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Abstract

This paper studies the drive-response synchronization for quaternion-valued shunting inhib-

itory cellular neural networks (QVSICNNs) with mixed delays. First, QVSICNN is decom-

posed into an equivalent real-valued system in order to avoid the non-commutativity of the

multiplicity. Then, the existence of almost periodic solutions is obtained based on the

Banach fixed point theorem. An novel state-feedback controller is designed to ensure the

global exponential almost periodic synchronization. At the end of the paper, an example is

given to illustrate the effectiveness of the obtained results.

Introduction

Quaternion was first proposed by Hamilton [1] in 1853. However, because of the non-commu-

tativity of quaternion multiplicity, the development on quaternion was quite slow. Fortunately,

with the development of modern science, the quaternion has been widely used in attitude con-

trol, quantum mechanics, computer graphics and so on, see [2–5] and references therein. In

recent years, quaternion has attracted scholars from many fields, especially, the scholars in the

field of neural network research. The quaternion-valued neural networks (QVNNs), as an spe-

cial case of Clifford-valued neural networks [6], can be thought of as an extension of complex-

valued neural networks (CVNNs) and real-valued neural networks (RVNNs). In fact, QVNNs

can be applied to engineering and science. A great deal of studies have shown that, for the

three dimensional data including color images and body images, via direct coding, QVNNs

can do the process with high-efficiency [7]. Indeed, based on the three primary colors and

Hamilton rules of quaternion, one can realize the color face recognition efficiently. The quater-

nion representation treats the color image and dictionary in a holistic manner, while the real

representation can only treat the three colors channels separately [8, 9]. Since all of these appli-

cations strongly rely on the dynamics of QVNNs, many researchers have studied some dynam-

ical behaviours of QVNNs ([10–15]) recently.
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On the one hand, after Bouzerdount and Pinter’s [16] new class of cellular neural networks,

namely the shunting inhibitory cellular neural networks (SICNNs), many studies have been

focusing on the SICNNs, especially about the dynamical behaviors. Because of the wide appli-

cations of SICNNs in psychophysics [17], speech [18], perception [19], robotics [20], adaptive

pattern recognition [21, 22], vision [23, 24], and image processing [25], moreover, time delays

are unavoidable in a realistic system, there have been extensive results about the sufficient con-

ditions on the problem of the existence and stability of equilibrium, periodic, anti-periodic

solutions of SICNNs with time delays, see [26–29] and references therein. Besides, it is well

known that the almost periodic phenomenon is more universal than the periodic one in real

world. In the past few years, many researchers devoted to study the almost periodic problem of

SICNNs with time delays ([30–37]).

On the other hand, synchronization is a very common phenomenon in real systems, which

indicates that two or more systems adjust each other to lead to a common dynamical behavior.

By synchronization, we can understand an unknown system from the well-known systems.

Pecora and Carroll [38] proposed a method to synchronize two identical chaotic systems with

different initial values in 1990, from then on, the problem of synchronization has attracted

scholars from various fields such as information science [39, 40], secure communication [41,

42] and chemical reactions [43, 44]. In particular, in the field of neural networks, much atten-

tion has been focusing on this topic, see [45–54] and references therein. At present, there are

some results about the synchronization for complex-valued neural networks [55–58]. How-

ever, as far as we know, till now there is still no result about the almost periodic synchroniza-

tion of SICNNs, not to speak of QVSICNNs.

In this paper, we study the QVSICNNs with time varying and distributed delays.

The paper is organized as follows. In Section 2, some preliminaries and notations are intro-

duced. In Section 3, the sufficient conditions for the existence of almost periodic solutions of

system (1) are obtained. In Section 4, the global exponential synchronization is studied. In Sec-

tion 5, the effectiveness and feasibility of the proposed methods in this paper are shown by a

numerical example.

Problem description and preliminaries

We denote the skew field of quaternion by

Q :¼ fx ¼ xR þ ixI þþjxJ þ kxKg;

where xR, xI, xJ, xK are real numbers and the elements i, j, k obey the Hamilton’s multiplication

rules:

ij ¼ � ji ¼ k; jk ¼ � kj ¼ i; ki ¼ � ik ¼ j; i2 ¼ j2 ¼ k2 ¼ ijk ¼ � 1:

In this paper, the model of the shunting inhibitory cellular neural networks with mixed

time delays is defined as follows:

x0pqðtÞ ¼ � apqðtÞxpqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞf ðxklðtÞÞxpqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞgðxklðt � tðtÞÞÞxpqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞhðxklðt � uÞÞduxpqðtÞ þ TpqðtÞ;

ð1Þ

where 1� p�m, 1� q� n, for the convenience, we denote
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pq 2 f11; 12; . . . ; 1n; . . . ;m1;m2; . . . ;mng :¼ J ; Cpq denotes the cell at the position (p, q) of

the lattice; the r-neighborhood of Cpq is defined as

Nrðp; qÞ ¼ fCkl : maxðjk � pj; jl � qjÞ � r; pq 2 J g;

and Ns(p, q), Nu(p, q) are similarly specified; xpq 2 Q is the activity of the cell Cpq, Tpq : Q! Q
is the external input to Cpq, apq(t)>0 represents the passive decay rate of the cell activity;

Bkl
pqðtÞ;C

kl
pqðtÞ;D

kl
pqðtÞ � 0 are the connection or coupling strength of postsynaptic activity of

the cell transmitted to Cpq, and the activity functions f ; g; h : Q! Q are the continuous func-

tions representing the output or firing rate of the cell Cpq; τ(t)� 0 denotes the transmission

time varying delay; Kpq(t) denotes the transmission delay kernels.

The initial conditions associated with system (1) are of the form

xpqðsÞ ¼ φpqðsÞ; s 2 ð� 1; 0�; pq 2 J ;

where φpqðsÞ ¼ φR
pqðsÞ þ iφI

pqðsÞ þ jφJ
pqðsÞ þ kφK

pqðsÞ;φ
K
pq;φ

I
pq;φ

J
pq;φ

K
pq : ð� 1; 0� ! R are

bounded continuous functions.

