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In noncentrosymmetric crystals with broken inversion symmetry Z, the I-V (I: current, V: voltage)
characteristic is generally expected to depend on the direction of /, which is known as nonreciprocal
response and, for example, found in p-n junction. However, it is a highly nontrivial issue in
translationally invariant systems since the time-reversal symmetry Tplays an essential role, where the
two states at crystal momenta k and —k are connected in the band structure. Therefore, it has been
considered that the external magnetic field (B) or the magnetic order which breaks the 7-symmetry is
necessary to realize the nonreciprocal I-V characteristics, i.e., magnetochiral anisotropy. Here we
theoretically show that the electron correlation in 7-broken multi-band systems can induce
nonreciprocal I-V characteristics without T-breaking. An analog of Onsager’s relation shows that
nonreciprocal current response without 7 -breaking generally requires two effects: dissipation and
interactions. By using nonequilibrium Green’s functions, we derive general formula of the nonreciprocal
response for two-band systems with onsite interaction. The formula is applied to Rice-Mele model, a
representative 1D model with inversion breaking, and some candidate materials are discussed. This
finding offers a coherent understanding of the origin of nonreciprocal I-V characteristics, and will pave a
way to design it.

Noncentrosymmetric crystals exhibit a variety of interesting physical phenomena. These include ferroelectricity’,
photovoltaic effect (shift current)?'°, and second harmonic generation''~'*. Among them, nonreciprocal dc cur-
rent response in inversion broken systems has been attracting a keen attention in condensed matter physics.
Nonreciprocity (or rectifying effect) is a current response where the I-V characteristic differs when current flows
toward left and when it flows toward right (i.e., (V) = —I(—V)). The nonreciprocal current response is important
both for fundamental physics of inversion broken materials and also for applications such as diode. Conventional
example of nonreciprocity is a p-n junction, in which the direction of the current changes the thickness of deple-
tion layer, and hence, the resistivity. Nonlinear current response has been intensely studied in a mesoscopic
setup!*~1®, In contrast to such artificial heterostructures, nonreciprocity in crystals is a more nontrivial issue.
Current responses in crystals are governed by Bloch electrons with good momentum k and their band structure.
In the presence of time-reversal symmetry (TRS), the band structure satisfies the relationship ¢, = €_; (o rep-
resents the spin and @ the opposite spin to o), which indicates that no nonreciprocity appears for noninteracting
electrons in the Boltzmann charge transport picture as illustrated in Fig. 1(a). Specifically, the applied electric field
causes a shift of the Bloch electrons in the momentum space. The symmetry in the band structure due to the TRS
results in symmetric shifts with respect to the direction of the applied electric field E, and the conductivity does
not depend on the direction of E. There are two ways to break TRS: (i) introducing time-reversal breaking term to
a microscopic Hamiltonian and (ii) introducing irreversibility at the macroscopic level. The former microscopic
TR breaking is achieved with application of an external magnetic field B or introducing magnetic order.
Nonreciprocal current response in the presence of magnetic field is known as magnetochiral anisotropy and has
been actively studied!”-2,
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Figure 1. Schematic picture of the current responses in noncentrosymmetric crystals. For simplicity, here we
consider the spinless electrons. (a) The conductivity of noninteracting electrons does not depend on the
direction of the applied electric fields due to the time-reversal symmetry 7. (b) Effective dispersion relation of
interacting electrons are modified by the applied electric field E due to the electron correlation in a different way
depending on its direction. This makes the conductivity depend on the direction of E, which is the
nonreciprocal current response.

The other way to break TRS is incorporating irreversibility at the macroscopic level, i.e., (ii). Generalizing
Onsager’s relation to nonlinear current response, we find that nonreciprocal current may appear due to the effect
of dissipation/relaxation even when microscopic Hamiltonian obeys the TRS. Furthermore, there exists a system-
atic description for the second order nonlinear current responses that is based on the gauge invariant formulation
of nonequilibrium Green’s functions under the static E field?>?. This formulation allows us to show that some
electron interaction effects are necessary for nonreciprocal current response in bulk crystals under the TRS,
on top of the dissipation effects. Such electron interactions include Coulomb electrons between electrons and
electron-phonon interactions. In particular, it turns out that elastic scattering from disorder potential is not able
to support nonreciprocal current response. These general symmetry considerations naturally lead us to study
nonreciprocal current response with electron interactions in the Boltzmann transport picture that incorporates
dissipation effects through relaxation of electron distribution functions.

Indeed, the situation changes in the presence of electron interactions, since electron interactions can modify
the effective band structure when the applied electric field changes the electron distributions. In the steady state
with nonzero current in noncentrosymmetric crystals, the interaction effect modifies the energy band in an
asymmetric way with respect to the direction of E, as illustrated in Fig. 1(b), and enables us to circumvent the
original constraint of TRS since systems with E and -E are not related with TRS and ¢, ,(E) = €_; ,(—E)in gen-
eral. In the Boltzmann transport picture, this asymmetric change of effective band structure leads to nonrecipro-
cal current responses. By using the gauge invariant formulation of nonequilibrium Keldysh Green’s functions, we
derive a general formula for the nonreciprocal current in the weak interaction limit. It shows that nonreciprocal
current in inversion broken materials is proportional to the strength of electron interaction and inversely propor-
tional to typical band separation and bandwidth. We find that the nonreciprocity in noncentrosymmetric crystals
is a quantum mechanical effect that is described by the complex nature of Bloch wave functions and interband
matrix element which is unique to inversion broken systems. An estimate of the nonreciprocity shows that doped
semiconductors and molecular conductors are good candidate materials for the nonreciprocity from electron
correlation. We also discuss possible nonreciprocity in the molecular conductor TTF-CA*"8.

