{1 + V2000(1 - R%Q)}

H. = F? ()’) (02 V0200 — 8>2(V0200 V1001 — Vo101 Vnoo)2 )
’ 64V§200V0002(1 - Rg4){1 + V2000(1 - R%z)}{l + Vzo()o(l - Rf24)}

It is clear that F,(y) is more precise than F,(y).
In Table 1, we put some members of the Singh et al. [33], Grover and Kaur [11], and pro-
posed families of estimators with selected choices of a and b.
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Table 1. Some members of the adapted and proposed distribution function estimators.

a bb Fy(y) F,(y) Fy(y) E,(y)
1 e, B (y) () ' (y) F(y)
1 B FO(y) FY(y) FO ) FY(y)
B2 o EP(y) () EP(y) ()
C i3 E(y) F(y) ' (y) ()
1 R P (y) () ) (y) EY)(y)
cc, R EP () FY(y) O (y) E(y)
R o () F(y) () F(y)
B2 ISP E¥(y) EP () FY(y) E(y)
R P2 E(y) () ) (y) F ()
1 NF(x) E(y) () E(y) ()

https://doi.org/10.1371/journal.pone.0239098.t001

5 Efficiency comparisons in simple random sampling

In this section, the adapted and proposed estimators of F(y) are compared in terms of the min-
imum MSEs. [(i)]

1. From (2) and (25),

2. From (4) and (25),

3. From (6) and (25),

4. From (9) and (25),

MSE,;, (ﬁs ) < Var(ﬁl(y))if
FZ(}’)VzuooR?Q +H, +H, > 0.
MSE,..(F,(y)) < MSE(F,(y))if

F(y) 2
v (Vozoo - Vuoo) + H1 + Hz > 0.
2000

MSE,,;, (Fy(y)) < MSE(F,(y))if

FQ) 2
V (V()?OU + VllUO) + Hl + H2 > 0
2000

MSE,,;, (Fs(y)) < MSE,y,,(F, (»))if

H, +H, > 0.
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5. From (13) and (25),

MSE,,,, (Fs(y)) < MSE,, (F;(»)if

F (J’)02 V0200{02V0200 + 16V2000(1 - R?z)}
64{1 + Vzooo(l - R%2)}

+H, > 0.

6. From (15) and (25),

MSE,;, (Fy(y)) < MSE(F,(y))if

F(y) [0V, ’

V(}’) ( 20200 - Vnoo) +H1 +H2 > 0.
2000

7. From (19) and (25),

MSE,,, (Fs(y)) < MSE,,(F;(y))if

H, > 0.
8. From (2) and (31),

MSE,,,, (Fy(y)) < Var(F,(7))if

FQ()’)VfIOO + Hl +H’5 > 0.

0200
9. From (4) and (31),

MSE,,;,(F,(y)) < MSE(F,(y))if

F(y) 2
\ (Vozoo - VHUO) + Hl + H3 > 0.
2000

10. From (6) and (31),

MSE,,,, (Fy (7)) < MSE(F, (y))if

F2
ﬁ (Vo200 + V1100)2 + H1 + H3 > 0.
Vzooo

11. From (9) and (31),

MSE,,;,(Fy(y)) < MSE,, (F,())if

H, + H, > 0.

PLOS ONE | https://doi.org/10.1371/journal.pone.0239098 September 28, 2020 11/30


https://doi.org/10.1371/journal.pone.0239098

PLOS ONE

Finite population distribution function estimation with dual use of auxiliary information

12. From (13) and (31),

MSE,,;, (Fy()) < MSE,,(F;(»))if

F 0’)02 V0200{02V0200 + 16V2000(1 — R§2)}
64{1 + Vzooo(l - R%2)}

+H, > 0.

13. From (15) and (31),

MSE,,;,(Fy(y)) < MSE,, (Fs())if

2
9 VllOO) + Hl + HS > 0.

VQUOO
14. From (19) and (31),

MSE,,;, (Fy(y)) < MSE,y,,(F;(y))if

H, > 0.

The proposed families of estimators are always more precise than the adapted estimators as
the above conditions (i)-(xiv) are always true.

6 Empirical study in simple random sampling

In this section, we conduct a numerical study to investigate the performances of the adapted
and CDF estimators. For this purpose, five populations are considered. The summary statistics
of these populations are reported in Table 2. The percentage relative efficiency (PRE) of an

estimator F,(y) with respect to F, (y) is

PRE(E (1), F,(y)) = — = F10)

=12 100,
MSEmin (Fl()/))

wherei=2,3,...,9.

The PREs of distribution function estimators, computed from five populations, are given in
Tables 7-11.

Population I (Source: Singh, [6])

Y: Duration of sleep (in minutes) and

X: Age of old persons.

Population II (Source: Gujarati, [34])

Y: The eggs produced in 1990 (millions) and

X: The price per dozen (cents) in 1990.

Population III (Source: Murthy, [1])

Y: The output of the factory and

X: The number of workers.

Population IV (Source: Sarndal, [35])

Y: Population in 1983 (in million) and

X: Population in 1980 (in million).

Population V (Source: Koyuncu and Kadilar, [36])

Y: Number of teachers and

X: number of students.
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Table 2. Summary statistics for Populations I to V.

Population I I 111 v \4
N 30 50 80 120 923
n 5 5 10 20 180
A 0.16667 0.18 0.0875 0.04167 0.00447
X 67.267 78.29 285.125 33.535 11440.5
G 0.13725 0.27229 0.94846 3.32354 1.86453
R 15.5 25.5 40.5 60.5 462
Cy 0.56695 0.57166 0.57377 0.57493 0.57703
Ma(y) 387 831 5105 9.25 171
My(x) 66.5 75.35 148 8.6 4123
R, 0.5751 0.06242 0.90458 0.93453 0.72087
R, 0.5783 0.0403 0.907 0.93725 0.75269
F(y) 0.5 0.5 0.5 0.5 0.50163
C 1.01709 1.01015 1.00631 1.00419 0.99729
F(x) 0.5 0.5 0.5 0.5 0.50054
C, 1.01709 1.01015 1.00631 1.00419 0.99946
Ri» —-0.73333 —0.12000 0.95 0.96667 0.84616
Ry5 0.71975 0.22925 —-0.71920 - 0.26749 -0.44165
Ry —-0.83720 —-0.78936 -0.72395 —-0.26760 —0.44809
Ryy 0.73622 0.18435 -0.85636 -0.86368 —0.82860
Ry, -0.86727 -0.86630 -0.86610 -0.86609 —0.86603
B> 1 1 1 1 1

