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Abstract: Bundles of steel bars, besides metal foams, are an example of cellular solids. Such bundles
constitute a charge during the heat treatment of bars. The paper presents a mathematical model of
transient heat transfer in a bundle of rectangular steel bars based on the energy balance method. The
key element of this model is the procedure of determining the effective thermal conductivity using
the electrical analogy. Different mechanisms of heat transfer occurring within the analysed medium
(conduction in steel and contact conduction) are assigned corresponding thermal resistances. The
discussed procedure involves expressing these resistances with the use of arithmetic relationships
describing their changes in the temperature function. Thermal contact resistance has been described
with the use of the relationships determined experimentally. As a result of the performed calculations,
the influence of contact conduction between the adjacent bars and bundle arrangement on its heating
time was established. The results of the calculations show that the heating time of bundles can be
lowered by 5–40% as a result of a decrease in the thermal contact resistance. This effect depends
on the bar size and bundle arrangement. From the practical point of view, the analysed problem is
connected with the optimization of the heat treatment processes of steel bars.

Keywords: rectangular bars; bar bundle; effective thermal conductivity; contact conduction; cellular
medium; heat treatment

1. Introduction

Steel bars are basic products of the steel industry. In many cases, in order to provide
the required mechanical properties, bars undergo the process of heat treatment, during
which they are usually heated in the form of cylindrical bundles. Bundles of bars are an
example of a steel porous charge that can be encountered in industrial practice [1–3]. Such
bundles, besides metal foams, are an example of cellular solids [4]. The present article is
concerned with the problem of heating a cylindrical bundle of rectangular bars, the model
of which is presented in Figure 1.

Since the length of bar bundles is repeatedly bigger than their diameter, their heating
is determined by the processes of heat transfer, which occur in the radial direction. As
can be seen in Figure 1, the analysed charge is characterized by the presence of spaces
filled with gas and the lack of continuity of the solid phase in the radial direction. The
above mentioned characteristics have a decisive influence on the process of bundle heating.
The thermal energy in such a medium is transferred in a complex way as a result of: (i)
conduction within the individual bars, (ii) conduction within gas, (iii) contact conduction
between adjacent bars and (iv) thermal radiation between the bar surfaces [5]. The com-
plexity of the heat transfer is the reason why a precise mathematical description of the
heating process of a bundle requires using many complex dependencies. It is possible to
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simplify this description considerably by introducing the notion of the effective thermal
conductivity kef. This parameter is commonly used in the theory of porous [6–8] and
nonhomogeneous [9–11] media. By using the effective thermal conductivity it is possible to
describe a transient heat transfer within a bundle of bars [12]. This coefficient for different
types of nonhomogeneous materials can be determined both with the use of experimental
investigations [13] and model calculations [14].

Figure 1. Model of the bundle of rectangular bars: (a) a general view, (b) a frontal view.

The present article analyses the influence of contact conduction, which occurs between
adjacent bars during heating of the bundle. For the quantitative description of contact
conduction phenomenon the thermal contact resistance Rct has been used. The changes in
this resistance in the temperature function have been established experimentally.

2. Materials and Methods

In the analysis of the problem it has been assumed that the charge is heated only in
the radial direction, at a uniform heat flux Q0 on the whole circumference. Hence, it is
an axially symmetric problem. The geometry of the charge is defined by giving the outer
radius of the bundle r0 = 0.25 m and its length lb (it was assumed that lb = 1 m). For the
purposes of the numerical solution, the area of the bundle is divided into n cylindrical
elements with the width of (Equation (1))

∆r =
r0

n
(1)

When carrying out the calculations, it was assumed that n = 100. In the middle of each
element there is a node, for which a temperature is established. The radius of the m-th
node is described with the Equation (2)

rm = r0 − (m − 0.5)∆r (2)

In order to solve a transient heat conduction problem, energy balance method has been
used, according to which the conducted heat flux to the m-th element from the adjacent
elements Qj,m is equal to the change in the energy content of an element during time
interval ∆τ. Using the explicit approach, it can be represented with the Equation (3) [15]

ρcp ϕVm
∆tm

∆τ
= ∑

j
Qi

j,m (3)

where: ρ, cp—density and specific heat of steel, ϕ—bundle porosity (ϕ = 0.05), ∆tm—
temperature change of the m-th node during the time interval ∆τ (Equation (4))

