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Abstract

This paper studies the drive-response synchronization for quaternion-valued shunting inhib-
itory cellular neural networks (QVSICNNSs) with mixed delays. First, QVSICNN is decom-
posed into an equivalent real-valued system in order to avoid the non-commutativity of the
multiplicity. Then, the existence of almost periodic solutions is obtained based on the
Banach fixed point theorem. An novel state-feedback controller is designed to ensure the
global exponential almost periodic synchronization. At the end of the paper, an example is
given to illustrate the effectiveness of the obtained results.

Introduction

Quaternion was first proposed by Hamilton [1] in 1853. However, because of the non-commu-
tativity of quaternion multiplicity, the development on quaternion was quite slow. Fortunately,
with the development of modern science, the quaternion has been widely used in attitude con-
trol, quantum mechanics, computer graphics and so on, see [2-5] and references therein. In
recent years, quaternion has attracted scholars from many fields, especially, the scholars in the
field of neural network research. The quaternion-valued neural networks (QVNNSs), as an spe-
cial case of Clifford-valued neural networks [6], can be thought of as an extension of complex-
valued neural networks (CVNNs) and real-valued neural networks (RVNNs). In fact, QVNNs
can be applied to engineering and science. A great deal of studies have shown that, for the
three dimensional data including color images and body images, via direct coding, QVNNs
can do the process with high-efficiency [7]. Indeed, based on the three primary colors and
Hamilton rules of quaternion, one can realize the color face recognition efficiently. The quater-
nion representation treats the color image and dictionary in a holistic manner, while the real
representation can only treat the three colors channels separately [8, 9]. Since all of these appli-
cations strongly rely on the dynamics of QVNNs, many researchers have studied some dynam-
ical behaviours of QVNNs ([10-15]) recently.
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On the one hand, after Bouzerdount and Pinter’s [16] new class of cellular neural networks,
namely the shunting inhibitory cellular neural networks (SICNNs), many studies have been
focusing on the SICNNS, especially about the dynamical behaviors. Because of the wide appli-
cations of SICNN s in psychophysics [17], speech [18], perception [19], robotics [20], adaptive
pattern recognition [21, 22], vision [23, 24], and image processing [25], moreover, time delays
are unavoidable in a realistic system, there have been extensive results about the sufficient con-
ditions on the problem of the existence and stability of equilibrium, periodic, anti-periodic
solutions of SICNNs with time delays, see [26-29] and references therein. Besides, it is well
known that the almost periodic phenomenon is more universal than the periodic one in real
world. In the past few years, many researchers devoted to study the almost periodic problem of
SICNNs with time delays ([30-37]).

On the other hand, synchronization is a very common phenomenon in real systems, which
indicates that two or more systems adjust each other to lead to a common dynamical behavior.
By synchronization, we can understand an unknown system from the well-known systems.
Pecora and Carroll [38] proposed a method to synchronize two identical chaotic systems with
different initial values in 1990, from then on, the problem of synchronization has attracted
scholars from various fields such as information science [39, 40], secure communication [41,
42] and chemical reactions [43, 44]. In particular, in the field of neural networks, much atten-
tion has been focusing on this topic, see [45-54] and references therein. At present, there are
some results about the synchronization for complex-valued neural networks [55-58]. How-
ever, as far as we know, till now there is still no result about the almost periodic synchroniza-
tion of SICNNs, not to speak of QVSICNNE.

In this paper, we study the QVSICNNSs with time varying and distributed delays.

The paper is organized as follows. In Section 2, some preliminaries and notations are intro-
duced. In Section 3, the sufficient conditions for the existence of almost periodic solutions of
system (1) are obtained. In Section 4, the global exponential synchronization is studied. In Sec-
tion 5, the effectiveness and feasibility of the proposed methods in this paper are shown by a
numerical example.

Problem description and preliminaries
We denote the skew field of quaternion by

Q:={x = x4+ ix! + +jx! + kx*},
where x*, x', x/, ¥ are real numbers and the elements i, j, k obey the Hamilton’s multiplication
rules:
ij=—ji=k, jk=—kji=1i, ki=—ik=j, i =7 =k* =ijk=—1

In this paper, the model of the shunting inhibitory cellular neural networks with mixed
time delays is defined as follows:

X,(0) = —a,(0x,0) = D Bt} (x,(1)x,,(0)

CrEN,(p,q)

— Y Cn)gleu(t — 1(1))x,, (1)

CreNy(p.a) (1)

- X DA [ Kyt — ) (0 + T, (0

Cr€EN,(p,9)

where 1 < p <m, 1 < g < n, for the convenience, we denote
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pqe{11,12,...,1n,...,ml,m2,... ,mn} := J; C,, denotes the cell at the position (p, g) of
the lattice; the r-neighborhood of Cy, is defined as

Nr(p7q) = {Ckl : maX(|k_p|7 |l - q|) < r,pq € j}a

and Ny(p, q), Nu(p, q) are similarly specified; x,, € Q is the activity of the cell C,p, T, : Q — Q
is the external input to Cp, a,4(f)>0 represents the passive decay rate of the cell activity;
By (t), Cyi(t), Dy (t) > 0 are the connection or coupling strength of postsynaptic activity of
the cell transmitted to C,,, and the activity functions f, g, h : Q — Q are the continuous func-
tions representing the output or firing rate of the cell C,; 7(t) > 0 denotes the transmission
time varying delay; K,,(¢) denotes the transmission delay kernels.