https://doi.org/10.1371/journal.pone.0239098.t002

From the numerical results, presented in Tables 3-7, it is observed that the PREs of all families
of estimators change with the choice of a or b. It is further noted that the proposed families of esti-
mators are more precise than the adapted distribution function estimators of Cochran [31],
Murthy [32], Rao [4], Singh et al. [33] and Grover and Kaur [11], in terms of PRE. It can be seen
that, for data sets I, III, IV and V, the second proposed family of the estimators perform better
than the first proposed family of estimators, and for data set-II, it is also observed that the first
proposed family of the estimators perform better than the second proposed family of estimators.

Table 3. PREs of distribution function estimators using Population I.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F,(») 100 EV () 78.81 V() 234.70 ED(y) 253.84 V() 255.59
Fy(y) 28.84 FO(y) 78.60 FO(y) 234.72 E2(y) 253.87 2 (y) 255.62
1:"3();) 187.50 ﬁg’) () 78.81 13(7"‘) () 234.70 ﬁg‘) () 253.84 ﬁg‘) () 255.59
F,(») 216.34 () 78.39 () 234.75 () 253.90 () 255.65
ﬁs()’) 233.58 j:g) o) 173.45 j:<75> o) 343.92 ﬁgfl ) 377.99 ﬁg”) ») 381.16

E9(y) 161.15 E9(y) 372.72 FO @) 411.96 FO () 415.63
ED(y) 150.14 E7(y) 236.97 ED () 256.31 EN(y) 258.08
j:g‘> ) 173.45 ﬁg’” ) 343.92 ﬁg*) ) 377.99 ﬁg‘J ») 381.16
j:gm ) 151.69 j:<79> o) 237.16 ﬁg’) ) 256.52 j:g’l ») 258.29
FO ) 97.66 j:<71°> ») 233.59 F ») 252.65 £ ») 254.39
https:/doi.org/10.1371/journal.pone.0239098.t003
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Table 4. PRE:s of distribution function estimators using Population II.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
B, 100 Y (y) 93.70 V() 120.43 EY(y) 125.66 EY () 123.19
Ey(y) 44.642 F? ) 93.65 ﬁ@ ) 120.44 ﬁgll ») 125.67 j:ffl ») 123.19
133()/) 56.810 ﬁf) () 93.70 ﬁ(73> () 120.43 f?f) () 125.66 j:!(f) () 123.19
E,(y) 101.46 EO () 93.59 FO(y) 12045 FOy) 125.67 ES () 123.20
E.(y) 119.82 FO(y) 62.86 E9(y) 131.42 EO(y) 137.18 EQ () 134.46

F©® ) 62.99 E© o) 131.33 ﬁ;ﬁl ») 137.09 j:ffl ») 134.37
ED () 100.66 FD () 119.85 ED(y) 125.04 ED () 122.58
E®(y) 62.86 E¥(y) 131.42 E¥(y) 137.18 EP(y) 134.46
[vé?) ) 100.66 ﬁg‘-’> 6)) 119.85 ﬁg’> ») 125.04 ﬁg-’l ) 122.58
FU o) 99.75 EFOO o) 119.83 FO ») 125.02 E(O ») 122.56

https://doi.org/10.1371/journal.pone.0239098.t004

Here we take five data sets for numerical illustration. We selected different sample sizes
from these populations and, then, we used simple random sampling. The MSEs (minimum) of
the proposed families of estimators are pointed out in Eqs 25 and 31. Finally, the adapted esti-
mators and proposed families of estimators were compared with each other with respect to
their PRE values. These results are set out in Tables 3-7. In Table 2, we see the summary statis-
tics about the populations. We can also note from the numerical results presented in Tables 3-
7 that the PREs of all families of estimators change with the choice of a or b. It is further noted
that the proposed families of estimators are more precise than the adapted distribution func-
tion estimators of Cochran [31], Murthy [32], Rao [4], Singh et al. [33] and Grover and Kaur
[11], in terms of the PRE. It can be seen that, for data sets I, III, IV and V, the second proposed
family of the estimators perform better than the first proposed family of estimators, and, for
data set I1, it is also observed that the first proposed family of the estimators performs better
than the second proposed family of estimators.

7 Notation in stratified random sampling

Consider a finite population Q = {1,2,.. .,N} of N distinct units, which is divided into L homo-
geneous strata, where the size of hth stratum is Ny, for b = 1,2,.. .,L, such that 3, N, = N.

Table 5. PREs of distribution function estimators using Population III.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
f:l(y) 100 ﬁé‘)(},) 140.40 ﬁgl)(y) 1037.21 f:é‘)(y) 1059.61 f:(gl)(y) 1087.07
}52 (y) 1000 }3?) ()/) 140.62 ﬁg) (}/) 1037.23 FO® ()’) 1059.64 ﬁgz) ()’) 1087.09
ﬁ‘:} () 25.64 fréf‘) ) 140.40 ﬁ<73) ) 1037.21 F(83> ) 1059.61 ﬁg) ) 1087.07
F,(») 1025.64 EY(y) 140.84 EY(y) 1037.26 EP(y) 1059.66 FS(y) 1087.12
ﬁ5 () 1034.50 ﬁé"’) () 142.42 ﬁg"‘) ) 1037.44 f:g’” ) 1059.85 f:(o’) ) 1087.31
ﬁéﬁ) (}1) 142.64 F©® (,'V) 1037.46 FO ) 1059.88 ﬁéh)(y) 1087.34
ﬁéﬂ ) 138.68 ED ) 1037.02 F;” ) 1059.42 F ) 1086.87
FO () 142.42 Y () 1037.44 () 1059.85 Y () 1087.31
f:é”) () 138.89 FO ) 1037.04 FY () 1059.4 f:(gg)(y) 1086.89
fré“” (y) 101.18 F(71”) ()/) 1034.50 FU0 (y) 1056.84 FU ()’) 1084.22
https://doi.org/10.1371/journal.pone.0239098.t005
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Table 6. PREs of distribution function estimators using Population IV.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F, ») 100 f:él) ) 141.58 ﬁ“) ) 1531.59 FW ) 1533.54 ﬁg“ ) 1599.81
F,(y) 1500.00 ﬁgz>(y) 141.73 (y) 1531.60 j:g%(y) 1533.55 p<2>(y) 1599.82