Now, we introduce some relevant definitions and basic lemmas.

Definition 1. [59] A function x 2 CðR;RnÞ is said to be almost periodic if, for any � > 0, it is
possible to find a real number l = l(�)> 0, denoting length l(�) of an interval, there exists a num-
ber τ = τ(�) in this interval such that |x(t + τ) − x(t)|< � for all t 2 R.

Denote the set of almost periodic functions by APðR;RnÞ.

Definition 2. A quaternion-valued function x ¼ xR þ ixI þ jxJ þ kxK 2 CðR;Qn
Þ is called

almost periodic if for every ν 2 {R, I, J, K}: = Λ, xn 2 APðR;RnÞ.

Definition 3. [59] Let x 2 Rn and A(t) be an n × n matrix function on R. Then the linear sys-
tem

x0ðtÞ ¼ AðtÞxðtÞ; t 2 R ð2Þ

is said to admit an exponential dichotomy on R if there exist positive constants ki, αi, i = 1, 2, pro-
jection P, and the fundamental solution matrix X(t) of (2), satisfying

k XðtÞPX� 1ðsÞ k0 � k1e� a1ðt� sÞ; s; t 2 R; t � s;

k XðtÞðI � PÞX� 1ðsÞ k0 � k2e� a2ðs� tÞ; s; t 2 R; t � s;

where k � k0 is the matrix norm on R.

Let us consider the following almost periodic system

x0ðtÞ ¼ AðtÞxðtÞ þ f ðtÞ; t 2 R; ð3Þ

where A(t) is an almost periodic matrix function and f(t) is an almost periodic vector function.

Lemma 1. [59] If the linear system (2) admits an exponential dichotomy, then system (3) has
a unique almost periodic solution

xðtÞ ¼
Z t

� 1

XðtÞPX� 1ðsÞf ðsÞds �
Z þ1

t
XðtÞðI � PÞX� 1ðsÞf ðsÞds;

where X(t) is the fundamental solution matrix of (2), I denotes the n × n-identity matrix.

Lemma 2. [59] Let ap be an almost periodic function on R and

M½ap� ¼ lim
T!1

1

T

Z tþT

t
apðsÞds > 0; p ¼ 1; 2; . . . n:
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Then the linear system

x0ðtÞ ¼ diagð� a1ðtÞ; � a2ðtÞ; . . . ; � anðtÞÞxðtÞ

admits an exponential dichotomy on R.

Let xpq ¼ xRpq þ ixIpq þ jxJpq þ kxKpq 2 Q, where xRpq; x
I
pq; x

J
pq; x

K
pq 2 R. Assume the activity func-

tions f ; g; h : Q! Q of (1) can be expressed as

f ðxpqÞ ¼ f RðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ if IðxRpq; x

I
pq; x

J
pq; x

K
pqÞ

þjf JðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ kf KðxRpq; x

I
pq; x

J
pq; x

K
pqÞ;

gðxpqÞ ¼ gRðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ igIðxRpq; x

I
pq; x

J
pq; x

K
pqÞ

þjgJðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ kgKðxRpq; x

I
pq; x

J
pq; x

K
pqÞ;

hðxpqÞ ¼ hRðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ ihIðxRpq; x

I
pq; x

J
pq; x

K
pqÞ

þjhJðxRpq; x
I
pq; x

J
pq; x

K
pqÞ þ khKðxRpq; x

I
pq; x

J
pq; x

K
pqÞ;

where f n; gn; hn : R4 ! R, ν 2 Λ, pq 2 J and the external input Tn
pq : R! Q can be expressed

as

TpqðtÞ ¼ TR
pqðtÞ þ iTI

pqðtÞ þ jTJ
pqðtÞ þ kTK

pqðtÞ;

where Tn
pq : R! R; n 2 L; pq 2 J .

In the following, for a bounded continuous function, we denote �f ¼ sup
t2R
jf ðtÞj,

f ¼ inf
t2R
jf ðtÞj.

In order to overcome the non-commutativity of the quaternion multiplication, according

to Hamilton rules, we decompose system (1) into an equivalent real-valued system:

ðxRpqÞ
0
ðtÞ ¼ � apqðtÞxRpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞðf

R½t; x�xRpqðtÞ � f I½t; x�xIpqðtÞ

� f J ½t; x�xJpqðtÞ � f K ½t; x�xKpqðtÞÞ �
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞðg

R½t; x�xRpqðtÞ

� gI½t; x�xIpqðtÞ � gJ ½t; x�xJpqðtÞ � gK ½t; x�xKpqðtÞÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

 Z þ1

0

KpqðuÞh
R½t; u; x�duxRpqðtÞ

�

Z þ1

0

KpqðuÞh
I½t; u; x�duxIpqðtÞ �

Z þ1

0

KpqðuÞh
J ½t; u; x�duxJpqðtÞ

�

Z þ1

0

KpqðuÞh
K ½t; u; x�duxKpqðtÞ

!

þ TR
pqðtÞ; pq 2 J ;

ð4Þ
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ðxIpqÞ
0
ðtÞ ¼ � apqðtÞxIpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞðf

R½t; x�xIpqðtÞ þ f I½t; x�xRpqðtÞ

þf J ½t; x�xKpqðtÞ � f K ½t; x�xJpqðtÞÞ �
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞðg

R½t; x�xIpqðtÞ

þgI½t; x�xRpqðtÞ þ gJ ½t; x�xKpqðtÞ � gK ½t; x�xJpqðtÞÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

 Z þ1

0

KpqðuÞh
R½t; u; x�duxIpqðtÞ

þ

Z þ1

0

KpqðuÞh
I½t; u; x�duxRpqðtÞ þ

Z þ1

0

KpqðuÞh
J ½t; u; x�duxKpqðtÞ

�

Z þ1

0

KpqðuÞh
K ½t; u; x�duxJpqðtÞ

!