∆tm = ti+1
m − ti

m (4)
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Vm—volume of the m-th element (Equation (5))

Vm = 2πrm∆r (5)

In the solution, it has been assumed that the specific heat of steel in the temperature
function changes according to the Equation (6)

cp = 0.41t + 468 (6)

Equation (6) has been established based on literature data [16].
The heat transferred into the m-th element from adjacent elements amounts to

(Equation (7))

∑
j

Qi
j,m =

1
Ri

m−1,m

(
ti
m−1 − ti

m

)
+

1
Ri

m,m+1

(
ti
m+1 − ti

m

)
(7)

where

Ri
m−1,m =

ln
(

rm−1
rm

)
2πlbki

e f
(8)

Ri
m,m+1 =

ln
(

rm
rm+1

)
2πlbki

e f
(9)

The boundary condition used in the solution is heat flux, which flows in to the charge Q0.
It has two components: a convection component and a radiation component (Equation (10))

Qi
0 = 2πr0lb

{
hi
(

ti
F − ti

0

)
+ εσ

[(
Ti

F

)4
−
(

Ti
0

)4
]}

(10)

where: h—convection heat transfer coefficient, ε—bundle surface emissivity (ε = 0.7), σ—
Stefan–Boltzmann constant, TF and T0—thermodynamic temperatures of the furnace and
bundle surface.

It was assumed that the furnace temperature is rising up to the final value as the
function of time described by Equation (11)

tF = 20 + 0.173τ (11)

where time τ is expressed in seconds. Upon reaching the final value, for the rest of the
process temperature, tF is kept constantly at this level. Two series of calculations for the
final furnace temperature equal to 750 ◦C and 800 ◦C have been performed.

Convection heat transfer coefficient h from Equation (10), was calculated for a given
step of time τi based on the Nusselt Nu and Rayleigh Ra numbers for the case of natural
convection over horizontal cylinder (Equations (12)–(14)) [17]

hi =
Nuiki

air
2r0

(12)

Nui =

0.6 +
0.387

(
Rai
)1/6

[
1 + (0.559/Pr)9/16

]4/9


2

(13)

Rai =
gβi

air
(
ti
F − ti

0
)
(2r0)

3(
νi

air
)2 Pr (14)
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where: kair—thermal conductivity of air (Equation (15)), Pr—Prandtl number (for air
Pr = 0.72) g—gravitational acceleration, βair—volume expansivity of air (Equation (16)),
νair—kinematic viscosity of air (Equation (17))

ki
air = 0.0255 + 5 × 10−5

[
0.5
(

ti
F + ti

0

)]
(15)

βi
air =

1
273 +

[
0.5
(
ti
F + ti

0
)] (16)

νi
air =

{
13.3 + 0.108

[
0.5
(

ti
F + ti

0

)]}
× 10−6 (17)

Equations (15) and (17) were determined through approximation of the tabular
data [18].

In order to calculate thermal resistances described by the Equations (8) and (9), it is
necessary to know the effective thermal conductivity kef of the heated charge. The value
of this parameter has been calculated for a current temperature of a given element tm

i in
a separate procedure. For this purpose, the concept of an elementary cell has been used.
It is a commonly used approach in which the effective thermal conductivity is calculated
based on the analysis of thermal resistances (the so-called electrical analogy) [19–23]. The
coefficient kef for a defined elementary cell has been calculated from the Equation (18)

ke f =
lcell
Rcell

(18)

where: lcell—characteristic dimension of the elementary cell, Rcell—total thermal resis-
tance of the cell. The values of lcell parameter, which are characteristic for the analysed
computational cases of the charge, are presented in Table 1.

Table 1. Values of the coefficients A1–A3 from Equation (21) and characteristic dimension of the
elementary cell lcell obtained for particular samples.

Sample A1 A2 A3 lcell, m

5 × 20 H 1.2 × 10−5 −0.0288 32.91 0.0050
5 × 20 V 1.8 × 10−5 −0.0513 61.41 0.0200
5 × 20 M 2.3 × 10−5 −0.0533 58.16 0.0125
10 × 40 H 6.7 × 10−6 −0.0243 40.21 0.0100
10 × 40 M 2.9 × 10−5 −0.0762 72.86 0.0250

It has been assumed that the thermal resistance of the cell is the sum of conduction
resistance in a layer of steel Rst and thermal contact resistance between the adjacent layers
of bars Rct (Equation (19))

Rcell = Rst + Rct =
lcell
kst

+ Rct (19)

The scheme of the resistances connection used to calculate the total thermal resistance
Rcell is presented in Figure 2d.
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Figure 2. Samples of beds of rectangular bars with a horizontal (a), vertical (b) and mixed (c) arrange-
ment, (d) the scheme of the resistances connection used to calculate total thermal resistance Rcell.