The initial conditions associated with system (1) are of the form

qu(s) = ¢pq(s)7 s€(—00,0], pg€ J,

where ¢, (s) = ¢, () + i, (5) + i3, (5) + k3, (), Ppys Py s Ppy + (—00,0] — Raare
bounded continuous functions.

Now, we introduce some relevant definitions and basic lemmas.

Definition 1. [59] A function x € C(R,R") is said to be almost periodic if, for any € > 0, it is
possible to find a real number [ = 1(€) > 0, denoting length I(e) of an interval, there exists a num-
ber = 1(€) in this interval such that |x(t + 1) — x(£)| < e forall t € R.

Denote the set of almost periodic functions by AP(R, R").

Definition 2. A quaternion-valued function x = x® + ix' + jx’ + kx* € C(R, Q") is called
almost periodic if for everyv € {R, I, ], K}: = A, x* € AP(R,R").

Definition 3. [59] Let x € R" and A(t) be an n x n matrix function on R. Then the linear sys-
tem

xX(t) =A(t)x(t), teR (2)

is said to admit an exponential dichotomy on R if there exist positive constants k;, a;, i = 1, 2, pro-
jection P, and the fundamental solution matrix X(t) of (2), satisfying

[ X(OPX'(s) [l < ke, s teR, t>5,
I X(OI = P)X7(s) |y < ke, s, teR, t<s,

where || - ||o is the matrix norm on R.
Let us consider the following almost periodic system

X (t) = A(t)x(t) + f(1), t € R, (3)

where A(t) is an almost periodic matrix function and f(t) is an almost periodic vector function.
Lemma 1. [59] If the linear system (2) admits an exponential dichotomy, then system (3) has
a unique almost periodic solution

w0 = [ XoPer@a— [ XO0-PX69ds

00

where X(t) is the fundamental solution matrix of (2), I denotes the n x n-identity matrix.
Lemma 2. [59] Let a, be an almost periodic function on R and

t+T

]:liml a,(s)ds>0, p=12,...n

T—o0 p

Mia,
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Then the linear system
xX/(t) = diag(—a, (1), —a,(1), ..., —a,(t))x()

admits an exponential dichotomy on R.
__ R -1 ] R I ] K P ~
Letx,, = x,, +ix, + jx, + kxl'fq € Q, where Xogs Xpgr Xpgr X,y € R Assume the activity func
tions f,g,h : Q — Q of (1) can be expressed as

flx,) = [l %%, %) +if (e, 20, %) x50)
i (g Xpgs X s %) + RS (e, 20020 x50 ),

g(qu) - gR(xﬁq,x;q,x{,q,x;fq) + igl(xﬁq,xéq,x;q,x;fq)
+jg](x§q’ x}’q’ xéq’ lefq) + kgK(xﬁq, x;q’ xijwz’ xilfq)’

h(x,) = " (e, x,,x,,x0) +ih' (), %, x) X))

il (05,5 x50, X000 %, ) + KRS (x5 %) X0 ),

P9’ P9’ TP’ P9’ P9’ TP’ Tpq

where f',g" " : R' — R,v € A, pq € J and the external input T;, : R — Q can be expressed
as

T, (1) = TR () + iT% (1) + T, (1) + KT (1),

where T) :R —R,veA,pge J.

In the following, for a bounded continuous function, we denote f = sup |f(t)],

£ = inf (1)

T teR
In order to overcome the non-commutativity of the quaternion multiplication, according
to Hamilton rules, we decompose system (1) into an equivalent real-valued system:

() () = —a, (O (0) = D Bi (Ot (1) — £t x]x, (1)

CrEN,(p,q)

1t 2, () = fEIxx (1)) = D0 Cr(D)(g" [t 2], (1)

Cr€Ns(p.a)

—&'[t, %)%, (1) — &'t 6]y, (1) — g"[t, x]x,, (1))

-2 D’;;<t>< / R (), e 1) (4)

CrEN,(p,9)

- /0 K (), w, () — /0 K () [t u,x)du (1)

*/0 qu(u)hK[t,u,x]duxI’;(t)> + T,(t), pae J,
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—a, (t)x!

L (03,0 = > By (O(F 18,2, (6) + 1Tt €], (1)

CrEN,(p,q)

1t gy (6) = fElE A, (0) = D Cr(t)(" [t 2, (1)

CreNy(p.a)

+8'[t, Xl (£) + &'t xx,, () — g[8, x|, (£))
=S D';;(t)< /0 K ()t et (1)
+/0+prq(u)hI[t,u,x]duxﬁq(t)+/0 OCqu(u)hl[nu,x]dbm}fq(t)

*/0 qu(u)h’([t,u,x]duxl’,q(t)> + T,(t), pae J,

—a,, ()3, (1) = > By (t)(F*[t, x]x), (1) — £, gy (1)

CrEN, (p.q)

Tt gy (6) + <[ A, (0) = D G0t 2, (1)

Cr€Ns(p.a)

_ Z D’;fz(t)(/Jrooqu(u)hR[nu,x]duxl’,q(t)
- /0 Kt Kl () + /0 Kt xldu® (1)

+00
+/ K, ()1, u,x]duxl’,q(t)> +1,(1), pa€ J,
0

—a,, (g (1) = Y B (0)(F [t 2l (1) + 11t 2, (1)

Cu€eN, (p.q)

—f'[t, xx, () + F¥[t, x]xk (1)) — Z Cr (1)(8"[t, x]acy, (£)

Cr€Ns(p.q)

+8'[t, x]xg, (1) — g[8, xxy, (1) + gt x]x,, (1))

-y D';;(t)< / K ()t e, (1)
) 0

CeN,(pg

+/+°0 K, (w)h'[t, u, x]dux) (t) — /+OC K, ()l [t, u, x]dux) (t)

+oo
+/ qu(u)hK[t,u,x]duxﬁq(t)> +T,(t), pa€ J,
0
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where £t x] 2 f*(xj(t), %, (£), % (£), (1)), &'[t, %] £ g" (it — (1)), (¢ — 7(8)), it —
(1)), x(t = <(£))), B[t u, x] 2 B (x4 (E — w), x(F — ) x(t = u), x4 (t — u)).