In this paper, we focus on the nonlinearity in I-V characteristic of dc transport. Meanwhile, there are other non-
linear current responses in Z-broken crystals which have their origins in the complex nature of Bloch wave func-
tions and should be compared with the nonreciprocal response in the present case. One example is a shift current®-1,
a dc current induced by photoexcitation of electrons beyond the band gap. The shift current is generated from the
shift of wave packet centers for valence and conduction bands, and this shift is essentially described by Berry phases
of valence and conduction electrons. The present nonreciprocal response and the shift current have similarity in that
both rely on the multi-band nature of Z-broken systems. Yet, an important difference is that the nonreciprocal
response arises from intraband metallic transport that is induced by static electric fields, while the shift current
involves optical excitation of interband electron-hole pairs with photon energy larger than the band gap. Other
examples are nonlinear Hall effect and low-frequency circular photogalvanic effect (CPGE)?*-*!. They are known as
geometrical effects described by the Berry curvature dipole of Bloch electrons. They are similar to the present non-
reciprocal response in that both are intraband effects. However, the nonlinear Hall effect and the geometrical part of
the CPGE are transverse (Hall) responses, in that they are described by off-diagonal components of the nonlinear
conductivity tensor (o, and 0,4, respectively, with a = b). In this sense, they are contrasted to the present nonrecip-
rocal current which is a longitudinal current response described by diagonal components o,,, and essentially
involves the effect of dissipation.

Results
Time reversal symmetry constrains nonreciprocal current responses in bulk crystals. Based on general symmetry
considerations, we show that nonreciprocal current response in crystals generally require two ingredients: (i)
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dissipation, and (ii) interactions. First, we generalize Onsager’s theorem to nonlinear current responses and show
that the effect of dissipation is crucial for nonreciprocal current response. We then show by using gauge invariant
formulation of Keldysh Green’s function that nonreciprocal current generally requires some interactions (e.g.,
electron-electron interactions and electron-phonon interactions). These two conditions suggest that the nonre-
ciprocal current response can be captured by Boltzmann equation picture (that incorporates relaxation of electron
distribution function) once we incorporate E-linear change of band structure induced by electron interactions.

The nonreciprocal current response is captured by an E? term in the current response. In the Boltzmann trans-
port picture, the current ] induced by the applied electric field E is given by

2¢*

] B Tl VE | E ( 1 )
with the relaxation time 7 and the Fermi velocity vy, for a one-dimensional system as depicted in Fig. 1. In non-
centrosymmetric systems, the effective band structure with correlation effect can change asymmetrically in an
applied electric field, and the Fermi velocity is modified as vi(E) = vy, + cE + O(E?). Therefore, noncentrosym-
metric systems can host nonreciprocal current response given by the E? term in J = 2(e*/#)7(vg,E +cE?). Since
the E-linear change of the band structure is described by the self energy linear in E, we study Green’s function
and self energy in the steady state realized with the applied electric field. By using these results, we derive the
general formula of nonreciprocal current, and then apply it to Rice-Mele model which is a prototypical model of
ferroelectrics.

Onsager’s theorem and its generalization. In this section, we present a general consideration on the

nonreciprocal current response in terms of the time reversal symmetry. We generalize Onsager’s relationship to

nonlinear current responses, and show that the effect of dissipation is crucial for nonreciprocal current response.
In the linear response, Onsager’s relationship indicates that the conductivity o;; is constrained as

G = Ojp> (2)

when the microscopic Hamiltonian preserves time reversal symmetry?. This relationship is derived by consid-
ering the time reversal transformation in the Kubo formula for the linear conductivity as explained in Methods.
Now we study how Onsager’s theorem can be extended to nonlinear current responses. We consider the second
order current response,

Jw + wy) = g(wy, wy)E(w)Ej(w,). (3)

For systems of noninteracting electrons, the nonlinear conductivity

(iw, , iw, ) in the imaginary time for-
malism satisfies the relationship

Gijj

"iﬁ(""nl’ lw”z) = —qu(— W _""nl)’ (4)

under time reversal symmetry. (For the derivation, see Method section.) Naively, this seems to suggest that the
nonlinear conductivity o;(w;,w,) vanishes in the dc limit (w; — 0 and w, — 0). However, there is a subtlety in the
analytic continuation to real frequencies as follows. We notice that nonlinear conductivity with Matsubara fre-
quencies in the upper half plane is transformed to that with Matsubara frequencies in the lower half plane. Since
the real axis is a branch cut in the complex w plane, the analytic continuation of iw, — 0 for the two quantities,
0j(iwy, iw,) and o(—iw,, —iw;), lead to different results in general. This indicates that relationship similar to the
Onsager’s relation does not necessarily constrain the dc nonlinear conductivity to vanish.

Interestingly, the extended Onsager’s relation in the above shows that nonreciprocal current response
(nonzero cr,-]j) inevitably involves macroscopic irreversibility, i.e., the effect of dissipation, since the branch cut
at Im[w] =0 is associated with macroscopic irreversibility. Specifically, such discontinuity for w— £0i appears
in the self energy by incorporating dissipative processes such as impurity scattering. To see this, it is useful to
consider the case of linear conductivity. Metallic conductivity o,,(w) has a branch cut and the limit of w — +0i
gives a dissipative current response which is proportional to the relaxation time 7. In contrast, Hall conductivity
,,(w) does not involve such branch cut and corresponds to nondissipative current response (independent of 7).
Therefore, the nonreciprocal current response requires dissipation and should be proportional to the relaxation
time 7.

In passing, we note that Eq. (4) also indicates that the dissipation is essential for shift current which is a photo-
current caused by an optical resonance at a frequency w above the band gap and described by o;(w, —w)*. If there
is no effect of dissipation, we can naively take analytic continuation of Eq. (4), which leads to o;;(w, —w) = —0y;(w,
—w) =0. Thus nonzero shift current requires some irreversibility. This observation is coherent with the fact that
shift current essentially relies on optical absorption which is an irreversible process.