It has been assumed that the material of the bars is low-carbon steel S 235JRH [24].
Changes in thermal conductivity of this kind of steel in the temperature function are
described by Equation (20) [23]. The unit of the kst coefficient described by Equation (20) is
W/(m·K).

kst = 1.2 × 10−8t3 − 3.2 × 10−5t2 − 1.2 × 10−2 t + 51.3 (20)

The considered model takes into account the fact that the resistance Rct changes in
the temperature function. The dependencies that describe it have been established on
the basis of experimental research with the use of a guarded hot plate apparatus [25,26].
The way of determining this resistance has been described in detail in [27]. Due to the
adopted research methodology, the Rct resistance also takes into account thermal radiation
occurring between the surfaces of the bars. This fact is worth emphasizing because it has
been shown that in the temperature range of 25–800 ◦C, approximately 30% of heat within
the bar bundle is transferred through radiation [28]. The tested samples were packed
beds of rectangular bars in horizontal, vertical and mixed arrangements, which have been
schematically presented in Figure 2.

The measurements have been performed for five samples in total—three of them
from 5 × 20 mm bars (in the horizontal, vertical and mixed arrangement), and two from
10 × 40 mm bars (in the horizontal and mixed arrangement). The measurement results of
thermal contact resistance are presented in Figure 3. As can be seen, this parameter of all
investigated samples decreases with the increase in temperature. Its changes with respect
to temperature were approximated by the Equation (21)

Rct =
(

A1t2 + A2t + A3

)
× 10−4 (21)
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Figure 3. Measured values of the thermal contact resistance Rct of the beds of rectangular bars:
H—horizontal sample, V—vertical sample, M—mixed sample.

The values of the A1–A3 coefficients from this polynomial corresponding to the partic-
ular samples are summarized in Table 1, which also presents the values of lcell parameter.

Samples 5 × 20 H and 10 × 40 M have the smallest and highest values of the resistance
Rct, respectively. Therefore, it was assumed that the thermal contact resistance in the
bundles of steel rectangular bars can assume values between these two extreme cases.
Consequently, the effective thermal conductivity calculations were made for the two
values of the thermal contact resistance (minimum Rct-min and maximum Rct-max). The
changes in the resistances Rct-min and Rct-max, in relation to temperature, are described by
the Equations (22) and (23) respectively

Rct−min =
(

1.2 × 10−5t2 − 0.0288 t + 32.91
)
× 10−4 (22)

Rct−max =
(

2.9 × 10−5t2 − 0.0762 t + 72.86
)
× 10−4 (23)

Using the Equations (22) and (23), two limiting values of coefficient kef can be obtained.
The effective thermal conductivity of a given bundle of rectangular bars should remain
between these values. This approach appears to be reasonable because the kef coefficient is
not a material characteristic, unlike the thermal conductivity of solids, but expresses only
the ability of a given medium (the bar bundle in this example) to transfer heat. For the
considered charge, this ability is largely dependent on the conditions for heat conduction
through the interfaces of adjacent bars in the bundle, which may vary between individual
bundles.

3. Results and Discussion

When performing the calculations, twelve cases in total were taken into account and
they concerned: two bar sizes (5 × 20 mm, 10 × 40 mm), three bar arrangements (horizontal,
vertical and mixed) and two values of contact resistance (Rct-min and Rct-max). The results of
calculations of the effective thermal conductivity kef are discussed in first. Values of this
parameter are shown in Figures 4 and 5.



Materials 2021, 14, 5655 7 of 12

Figure 4. Calculated values of the coefficient kef for the bundle of 5 × 20 mm bars: (a) results obtained for Rct-min, (b) results
obtained for Rct-max.

Figure 5. Calculated values of the coefficient kef for the bundle of 10 × 40 mm bars: (a) results obtained for Rct-min, (b) results
obtained for Rct-max.