Denote

flex] =ftx] —fltx] =%t «]
Fug |FEA P P S
f[t>x] f [t7x] f [t’x] _f [t’x]
ffltx] =fle.x] flx] 5t ]
gt x] —g'lt,.x] —g[t,x] —g"[tx]
i | 0 #lad gl gl
g [t’x] g [t7x] 4 [t> } —& [tax]
gltx] —gltx] g« gt
Rt u,x]  —hHt,u,x] —W[t,u,x] —h*[t,u,x]
it ux] = Wlt,u,x]  BRt,u,x]  —hB¥[t,u,x] Wt u,x]

Wt,u,x]  K¥[t,u,x]  KR[t,u,x]  —H[t,u,x]
[t u,x]  —W[t,u,x] W[t u,x] hR[t, u, x]

R R
Xpy T
I T
qu qu
X = , T, = ,
Pq x] Pq T 7
Pq Pq
K K
qu TP‘{

Applying (4)-(7), we obtain an equivalent real-valued system of the quaternion-valued system
(1) as follows:

X.(t) = —a,(OX,(0)— Y BL()F[tAX,(1)

CrEN,(p,q)

— > CHOGEAX, (1) + T, (1) (8)

Cr€Ns(p.a)

- Y Db [ KR, 0, pge T

CreEN,(p,9)

with the initial conditions:

qu(s) = ¢Pq(5),5 € (_0050]7 Pl] S \7’

where ¢, = (9% ¢! @l 9% )", ¢} € C((—00,0],R),v € A.

PLOS ONE | https://doi.org/10.1371/journal.pone.0198297 June 7, 2018 6/30


https://doi.org/10.1371/journal.pone.0198297

o @
@ : PLOS | ONE Almost periodic synchronization of quaternion-valued shunting inhibitory cellular neural networks

In what follows, we regard (1) as the drive system, and the corresponding response system
is expressed as

Vo) = =a, (03,0 = D" BB ()3 (8)

CrEN, (p,9)

— > gt — (1)), (1)

Cr€Ns(p.a) (9)

= Y B0 [ Rkt~ ) 0

CrEN,(p,9)

+qu(t) + qu(t)7 pq e \7’

where y, (t) = y;. () + iy, (t) + jy),(t) + ky;, (t) denotes the state of the response system,
U, (t) = Uy (t) + iU, (t) +jU), () + kU, (t) is a state-feedback controller, the rest notations
are the same as those in system (1) and the initial condition is

Ypg(8) = Vp(5); s € (=00,0], pg € T,

where i, (s) = 1//;(5) + ilp}’,q (s)+ lﬁ;q(s) + l//ffq(s) are quaternion-valued bounded continuous
functions on (—o0, 0].
Denote z,,(t) = ypq(t) — xpq(1), subtracting (1) from (9) yields the following error system:

Z,(t) = —a,(Dz,(t) = D B(1)F(z,(t))z,(t)

CrEN, (p,9)

= 3 LGt — 1(1)))z,(1)

Cr€Ns(p-q) (10)

A0 /“” K, ()H (z,,(t — u))duz,,(t)

CrEN,(p.9)

+qu(t)7 pq e ‘7’

where F(zx(t))2pq(t) = f(yua(£))ypq(t) = fxi(£))%pg(£), Gzalt = 7(£)))2Zpq(t) = g(yialt = 7(£)))ypq(t) -
8(xu(t = 1(£)))xpg (1), H(zir(t — ) zpg(t) = h(yialt — 1)) ypq(t) — (it — 1u))xpg(t).

In order to show the almost periodic synchronization of the drive-response system, we
design the state-feedback controller as follows:

Uy (1) = =dy, (D7,(t) = Y En(0W(zy(t = 6(1)))z,,(1), pg€ T,

CrEN, (p:q)

where W(zy(t - 8(1))) = w(yj(t = 6(t)))ypq(t) — wlxi(t = 8(£)))xpq(t).
Definition 4. The response system (9) and the drive system (1) are said to be globally exponen-
tially synchronized, if there exist positive constants M > 0 and X > 0 such that

[ y(t) =x(®) [y <MY —9le™,
where

[ y(t) = () lly = max {ly,(t) = x, ()]},

eJveA

¥ —¢l= ,max {stg}gI%q(t) — ¢, (O]}
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Analogously, one can decompose (10) into the following real-valued system:

()(1) = —a,(ef(t) = B';lq(t){(fR[t,y]yﬁq(t)—fR[t»x]xffq(t))

CrEN,(p,q)

P () — Pl () — (7Tl (6) — £t (6)
(fK[ay]yg(t)fK[nx]x@(t))} S c;;(o{(gR[t,y]
CueN;(p.q)

X V() = &8 [t, %], (1)) = (&'[t, Y1y, (8) = &'[8, x]x;, (1))

— (@ [ty (1) = &1t x]x, (1)) — (&F[£ 71y, (1) —gK[t,X]xZ(t))}

S D’;i,(t){ | R 0

CrEN,(p,q)