Absence of dc nonreciprocal current in noninteracting systems. In this section, we show that
dc nonreciprocal current response does not appear when we do not incorporate effects of electron interactions
that cause an effective change of the band structure under the applied electric field. We first show that no non-
reciprocal current response appears in periodic systems. We then generalize the proof to the systems with static
disorder potentials and show that incorporating the effects of elastic scattering does not lead to nonreciprocal
current response.
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We study systems with an applied electric field by using Keldysh Green’s function and its gradient expan-
sion**%. In particular, we use its gauge invariant formulation which enables us to treat the effect of E directly®.
In the presence of a constant external electric field E, the Green’s function and the self energy are expanded with
respect to E as*>?¢

2
G(w, k) = Gylw, k) + ch(w, k) + %GEz(w, k) + O,

(5)
E E? 5
Y(w, k) = Zp(w, k) + EZE(W’ k) + ?ZEz(w, k) + O(E>), ©)
where we set i=1, e=1 for simplicity. The unperturbed part of the Green’s function G, is given by
—1
GE GF v »E Eff,

0 G(f‘ 0 EQ 7)
with the unperturbed Hamiltonian H (without E). The linear order correction to the Green’s function Gy is given
by

Gy = Gy|Sp + %((awcgl)co(akc(ﬁ) - (angl)Go(angl))}Go. ®)

In order to describe the nonequilibrium steady state with applied electric fields, we suppose that the system is
coupled to a heat bath. The coupling to the heat bath stabilizes the nonequilibrium electron distribution, and is
incorporated through the self energy 3, as 2§’A(w) = Fil'/2and Zé((w) = i['f(w), where I is the coupling
strength and f{w) is the Fermi distribution function (for details, see Methods)***>.

The second order current response is given by the expectation value,

Jpr = —i f duodkta ()G 5w, K| )

In order to show the absence of the second order current response in noninteracting systems, we set
E-dependent self energy corrections to zero (X; = ¥ ;2 = 0). Here, we also assumed that the heat bath coupled to
the system (and gives %) is large enough such that it is not modified with applying electric fields. With vanishing
E-dependent self energies, G ;2 can be written as®

G = = SGl(0.G,") (3G — (3,G; ) (.G

1 _ _
+=Gyl(92Gy ) (97Gy) + (936G, ) (92Gy)).-
4 (10)
We can show that the expectation value J2 vanishes in the presence of TRS as follows. The TRS defined with
T = K constrains Green’s functions and velocity operator as

Golw, k) = Gylw, =k, (11)
Gplw, k) = —Gylw, —k)", (12)
v(k) = v(—k)', (13)

where T denotes transposition with respect to the band index. This transformation law leads to cancellation of the
integrand of J2 between k and —k. For example, the first term in G2 in Eq. (10) gives the contribution which
transforms as

tr[v(k) Go(ws k) (8,Gy '(w, k) (BGilw, k)]
—tr[v!(=k)Gy (W, —k) (0,6, " (w, =) (9,Gg(w, —k))]
= —tr[U(=R)Gyw, —k) (8,Gy (@, —k) (O G(w, —k)], (14)

and cancels out between k and —k. (In the last line, we used trA =trA”). We can show the cancellation for other
terms in Ji; in a similar way. This indicates that the nonlinear current o<E? vanishes under the TRS in bulk crystals
if we do not incorporate E-linear band modification described by 3.

It is easy to generalize the above argument to systems with static disorder potential. We consider a system of
the system size L with the periodic boundary condition. We introduce a phase twist at the periodic boundary with
the phase 6. In this case, the velocity matrix element v and the nonequilibrium Green’s function G ;2 become func-
tions of the phase twist 6 instead of the momentum k. When the disorder is uniform and the system has transla-
tion symmetry on average, physical quantities are obtained by averaging over the phase twist . We note that this
procedure is very similar to the discussion of Chern number in quantum Hall systems with disorder potential®.
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Figure 2. Diagrams that we consider for (a) electron-electron interaction, (b) impurity scattering. The electron-
electron interaction is incorporated by the Hartree term. We use the Born approximation (the second order
perturbation) for the impurity scattering.

Thus, the nonlinear current response /2 is given by a similar expression to Eq. (9) by replacing k with 6. [The
expression for G p2(w, 0) is also obtained by replacing k with @ in Eq. (10)]. Since similar symmetry constraints
hold for G and v under the TRS [i.e., Gy(w,0) = Go(w, —0)7, Gg(w,0) = —Gglw, —O)T, v(0) = v(—6)T], the integrand
of ]2 satisfies

] W(0)G (w, 9)] ftr[v( )G (w, —0)) (15)

and cancels between 6 and —0. This proves that elastic scattering from static disorder potential does not induce
nonreciprocal current response.

These considerations indicate that E-linear change of band structure (2;) is essential for nonreciprocal current
response in bulk crystals. The E-linear change of band structure requires some kind of electron interactions, such
as Coulomb interactions and electron-phonon interactions. Since the current response proportional to E? arises
from the E-linear change of band structure in the Boltzmann transport picture, it suffices to consider ¥ and
neglect 3 ;2. Although we can study this nonreciprocal current response by directly looking at G 2 with incorpo-
rating Y, it is equivalent and more concise to compute ¥ and then use the relationship Eq. (1) with the Fermi
velocity modified by E.

So far, we discussed general conditions to achieve nonreciprocal current response in bulk crystals. In order
to proceed to explicit calculations of nonreciprocal current, we need to specify the form of the self energy, i.e.,
how the self energy ¥ is expressed in terms of the Green’s function G. We consider electron-electron interaction
shown in the Feynman diagram Fig. 2(a) and show that it gives rise to nonreciprocal current through E-linear
band structure change. Incidentally, we also show explicitly that elastic scatterings from isotropic impurity poten-
tial [Fig. 2(b)] does not lead to nonreciprocal current, which is consistent with the above general symmetry
consideration.

Nonequilibrium steady state under the applied electric field. Now we move on to demonstration of
nonreciprocal current responses with electron interactions by performing explicit calculations. We consider the
cases of weak interactions and perform Hartree-Fock approximation in the gauge invariant formulation of
Keldysh Green’s functions. In order to describe E-linear change of the effective band structure, we first study the
nonequilibrium steady state under the electric field by looking at G. Once G is obtained, we can compute the
E-linear change of band structure by studying >} that corresponds to the diagram in Fig. 2.

The E-linear change of electron occupation has intraband and interband contributions, since the Green’s func-
tion for a 7-broken system generally has a matrix structure with respect to band index. The intraband contribu-
tion is written as

Gin = 228w — &) Yosgnlvy, )6k — ki),
r ke (16)

for the band 1 that we assume crosses with the Fermi energy (for details, see Methods). Here, ky; are the Fermi
momenta for the band 1. This change of the lesser Green’s function linear in E describes the effect of the applied
electric field where the electron occupation is shifted in the momentum space as k — k+ 7E near the Fermi sur-
face (with 7=2/I"). This coincides with the picture of the semiclassical Boltzmann equation as illustrated in
Fig. 1(a).