(,'V) 25.42 j:é“(y) 141.58 3)(}1) 1531.59 Fé”(y) 1533.54 ﬁf}”@) 1599.81
E L) 1525.42 ﬁé4)(y) 141.88 <4)(,'V) 1531.61 F(4>(y) 1533.56 13(9‘”(),) 1599.84
F. s 1529.62 frgf)(y) 142.95 <°)(y) 1531.70 f:ff)(y) 1533.65 ﬁff)(y) 1599.93

ﬁgﬂ(y) 143.11 (y) 1531.71 j:<86>(y) 1533.66 p<96>(y) 1599.94
j:é”(y) 140.39 7)(};) 1531.49 pg)(y) 1533.44 f:f)”(y) 1599.71
ﬁé’*)(},) 142.95 F(S)(y) 1531.70 ﬁ(*‘)(y) 1533.65 f:(;)(y) 1599.93
Pég)(y) 140.53 F<9)(y) 1531.50 ﬁ@)(y) 1533.45 ﬁf,g)(y) 1599.72
j:él@(y) 100.80 F;w)(y) 1529.62 ﬁgm(y) 1531.57 ﬁgw)(y) 1597.75

https://doi.org/10.1371/journal.pone.0239098.t006

Let Y and X be the study and auxiliary variables which take values y;, and x;, respectively,

wherei=1,

2,...Nyand h=1,2,.. .,

L, for estimating finite population distribution function,

assume a sample of size ny, is drawn from the hth stratum using simple random sampling with-

out replacement, such that 3°,_ 1, = n, where n is the sample size.
Let F,(y) = F(y) = Y0, W,F,(y) and F, (x) =
E(y) = Y0, W,E,(y) and E,,(x) = F(x) =

(Fu(y) =

F(x) = Ziﬂ W,F, (x)
S, W,E,(x)) be the population (sam-

ple) distribution functions of Y and X under stratified random sampling, respectively, where

Wy, = Ni/N,
E0) =%

Ey(y) = S0 1(Y,, < 9)/N, Fy(x) = 20

(Y, <y)/m,

I(Xy, < 9)/Ny»

Fh(x) =" I(X,, _y)/nh LetX,=X=Y, WX,andZ,=Z =5, W,Z,
()i( =X= S, WX and Zh =7 = S Z,/n,) be the population (sample) means of X

and Z under stratified random samphng, respectively, where X, = S X,,/N,,

Z,= Zi:l Zy/Ny» Xh = Zi:l Xih/nh’ B Zi:l Zy [

Table 7. PREs of distribution function estimators using Population V.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
ﬁl()’) 100 ﬁé”(y) 134.23 13<71>(y) 352.57 ﬁ;ll(y) 358.74 ﬁgllo,) 404.86
Fy(y) 324.29 FO(y) 134.21 FO(y) 352.57 E2(y) 358.74 FO(y) 404.86
ﬁg(y) 27.02 ﬁg‘) () 134.23 13(7‘” () 352.57 ﬁg‘) () 358.74 ﬁg‘) () 404.86
E,() 352.08 Y (y) 134.20 V() 352.57 Y () 358.74 EY () 404.86
f‘s()’) 352.53 j:g) o) 38.98 j:<75> o) 352.58 ﬁg’ﬂ ) 358.75 ﬁffl ») 404.87

E9(y) 138.96 E9(y) 352.58 FO @) 358.75 E9(y) 404.87
ED(y) 129.89 E7(y) 352.56 ED(y) 358.73 EN(y) 404.85
j:g‘> ) 138.98 ﬁg’” ) 352.58 ﬁgﬁ ) 358.75 ﬁé") ») 404.87
j:é” ) 129.88 1:";9> o) 352.56 ﬁg;’l ) 358.73 j:g’l ») 404.85
FO ) 100.09 FIO ») 352.53 F ») 358.69 £ ») 404.80
https://doi.org/10.1371/journal.pone.0239098.t007
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Table 8. Some members of the proposed and adapted estimators.

a b F s,,(y F GKy ») Pmpl,t F ,()
1 G F g:,)()' E (Gl.)l(s, ) F g’lrlpls, Prop?s, )
1 Basy F g,) v F (GZ.)KS, ») E’Zrlplx, Prap25, )
Bao G FO(y For, ) Fop, pmpz:, )
G Basy F gj,)()’ F gi.)lg, ») Aglmpl;, Pmp;, )
1 R F gf,)(}’ F (GJ.)K“ (}’) Ap;lplﬂ PropZA, (}’)
G R F éf,) ()’ i3 E?KS, ()’) mpl ()’ Prup2 )
R G F gz,)()’ F (67.)1<,, (}’) F gr?:pls, Prup2 (}’)
Bast Ri F g,) (v E S)Kﬂ ) F g’gropls, Prup?n )
R Basn F g!j,) ) E (GQ.)KS, ) F g’grlpls, Prop?s, )
! NF(x) () Fox, () Foom, o, ()

https://doi.org/10.1371/journal.pone.0239098.t008

&

F,0) —F()
- FO)

FO)

1>

In order to obtain the biases and MSEs of the adapted and proposed estimators of F(y)
under stratified random sampling, the following relative error terms are considered. Let

such that E(e;) = 0 for i = 1,2,3,4, where E(-) is the mathematical expectation of (-). Let