. (11)
[t X (1)) du / K, () [t, )y (1)

MWt )~ [ K Wyl (0

~Wt, u,x]x] (£))du — /0 B K, () (h"[t, u, yly,. (t)

—hK[t,u,x]xgq(t))du}—dpq(t)z;;(t)— > EL®)
CreEN, (p.q)

X{WR[tv 2z, (1) — W't 2]z, (1) — Wt 2]z, (1)

—WK[t,zlz;;m},
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() (1) =

—a, (g, (1) = B';;(t){(fR[t,y]y;q(t)(fR[fvx]x},q(t))

CrEN,(p,q)

H [t My () = 118 X, () + (F[8, ¥y, (1) = 118 %%, (£))

—O‘K[t,y]y{,q(t)—fK[t,x]x{,q(t))} S c;;<t>{<gR[t,y1

Cr€Ns(p.g)

X Vg () — 8" [t X, (1)) + ([t ¥y, () — &'[8, x|, (£))

(& [ty (1) — &1t x]x, () — (&5[8, 71y, (1) —g’([tax}x{,q(t))}

-y D’;@(t){ / K () (0w (1)

CrEN,(p,9)

N (12)
e g O [ K @ Wl w0

— B[t u, )28 (1)) du + /0 wKM<u)(h’[t, 1, y1yp (1)

~ W[t u, x]xK (£))du — /U - K, (u) (h¥[t, u, yly, (1)

—hK[t,u,x]xgq(t))du}—dpq(t)z;q(t)— > EL®
CeEN, (p.q)

y { WA[t, 2J21 () + WI[t, 2J28 () + W[t 2]z (¢)

W, z]z;m},
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(4,) (1) = —a,( (1)~ D B';;(t){(fR[t,y]y,’,q(t)fR[fyx]x{,q(t))

CrEN,(p,q)

—(F [t Y1y (8) = f11E X, (0)) + (F7[8, ¥y, (£) = 118, %y, (£))

+cff<[t,y1y;q<t>—fK[tm]x;,q(t))} S c;;<t>{<gR[t,y1

Cr€Ns(p.g)

XV (£) — 8" [t X, (1)) — (&"[8, ¥y, () — &'[t, x| (£))

([t ¥y (1) — &'t Xl () + (8¥[8, Y1y, (1) — gK[tax]x},q(t))}

- > oy [ Kl

CrEN,(p,9)

. (13)
At u 5] (1)) du — / K, () ([t )y ()

—h'[t, u, x]x ())du + / : K () (W [t w1, yly, (£)

W[t u,x]x; ())du + /UHO K, () (h¥[t, u, ]

xyh,(t) — Bt u,x]zf)q(t))du} —d, ()2, (t) — Z E; (1)
CueN, (p.q)

X{W% 212l (1) — Wt 2125 () + W1, 2125, (1)

+ WK, z]z;q(t)},
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() (1) = —a,(z()— > Bﬁii(t){(fR[t,y]yffq(t)—fR[f,X]x;(t))

CrEN,(p,q)

HF 161y (8) = 118 X, (£)) = (P18 ¥y (8) = F12: 2], (2))

+ch[t,y1y;;<t>—fK[tm]x;(t»} S c;;u){(g’*[t,y]

Cr€Ns(p.)

x5, () — g8[t x|, (1)) + (¢'[t, yly), (1) — &'[t, %), (1))

— (@[t Y1y (1) = &1t x]x,, () + (&5 (8, Y1y (8) — gK[t,x}xﬁq(t))}

-y D’;;<t>{ / ) 0wy (1)

CrEN,(p,9)

el )+ [ K () (0T (1)
[t ), () du — / T K071ty (1)
Wit )+ [ K ()]

Xy (t) — h¥[t, u,x]x}fq(t))du} —d,(t)z, (t) — Z Eq (1)

CreN, (p.q)

x{WR[t, 2z, (t) + Wt 2]z (1) — W[t 2]z, (1)

+WHt, 2]z (1) }

where pg € J, W'[t,z] £ W' (2R (t — (1)), 25,(t — (1)), z5,(t — d(¢)), 28 (¢t — (¢))),v € A.
Remark 1. If X, (t) = (x,,(t), x,,(t), %), (t), x5, (t)) is a solution to system (8), then x,,(t) =
X, (1) + iy () + jx] (t) + kx;, (t) (pq € J) must be a solution to system (1). Thus, the problem
of finding an almost periodic solution for (1) is reduced to finding it for system (8). For studying
the synchronization of (1) and (9), we just need to consider the exponential stability of system

(11)-(14).
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Throughout the paper, we assume the following conditions:

(A)) Forpg,kl € J,v € A, a,, € AP(R,R") with M[a,;] >0, T, € AP(R,R),
K ok gk +
dpyy By Coos Dy B T,0 € AP(R,R"),and 1 —a>0,1 - 8> 0, where

o =sup 7'(t), f = sup J'(¢).

teR teR
(Ay) Forve A, f,¢" h", p" € C(R,R) and for any u', v € R, there exist positive constants L,
L;, L,L, M}', Mg, M, M such that
I (R, uf, o uf) — fr (VR vV )] < Lf|uR — V| —l—L}\u’ — V|
+Lplu — V| + L |u* — v,
lg"(u®, ul, o uX) — g" (VR VIV VR < L§|uR — | +L§|u’ — VI
+L8’,|u’ — V| +L§\u’{ — K,
[ (u®, uf ol u®) — (VR VLV V) < LUk — VR + L' — V|
+Ly|o — V| + Lf|u®* —v¥|,
[w'(u®, o o uF) — w (VR VLV V) < LRIWR — R+ L | — 4|
+L | — V| + LEJu® — 5|,
and
Fr@t oo uf)) < Mg, g (uf ul ol uf) <My,

R R ol o o) <My, w(uR o ) < ML

(As) For pq € J, the delay kernels K, : [0,00) — R are continuous and |K,q(t)|€"" are integra-

ble on [0,00) for certain positive constant A.