Next, the interband contribution for Gy is given by

Gip = Zﬂé(w — )8tk — ks ),
kg Vil Eg (17)

and GE 2= —(Gx 1) for the bands 1 and 2 (for details of the derivation, see Methods.). Here, we assume that the
band 1'is the partially filled valence band and the band 2 is the unoccupied conduction band as illustrated in
Fig. 1, and E, denotes the band gap at the momentum k. This term arises from a quantum mechanical effect that
the electric field also modifies the wave function in addition to the shift of the momentum at the Fermi energy.

SCIENTIFICREPORTS | (2018) 8:2973 | DOI:10.1038/s41598-018-20539-2 5



www.nature.com/scientificreports/

Thus the electron distribution in the steady state effectively has an interband component near the Fermi energy.
We note that this interband component of G cannot be captured by semiclassical treatment with Boltzmann
equation, and is a quantum effect captured by the current approach that uses the gauge invariant formulation of
Keldysh Green’s functions. This interband component gives the origin of the nonreciprocity when the electron
interaction is incorporated. In contrast, when we consider effects of scattering by short-range impurities within
the Born approximation [described by the diagram in Fig. 2(a)], we do not find the E-linear change of the effective
band structure, as detailed in Methods.

Formula of nonreciprocal current in two band systems. Now we show that nonreciprocal current
appears from E-linear band structure change once we introduce electron-electron interactions, and derive a gen-
eral formula for nonreciprocal current in two-band systems. The effect of electron interactions is minimally
incorporated by the self energy arising from the Hartree contribution to ¥ 5 as shown in Fig. 2(a).

For simplicity, we consider a two-band model, where the unit cell contains two sites, and the wave functions
of valence and conduction bands (labeled by 1 and 2, respectively) are represented by

\I’lk_( ) %"_[_:’:]' (18)

We then consider two copies of the original system, each labeled by T and |, and introduce the onsite interac-
tion given by

=U) n.n
nt zl: 1,0 (19)
with the site index i. We treat the effects of the onsite interaction in terms of Hartree-Fock approximation,
and study the effective band structure. Since the two copies (1 and |) are decoupled in the noninteracting
Hamiltonian, only the Hartree term appears in the present case. (We suppose that the Hartree correction in the
equilibrium is already included in the original Hamiltonian.) In the following, we focus on the electronic struc-
ture of the T component, and suppress the label for the two copies for simplicity. By using the momentum space
representation of Hy, (for details, see Methods), the self energy from the Hartree contribution is given by

dw dk
SEu® = iaU [ T2l — nf)

X [”k'Vk'GE,n(k) + u,j‘/v,j‘/G;u(k’)], (20)

with the lattice constant a. Now we assume that there are two Fermi momenta at +k; with the same Fermi velocity
vr. By using the Green’s function in the steady state [Eq. (17)], this is expressed as

Ul — w2
= (|uk‘ ‘Vk| ) Im [ukpkaVIZ,kF] :
vy g Eg i, (21)

Eg,u(k) =

This self energy is an even function with respect to k from TRS (such as 7 = K), which is important in obtain-
ing nonreciprocal current response as we will see next.

We now study the nonreciprocal current response by using the self energy $5. The current induced by an
electric field (linearly in E) is given by

J= (Vll,kp - Vll,—kF)TE (22)

from the Boltzmann transport approach. An application of the electric field modifies the band structure as
61 — g+ E £,11(k), and hence, the Fermi velocity as v, — vy, + 6k2 11(k). Since the obtained self energy
R en(k)is an even function of k, the velocity corrections at £k do not cancel out in evaluating the correction to
the current response in Eq. (22). Thus, we obtain the nonlinear current response §] (the part of current response
proportional to E?) as

5 = (akzm R, — 3k2511k)lk:_kp)rE2
2 2
_ ZaUTak(‘ukl - |vk| )|k:kp 2
= Im[u vy vipp JES
Vi1, Eg i, (23)

which is the general formula for two-band systems in one-dimension. This can be generalized to systems in
higher dimensions if we replace the summation over the Fermi points with an integral over the Fermi surface. The
above formula indicates that the nonreciprocity ratio -y of the nonlinear current to the original current is roughly
estimated as

] B, W (24)

where W is the bandwidth. Here we used u, v~ 1 and v, ke ™ Vizks for rough order estimates.
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Energy (t)

Figure 3. Schematics of the effective parameter change induced by the electric field combined with the electron
correlation and the associated effective band structures. We adopted parameters 6t =0.1, A =0.3. The changes
of A from the applied electric fields are +0.2.

The obtained formula indicates that breaking of inversion symmetry is essential for the nonreciprocity. When
the system is inversion symmetric, the wave function is expressed with real numbers due to the combination of
inversion symmetry Z and TRS (Z7 = K). Therefore, we obtain Im[uy vi vip, ] = 0in inversion symmetric
systems and no reciprocity appears. This clearly shows that the nonreciprocity in the current mechanism essen-
tially relies on the complex nature of wave functions in noncentrosymmetric crystals.

Nonreciprocal current in Rice-Mele model.  We study nonreciprocal current in a representative model of
ferroelectrics, Rice-Mele model, by taking into account onsite interaction. We show that E-linear band structure
change is associated with effective modulation of parameters in the Hamiltonian that is induced by the applied
electric field E.

Rice-Mele model is a representative 1D two-band model with broken inversion symmetry, and is described
by a Hamiltonian®,

1 i
H = EZ(ciLci +h.c)— %Z(fl) (citrlci +h.c)
+AS (—1¢fe,
Zi: (25)
33,40-42

Rice-Mele model is a minimal model for molecular conductors
momentum representation, the Hamiltonian reads

and ferroelectric perovskites®. In the

H= cos%ax + 5tsink7aoy + Ag, 26)

where Pauli matrices o’s act on two sublattices (A and B) in the unit cell, and a is the lattice constant. For

Rice-Mele model, the wave functions in Eq. (18) are given by u, = — sing andv, = e cos g, with the parameters
0 = cos™! % and ¢ =tan~! 6. The energy dispersion for the valence band is given by
€1k
€ = —,\/coszk—a + (5tzsin2k—a + A,
: 2 2 27)
ande, ; = —¢ ; for the conduction band, as shown in the right panel of Fig. 3 with black line.
We again consider two copies of Rice-Mele model and introduce the onsite interaction given by

where 7 and | label the two identical copies. By focusing on the electronic structure of the T component, we sup-
press the label for the two copies for simplicity.