þ TI
pqðtÞ; pq 2 J ;

ð5Þ

ðxJpqÞ
0
ðtÞ ¼ � apqðtÞxJpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞðf

R½t; x�xJpqðtÞ � f I ½t; x�xKpqðtÞ

þf J ½t; x�xRpqðtÞ þ f K ½t; x�xIpqðtÞÞ �
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞðg

R½t; x�xJpqðtÞ

� gI½t; x�xKpqðtÞ þ gJ ½t; x�xRpqðtÞ þ gK ½t; x�xIpqðtÞÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

 Z þ1

0

KpqðuÞh
R½t; u; x�duxJpqðtÞ

�

Z þ1

0

KpqðuÞh
I ½t; u; x�duxKpqðuÞ þ

Z þ1

0

KpqðuÞh
J ½t; u; x�duxRpqðtÞ

þ

Z þ1

0

KpqðuÞh
K ½t; u; x�duxIpqðtÞ

!

þ TJ
pqðtÞ; pq 2 J ;

ð6Þ

ðxKpqÞ
0
ðtÞ ¼ � apqðtÞxKpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞðf

R½t; x�xKpqðtÞ þ f I½t; x�xJpqðtÞ

� f J ½t; x�xIpqðtÞ þ f K ½t; x�xRpqðtÞÞ �
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞðg

R½t; x�xKpqðtÞ

þgI½t; x�xJpqðtÞ � gJ ½t; x�xIpqðtÞ þ gK ½t; x�xRpqðtÞÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

 Z þ1

0

KpqðuÞh
R½t; u; x�duxKpqðtÞ

þ

Z þ1

0

KpqðuÞh
I½t; u; x�duxJpqðtÞ �

Z þ1

0

KpqðuÞh
J ½t; u; x�duxIpqðtÞ

þ

Z þ1

0

KpqðuÞh
K ½t; u; x�duxRpqðtÞ

!

þ TK
pqðtÞ; pq 2 J ;

ð7Þ
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where f n½t; x� ≜ f nðxRklðtÞ; x
I
klðtÞ; x

J
klðtÞ; xKklðtÞÞ; g

n½t; x� ≜ gnðxRklðt � tðtÞÞ; xIklðt � tðtÞÞ; xJklðt �
tðtÞÞ; xKklðt � tðtÞÞÞ; hn½t; u; x� ≜ hnðxRklðt � uÞ; xIklðt � uÞ; xJklðt � uÞ; xKklðt � uÞÞ:

Denote

F ½t; x� ¼

f R½t; x� � f I½t; x� � f J ½t; x� � f K ½t; x�
f I½t; x� f R½t; x� � f K ½t; x� f J ½t; x�
f J ½t; x� f K ½t; x� f R½t; x� � f I ½t; x�
f K ½t; x� � f J ½t; x� f I ½t; x� f R½t; x�

0

B
B
B
B
@

1

C
C
C
C
A
;

G½t; x� ¼

gR½t; x� � gI ½t; x� � gJ ½t; x� � gK ½t; x�
gI½t; x� gR½t; x� � gK ½t; x� gJ ½t; x�
gJ ½t; x� gK ½t; x� gR½t; x� � gI ½t; x�
gK ½t; x� � gJ ½t; x� gI ½t; x� gR½t; x�

0

B
B
B
B
@

1

C
C
C
C
A
;

H½t; u; x� ¼

hR½t; u; x� � hI ½t; u; x� � hJ ½t; u; x� � hK ½t; u; x�
hI ½t; u; x� hR½t; u; x� � hK ½t; u; x� hJ ½t; u; x�
hJ ½t; u; x� hK ½t; u; x� hR½t; u; x� � hI½t; u; x�
hK ½t; u; x� � hJ ½t; u; x� hI½t; u; x� hR½t; u; x�

0

B
B
B
B
@

1

C
C
C
C
A
;

Xpq ¼

xRpq

xIpq

xJpq

xKpq

0

B
B
B
B
B
@

1

C
C
C
C
C
A

; T pq ¼

TR
pq

TI
pq

TJ
pq

TK
pq

0

B
B
B
B
B
@

1

C
C
C
C
C
A

;

Applying (4)–(7), we obtain an equivalent real-valued system of the quaternion-valued system

(1) as follows:

X0pqðtÞ ¼ � apqðtÞXpqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞF ½t; x�XpqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞG½t; x�XpqðtÞ þ T pqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞH½t; u; x�duXpqðtÞ; pq 2 J

ð8Þ

with the initial conditions:

XpqðsÞ ¼ �pqðsÞ; s 2 ð� 1; 0�; pq 2 J ;

where �pq ¼ ðφR
pq;φ

I
pq;φ

J
pq;φ

K
pqÞ

T
, φn

pq 2 Cðð� 1; 0�;RÞ; n 2 L:
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In what follows, we regard (1) as the drive system, and the corresponding response system

is expressed as

y0pqðtÞ ¼ � apqðtÞypqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞf ðyklðtÞÞypqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞgðyklðt � tðtÞÞÞypqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞhðyklðt � uÞÞduypqðtÞ

þTpqðtÞ þ UpqðtÞ; pq 2 J ;

ð9Þ

where ypqðtÞ ¼ yRpqðtÞ þ iyIpqðtÞ þ jyJpqðtÞ þ kyKpqðtÞ denotes the state of the response system,

UpqðtÞ ¼ UR
pqðtÞ þ iUI

pqðtÞ þ jUJ
pqðtÞ þ kUK

pqðtÞ is a state-feedback controller, the rest notations

are the same as those in system (1) and the initial condition is

ypqðsÞ ¼ cpqðsÞ; s 2 ð� 1; 0�; pq 2 J ;

where cpqðsÞ ¼ c
R
pqðsÞ þ icI

pqðsÞ þ c
J
pqðsÞ þ c

K
pqðsÞ are quaternion-valued bounded continuous

functions on (−1, 0].