Main results

In this section, we establish the sufficient conditions for the existence of almost periodic solu-
tions of system (1), and the sufficient conditions for the global exponential synchronization of
the drive system (1) and the response system (9).
— R I J K I J K\ _—
Denote {x, } = {(x,,,x,,, %, %)}, where (x} . x .x]  x7) =

R R R K K K K
(xfl,...,xln,...,xpl,...,x ko axl o xK KK XK ) For

R R
pn,...,x > Ap1s > Npnd mn

x = {x,,} € R"™, we define its norm as || x ||= max {max |, |}
pqe] veA
SetY = {9 = {9, ¢ € AP(R, R*™)}. Y is a Banach space when equipped with the norm
I ¢ [|= max {max{suP |g; (£)[}}.
pq<] ve] teR
Theorem 1. Under assumptions (A1)-(As), and

(Ay) there exists a positive constant k such that

lg K+ TV II,[
% = max{ max{ 24— P10 L <y p=max{ 2% <1,
pgeT veA qu paeT gpq
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where
_ Dkl R 1 ] K —kl R
By = D BuM{+M+M+M)+ Y CuM
CrEN,(p.g) Cr€N;(p.q)
+M; 4 M) + MY) + Dy, / K, (1) |due( M
CreEN, (P q)

+M;, + Mj, + M),

_ nkl R T ] K R I
Mo = Y BUIMP+ M+ M + M+ 4xc(Lf + L
CrEN,(p.q)
+L A+ L+ Y CRIME+ M, + M+ MY
Cr€Ns(p.a)
(LY + Ly 4 L, + LY)] + Dy, / u)|du
CueN, (Pq

X [ME + M! 4+ M), + MK + 4k (LR + L + L, + LX),

system (8) has a unique almost periodic solution inY* = {9 € Y| || ¢ ||< k}.
proof. Given ¢ € Y, consider the following linear system

X1 = —a,0X, ()~ Y BL()F[tglg,(t)

CrEN, (p,9)

— > UGt plg, (1) + T, (1)

CrEN(p:a) (15)

400
- Dﬁlq(f)/o K, (tYH[t, u, pldug, (), pg € J.

CrEN,(p.9)

Together with (A4;) and Lemma 2, the linear system
X, (1) = —a, ()X, (t), pge T

admits an exponential dichotomy. By Lemma 1, we know that system (15) has a unique almost
periodic solution which can be expressed as X*(t) = {X{, (¢)}, where

{/w ef:wu)du{‘ Y BL()FIt.9lg,,(s)

CueN, (p.q)

— > UGt lg,, () + T, (5)

Cr€N;s(p.a)

- > )DZ(S) /0 - qu(S)H[t,u,sv]dmpm(S)}ds}, paeJ.

CreN,(p.g

Now, we define a mapping: I' : Y — Y with I'(¢)(t) = X*(t) = {X! ()}, for Vg € Y.
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First, we will show that for any ¢ € Y*,I'¢p € Y". Denote

M, (s,9)
=— > B s plop,(s) — f'ls, @lgh,(s) — f']s, 9l (s)

CrEN,(p,q)

— X5, plok () = D CL(s)(8"[s: plop,(s) — &'ls, 9l (5)

Cr€eNs(p.a)

— &'ls, 9l (s) — &[s. ol (5)) — Dy (s) MCKM(S)
¢ls plo £ ls. 9lg Z) (/0

Cu€N,(pq

+00
s gldugh () = [ Ky (9 s 91dugl (9
0

+00 +00
- /0 K,y (s)W[s,u, gldug, (s) — /0 K,y (s)h"s, u,¢]du¢1’;(5)>7 rgeJ.

For pg € J, we have

M- (5,9)
= ‘ — Y B (RIs, 9lgs (s) = f'ls, 9l (s) — Fls, @), (5)
CueN,(p,9)
el () = S G ale(s) — g'ls. gl o)
CrENS(p,q)
gl alel(s) — gl glel () — 3 DE(s) ( / TR

CueN,(p.q)

+oo
x hR[s, u,go]du(pﬁq(s)r — / qu(s)hI[S, u, (P]du%l,q(s)
0

_ /0+°° K, (s)H[s, u, ¢]dug), (s) - /04roc K, (s)h"s, u7¢]du¢2(5))’

< Y BIMIAMAMAM)| ol + > CoME

CrEN,(p,q) Cr€Ns(p.a)

MMMl Y D”/ K, () du(M + M

CrEN,(p,9)

+ M, + M) ¢y

<{ 3 Boreaemem Y chon
ClEN;(p.q) Cr€N(p.q)

+ M+ M) + D”/ u)|du(My + M, + M),

CrEN,(p,9)

+Mf)};< =3, K,

Pq
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so we have

—
-~
R
~—
=
—~
=
IN

[ e b s gt0) + oo

9, K+ TR
u7pqeja

Epq
repeat a similar calculation, we obtain

M 9 K+T‘
(Tg), ()] < H— pge J,v=1],K.