Now we study the nonequilibrium steady state under the electric field E applied along the 1D chain, by using
the nonequilibrium Green’s functions, Eq. (17). The electric field is described by the Hamiltonian,
H,. = —eEa}";in;. The application of the electric field effectively changes the parameters 6t and A, which can be
easily obtained within the Hartree approximation since the expectation values are directly computed from the

lesser component of the Green’s function. From the Hartree term, the occupation of site A is modified as

E dk
ony = 1761 E[ukaGEZI(k) + uiviGy1,(k)]

Ea
= —EIm[ukakalz’kF],
TV Eg i, (29)

(For details of the derivation, see Methods.) Similarly, the occupation of site B is modified in the opposite way as
ong= —6n,. Thus the Hartree term effectively changes the staggered potential A as
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EaU
A=A+ ————Imfu v vipp, ]

ﬂ—lvll,kF‘Eg,kF (30)

Notice that the change of A is opposite in sign depending on the direction of E. This situation is schematically
illustrated in Fig. 3. Since the parameter changes are asymmetric with respect to the sign of E in the 6t — A space,
the effective band structure ¢ (E) becomes different for the electric fields +E and —E. The nonlinear current in
the nonequilibrium steady state is obtained from the conventional Boltzmann equation approach for this modi-
fied band structure in the presence of E. Namely, the linear conductivity is given by

a(E) = 27|vi(E)|, (31)

with E-dependent Fermi velocity v(E) = 8¢, ((E) \k_k (where kjis the Fermi momentum). The E-linear change

of the effective band structure leads to E-linear term in 5F(E), which results in the nonlinear current response ocE2.
Thus the asymmetry in band structure changes leads to the nonreciprocity of the current with respect to the
direction of E.

The nonreciprocity is quantified by the ratio of the change of electric conductivity v= [¢(E) — ¢(0)]/c(0) in
the presence of the applied electric field. We note that yv= ¢J/J and the crude approximation is given in Eq. (24).
This approximation is also obtained from the E-linear change of the parameters in Rice-Mele model in Eqs (27)
and (30). Explicit evaluation of Eq. (23) gives the nonreciprocity ratio of y=5 x 1077 for typical parameters
of Rice-Mele model (6t = A =0.3t, U=t, ky=0.17/a along with t=1eV and a =1 A) and the electric field of
E=10°V/m. This order of the nonreciprocity is comparable to those in materials showing magnetochiral anisot-
ropy'®, as we will discuss further in the discussion section.

Discussions

Finally, we give an estimate of the nonreciprocal response induced by the present mechanism for realistic materi-
als. Typical magnitude of the nonreciprocity is determined by v=6J/J in Eq. (24). When the band gap and
Coulomb energy are both of the order of 1 eV, the ratio §J/] reduces to eEa/ W, which is the ratio between the
electric potential in the unit cell and the bandwidth. This allows us to estimate typical nonreciprocity as follows.
We consider the current of 1 mA that flows in a wire of the area 1 mm?, which amounts to a current density of
j=103A/m2. For usual metals, conductivity is roughly given by & ~ 10° A/Vm, and hence, the electric field pres-
ent in the wire is E = j/o ~ 1073V/m. In this case, the electric potential in the unit cell of a =~ 14 is
eEa ~ 10" eV. Since the bandwidth is typically 1 eV, this indicates nonreciprocity ratio is 6//J ~ 10~ ', This
should be compared to the typical order of nonreciprocity for materials showing magnetochiral anisotropy. Bi
helix'® and molecular solids*' show the nonreciprocity measured in resistivity change 6p as 6p/p=~'IB with
7'~ 107°A'T~", For I=1mA and B= 1T, the typical nonreciprocity is 6]/] ~ §p/p ~ 10~°. Thus the nonreci-
procity induced by electron correlation is very small for good metals. On the other hand, we can expect compa-
rable nonreciprocity for doped semiconductors whose conductivity ranges from 10~'~10° A/Vm. For example, for
the doped Si of 0 =10"" A/Vm and the bandwidth W =~ 1eV in the presence of the current density j=10° A/m?,
we obtain the nonreciprocity of §//J ~ 10~°, which becomes comparable with typical materials showing mag-
netochiral anisotropy.

Another candidate is the molecular conductor TTF-CA which is a strongly correlated insulator. Of course, our
theory for weakly correlated metals is not directly applicable. However, it is interesting to estimate the nonreci-
procity ratio anyway, since the carriers in TTF-CA (thermally activated or provided by impurity sites) may be
treated as electrons having a Fermi surface, and the Hartree approximation sometimes becomes a good approxi-
mation at least for the ground states. The typical order of electric field that can be applied is E =~ 10° V/m2"2,
Since the lattice constant is a =~ 1nm, the electric voltage in the unit cell becomes eEa =~ 107t eV, and the band-
width is given by W =~ 0.2eV. Thus the nonreciprocity ratio can be 10~ which may be comparable with that in
magnetochiral anisotropy in Bi helix'®. We again note that this is a number obtained from a naive application of
Eq. (24) to TTF-CA beyond the applicability of our theory, but this suggests that it is an interesting future prob-
lem to study TTF-CA as a candidate of strongly correlated materials for nonreciprocity, from both theoretical and
experimental points of view.

Our analysis is mostly valid for weakly interacting systems because we adopted Hartree approximation to
incorporate the correlation effect. Therefore, the study of nonreciprocal responses of strongly interacting cases
remains as an interesting future problem. Meanwhile, our symmetry considerations from generalization of
Onsager’s theorem suggests that nonreciprocal current response can generally appear in the presence of dissi-
pation and interactions, regardless of the strength of the interaction. We may also note that Hartree approxi-
mation sometimes gives a good description for some ground state properties, even for strong U cases, such as
magnetically ordered ground states. Our approach may give a good approximation for nonlinear properties of
those states, since the nonreciprocal current response is a nonequilibrium property near the ground state under
a moderate electric field.