Vi = E[0 G G 0,
Table 9. Summary statistics for Population I.
h Ny, 1y W), An Flyn) F(xp,) X, Z,
1 127 31 0.1375 0.0244 0.3543 0.3779 20805 64
2 117 21 0.1267 0.0390 0.4188 0.4872 9212 59
3 103 29 0.1115 0.0248 0.4272 0.4660 14309 52
4 170 38 0.1841 0.0204 0.5765 0.6118 9479 86
5 205 22 0.2221 0.0406 0.6146 0.6537 5570 103
6 201 39 0.2177 0.0207 0.5025 0.3532 12998 101
Sin San S3n San Rian Rizn Rasn Rian Roan
4802 0.4868 30487 36.806 0.9164 —-0.4602 —-0.4832 -0.8155 -0.8399
.4955 0.5019 15181 33.919 0.8709 —-0.4147 —-0.4600 —-0.8437 —-0.8658
4970 0.5013 27550 29.877 0.9244 —-0.3928 —-0.4198 —-0.8489 —-0.8640
4956 0.4888 18219 49.219 0.8805 -0.5074 —-0.5396 -0.8417 —-0.8441
4879 0.4769 8498 59.322 0.8772 -0.5579 -0.5909 —-0.8305 —-0.8241
5012 0.4792 23094 58.168 0.7145 -0.4334 —-0.3554 -0.8125 -0.8279
https://doi.org/10.1371/journal.pone.0239098.t009
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Table 10. Summary statistics for Population II.

h N, " W An F(yn) F(xp,) X, Z,
1 127 31 0.1375 0.0244 0.3543 0.3700 498.276 64
2 117 21 0.1267 0.0391 0.4188 0.4700 318.333 59
3 103 29 0.1115 0.0248 0.4272 0.4272 431.359 52
4 170 38 0.1841 0.0204 0.5765 0.5882 311.324 86
5 205 22 0.2221 0.0406 0.6146 0.6146 227.195 103
6 201 39 0.2177 0.0207 0.5025 0.4527 312.706 101
Sin San S3n San Riap Ryzp Ryzp Ry Ryan
4802 0.4847 555.58 36.805 0.8983 -0.5398 -0.5580 -0.8114 -0.8363
4955 0.5013 365.45 33.918 0.8666 -0.5205 -0.5589 —-0.8382 —-0.8645
4970 0.4970 613.95 29.877 0.9603 —-0.4803 —0.4823 —-0.8519 —0.8568
4956 0.4936 458.02 49.217 0.9277 —-0.5818 —-0.5934 —-0.8490 —-0.8525
4879 0.4879 260.85 59.321 0.8764 -0.6395 —-0.6457 —-0.8285 —-0.8429
5012 0.4990 397.04 58.167 0.8450 —-0.5063 —-0.4873 —-0.8343 -0.8622
https://doi.org/10.1371/journal.pone.0239098.t010
Where
L
E(C?) = Z ngic%h = ‘pzooan(Cg) = Z Wiiicgh = Yoo,
h=1 h=1
E(Ci) = Ziﬂwﬁzcgh = Yooz E(Ci) = Eﬁzlwﬁii% = Yoo
E(C1C2) = E]l;=1 W}%/IiRIZhCIhCZh = ¢11007E(C153) = Z£=1WZ’1iR13hC1hC3h = l/’10107
E(izgs) = Zizl WiliRthzthh = ‘ponan(gQ) = Zi:lwzliRMhCthth = l//1001,
E(C2C4) = Z£=1W§iiR24hC2hC4h = l//0101~
Table 11. Summary statistics for Population III.
h Ny, m W, A F(yp) F(xy,) X, Z,
1 106 9 0.1241 0.1017 0.5849 0.5472 24376 54
2 106 17 0.1241 0.0494 0.5189 0.5660 27422 54
3 94 38 0.1100 0.0157 0.3298 0.3404 72410 48
4 171 67 0.2002 0.0090 0.3684 0.3801 74365 87
5 204 0.2389 0.1379 0.4657 0.4657 26442 103
6 173 0.2026 0.4942 0.7052 0.7225 9844 87
Sin San Ssn San Rian Risn Rysn Rian Roan
4950 0.5001 49189 30.743 0.7722 —-0.4470 —-0.4523 —0.7665 —-0.8622
.5020 0.4979 5746 30.743 0.8330 —-0.4370 —-0.4816 —0.8285 —-0.8585
4727 0.4764 160757 27.279 0.7854 —-0.2957 —-0.3087 —0.7509 —-0.8208
4838 0.4868 285603 49.507 0.7755 —-0.1848 —-0.1936 —-0.7535 —-0.8408
.5000 0.4965 45403 59.033 0.6750 —-0.3929 -0.4129 -0.7218 -0.8578
4573 0.4490 18794 50.084 0.7319 —-0.5598 —-0.6102 —-0.7290 -0.7755
https://doi.org/10.1371/journal.pone.0239098.t011
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Table 12. Summary statistics for Population IV.

h N, n, Wi, An F(yn) F(xp,) X, Z,
1 106 9 0.1241 0.1017 0.5849 0.5189 24712 54
2 106 17 0.1241 0.0494 0.5189 0.5660 26840 54
3 94 38 0.1100 0.0157 0.3298 0.3404 72722 48
4 171 67 0.2002 0.0090 0.3684 0.3743 73191 87
5 204 0.2389 0.1379 0.4657 0.4363 26834 103
6 173 2 0.2026 0.4942 0.7052 0.7341 9903 87
Sin San S3n San Riap Ryzp, Ryzp Ry Roan
4950 0.5020 49135 30.743 0.7598 —-0.4439 —0.4360 -0.7474 —-0.8655
.5020 0.4979 53979 30.743 0.8330 —-0.5011 -0.4816 —0.8303 —-0.8585
4727 0.4764 161110 27.279 0.7376 -0.2957 —-0.3093 —0.7460 -0.8208
4838 0.4854 26249 49.507 0.7871 -0.1974 —-0.2050 -0.7516 —-0.8382
.5000 0.4971 45174 59.033 0.6690 -0.4011 —0.4266 -0.7164 —-0.8590
4573 0.4430 18977 50.084 0.7299 —-0.5399 -0.6241 —0.7002 —-0.7653

https://doi.org/10.1371/journal.pone.0239098.t1012

8 Adapted estimators in stratified random sampling

In this section, some estimators of finite population mean are adapted for estimating the finite
CDF under stratified random sampling. The biases and MSEs of these adapted estimators are
derived under the first order of approximation.