QPQ

Together with the above inequalities, we obtain

$, K+ T
” F(P HY < max{ max I <k,
pac] veA gpq

which following from (As) implies that I is a self-mapping on Y".
Next, we show that T is a contraction mapping on Y*. For any ¢, € Y, we have

M, (s, 9(s)) — My, (s,1(s))
. B’;’q(s){(f"[s,ﬂsvﬁq() — P — (s 919l (5)

CrEN, (p.q)

s w;,@» (Pl glal(s) — s UL ) — (s, glo (o)
o } S s [ s, glg" () — g5, U (9)

Cra€Ns(p.)

~ (¢'l5.9J0,(5) — &5 U3, (9) — (@[5, 91V (5) — &[5, ]
U~ (s gl ) - )] - X DA

Cr€Ny(p.q)
| [ R0l )~ Wl 1 0

+o00

Koo () (1[5, 1, @19}, (s) — H'[s, u, /]y (s))du

g

+00

K, () (W[5, u, 9)gp, (s) — W[5, u, Y]y, (s))du|,  pq € T,

/
- K 00l (9) s )l
/
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SO
My, (s:0) = M, (s, 9)]

< > B {MRI% Vi) + M1y, (s) = U1, ()]

CrEN:(p.q)
+ Mg}, (s) = ¥, ()] + ME|@ () — Wy, ()] + (Lf |9, () — Wy (9)]
+ Lil @, (s) = W, ()] + Lilgp, () — Wy, ()] + Lf @ () — ¥, (5)])

X (W) 15 ()] W, (] + Wi (D) + D Chy | M5l (s)

W

U1+ M ) V) + ML)~ Ul

+ M) YA+ (Lol s~ )~ V(s — o)

gl (s = (69 = Wy (s = T+ Ly s () — ¥~ w6

L5l 5 (9) — W6~ DDIAE + WL + W)

SwseD|+ X o] [ Ky a0leh 0 - v
v

CeN,(pq

Mg (5) U, 6)]+ Mgl () — W (9 + MEI9 ) — b5 ()
[ K gt s — )~ wits = 0]+ el s~ )
(s — )|+ el — ) — (s — )]+ LElgl s — )
(s — D 9 + W)+ W]+ W)

< Y BUIMP A+ My + M)+ M+ dic(L} + L) + L)

CrEN, (p.q)

+IO o=yl + Y CUIME+ M + M + M+ dr(LF + L

Cr€Ns(p.a)

U o—vl+ S D“/ () duME + ML+ M]

CueN,(p.g)

+ M+ ALy + L+ L+ L) o= = o=V I, pac T

Hence, we have

(Tg)* — ()| = ’ / e L A5, (5)) — ME(s, (5)))ds
= Dy pea

—Pq

Similarly, one can obtain

v v :u
(Te) = (MY)| <=2l 9=V lly, pg€ T,y =1, K.

g
Therefore,

[To-Tyl<ule—vl,
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which implies that I" is a contraction mapping. According to the Banach fixed point theorem,
I" has a unique fixed point in Y*, which means that system (8) has a unique almost periodic
solution in Y*. The proof is complete.

Theorem 2. Assume (A,)-(Ay4) hold and suppose further that

(As) There exists a positive constant A such that

y = max{y, } <0,
where

Dkl R T 7 K
Vpq (7‘ o (qu + dpq)) + Z qu {Mf + Mf +Mf + Mf

CrEN, (p,q)

R I J K ki R T
+4rc (LR + L+ I + Lf )} + > c {Mg + M
CreNs(p.q)
VY s (L + L+ I+ L)
4 4 11—« 4 g g g

Dkl/ |:MR+MI+M]+MK
CrEN,(p.9)

+4rke™ (L} + L}, + L), + Lf )] du + Z E}, {Mﬁ
CuENy(p.q)

, o Aret

+M. + M, + M5 + 1§

(m+%+%+mﬁ

Then the drive system (1) and response system (9) are globally exponentially synchronized.
proof. Let us construct a Lyapunov function V(¢) as follows

V(t) = VR(t) + V(1) + V() + VX(t),

where V'(t) = - (|2, (t)|e" +©,,),pqg € J,v € Aand
PgeT

0, = | ¥ g%, (L) + L)

CriEN,(p.q) t—(t)

L) + LK) )eds + S DY / K
0

Cr€EN,(p,9)

t
xe / (Lylza(9)] + Lylzu(s)] + Lilzy(s)] + Ly |z (s) [ " dsdu
t—u

xS t
+ 3 BTy [ GO O L)

CreN, (p.q)

+LE|z8(s) |)e“ds} .
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v Dkl
< _(qu +4pq)|zpq| + Z BM

From (11)-(14), forany t > 0, v € A, pq € J, we have

Dz (1)

CrEN, (p.q)

+ M |2y, (1) + 4 (LE |2 ()| + Lilz, (1)| + Lilzi(1)] + Lf125(6)])
+ Z Ck’ {MR ()] + Mz, ()] + M|z, ()| + My |z, (2)]

Cr€Ns(p.9)

(LRIt — (6))] + Llzh(t — o(6)] + Lt — (1)

+L§|z5<t—r<t>>|>} b / K [MR| (o)
CrEN,(p.q)

M2 ()] + M2 ()] + MEJEE ()] + A(L22E (¢ — )|

LUt — )] + Lt — )] 4+ LS| (e — u>|>]du

+ > B [MR (O] + ML |21, (1) + M2, (6)] + MEJ2E (1)

CueN, (p.q)

+ die(Lilz(t = 6())] + L |z (t — 6(6)))] + Lz (t = 6(1))]