Methods
Derivation of generalized Onsager’s theorem. In this section, we present general symmetry consider-
ations on the nonreciprocal current response with respect to the time reversal symmetry by extending Onsager’s
relationship to nonlinear current.

We consider a system of noninteracting electrons that are described by Green’s function in the Lehmann
representation,
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—BEg
ot e
Gapiw,) = eﬂQZ (alc|B) ﬁ|cb|04>
o3 Wy Eoz - Eﬂ (32)
where |v) is a many-body state that satisfies H|a) = E,|a) with the many-body Hamiltonian H, 3 is the inverse

temperature, e " = Tr[e "], and ¢, and ¢! are annihilation and creation operators of an electron with a single
particle state a. (Here o, are labels for many-body states, whereas a, b are labels for single particle states.) We
write the current operator 7, along the ith direction as

V= Z (Vi)abczjch’
ab

(33)
where v is a matrix for a velocity operator in the single particle representation.
In the linear response, Onsager’s relationship indicates that the conductivity o;; is constrained as
% = i (34)

in the presence of time reversal symmetry*2. This relationship is derived by considering the time reversal trans-
formation in the Kubo formula for the linear conductivity,

oiw,) = %Ztr[viG(iwm + iw,)v,G(iw,,)],
iw,, (35)

where iw,, iw,, are Matsubara frequencies, and tr is a trace over single particle states (labeled by a, b). The time
reversal symmetry, 7 = K, indicates

Gliw,) = G'(iw,,), (36)

vi= V- (37)

These actions of 7 in the many-body representation are obtained by using 7[ce) = (|«))* in Eqs (32) and (33).
(We note that this is closely related to symmetry constraint in a single particle Hamiltonian, H(k) = H'(—k), in
the momentum representation). By using these relationships, the Kubo formula can be rewritten as

aliwy) = ——S v G (i, + iw,) v/ G (iw,,)]

iw,,

)

w}’l/B IUJ

= oj(iw,), (38)

and leads to the Onsager’s relationship. Here we rewrote the trace in the reverse order in the second line and used
the fact that the transposition in the trace does not change its value.

Next we study how Onsager’s theorem can be extended to nonlinear current responses. We consider the sec-
ond order current response,

J{w, + wy) = z];("-’p "Jz)E (“"1)E (w,). (39)
The nonlinear conductivity o;.]j(iwnl, iwn2> has a contribution from a triangle diagram which is given by

1

w(zw Jiw,) = —Ztr[ij(iwm + iw, J,Gliw,,
wnlwnz Wy,
+iw, + iw, JvGiw,)], (40)

since there are no vertex corrections for noninteracing systems. The time reversal symmetry indicates that

w(zwn, iw, )

e Sty Gl (iw,, + iw, V] G (iw,, + iw, + iw, v G (iw,,)]

wnlwnzﬂ iw,,
Ztr[v G(iw,, iwnz)ij(iwm — iwnl — iwnz)ViG(iwm)]
Wy nzﬂ
= w(—lw iwnl). (41)

Naively, this seems to suggest that the nonlinear conductivity o;(w;,w,) vanishes in the dc limit (w; — 0 and
w, — 0). However, we notice that nonlinear conductivity with Matsubara frequencies in the upper half plane is
transformed to that with Matsubara frequencies in the lower half plane. Since the real axis is a branch cut in the

complex w plane, the analytic continuation of iw, — 0 for the two quantities, 0;(iw;, iw,) and oy(—iw,, —iw;), lead
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to different results in general. This indicates that relationship similar to the Onsager’s relation does not necessarily
constrain the dc nonlinear conductivity to vanish. Instead, this extended Onsager’s relation indicates that nonre-
ciprocal current necessarily involves irreversibility such as dissipation and relaxation.

In a similar manner, we can also derive an extended Onsager’s relation for shift current. Shift current is dc current
induced by optical absorption above the band gap and photoexcitation of electron-hole pairs that have finite polari-
zation”'”. It is described by a nonlinear current response, J(w; + w,) = q.;jh‘ﬁ(wl, w,) E(w,) E(w,) with Wy A —w.
The nonlinear conductivity o*'if has two contributions as 0" = 6*(w,,w,) + 0**P¢(w,,w,), where the latter piece is a
correlation function of paramagnetic current ¥, and diamagnetic current fj;, ; = Zab(vdia,ij)abc; ¢, Time reversal

symmetry leads to the same relation,

shift shift
Tiji (wy, wy) = — Oy (—wy —wy), (42)
since o®"™ ¢ also obeys the same transformation law under the TRS with o' as follows. In the momentum rep-
resentation, matrix elements for diamagnetic current are given by

&
Vdia,ij = 57
Ok; (43)
Accordingly, TRS constrains diamagnetic current operator as
T
Ydia = Vdia» (44)
due to an extra k derivative. The nonlinear conductivity for shift current is written as
bubble - . 1 . . .
Uijju e(,wnl, uunz) =—> Ztr[ij(zwm + 1Wn,.)Vdia,ijG(Wm)]~
W, i 12, (45)
Under TRS, this transforms as
bubble(: =~
O;jju e(lwnl’ Iw"z)
1 TAT(; . T AT
=——> Ztr[v,- G (zwm + zwni)vdia)ijG (zwm)]
wnlwnzﬁ i=1,2iw,,
1 . . .
=% Ztr[viG(zwm - zwni)vdia,ijG(zwm)]
wnlwnzﬂ i=1,2 1w,
___ _bubblef s
= G ( Wy,» lw”l)’ (46)

where we used the symmetry between iw, and iw, to fit the transformation law with that for o"". Therefore,
nonzero shift current also requires irreversi‘bility that introduces a branch cut at the real axis in the w space and
makes two limits w— 0 different. In this case, the irreversibility comes from optical transition and creation of
electron hole pairs across the band gap.