1. The traditional unbiased estimator of F(y) is

. 1,
Fs, ) = EZ;‘:II(Yi <) (32)
The variance of F (y) is
7 )
Var(Fgs, (v)) = F ()Y a000- (33)
Table 13. PREs of distribution function estimators using Population I.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F.(y) 100 FO(y) 133.03 FO(y) 364.28 PO () 370.30 EO () 428.83
() 341.19 F2(y) 12823 FO(y) 364.27 FO(y) 370.29 F2(y) 428.82
Ey(y) 27.38 FO(y) 139.35 FOy) 364.29 FOy) 370.32 FOy) 428.85
E,(y) 363.74 F9(y) 128.99 FO(y) 364.27 FO(y) 370.30 £ (y) 428.82
F.(y) 364.23 FO(y) 138.40 FOy) 364.29 EO(y) 370.32 £ () 428.85

E9(y) 139.35 E9(y) 364.29 EO @) 370.32 E9(y) 428.85
a o) 128.99 ﬁg” o) 364.27 ﬁg) ) 370.29 ﬁéﬂ ») 428.82
E® ) 145.36 1:";8> o) 364.31 ﬁg‘) ) 370.34 F 581 ») 428.87
EV(y) 124.67 EV(y) 364.26 FO@) 370.29 EV(y) 428.81
FO9(y) 100.09 F9(y) 364.23 FO9(y) 370.26 FO9(y) 428.78
https://doi.org/10.1371/journal.pone.0239098.t013
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Table 14. PREs of distribution function estimators using Population II.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F () 100 EO(y) 136.01 O (y) 454.79 FO(y) 464.37 FO(y) 502.91
Ey(y) 427.32 j:é?) ) 132.94 j:<72> ) 454.78 ﬁgzl ») 464.36 ﬁé?l ») 502.90
Fy(y) 26.53 O () 139.80 FO(y) 454.80 O () 464.38 O () 502.92
F,(y) 45424 FO(y) 133.38 FO ) 45478 FO () 464.36 ES () 502.90
E.(y) 454.73 FO(y) 140.06 FO(y) 454.80 FO(y) 464.38 FO(y) 502.90
j:gﬂ ) 140.57 j:<76> o) 454.81 ﬁgel ») 464.38 ﬁgﬁ) ») 502.92
ED () 132.71 FD () 454.78 FO(y) 464.36 ED () 502.92
E®(y) 144.15 E¥(y) 454.82 E®(y) 464.39 EP(y) 502.93
EV(y) 129.86 EV(y) 454.77 EV(y) 464.35 EV(y) 502.89
FO0 o) 100.10 f:<710> ») 454.73 ﬁ;m) ») 464.30 F(O ») 502.84
https://doi.org/10.1371/journal.pone.0239098.t014
2. Cochran [31] adapted ratio estimator of F(y) is
B ) =0 (55 ) (4
st
The bias and MSE of F r, (), to the first order of approximation, are
Bias(ﬁRﬁ ) = F(y)(oa00 — ¥1100)
MSE(FRE, ()’)) = FQ()’)(‘pzooo + lpozoo - 2¢1100)- (35)
Table 15. PREs of distribution function estimators using Population III.
Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F () 100 Y (y) 126.05 FO(y) 211.54 FO(y) 214.04 FO(y) 241.14
£,() 181.83 FO(y) 121.46 EO(y) 211.49 2 (y) 213.99 FO(y) 241.09
Fy(y) 29.41 F9(y) 131.91 F9(y) 211.61 O (y) 214.10 9 (y) 241.22
F,(y) 208.64 F9(y) 122.03 FO ) 211.50 PO () 214.00 FOy) 241.10
E.(y) 211.39 FO(y) 132.66 E9(y) 211.62 FO(y) 214.12 FO(y) 24123
j:t@ ) 133.40 ﬁ;ﬁ ) 211.63 ﬁgﬁl ) 214.13 ﬁéﬁl ») 241.24
EFD ) 120.88 ED o) 211.49 F{ ») 213.99 F{ ») 241.08
E®(y) 139.14 E9(y) 211.71 EO @) 214.21 E¥(y) 241.34
FO(y) 116.98 FO(y) 211.46 FO(y) 213.95 FO(y) 241.05
j:élo) ) 100.08 F<710> ») 211.39 ﬁgol ) 213.88 ﬁélo) ») 240.97
https:/doi.org/10.1371/journal.pone.0239098.t015
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Table 16. PREs of distribution function estimators using Population IV.

Estimator Value Estimator Value Estimator Value Estimator Value Estimator Value
F.(y) 100 FO(y) 125.53 FO(y) 208.38 FO(y) 210.61 () 231.39
132(),) 179.42 ﬁg)?) ) 120.78 1:"9 o) 208.34 F ) 210.56 j:gl ») 231.34
B 29.65 9 () 131.68 9 () 208.45 9 (y) 210.68 9 () 231.47
F,() 205.48 F9(y) 121.39 F9 () 208.34 O () 210.56 9 () 231.35
F.(y) 208.23 FO(y) 132.28 F9(y) 208.46 FO(y) 210.69 F9(y) 231.48

E©® ) 133.08 1:";6> o) 208.47 ﬁgﬁl ») 210.70 j:gﬁl ») 231.49
j:é” ) 120.31 FD ) 208.33 EO ») 210.55 ED ») 231.34
F9(y) 139.07 () 208.56 () 210.78 () 231.59
ﬁéi’) ) 116.30 j:<79> ) 208.30 f:g% ») 210.52 ﬁffl ») 231.30
f:(gl‘” ) 100.08 ﬁ;lo) o) 208.23 ﬁ;wl ») 210.46 [v}}o) ») 231.23

https://doi.org/10.1371/journal.pone.0239098.t1016

3. Murthy [32] adapted product estimator of F(y) is

0= R0 (32). (36)

The bias and MSE of F », (), to the first order of approximation, are

Bias(ﬁpﬂ (y)) = F()’)‘pnoo’

MSE(FPS, (y)) = F2(y) (l//2000 + lpOZOO + 2‘#1100)' (37)

4. The adapted difference estimator of F(y) is

Freg, ) = Fo(y) + m(E(x) = F (), (38)

where m is an unknown constant. Here, F keg, (7) is an unbiased estimator of F(y). The mini-

mum variance of F Regy (v) at the optimum value mqpt) = (F(¥)¥1100)/ (F(X)¥0200) is