LA - 5<t>>|>]

[Mﬂz;(m M ()] + M ()
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Computing the derivative of V;(t) along the solution of the error system (10), we obtain

D*VR()
= " (A (1) + sign(2 ()D* (£, (0)é + DO, (1)}
p9ed
SZ{(K—(apﬁdm)) eSS Bﬁ;[Mﬂzﬁqw
JZINg CrEN,(p.q9)

M (6] + M2 ()] + M (6] + 4xc(LRJ22 (1) + Lel(0)
L]+ Lf|z§<t>\>] te Y o {Mﬁlzj;(t)l
CreN;(p.q)

+ M2 (8)] + MY |2, (1)) + ME|25 ()] + 4c(LR|2R (e — (1)

+ Lz (t — w(0)] + Ljlzu(t — 1())] + Lz (t — T(f))l)}

o3 0 [ Ry |00+ ML)

ChENy(p.q)

+ M|z, (O] + M|z, ()]) + 4 (Li|Z(t — w)| + Li |z, (t — u)]

+ L|2),(t — )| +L{f|zf,(t—u)|)}du+e” > EN

CrEN,(p,q)
R| R 1 1 ] J K| K
x [Mw|zpq<t>| ML ()] 4+ ML, ()] + ME|2E (1)

+die(Lilzg(t = 6(0)] + Lilziy(t = S(0))] + L |z (t — 6(1)))

+ LK|2K (s — (5(t))|)} + ) 4xCy

Pa1 —
ChEN,(p.q) l—a
x (LE2h(6)] + Lf|zz,<r>| + L2l (1)) + LE|25 (1) e
- D 4 C,,ql —(Lla(e = 2(0)] + Lz (t — 2(1)|

ChEN,(p.q)
+ Lz (t — o) + Lz (¢ — 2(£)) e (1 = 7'(t))
+ > 4Dy / K () (LEI25(8)| + L2124(0)
ChEN,(p.q)
+ Lilzu(t)] + L |25 (1) e du — Z 4KD

CuENy(pq)

+o0
x / K () (LYt — )| + L2 [2L(t — w)] + L2}t — )
0

+ Ll — ) du+ Y 4KEM1 (Lylzg(0) |+

ClEN, (p.9) B

L |z ()] + L Jzu(6)] + Lilzg ()

pq 1—
CueN, (p.9)

x (Lylzg(t = 0(6)] + L |z (¢ = 0(6))] + L |z (¢ = 0(8))]

LI — 8(0)) )20 (1 — 5’<t>>} }
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< {0 G a e e Y B M)

JLIENS ClEN,(p.q9)
ML ()] + ML, ()] + M (6] + Ax(LEI(0)] + Li(o)
L]+ Lf|zﬁ<t>\)] t Y e [M;|z;;<t>|

CrENs(p,q)

+ M2 (0)] + M2, (1)) + MK |25 ()] + dc(LR|2R (¢ — <(0))]

+ Llzy (t = 1(0)] + Ly |z(t — <(6))] + Ll (¢ — T(t))l)}

fe Yy DH/ Ko )| (MEJ2 0]+ M )

CrEN,(p.q)

+ Mz, (6)] + M|z, (1)]) + dre(Li|Z(¢ — w)] + L |z, (¢ — )|

+ 1 x \zi,(t—u)|+L§\z,’fl(t—u)|)]du+e“ > OEY

ChENy (p-9)
R| R 1|1 T |- K|, K
x {MW|qu(f)| + M, |z, (1) + M|z, (1) + M|z, (1))

+ (L2 (t = 6(0)] + L Jzi,(t = S(O))] + Ll |zt — 6(1)))

l‘f
L8 (s o } Sk A+ )
ChiEN:(p.q)
+L£.|Zk1( )| +LK|Zk1 —dx Z Ckl LR|Zk1 (t = (1))l
CEN, (p.q)

+ Llzy (t = 1()] + Ljlzu(t — =(1))]

LN — () + 4 S Dkl/

Cr€Ny(p.q)

(Lilzi (O] + Lilz (O] + Lilzu(6)] + Lilzg(£)]) e du

—ac Y DBY / W] (LRt — w) + L2t — u)

Cl€EN,(pa)
x{i

rM1— B

+ |2 (t — w)| + LX|28(t — w))edu+ > 4KEY

CueNy (p.q)
x (Lylzg(t)] + Lz ()] + Lz (8)] + Li |z (t)]) e

—dic Y By (Lhlz(t = 6(0)] + Lyl (t — 6(1))]

ClEN, (p.9)

L[l — 8(1))] + LEJ2K (1 — é<r>>|>e“] }
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kl R 1 ]
e {(x*(ﬂprﬁd + > Bq{Mf+Mf+Mf
pged q9)

ClEN, (p,

+ MK+ dic(LF + L} + I + LF) } + > C [MR+MI

Cr€EN;(p.q)

M M6 k) g
+ g+ §+17a(§+g+ g+ g)
s> o [k {Mf M+ M 4 M
CuENu(pq) 0
+ Ak (L8 + Ly + L), + Lf)] du + Z E,, {Mﬁ + M
ChENy (ps9)
dke® oo «
+M’W+M5+1_ﬁ(LW+LW+LW+LW) lz]l.
Repeat a similar calculation, we obtain
DYV (¢)
A Rkl R 1 ]
<e" {(k_(gpq+dpq))+ Z qu[Mf+Mf+Mf
q€J CueN(p:q)
K R I ] K ki R 1
+Mf + dx(Lf +Lf+Lf+Lf)} + > CM[Mg M,
CieN;(p,q)
_|_MI+MK_|_4K6M( R) +LI+L]+LK
1 ¢ g T g T (17)
Dkl/ |:MR+MI _|_M] +MK

Cr€ENy(p,9)

+ dke (LY + L, + L, + L’]j)} du+ Y E! [ij +M!
CueNy(p.q)

A0

Y +MK+4KT€

(L’HLHLHLS)]} Iz, v=1IJ,K.
It follows from (As), (16) and (17) that
D*V(t) <0,

which implies that V() < V(0) for all t > 0.
On the other hand, we have

V() < Z{H— Z C"’{LR+LI+L’+LK]

paed Cr€Ns(p.)