Keldysh Green’s function. In this section, we summarize basic notations of Keldysh Green’s functions that
we need for our discussion®”**. In the Keldysh Green’s function formalism, we consider the Keldysh component
of the Green’s function in addition to the retarded and advanced Green’s function. Keldysh component describes
the electron occupation in the nonequilibrium state, while the retarded and advanced components describe the
spectrum of the system. The Dyson equation for the Green’s function is given by

—1
[GR GK] e H [ZR EK])

0o G* 0o x4 (47)
with the Hamiltonian H.

In the thermal equilibrium, the Keldysh Green’s function is obtained by solving the Dyson equation. We
suppose that the system is weakly coupled to a heat bath with broad spectrum, which determines the electron
distribution of the system. The coupling to the heat bath (such as electron reservoirs) is described by the self
energy given by*

1
= 21
[ZREK]:iP 2 Y
| :
0 0

1
2 (48)
where I is the strength of the coupling to the bath, and f(x) = 1/[1 + exp(x/kzT)] is the Fermi distribution func-
tion with the temperature T.

The observables in the nonequilibrium steady state is obtained from Keldysh Green’s function. We define the
lesser component of the Green’s function as
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G(w, k) = %(GK — GR 4+ GY.

(49)
By using G<, we can write the expectation value of a general fermion bilinear as
T _ dw <
(¢je)) = 1f—G w). (50)
The lesser Green’s function is concisely obtained from the equation
G~ = G"v°GY, (51)

where the lesser component of the self energy encodes the information of the electron distribution and is given by

< _ 1 ok R Ay
E(w,k):z(z - X"+ X2 =il'f(w). (52)

Keldysh Green’s function under the applied electric field. In this section, we study the nonequilib-
rium electron distribution realized under the applied electric field. We compute the E-linear part of the lesser
Green's function G, in Eq. (6) in the gauge invariant formulation. In doing so, we use the diagram in Fig. 2(b) to
specify the form of self energy X5 in Eq. (6). (We note that the electron interaction in Fig. 2(a) does not change
electron distribution and does not contribute to 3. Furthermore, it turns out in the end that the contribution of
impurity scattering to X is actually negligible under TRS.) Specifically, we consider the delta function type impu-
rity [V(r) = ué(r — r,) with density n]. In the second-order Born approximation, the self energy is given by

2 [ dk
ZE((U, k) = nu P GE((U) k), (53)
which corresponds to the diagram in Fig. 2(b). In the right hand side, G; denotes the bare Green’s function
that does not include the effect of impurity scattering. We note that the impurity scattering also modifies the
self energy 3, in the zeroth order in E, but this correction only changes the coupling I" in Eq. (48) and can be
absorbed by redefining I' accordingly.

The current response in the nonequilibrium steady state under the electric field is captured by the lesser
Green’s function G5 which gives a contribution linear in E. We consider a multiband system and suppose that the
Bloch wave functions are given by ¥;, which satisfy HY, k=€ k\I/ « With the energy dispersion¢; ik (where i is the
band index). First we start with the intraband component of G5 £.i; for the band i (where we omit the band index i
in the following, for simplicity). By assuming that G, and v have a single component, equation (8) gives

Gy = GH=; + %((awzﬂc(;‘vk vGR(O,59) |G

Y5 N iT*08(w — €)
2 r? 22’
(w—a) + 7 2[(141 - )’ + FT

(54)

where we used 9 f(w) = —8(w — €g). This expression is simplified by using the relationship

1 _ 27(2n = 2)! E -

(e - + 2 - P!

(55)

that holds for a positive integer n, and the Fermi momenta k;, where we only keep the leading order in terms of
1/T. By using Eq. (54) with Eq. (53), the impurity scattering gives rise to ¥5(w) given by

Yiw) = inuzz?wé(w — €p)

ke, - ‘5(k ke, ;)
1 — nuzz—wzkh% (k - kF,i) '

(56)
Here, the numerator in the right hand side vanishes since the TRS leads to ik, —‘ = 0, and hence, X5(w) = 0
follows. Thus we obtain
2mi v
Gy = ié(wf )R8k — kg ).
oy 1Al (57)

This change of the lesser Green’s function linear in E describes the effect of the applied electric field where the
electron occupation is shifted in the momentum space as k — k + 7E near the Fermi surface (with 7=2/I"). This
corresponds to the picture from the semiclassical Boltzmann equation as illustrated in Fig. 1(a).
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Next we consider the interband component, G ; 12> by focusing on the valence and conduction bands which are
labeled by 1 and 2, respectively. Equation (8) gives

< _ AR
Ge2 = Gon

i A A
E2,12 + E((awzfl)GO,llvk,IZ - Vk,lzc(fzz(awzjz)) Go.22-

(58)
We assume that the Fermi energy is located within the band 1 and does not cross the band 2. In this case, the
second term in the right hand side reduces to
R A
Giiz — GoniZ5,12G022
v R ~A ~A R AR ~A
:%5(“’ = €p) [Go,1Go,11Go22 — Go,11Go,22Go 0]
v
= -3 — B 5w — )bk — kp,),
ks Vi1 kl Eg & (59)
with E, , = €, — €y, where we only kept the leading term with respect to 1/E. (Here we used Eq. (55) for

G(fl 1G6‘,‘11 and discarded the second term.) Since the right hand side is inversely proportional to the band gap E,,
the self energy X3 |, obtained from Eq. (53) is proportional to I'/E, . » which is negligible in the left hand side of
the above equation given that G(fzz x 1/E .- Therefore the lesser part of the Green’s function is given by

in%
Gpn = —> . — 2% §(w — )8k — kg).
ks i1kl Eq (60)

We note that G, , is obtained from the relationship

Go = —(Gg )" (61)

as a consequence of the hermiticity of expectation values in Eq. (50).

Effective band dispersion with impurity scattering. In this section, we study the effective band disper-
sion in the presence of E and impurity scattering by looking at X, We show that impurity scattering is insufficient
for nonreciprocal current response because the change of the band dispersion turns out to be the same for positive
and negative electric fields.