Denote zpq(t) = ypq(t) − xpq(t), subtracting (1) from (9) yields the following error system:

z0pqðtÞ ¼ � apqðtÞzpqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞFðzklðtÞÞzpqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞGðzklðt � tðtÞÞÞzpqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞHðzklðt � uÞÞduzpqðtÞ

þUpqðtÞ; pq 2 J ;

ð10Þ

where F(zkl(t))zpq(t) = f(ykl(t))ypq(t) − f(xkl(t))xpq(t), G(zkl(t − τ(t)))zpq(t) = g(ykl(t − τ(t)))ypq(t) −
g(xkl(t − τ(t)))xpq(t), H(zkl(t − u))zpq(t) = h(ykl(t − u))ypq(t) − h(xkl(t − u))xpq(t).

In order to show the almost periodic synchronization of the drive-response system, we

design the state-feedback controller as follows:

UpqðtÞ ¼ � dpqðtÞzpqðtÞ �
X

Ckl2Nvðp;qÞ

Ekl
pqðtÞWðzklðt � dðtÞÞÞzpqðtÞ; pq 2 J ;

where W(zkl(t − δ(t))) = w(ykl(t − δ(t)))ypq(t) − w(xkl(t − δ(t)))xpq(t).
Definition 4. The response system (9) and the drive system (1) are said to be globally exponen-

tially synchronized, if there exist positive constants M> 0 and λ> 0 such that

k yðtÞ � xðtÞ k0 � M k c � φ k e� λt;

where

k yðtÞ � xðtÞ k0 ¼ max
pq2J;n2L

fjyn

pqðtÞ � xn

pqðtÞjg;

k c � φ k¼ max
pq2J;n2L

fsup
t2R
jc

n

pqðtÞ � φn

pqðtÞjg:
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Analogously, one can decompose (10) into the following real-valued system:

ðzRpqÞ
0
ðtÞ ¼ � apqðtÞzRpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞ

�

ðf R½t; y�yRpqðtÞ � f R½t; x�xRpqðtÞÞ

� ðf I½t; y�yIpqðtÞ � f I½t; x�xIpqðtÞÞ � ðf
J ½t; y�yJpqðtÞ � f J ½t; x�xJpqðtÞÞ

� ðf K ½t; y�yKpqðtÞ � f K ½t; x�xKpqðtÞÞ
�

þ
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞ

�

ðgR½t; y�

�yRpqðtÞ � gR½t; x�xRpqðtÞÞ � ðg
I½t; y�yIpqðtÞ � gI ½t; x�xIpqðtÞÞ

� ðgJ ½t; y�yJpqðtÞ � gJ ½t; x�xJpqðtÞÞ � ðg
K ½t; y�yKpqðtÞ � gK ½t; x�xKpqðtÞÞ

�

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

�Z þ1

0

KpqðuÞðh
R½t; u; y�yRpqðtÞ

� hR½t; u; x�xRpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
I½t; u; y�yIpqðtÞ

� hI½t; u; x�xIpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
J ½t; u; y�yJpqðtÞ

� hJ ½t; u; x�xJpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
K ½t; u; y�yKpqðtÞ

� hK ½t; u; x�xKpqðtÞÞdu
�

� dpqðtÞzRpqðtÞ �
X

Ckl2Nvðp;qÞ

Ekl
pqðtÞ

�

�

WR½t; z�zRpqðtÞ � WI ½t; z�zIpqðtÞ � WJ ½t; z�zJpqðtÞ

� WK ½t; z�zKpqðtÞ
�

;

ð11Þ
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ðzIpqÞ
0
ðtÞ ¼ � apqðtÞzIpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞ

�

ðf R½t; y�yIpqðtÞ � ðf
R½t; x�xIpqðtÞÞ

þðf I½t; y�yRpqðtÞ � f I½t; x�xRpqðtÞÞ þ ðf
J ½t; y�yKpqðtÞ � f J ½t; x�xKpqðtÞÞ

� ðf K ½t; y�yJpqðtÞ � f K ½t; x�xJpqðtÞÞ
�

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞ

�

ðgR½t; y�

�yIpqðtÞ � gR½t; x�xIpqðtÞÞ þ ðg
I½t; y�yRpqðtÞ � gI ½t; x�xRpqðtÞÞ

þðgJ ½t; y�yKpqðtÞ � gJ ½t; x�xKpqðtÞÞ � ðg
K ½t; y�yJpqðtÞ � gK ½t; x�xJpqðtÞÞ

�

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

�Z þ1

0

KpqðuÞðh
R½t; u; y�yIpqðtÞ

� hR½t; u; x�xIpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
I½t; u; y�yRpqðtÞ

� hI½t; u; x�xRpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
J ½t; u; y�yKpqðtÞ

� hJ ½t; u; x�xKpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
K ½t; u; y�yJpqðtÞ

� hK ½t; u; x�xJpqðtÞÞdu
�

� dpqðtÞzIpqðtÞ �
X

Ckl2Nvðp;qÞ

Ekl
pqðtÞ

�

�

WR½t; z�zIpqðtÞ þWI ½t; z�zRpqðtÞ þWJ ½t; z�zKpqðtÞ

� WK ½t; z�zJpqðtÞ
�

;

ð12Þ
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ðzJpqÞ
0
ðtÞ ¼ � apqðtÞzJpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞ

�

ðf R½t; y�yJpqðtÞ � f R½t; x�xJpqðtÞÞ

� ðf I½t; y�yKpqðtÞ � f I½t; x�xKpqðtÞÞ þ ðf
J ½t; y�yRpqðtÞ � f J ½t; x�xRpqðtÞÞ

þðf K ½t; y�yIpqðtÞ � f K ½t; x�xIpqðtÞÞ
�

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞ

�

ðgR½t; y�

�yJpqðtÞ � gR½t; x�xJpqðtÞÞ � ðg
I½t; y�yKpqðtÞ � gI ½t; x�xKpqðtÞÞ

þðgJ ½t; y�yRpqðtÞ � gJ ½t; x�xRpqðtÞÞ þ ðg
K ½t; y�yIpqðtÞ � gK ½t; x�xIpqðtÞÞ

�

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

�Z þ1

0

KpqðuÞðh
R½t; u; y�yJpqðtÞ

� hR½t; u; x�xJpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
I½t; u; y�yKpqðtÞ