Var, . (FREgst 0/)) _ 2 ») (‘%00:/1/‘/;002000 - ‘//?100) . (39)

Here, (39) may be written as
Var,, (Fr, (V) = F (7)o (1 = RY,). (40)
5. Rao [4] adapted difference-type estimator of F(y) is
Frp, () = mF(y) + my(F(x) — F,(x)), (41)

where m, and m, are unknown constants. The bias and MSE of F xp, (), to the first order of
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approximation, are

Bias(F;(y)) = F(y)(m, — 1),
MSE(E, ., (7)) 2= F*(y) — 2m,F*(y) + mF*(y) 4+ m\F* (y) 00
—2m,m,F(y)F(x)¥,, + mng ()W g200- (42)

The optimum values of 7, and m,, determined by minimizing (42), are

" . W00
1(opt) — 2 ?
" (lpUZUOWZOOO - lpllo[] + wOQOO)

o _ F)¥ 100 .
2(opt) F(x) (Wa000W o200 — lﬁfwo + WYos00)

The minimum MSE of F wp, () at the optimum values of m, and m; is

_ F ()’) (Wmool/’ozoo — ‘/’?100)

MSE,...(Frp.(0)) = : (43)
( o ) (Wa00Wom00 — lﬁfwo + Vo)
Here, (43) may be written as
7 F2()’)W2000(1 _sz)
MSE . | F = . 44
e (Fan ) = T “
6. Singh et al. [33] adapted generalized ratio-type exponential estimator of F(y) is
. . a,(F(x) — F (x
By 0) = B, exp | — 2T B ), (45
ast(F(x) + Fst(x)) + 2bst

where a,, and b, are known constants. The bias and MSE of F s, (), to the first order of approx-

imation, are

Bias (1:"5“ (y)) =~ F(y) (2 ®2‘po200 - ;®‘/j1wo> )

MSE (ﬁsst ()’)) = iny) (4¢2000 + ®2¢ozoo - 4®‘//1100); (46)

where O = a,F(x)/(a,F(x)+by).
7. Grover and Kaur [11] adapted generalized class of ratio-type exponential estimator of F
() is

me—{%&w+www—&w»m( %W”‘“W))xm

a,(F(x) + F,(x)) +2b,

where 5 and m, are unknown constants. The bias and MSE of F 6.k, (), to the first order of
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approximation, are
/e 3 ., 1 1
Bias (P, (7)) & FO)(m, — 1) + S O°m,F(y) + 5 Om F() g = 5 OF () 1
MSE(IA:G,KS, () = min(x)womo + mgFQ()’)‘/fzooo + 20@mym F(y)F(x)P 400
—2mym, F(y)F(x){,00 + F2(y) — 2myF*(y) + @m;FQ(y)
+mF () 1100 — O@mF(y)F ()Y ga0) — 20m5F (y)r,
3 . .
1 ®zm3F2 P )Wga00 + ®2m§F2 D)W 4200+ (48)

The optimum values of m; and m,, determined by minimizing (48), are

m - ¢0200(®2l//0200 B 8)
3(o] - ’
(or 8(—!#20001//0200 + l/’?100 - ’/’U‘zoo)

m _ F()’)(G)s‘//?moo — @21/1020()!#1100 + 4®‘p2000‘//0200 B 4®‘ﬁ100 B 4®¢0200 + 8‘:0110[))
4(o) -
op) 8F(x)(lﬁ20001ﬂ0200 - lﬁloo + lpozoo)

The simplified minimum MSE of F 6., () at the optimum values of m3 and m, is

> FQ()’) ( 2 lpovoo(_s + ®2w0200)2 >
MSE_, | F ~_——=2(64— 160 — = . 49
( GKy Ol)) 64 lpom lpmoo(l + lp2000) - V12100 ( )
Here, (49) may be written as
. R P2 (3) (O — 8U 10 + 8Wa00Wannn)’
MSE, (FGK,()’)) ~ Var,__ (FR%O/)) _ 0)( ‘fomo Vi + ‘Pnjoolpzooo) 7 (50)
64¢0200{1 + ‘pzooo(l - Rn)}

which shows that F 6., (¥) is more precise than F Reg, ()-

9 Proposed estimators in stratified random sampling
9.1 First proposed family of estimators

On the lines of F o, (¥) and F 5, (), first proposed family of estimators for estimating F(y) is
given by

: S Fo) ~ B0\, (X=X a(F@) —F,(x)
Fran )‘{’”“F“@”mﬁ( ) ( X )} P <as,<F<x>+ﬁst<x>>+2bs,>’(5”

where ms, mg and m, are unknown constants, a,(#0) and by, are either two real numbers or

functions of known population parameters of I(X<x), like Ry», fi, ) = LW, Bopxy (coeffi-
cient of kurtosis), C, = Y1 | W, C,,, etc.
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The estimator F prop1, (7) can also be written as

. 1 3

FPerlst ) = {m;F(y)(1 +{,) — mel, — m{;} (1 - §®CQ + §®2£§ + - ) (52)
Simplifying (52) and keeping terms only up to the second power of {;s, we can write

(Forgn, 0) ~ FG)) = ~FG) + moFG) + mF ), — 5OmEG), — mil, — mil,

3 1 1 1
+ §®2m5F(y)C§ + ) Omyl; — ) OmF(y)(,(, + ) Om;(,L;. (53)
The bias and MSE of F propt, () to the first order of approximation, are

Bias (ﬁ Propl; ()’))

3 1 1 1
=F(y)(m; — 1)+ §®2m5F(}’)‘p0200 + §®m6'100200 - §®m5F(y)tﬁ“00 + §®m7w0110a
MSE(FPropls, ) = F? ) (m; — 1)2 + m§F2 D) Wa00 + mg‘pozoo + mg‘poom + ®2k§F2 D)W o200

3 .
_®2m5F2()’)‘ﬁ0200 + ®m5F2(y)‘puoo

—OmF(y)Y 900 + 20mymgF(y)Y 000 — 1

_2®k§F2 W00 — 2msmF(0)Y 1140 — 2msm FE(p)Y 1610 — OmeF(y)Yrgy,

+20mm F(y)Yrg,,y — 2mem P, - (54)