From Eq. (8), the retarded part of the equation for G reads

GR = GHSE 4+ L(GR(—v) — (—v)GR Gx,
E 032(0( W) — (=) Gy) |Gy 62)

with v, = 0, H, where we used 9,3%=0. For simplicity, we consider a two-band system, where the Green’s func-
tion is given by

1

R

Gy = ————6,;
W=t iy (63)

where i, j=1, 2 are labels for valence and conduction bands, respectively. For the diagonal components, we obtain
R RyR ~R
Gr,i = Go,i2E,iiGojii (64)

since the second term in Eq. (62) vanishes trivially. The diagonal part of the self energy is momentum independ-
ent and vanishes as

dk
Zl};,ii(w) = m EGJ{},:‘:‘
= nuzfdk 1 5 Eé)ﬁ(w) = 0.

2 (w — €;(k) + zg) (65)

Oft-diagonal part is determined from
R R R AR
Geo1 = GoXE21Go
_ LR R R AR
= _EGo,zz(Go,zz"k,n — V21G0,11)Go,11

V(e — €)

)2 T\
Z(w—el—i-z;) (w—ez—i-z;) (66)

By integrating over the momentum, we obtain
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[1 ~ i [ Ggfzzcgf“ngn(w)

o

o6 — €
= —nuz fzdk k’i_‘l(zl 2) - 2
iy . .
2(w -+ z;) (w — € + z;) (67)
which leads to nonzero 3% ,, in general. Therefore, the effective Hamiltonian is given by
Eor
S 525,12
H= E ,
= €
5 “E21 2 (68)
and the effective band structure of the valence band in the presence of E is obtained by diagonalizing H as
2R 2
e =4 t6 \/(62 - 51)2 T E7 X
' 2 4 4 (69)

This is an even function with respect to E; the effective band structure depends on the strength of electric field
|E|, but is independent of the direction of the applied field. Therefore, no reciprocal current appears when we use
Boltzmann equation approach based on this modified band structure.

We note that this conclusion is not changed even when we treat the impurity scattering by self-consistent
Born approximation. In the self-consistent Born approximation, G in Eq. (53) is taken as a full Green’s function
including the effect impurity scattering. In this case, the self energy ¥ is obtained by repeating the above calcula-
tion and taking convergence. In the every step of the repetition, the energy dispersion is modified as Eq. (68) and
still gives a symmetric dispersion in k. After repeating this many times, the dispersion remains symmetric in k.
Therefore, self-consistent treatment of impurity scattering still gives no nonreciprocal current response.

Electron-electron interaction in two-band model. In this section, we derive Eq. (20) for the self energy
that arises from the electron-electron interaction in the case of a two-band model. We also derive Eq. (29) for the
expectation value of density operators. These expressions are obtained by using the momentum space representa-
tion of the interaction Hamiltonian.

We consider the onsite interaction that is given by

H,=U> (n,,n + ng . Mg ,),
int ; STn'ALn B,1,n"'B,|,n (70)

with the site index #n. Expressing the Hartree contribution to the self energy requires momentum representations
of the density operators 14 ; and n;, where we omit the indices for two copies (T and |) since the expressions are
identical for two copies. For the wave functions in Eq. (18), the creation operators of Bloch states are written as

’k"(ukcl)n + vkcl;ry,,),

1
N W;e (71)

;
Clk

1 .
oy = ﬁZe”‘W—vz‘cZ,W + ugcy ) 72)
n

where N is the system size. By using inverse Fourier transformation, the creation operators in the site basis are
expressed with Bloch states as

1 — i
Chn= er “luge — viel ) 73)
P
l i
C};,n — ﬁze rkn(v,jcf,k + ”kCzT,k)» 9
k

where k runs momenta in the first Brillouin zone (e.g., k=27j/Na for j=0, ..., N— 1 with lattice constant a). Now
the density operators are given by

1 _ 1 —i(k,—k)n ¥ +
Canfan = Ny doe M ug el oy, F VeV ok Cak,
kpks
UVl Gy — VEUSC) L C
o VEC1k 2k, — VEBECOLE LK, (75a)
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) —it—kn

1
Nkvkz

T _ P P T
BB = Vi VECLECLE, T OUE Yk, ok Cok,

T * £ T
TV Uk, C1p,Cok, T ”kl"szz,klcl,kz}~ (75b)

The retarded part of the self energy is given by*®

dw
R
EEmm,(w> k) = Nk’ f [ ———

< /1
- U(m3,k’) (my,k);(my,k) (m4,k’)]GE,m3m4(w > k )’ (76)
by using the momentum space representation for the interaction H;,, which is given by
1
Hy = —— >, S bk + ky — k3 —ky)
2N my,my,mymykykyksk,
il i
X Ulmy k) oy ky)s(m k) (k) omy ki Comy oS ksCom (77)

with the band index m,. The first term in Eq. (76) is the Hartree term, and the second is the Fock term. The
momentum representations of the interaction that are relevant for the Hartree term contributing to X7 |, are

given by
Unionaisainiky = Ol el + v [vel), (78)
Uik = Ollud vl + v '), (79)
Vo iineny = U= lwl? + [P (80)
U, einiany = U= lwl? + [P )ugvp. 81)

By using Eq. (76), the self energy Egl 1 is written as

SEak) = z—z S E Pl + 1P )G )
+(|uk‘ el + [l ) G oK)
— |l + ) [ (G 12(K) + upviGr i (K)]} (82)

The first two terms in the integral vanishes due to TRS. Specifically, G ;(k) is an odd function of k due to TRS
as in Eq. (16), and |u;]* and |v;|? are even functions of k, which indicates that the first two terms vanish after inte-
grating over k’. Thus we end up with

dw dk
SEnk) = iaU f - (‘”k|2 Wil Tvie G oK) + wiviGa(k)], (83)
where we replaced the sum _, with the 1ntegral Na

Next, we derive the changes of the density én, and ény caused by the electric field E. By using Eqs (50) and
(75), the change of the density at A site is given by

.E dk
sy = — i [ Sl Gk + nfGypk)
2 27
_“kaGE<,21(k) - u]fv,j‘GEu(k)]. (84)

Since the first and second terms vanish due to TRS, we obtain

Ea dk
ony = i— | — Gy (k viGr,(k)].
my =i > J o [ Gpa(k) + wiviGg 1,(k)] (85)

Similarly, the change of the density at A site is given by

Ea dk
oy = —i—* [ Tl GEaik) + wv G, 56

which is opposite in sign compared to 61,.

Data availability. The data that support the findings of this study are available from the corresponding
author upon request.
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