� hI½t; u; x�xKpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
J ½t; u; y�yRpqðtÞ

� hJ ½t; u; x�xRpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
K ½t; u; y�

�yIpqðtÞ � hK ½t; u; x�zIpqðtÞÞdu
�

� dpqðtÞzJpqðtÞ �
X

Ckl2Nvðp;qÞ

Ekl
pqðtÞ

�

�

WR½t; z�zJpqðtÞ � WI ½t; z�zKpqðtÞ þWJ ½t; z�zRpqðtÞ

þWK ½t; z�zIpqðtÞ
�

;

ð13Þ
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ðzKpqÞ
0
ðtÞ ¼ � apqðtÞzKpqðtÞ �

X

Ckl2Nrðp;qÞ

Bkl
pqðtÞ

�

ðf R½t; y�yKpqðtÞ � f R½t; x�xKpqðtÞÞ

þðf I½t; y�yJpqðtÞ � f I½t; x�xJpqðtÞÞ � ðf
J ½t; y�yIpqðtÞ � f J ½t; x�xIpqðtÞÞ

þðf K ½t; y�yRpqðtÞ � f K ½t; x�xRpqðtÞÞ
�

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞ

�

ðgR½t; y�

�yKpqðtÞ � gR½t; x�xKpqðtÞÞ þ ðg
I½t; y�yJpqðtÞ � gI ½t; x�xJpqðtÞÞ

� ðgJ ½t; y�yIpqðtÞ � gJ ½t; x�xIpqðtÞÞ þ ðg
K ½t; y�yRpqðtÞ � gK ½t; x�xRpqðtÞÞ

�

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

�Z þ1

0

KpqðuÞðh
R½t; u; y�yKpqðtÞ

� hR½t; u; x�xKpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
I½t; u; y�yJpqðtÞ

� hI½t; u; x�xJpqðtÞÞdu �
Z þ1

0

KpqðuÞðh
J ½t; u; y�yIpqðtÞ

� hJ ½t; u; x�xIpqðtÞÞduþ
Z þ1

0

KpqðuÞðh
K ½t; u; y�

�yRpqðtÞ � hK ½t; u; x�xRpqðtÞÞdu
�

� dpqðtÞzKpqðtÞ �
X

Ckl2Nvðp;qÞ

Ekl
pqðtÞ

�

�

WR½t; z�zKpqðtÞ þWI ½t; z�zJpqðtÞ � WJ ½t; z�zIpqðtÞ

þWK ½t; z�zRpqðtÞ
�

;

ð14Þ

where pq 2 J ;Wn½t; z� ≜ WnðzRklðt � dðtÞÞ; zIklðt � dðtÞÞ; zJklðt � dðtÞÞ; zKklðt � dðtÞÞÞ; n 2 L:

Remark 1. If XpqðtÞ ¼ ðxRpqðtÞ; x
I
pqðtÞ; x

J
pqðtÞ; x

K
pqðtÞÞ is a solution to system (8), then xpqðtÞ ¼

xRpqðtÞ þ ixIpqðtÞ þ jxJpqðtÞ þ kxKpqðtÞ (pq 2 J) must be a solution to system (1). Thus, the problem
of finding an almost periodic solution for (1) is reduced to finding it for system (8). For studying
the synchronization of (1) and (9), we just need to consider the exponential stability of system
(11)–(14).
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Throughout the paper, we assume the following conditions:

(A1) For pq; kl 2 J , ν 2 Λ, apq 2 APðR;RþÞ with M[apq]> 0, Tn
pq 2 APðR;RÞ,

dpq;Bkl
pq;C

kl
pq;D

kl
pq; E

kl
pq; t; d 2 APðR;RþÞ, and 1 − α> 0, 1 − β> 0, where

a ¼ sup
t2R

t0ðtÞ; b ¼ sup
t2R

d
0
ðtÞ.

(A2) For ν 2 Λ, fν, gν, hν, pn 2 CðR;RÞ and for any un; vn 2 R, there exist positive constants Ln
f ,

Ln
g , L

n
h, L

n
w, Mn

f ;M
n
g ;M

n
h;M

n
w such that

jf nðuR; uI; uJ ; uKÞ � f nðvR; vI; vJ ; vKÞj � LR
f ju

R � vRj þ LI
f ju

I � vIj

þLJ
f juJ � vJ j þ LK

f ju
K � vK j;

jgnðuR; uI ; uJ ; uKÞ � gnðvR; vI; vJ ; vKÞj � LR
g ju

R � vRj þ LI
g ju

I � vI j

þLJ
g ju

J � vJ j þ LK
g ju

K � vK j;

jhnðuR; uI; uJ ; uKÞ � hnðvR; vI; vJ ; vKÞj � LR
h ju

R � vRj þ LI
hju

I � vIj

þLJ
hjuJ � vJ j þ LK

h ju
K � vK j;

jwnðuR; uI ; uJ ; uKÞ � wnðvR; vI; vJ ; vKÞj � LR
wju

R � vRj þ LI
wju

I � vIj

þLJ
wju

J � vJ j þ LK
wju

K � vK j;

and

f nððuR; uI; uJ ; uKÞÞ � Mn
f ; gnðuR; uI ; uJ ; uKÞ � Mn

g ;

hnðuR; uI; uJ ; uKÞ � Mn
h; wnðuR; uI ; uJ ; uKÞ � Mn

w:

(A3) For pq 2 J , the delay kernels Kpq : ½0;1Þ ! R are continuous and |Kpq(t)|eλt are integra-

ble on [0,1) for certain positive constant λ.

Main results

In this section, we establish the sufficient conditions for the existence of almost periodic solu-

tions of system (1), and the sufficient conditions for the global exponential synchronization of

the drive system (1) and the response system (9).

Denote fxpqg ¼ fðxRpq; x
I
pq; x

J
pq; x

K
pqÞg, where ðxRpq; x

I
pq; x

J
pq; x

K
pqÞ ¼

ðxR
11
; . . . ; xR

1n; . . . ; xRp1
; . . . ; xRpn; . . . ; xRmn; . . . ; xR

11
; . . . ; xK

1n; . . . ; xKp1
; . . . ; xKpn; . . . ; xKmnÞ. For

x ¼ fxpqg 2 R
4mn, we define its norm as k x k¼ max

pq2J
fmax

n2L

jxn
pqjg.