The optimum values of ms, mg and m;, determined by minimizing (54), are

. _ 8 — ®2'//ozno
POPY 8L+ g (1 — R}

®3 gééo(R§3 - 1) + ‘p;ééo(_S + ®2¢0200)(R12 - R23R13)

+4®‘ﬁé£§o(R;3 - 1){_1 + l/’2000(1 - sz;)}
M(opy) = 1/2 (po N )
8¢0200(R23 - 1){_1 + lp2ooo(1 - R1.23)}

F(y)

m _ F()’) %(2)0(8 - ®2W0200)(R12 — R23R13>
7(opt) — . .
' 8lﬂé£30(R§5 - 1){_1 + l/’2000(1 - R%.zs)}

The simplified minimum MSE of F propt,, (V) at the optimum values of ms, mg and m is

MSE (13 ()/)) ~ F ()’>{64‘//2000(1 — R?.zs) — @41/13200 — 16®2¢0200l//2000(1 — R?.zg)} (55)
‘min ropl - ’
frovts 64{1 + Wzom(l - R%zs)}
2 tl/fwo¢'0020+1Pf0m'/’0200*2%010(!'1100%110)
where R1‘23 - ( V2000 (Wo200%0020 — ¥ 10) :
Here, (55) may be written as
MSEmin (FProplst (y)) = Varmin (I/\:Regst (y)) - Tl - T2 (56)
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where

_ F (y)(®2lﬂ3200 — 8‘%100 + 8¢0200¢2000)2 and
1= -
64‘%200{1 + ll/zooo(l - R%Z)}

T — F? (y)(®2¢0200 - 8)2(‘%200‘//1010 - 'pmm‘pnm)Z )
’ 64‘#3200‘#0020(1 - R%S){]' + ‘pmoo(l - R%z)}{l + ‘/’2000(1 - R%.QS)}

It can be seen that F prop1,, () is more precise than F Reg, (V)

9.2 Second proposed family of estimators

On similar lines, second proposed family of estimators for estimating F(y) is given by

: . F(x) = F,(x) z2-z,\\ [ a(FEx) - F,x)
Fp,aﬂs,cv)—{mgatcv>+mg< = )+m< p )}ep<as,<p<x)_ ﬁst(x))wbst),(sn

where mg, mg and m,( are unknown constants, a,, (%0) and by, are either two real numbers or

functions of known population parameters of I(X<x), like Ry5, iy, = S W, Bopx) (coeffi-
cient of kurtosis), C, = 3", W, C,), etc.

The estimator F propa, () can also be written as
- 1 3 .
Porgs ) = UmFO)1 ) = mdy = i) (1- 300, + 50 ). (s9)

Simplifying (58) and keeping terms only up to the second power of {;’s, we can write

(ﬁpmpzs, ) - F(J’)) = _F(y) + msF()’) + msF()’)Cl - %®msFO’>C2 - mQCQ - me4

3 1 1 1
+§®2m8F(J’)C§ + §®m9C§ - §®m5F()’)C152 + §®m1UC2€4~ (59)

The bias and MSE of F propa,, ()> to the first order of approximation, are
Bias (FProp2S, (y))

3 . 1 1 1
= F(y)(mg— 1)+ §®2m8F(y>lﬁ0200 + §®m9lﬁ0200 - §®m8F0/)W1100 + 5(9%%1017
MSE(FPmﬂ“ ) = F(y)(my — 1)2 + m§F2 D)Wa00 + m.f?)‘//moo + m?owmm + ®2kz'2sF2 )W o200

3 ) )
—OmyF(y)Y 990 + 20mgmyF(y)Yr 50, — Z®2m8FZ W)Wa00 + @mng W10

_2®k§F2()’)‘//1100 = 2mgmyF(y)W 100 — 2mgm, F(y)Y 100, — Omy F(y) 0

+20mgm, F(y)Y gy, — 2mgm g, - (60)
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The optimum values of mg, mg and m, o, determined by minimizing (60), are

m _ 8 — ®2'//0200
stop) 8{1 + lpzooo(l - R?24)}

[ ®3 Séfw(Ri - 1) + ‘piéio(_s + ®2$0200)(R12 - R24R14)]
+4®¢3430(R§4 — 1){_1 + WQuoo(l — R%24)}

m.‘)( = )

opt)
" 8¢$£30(R34 - 1){_1 + l//2000(1 - R§.24)}

E(y)

m ( _ FO’) %(2)0(8 - 92%200)(1212 B R2~1R1~1)
10(opt) — .
’ 8‘%)230(1234 - 1){_1 + ‘pznnn(l - R%.24)}

The simplified minimum MSE of F propa,, (V) at the optimum values of mg, mg and m is

) FQ(J’){64'102000(1 - R%.M) B ®4'10§200 — 16@‘//0200':02000(1 — R?.m)}

MSEmin (P 7] (y)) ? (61)
o 64{1 + '702000(1 - R?.m)}
2 tl/fwoilfoouﬁlﬁfomWozoo*wmm¢'1100¢'0101)
where R1‘24 - ( V2000 (Wo200%0002—¥a01) :
Here, (61) may be written as
MSEmin (ﬁProp2St (y)) = Varmin(ﬁRegst (y>) - Tl - ’1137 (62)

where

_ FQ()’)(@z‘pﬁzuo B 8‘#?100 + 8'#0200)2 and
1= p ;
64'103200{1 + Wzooo(l - Rf2)}

T — F? 0’)(6)2%200 - 8)2(%200‘/11001 - 'ﬁmm‘ﬁnon)? )
’ 64‘/’3200%»002(1 - R§4){1 + ‘pmoo(l - R%2)}{]' + ‘//2000(1 - R%.u)}

respectively, which shows that F propa,, (V) 1 more precise than E reg, (0)-
In Table 8, we put some members of the Singh et al. [33], Grover and Kaur [11], and pro-
posed families of estimators with selected choices of a and b.

10 Efficiency comparisons in stratified random sampling

In this section, the adapted and proposed estimators of F(y) are compared in terms of the min-
imum MSEs. [(i)]
1. From (33) and (56),

MSEmin (pPraplst (y)) < Var(PSRSSt (y) ) lf

FQ(y)WZOOORfZ + Tl + T2 > 0.
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2. From (35) and (56),
MSEmin (ﬁPmplS[ 0/)) < MSE(‘IE‘Rst ()/))lf
F(y)

—( 0200 ‘pnoo)z + Tl + T2 > 0.