B e?xu _ 1
Z 4Dy, {/0 K, (u)] Tdu(l,ﬁ +L + L+ L,f)}

CrEN,(p,9)

4’((6%5 - 1) 2 : Tkl | TR I ] K
CreNy (p.a)
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We also have

I y(8) =x(t) [, < V(D)e* < V(0)e" <M [y —g | e, =0,

where
4K(ekf - 1) ~kl R I 7 K
M= Y BED S alrenegen
pacd Cr€Ns(p.q)
e e —1 R I J K
+ > 4kDY Ky (1) | ——— du(L + L, + L}, + L)
ChEN,(p.g) 0

4’6(‘3M -1 Tk | TR 1 ] K
+W Z qu LW+LW+LW+LW) > 0.
CreEN, (p.a)

Therefore, the drive system (1) and the response system (9) are globally exponentially synchro-
nized. The proof is complete.

A numerical example

In this section, an example is shown for the effectiveness of the proposed method in this paper.
Example 1. If the following QVSICNN as the drive system:

X0 = —a,(0x,(0) = D B (6 (e, (1)x,,(0)

CreN,(p,q)
Ckl;}’q C xkl (t)))qu(t) + qu(t) (18)
Z / ) pq(u)h(xkl(t - u))duqu(t)

CrEN,(p,q)

and the corresponding response system is defined as

Vo) = =a, (03, () = D Bt () (2)

CrEN:(p.q)
= D ChDg0u(t = T(0))7y(6) + T,y (1) + Uy (1) )
CreNs(p.9)
=3 D [ KOs~ W) (),
) 0

CreNy(pq

where Kpq(u) = (cos u)e 2, pq=1,2,r=s=u=v=11(t) = § sint, §(t) = % sint, and the
coefficients are as follows:

1
cos (x' + x )+k—|x [,

1 1
f(x) = s sin [x® + X/ +xK| + i—2 sin?(x) + ]1_8

g(x ):%tanhx +z (\x +1] — |« —1]) +]—cos (x’)JrkE tanhx*,

1 1 1
h(x) = — cos|x® + x| +i-— sin®(x )—|—]—cos(x +x )+kﬁ tanh x*,

12 18 15
w(x):icos(xR)—i—ii sin (x/ )+]—cos (x)) + ism( T+ x5)
13 14 18 19 ’
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ay,(t) =3+ cost, a,(t) =2+ sin/2t, a,(t) =2+ sint, a,(t) =2+ | cost|,

d, (t) = sint +2, d,,(t) = 2cos /3t + 4, d,,(t) = sin\/2t + 4, d,,(t) = sint + 5,

3
By, (t) = 0.02cos 2t + 0.01, B(f) = 0.02sint, By, (t) = 0.03sin %t,

2
B,,(t) = 0.02cost + 0.01, C,,(t) = 0.01 cos X/T‘t, C,(t) = 0.01sint + 0.02,

C,,(t) = 0.03sinv/3t, C,,(t) = 0.01|cost|, D,,(t) = 0.06cos /2t — 0.01,
D,,(t) = 0.01sint, D, (t) = 0.02cost, D,,(t) = 0.02cos/5t, E,,(t) = 0.02cos3t,

E,(t) = 0.03cos\/2t, E,, (t) = 0.04sin2¢, E,,(t) = 0.01sin+/5¢ + 0.01,

T, (t) = 0.2sin (v/2t) + i0.1| cos t| 4 j0.3 sin t + k0.5 cos v/6t.
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Thus, (A1)-(A3) hold. Setting x = 2, for p, q = 1, 2, we have

9, ~ 0.0691, p,, ~ 0.6419, 9 ~ 0.4382 < rc, u ~ 0.6419 < 1,

which implies that (A,) is satisfied. Therefore, the drive system (18) has a unique almost periodic
solution. Moreover, take A = 1, we have

T~ —0.218,7,, & —0.218,7, ~ —1.218,7,, ~ —3.218,7 ~ —0.218 < 0.

Thus, (As) is also satisfied. Therefore, (18) and (19) are globally exponentially synchronized (see
Figs 1-4).
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Fig 2. Transient states of four parts of y,,, p, =1, 2.
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Conclusion

In this paper, a class of QVSICNNs with mixed delays is studied. To the best of our knowledge,
this is the first on studying the problem. Since QVSICNNs include RVSICNNs and
CVSICNNS as special cases, our method of this paper can be applied to study the almost peri-
odic synchronization problem of other types of neural networks including RVNNs and
CVNNE.

In this paper, the almost periodic synchronization of a class of QVSICNNs with mixed
delays is studied. To the best of our knowledge, this is the first on studying the problem. Since
QVSICNNs include RVSICNNs and CVSICNNESs as special cases, our method of this paper can
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be applied to study the almost periodic synchronization problem of other types of neural net-

works including RVNNs and CVNNS.
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