Set Y ¼ fφ ¼ fφpqgjφ 2 APðR;R4mnÞg. Y is a Banach space when equipped with the norm

k φ k¼ max
pq2J
fmax

n2J

fsup
t2R
jφn

pqðtÞjgg.

Theorem 1. Under assumptions (A1)-(A3), and

(A4) there exists a positive constant κ such that

W ¼ max
pq2J

max
n2L

Wpqkþ
�T n

pq

apq

( )( )

� k; m ¼ max
pq2J

mpq

apq

( )

< 1;
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where

Wpq ¼
X

Ckl2Nrðp;qÞ

�Bkl
pqðM

R
f þMI

f þMJ
f þMK

f Þ þ
X

Ckl2Nsðp;qÞ

�Ckl
pqðM

R
g

þMI
g þMJ

g þMK
g Þ þ

X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

jKpqðuÞjduðM
R
h

þMI
h þMJ

h þMK
h Þ;

mpq ¼
X

Ckl2Nrðp;qÞ

�Bkl
pq½M

R
f þMI

f þMJ
f þMK

f þ 4kðLR
f þ LI

f

þLJ
f þ LK

f Þ� þ
X

Ckl2Nsðp;qÞ

�Ckl
pq½M

R
g þMI

g þMJ
g þMK

g

þ4kðLR
g þ LI

g þ LJ
g þ LK

g Þ� þ
X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

jKpqðuÞjdu

�½MR
h þMI

h þMJ
h þMK

h þ 4kðLR
h þ LI

h þ LJ
h þ LK

h Þ�;

system (8) has a unique almost periodic solution in Y� ¼ fφ 2 Yj k φ k� kg.

proof. Given φ 2 Y, consider the following linear system

X0pqðtÞ ¼ � apqðtÞXpqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞF ½t;φ�φpqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞG½t;φ�φpqðtÞ þ T pqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðtÞH½t; u;φ�duφpqðtÞ; pq 2 J :

ð15Þ

Together with (A1) and Lemma 2, the linear system

X 0pqðtÞ ¼ � apqðtÞXpqðtÞ; pq 2 J

admits an exponential dichotomy. By Lemma 1, we know that system (15) has a unique almost

periodic solution which can be expressed as XφðtÞ ¼ fXφ
pqðtÞg, where

Xφ
pqðtÞ ¼

�Z t

� 1

e�
R t

s
apqðuÞdu

�

�
X

Ckl2Nrðp;qÞ

Bkl
pqðsÞF ½t;φ�φpqðsÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðsÞG½t;φ�φpqðsÞ þ T pqðsÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðsÞ

Z þ1

0

KpqðsÞH½t; u;φ�duφpqðsÞ
�

ds
�

; pq 2 J :

Now, we define a mapping: G : Y! Y with GðφÞðtÞ ¼ XφðtÞ ¼ fXφ
pqðtÞg, for 8φ 2 Y.
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First, we will show that for any φ 2 Y�, Gφ 2 Y�. Denote

MR
pqðs;φÞ

¼ �
X

Ckl2Nrðp;qÞ

Bkl
pqðsÞðf

R½s;φ�φR
pqðsÞ � f I½s;φ�φI

pqðsÞ � f J ½s;φ�φJ
pqðsÞ

� f K ½s;φ�φK
pqðsÞÞ �

X

Ckl2Nsðp;qÞ

Ckl
pqðsÞðg

R½s;φ�φR
pqðsÞ � gI½s;φ�φI

pqðsÞ

� gJ ½s;φ�φJ
pqðsÞ � gK ½s;φ�φK

pqðsÞÞ �
X

Ckl2Nuðp;qÞ

Dkl
pqðsÞ

�Z þ1

0

KpqðsÞ

� hR½s; u;φ�duφR
pqðsÞ �

Z þ1

0

KpqðsÞh
I½s; u;φ�duφI

pqðsÞ

�

Z þ1

0

KpqðsÞh
J ½s; u;φ�duφJ

pqðsÞ �
Z þ1

0

KpqðsÞh
K ½s; u;φ�duφK

pqðsÞ
�

; pq 2 J :

For pq 2 J , we have

jMR
pqðs;φÞj

¼

�
�
�
� �

X

Ckl2Nrðp;qÞ

Bkl
pqðsÞðf

R½s;φ�φR
pqðsÞ � f I ½s;φ�φI

pqðsÞ � f J ½s;φ�φJ
pqðsÞ

� f K ½s;φ�φK
pqðsÞÞ �

X

Ckl2Nsðp;qÞ

Ckl
pqðsÞðg

R½s;φ�φR
pqðsÞ � gI ½s;φ�φI

pqðsÞ

� gJ ½s;φ�φJ
pqðsÞ � gK ½s;φ�φK

pqðsÞÞ �
X

Ckl2Nuðp;qÞ

Dkl
pqðsÞ

�Z þ1

0

KpqðsÞ

� hR½s; u;φ�duφR
pqðsÞr �

Z þ1

0

KpqðsÞh
I ½s; u;φ�duφI

pqðsÞ

�

Z þ1

0

KpqðsÞh
J ½s; u;φ�duφJ

pqðsÞ �
Z þ1

0

KpqðsÞh
K ½s; u;φ�duφK

pqðsÞ
��
�
�
�

�
X

Ckl2Nrðp;qÞ

�Bkl
pqðM

R
f þMI

f þMJ
f þMK

f Þk φ kY þ
X

Ckl2Nsðp;qÞ

�Ckl
pqðM

R
g

þMI
g þMJ

g þMK
g Þk φ kY þ

X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

KpqðuÞduðM
R
h þMI

h

þMJ
h þMK

h Þk φ kY

�

�
X

Ckl2Nrðp;qÞ

�Bkl
pqðM

R
f þMI

f þMJ
f þMK

f Þ þ
X

Ckl2Nsðp;qÞ

�Ckl
pqðM

R
g þMI

g

þMJ
g þMK

g Þ þ
X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

jKpqðuÞjduðM
R
h þMI

h þMJ
h

þMK
h Þ

�

k ¼ Wpqk;
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so we have

jðGφÞRpqðtÞj �
�
�
�
�

Z t

� 1

e�
R t

s
apqðuÞduðMR

pqðs;φðsÞÞ þ TR
pqðsÞÞ

�
�
�
�ds

�
Wpqkþ
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repeat a similar calculation, we obtain
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Together with the above inequalities, we obtain
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which following from (A5) implies that Γ is a self-mapping on Y�.
Next, we show that Γ is a contraction mapping on Y�. For any φ;c 2 Y�, we have
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which implies that Γ is a contraction mapping. According to the Banach fixed point theorem,