2000
3. From (37) and (56),

MSEmin (ﬁPrUplst (y)) < MSE(ﬁPSt (y))lf

FQ)
(lp0200 + lpllOO)2 + Tl + T2 > O
"p2000

4. From (40) and (56),

MSEmin (FProplSt (y)) < MSEmin (PRegst (y> ) lf

T, +T,>0.
5. From (44) and (56),

MSEmin (ﬁPraplsr (y)) < MSEmin (ﬁ‘R,DSt U) ) lf

F (y)®21ﬁ0200{®2lﬁ0200 + 16‘#2000(1 — R%Q)}
64{1 + l//2000(1 - R%z)}

+ T, > 0.

6. From (46) and (56),

MSEmin (FProplst (y)> < MSE(FSSt (y))lf

F(y) (OY,, :

(y) ( lp()l()[] _ ¢1100> + T‘1 _|_ T2 > O
l/12000 2

7. From (50) and (56),

MSEmin (ﬁPraplst 0/)) < MSEmin (ﬁG,Kﬂ ()/))lf

T, > 0.
8. From (33) and (62),

MSE,, (ﬁ Prop2y (»)) < Var (F SRSy ())if

1

y F ()i + T+ Ty > 0.
0200
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9. From (35) and (62),

MSEmin(ﬁPrapQS[ 0/)) < MSE(ﬁRS[ @))lf

Ey)
(Woz00 — lPnoo)2 + T, + T, > 0.
Y000

10. From (37) and (62),

MSEmin (ﬁPrUPZSt (y)) < MSE(ﬁPSt (}/))lf

Fy)
(lpOQOO + wllOO)Z + Tl + ’TS > 0.
l102[]00

11. From (40) and (62),

MSEmin (ﬁPrDPZSt (y)) < MSEmin (ﬁRegs[ (y))lf
T, + T, > 0.
12. From (44) and (62),

MSEmin (PPmPZS, ()’)) < MSEmin (IA:‘R,D“ (y))lf

F ()’)®2‘p0200{®2¢o200 + 16'702000(1 — R%Q)}
64{1 + '//2000(1 - R%z)}

+T,>0.

13. From (46) and (62),

MSEmin (ﬁPrGPZSt (y)) < MSEmin (13‘5“ (y) ) lf

F? Oy, ’
() (‘pooo _ lﬁuoo) +T,+T,>0.
l//2000 2

14. From (50) and (62),

MSEmin (ﬁPmp%t (y)) < MSEmin (FG,KH ()/))lf

T, > 0.

The proposed families of estimators are always more precise than the adapted estimators as

the above conditions (i)-(xiv) are always true.

11 Empirical study in stratified random sampling

In this section, we conduct a numerical study to investigate the performances of the adapted
and proposed CDF estimators. For this purpose, five populations are considered. The sum-

mary statistics of these populations are reported in Tables 9-12. The PRE of an estimator F,(y)
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with respect to F, (y) is

PRE(F (), F, () = a0 109
MSE,,(F;(y))
where i =2,3,...,9.

The PREs of distribution function estimators, computed from four populations, are given
in Tables 9-12.

Population I (Source: Koyuncu and Kadilar, [36])

Y: The number of teachers and

X: The number of students in both primary and secondary schools in Turkey in 2007 for
923 districts in six regions.

Population II (Source: Koyuncu and Kadilar, [36])

Y: The number of teachers and

X: The number of classes in both primary and secondary schools in Turkey in 2007 for 923
districts in six regions.

Population III (Source: Kadilar and Cingi, [37])

Y: Apple production amount in 1999 and

X: The number of apple trees in 1999.

Population IV (Source: Kadilar and Cingi, [37])

Y: Apple production amount in 1999 and

X: Apple production amount in 1998.

From the numerical results, presented in Tables 13-16, it is observed that the PREs of all
families of estimators change with the choices of a and b. It is further noted that the proposed
families of estimators are more precise than the adapted distribution function estimators of
Cochran [31], Murthy [32], Rao [4], Singh et al. [33] and Grover and Kaur [11], in terms of
PRE. It can be seen that, for all data sets, the second proposed family of the estimators perform
better than the first proposed family of estimators.

We computed sample size in stratum h. Here we took sample sizes of 180, 180, 140 and 140
from four populations. Then we used stratified random sampling, and the MSEs (minimum)
of the proposed families of estimators were computed in Eqs 56 and 62, respectively. Lastly,
the adapted estimators and proposed families of estimators were compared with each other
with respect to their PRE values. The PRE results are shown in Tables 13-16. In Tables 9-12,
we can observe the descriptive statistics regarding the populations, strata, and sample size.
From the numerical results, presented in Tables 13-16, it is observed that the PREs of all fami-
lies of estimators change with the choices of a and b. It is further noted that the proposed fami-
lies of estimators are more precise than the adapted distribution function estimators of
Cochran [31], Murthy [32], Rao [4], Singh et al. [33] and Grover and Kaur [11], in terms of the
PRE. It can be seen that, for all data sets, the second proposed family of estimators perform
better than the first proposed family of estimators. We can also see a rise in the value of PREs
when the value of a = 1;and b = Ry5;a = Rj; and b = Cy; a = Ry, and b = B4, and see a slight
fall in PREs when a = 1 and b = NF(x)).

12 Conclusion

In this paper, we have proposed two new families of estimators for estimating the finite popu-
lation distribution function under simple and stratified random sampling schemes. The pro-
posed estimators required supplementary information about the sample mean and the ranks
of the auxiliary variable. The biases and MSEs of the proposed families of estimators were
derived using the first order approximation. Based on theoretical and numerical comparative
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studies, it can be concludethat the proposed families of estimators are more precise than their
existing counterparts. Thus, we recommend using the sample mean and the ranks of the auxil-
iary variable with the proposed families of estimators for estimating the finite population dis-
tribution function under simple or stratified random sampling. It would be interesting to
extend the suggested estimators to two-phase and stratified two-phase sampling schemes. Fur-
thermore, the proposed estimators could also be generalised by utilising information about
multi-auxillary variables.
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