Γ has a unique fixed point inY�, which means that system (8) has a unique almost periodic

solution in Y�. The proof is complete.

Theorem 2. Assume (A1)-(A4) hold and suppose further that

(A5) There exists a positive constant λ such that
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Then the drive system (1) and response system (9) are globally exponentially synchronized.

proof. Let us construct a Lyapunov function V(t) as follows
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From (11)–(14), for any t> 0, ν 2 Λ, pq 2 J , we have
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Computing the derivative of V1(t) along the solution of the error system (10), we obtain
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4k�Ekl
pq

eλ�d
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wjz

J
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� 4k
X
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�Ekl
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R
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R
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I
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wjz

J
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w jz
K
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� eλt
X

pq2J

�

ðλ � ðapq þ dpqÞÞ þ
X

Ckl2Nr ðp;qÞ

�Bkl
pq

�

MR
f þMI

f þMJ
f

þMK
f þ 4kðLR

f þ LI
f þ LJ

f þ LK
f Þ

�

þ
X

Ckl2Nsðp;qÞ

�Ckl
pq

�

MR
g þMI

g

þMJ
g þMK

g þ
4keλ�t

1 � a
ðLR

g

�

þ LI
g þ LJ

g þ LK
g Þ

þ
X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

jKpqðuÞj
�

MR
h þMI

h þMJ
h þMK

h

þ 4keλuðLR
h þ LI

h þ LJ
h þ LK

h Þ

�

duþ
X

Ckl2Nvðp;qÞ

�Ekl
pq

�

MR
w þMI

w

þMJ
w þMK

w þ
4keλ�d

1 � b
ðLR

w þ LI
w þ LJ

w þ LK
wÞ

��

k z k :

ð16Þ

Repeat a similar calculation, we obtain

DþV nðtÞ

� eλt
X

pq2J

�

ðλ � ðapq þ dpqÞÞ þ
X

Ckl2Nrðp;qÞ

�Bkl
pq

�

MR
f þMI

f þMJ
f

þMK
f þ 4kðLR

f þ LI
f þ LJ

f þ LK
f Þ

�

þ
X

Ckl2Nsðp;qÞ

�Ckl
pq

�

MR
g þMI

g

þMJ
g þMK

g þ
4keλ�t
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ðLR

g Þ

�
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g

þ
X

Ckl2Nuðp;qÞ

�Dkl
pq

Z þ1

0

jKpqðuÞj
�
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h þMI

h þMJ
h þMK

h

þ 4keλuðLR
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h þ LJ
h þ LK

h Þ

�

duþ
X
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pq

�
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w þMI

w

þMJ
w þMK

w þ
4keλ�d

1 � b
ðLR

w þ LI
w þ LJ

w þ LK
wÞ

��

k z k; n ¼ I; J;K:

ð17Þ

It follows from (A5), (16) and (17) that

DþVðtÞ � 0;

which implies that V(t)� V(0) for all t� 0.

On the other hand, we have

Vð0Þ �
X

pq2J

�

1þ
4kðeλ�t � 1Þ

λð1 � aÞ

X

Ckl2Nsðp;qÞ

�Ckl
pq

�
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g þ LI

g þ LJ
g þ LK

g

�

þ
X
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�Ekl
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�
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wÞ

�

k c � φ k :
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We also have

k yðtÞ � xðtÞ k0 � VðtÞeλt � Vð0Þeλt � M k c � φ k e� λt; t � 0;

where

M ¼
X

pq2J

�

1þ
4kðeλ�t � 1Þ

λð1 � aÞ

X

Ckl2Nsðp;qÞ

�Ckl
pq

�

LR
g þ LI

g þ LJ
g þ LK

g

�

þ
X

Ckl2Nuðp;qÞ

4k�Dkl
pq

� Z þ1

0

jKpqðuÞj
eλu � 1

λ
duðLR

h þ LI
h þ LJ

h þ LK
h Þ

�

þ
4kðeλ�d � 1Þ

λð1 � bÞ

X

Ckl2Nvðp;qÞ

�Ekl
pq

�

LR
w þ LI

w þ LJ
w þ LK

wÞ

�

> 0:

Therefore, the drive system (1) and the response system (9) are globally exponentially synchro-

nized. The proof is complete.

A numerical example

In this section, an example is shown for the effectiveness of the proposed method in this paper.

Example 1. If the following QVSICNN as the drive system:

x0pqðtÞ ¼ � apqðtÞxpqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞf ðxklðtÞÞxpqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞgðxklðt � tðtÞÞÞxpqðtÞ þ TpqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞhðxklðt � uÞÞduxpqðtÞ

ð18Þ

and the corresponding response system is defined as

y0pqðtÞ ¼ � apqðtÞypqðtÞ �
X

Ckl2Nrðp;qÞ

Bkl
pqðtÞf ðyklðtÞÞypqðtÞ

�
X

Ckl2Nsðp;qÞ

Ckl
pqðtÞgðyklðt � tðtÞÞÞypqðtÞ þ TpqðtÞ þ UpqðtÞ

�
X

Ckl2Nuðp;qÞ

Dkl
pqðtÞ

Z þ1

0

KpqðuÞhðyklðt � uÞÞduypqðtÞ;

ð19Þ

where Kpq(u) = (cos u)e−2u, p, q = 1, 2, r = s = u = v = 1, tðtÞ ¼ 1

2
sin t, dðtÞ ¼ 1

3
sin t, and the

coefficients are as follows:

f ðxÞ ¼
1

15
sin jxR þ xJ þ xK j þ i

1

12
sin 2ðxKÞ þ j

1

18
cos ðxI þ xKÞ þ k

1

15
jxK j;

gðxÞ ¼
1

9
tanhxR þ i

1

12
ðjxI þ 1j � jxJ � 1jÞ þ j

1

14
cos 2ðxJÞ þ k

1

18
tanhxK ;

hðxÞ ¼
1

12
cos jxR þ xI j þ i

1

18
sin 2ðxJÞ þ j

1

15
cos ðxJ þ xKÞ þ k

1

16
tanhxK ;

wðxÞ ¼
1

13
cos ðxRÞ þ i

1

14
sin ðxJ þ xKÞ þ j

1

18
cos 2ðxJÞ þ

1

19
sin ðxI þ xKÞ;
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a11ðtÞ ¼ 3þ cos t; a12ðtÞ ¼ 2þ sin
ffiffiffi
2
p

t; a21ðtÞ ¼ 2þ sin t; a22ðtÞ ¼ 2þ j cos tj;

d11ðtÞ ¼ sin t þ 2; d12ðtÞ ¼ 2 cos
ffiffiffi
3
p

t þ 4; d21ðtÞ ¼ sin
ffiffiffi
2
p

t þ 4; d22ðtÞ ¼ sin t þ 5;

B11ðtÞ ¼ 0:02 cos
ffiffiffi
2
p

t þ 0:01; B12ðtÞ ¼ 0:02 sin t; B21ðtÞ ¼ 0:03 sin
ffiffiffi
3
p

3
t;

B22ðtÞ ¼ 0:02 cos t þ 0:01; C11ðtÞ ¼ 0:01 cos
ffiffiffi
2
p

2
t; C12ðtÞ ¼ 0:01 sin t þ 0:02;

C21ðtÞ ¼ 0:03 sin
ffiffiffi
3
p

t; C22ðtÞ ¼ 0:01j cos tj; D11ðtÞ ¼ 0:06 cos
ffiffiffi
2
p

t � 0:01;

D12ðtÞ ¼ 0:01 sin t; D21ðtÞ ¼ 0:02 cos t; D22ðtÞ ¼ 0:02 cos
ffiffiffi
5
p

t; E11ðtÞ ¼ 0:02 cos3t;

E12ðtÞ ¼ 0:03 cos
ffiffiffi
2
p

t;E21ðtÞ ¼ 0:04 sin 2t; E22ðtÞ ¼ 0:01 sin
ffiffiffi
5
p

t þ 0:01;

TpqðtÞ ¼ 0:2 sin ð
ffiffiffi
2
p

tÞ þ i0:1j cos tj þ j0:3 sin t þ k0:5 cos
ffiffiffi
6
p

t:
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; MJ
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;
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1
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;
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;
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; MK
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;
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1
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;MI
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;MJ
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;MK
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1
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1
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1
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; LJ

w ¼
1
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; LK
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1
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;

X

Ckl2N1ð1;1Þ

�Bkl
11
¼

X

Ckl2N1ð1;2Þ

�Bkl
12
¼

X

Ckl2N1ð2;1Þ

�Bkl
21
¼

X

Ckl2N1ð2;2Þ

�Bkl
22
¼ 0:11;

X

Ckl2N1ð1;1Þ

�Ckl
11
¼

X

Ckl2N1ð1;2Þ

�Ckl
12
¼

X

Ckl2N1ð2;1Þ

�Ckl
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¼

X
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�Ckl
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X
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¼

X
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�Dkl
12
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X
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�Dkl
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¼

X
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�Dkl
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¼ 0:1;

X
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¼

X
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�Ekl
12
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X

Ckl2N1ð2;1Þ

�Ekl
21
¼

X

Ckl2N1ð2;2Þ

�Ekl
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�t ¼
1

2
; �d ¼

1

3
; 1 � a ¼

1

2
; 1 � b ¼

2

3
:

Almost periodic synchronization of quaternion-valued shunting inhibitory cellular neural networks

PLOS ONE | https://doi.org/10.1371/journal.pone.0198297 June 7, 2018 23 / 30

https://doi.org/10.1371/journal.pone.0198297


Thus, (A1)-(A3) hold. Setting κ = 2, for p, q = 1, 2, we have

Wpq � 0:0691;mpq � 0:6419;W � 0:4382 < k; m � 0:6419 < 1;

which implies that (A4) is satisfied. Therefore, the drive system (18) has a unique almost periodic
solution. Moreover, take λ = 1, we have

g11 � � 0:218; g12 � � 0:218; g21 � � 1:218; g22 � � 3:218; g � � 0:218 < 0:

Thus, (A5) is also satisfied. Therefore, (18) and (19) are globally exponentially synchronized (see
Figs 1–4).

Fig 1. Transient states of four parts of xpq, p, q = 1, 2.

https://doi.org/10.1371/journal.pone.0198297.g001
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Conclusion

In this paper, a class of QVSICNNs with mixed delays is studied. To the best of our knowledge,

this is the first on studying the problem. Since QVSICNNs include RVSICNNs and

CVSICNNs as special cases, our method of this paper can be applied to study the almost peri-

odic synchronization problem of other types of neural networks including RVNNs and

CVNNs.

In this paper, the almost periodic synchronization of a class of QVSICNNs with mixed

delays is studied. To the best of our knowledge, this is the first on studying the problem. Since

QVSICNNs include RVSICNNs and CVSICNNs as special cases, our method of this paper can

Fig 2. Transient states of four parts of ypq, p, q = 1, 2.

https://doi.org/10.1371/journal.pone.0198297.g002
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be applied to study the almost periodic synchronization problem of other types of neural net-

works including RVNNs and CVNNs.
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