The coefficient kef is predominantly growing in the temperature function and, for the
analysed bundles, it is in the range from 1.5 to 12.7 W/(m·K), while thermal conductivity
of bars kst within the analysed temperature range is decreasing from 51 to 28 W/(m·K).
This shows how significantly the cellular structure of the bar bundle influences its ability
to transfer heat. The value of kef depends on the bundle arrangement, bar size and thermal
contact resistance. The obtained results show that the bundle arrangement has the biggest
influence on the changes in kef, which results from the change in the cell dimension lcell.

The results of the calculations of bundle heating obtained for the final furnace temper-
ature equal to 750 ◦C, for chosen cases (type of arrangement and bar size), are presented
in Figures 6–11. The diagrams present the changes in furnace temperature tF, as well as
four chosen points in the section of the bundle, in the time function. The marked points
relate to the following locations of the charge: t0—r0 (the surface of the charge), t1—2/3
r0, t2—1/3 r0, t3—the axis of the charge. Each picture presents results for a sample with
identical geometry, although differing in the value of thermal contact resistance. Diagrams
marked with the letter (a) relate to resistance Rct-min; diagrams marked with the letter (b)
relate to resistance Rct-max. Therefore, comparing both diagrams from one figure shows us
the difference in the course of heating depending on the value of Rct resistance assumed in
the model. As can be seen, the difference between the Rct-max and Rct-min values is changing
in the temperature function.
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Figure 6. Calculated values of temperatures for heating of a 5 × 20 bar bundle with horizontal arrangement: (a) results
obtained for Rct-min, (b) results obtained for Rct-max.

Figure 7. Calculated values of temperatures for heating of a 5 × 20 bar bundle with mixed arrangement: (a) results obtained
for Rct-min, (b) results obtained for Rct-max.

Figure 8. Calculated values of temperatures for heating of a 5 × 20 bar bundle with vertical arrangement: (a) results
obtained for Rct-min, (b) results obtained for Rct-max.
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Figure 9. Calculated values of temperatures for heating of a 10 × 40 bar bundle with horizontal arrangement: (a) results
obtained for Rct-min, (b) results obtained for Rct-max.

Figure 10. Calculated values of temperatures for heating of a 10 × 40 bar bundle with mixed arrangement: (a) results
obtained for Rct-min, (b) results obtained for Rct-max.

Figure 11. Calculated values of temperatures for heating of a 10 × 40 bar bundle with vertical arrangement: (a) results
obtained for Rct-min, (b) results obtained for Rct-max.

For the further analysis, the percentage difference of resistance ∆Rct was calculated
(Equation (24))

∆Rct(t) =
Rct−max(t)− Rct−min(t)

Rct−max(t)
× 100% (24)
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Within the analysed temperature range, this parameter drops from 54.8% to 43.2%,
with the average value of 50%. These changes can be described with the following polyno-
mial (Equation (25))

∆Rct(t) = 1.13 × 10−5t2 − 6.1 × 10−3t + 54.8 (25)

Therefore, the difference in the value of thermal contact resistance Rct between the
extreme cases within the whole temperature range is relatively high.

While analysing the heating of bar bundles, attention was paid to the time which is
necessary to achieve the temperature of 720 ◦C in their axes (this point corresponds to
temperature t3). The times obtained for particular cases are collated in Table 2. The values
from the second column denoted by the τmin symbol relate to bundles characterized by
thermal contact resistance Rct-min. The values from the third column (τmax) relate to bundles
characterised by Rct-max resistance. The last column presents the percentage difference of
both times, which has been defined by the Equation (26)

∆τ =
τmax − τmin

τmax
(26)

Table 2. Heating times of individual samples in a furnace with the temperature of 750 ◦C.

Sample τmin, min τmax, min ∆τ, %

5 × 20 H 222 365 39.2
5 × 20 V 139 192 27.6
5 × 20 M 120 151 20.5
10 × 40 H 152 220 30.9
10 × 40 M 121 138 12.3

From the comparison of the ∆τ parameter, it shows that the influence of the thermal
contact resistance on the heating time grows bigger when the effective thermal conductivity
decreases. The kef coefficient in the considered model, along with the Rct resistance, is also
a function of the characteristic dimension of the elementary cell. The bigger the value of
lcell, the bigger the value of kef. Therefore, the biggest time reduction is obtained in bundles
in which the bars are arranged circumferentially (a small value of lcell). The smallest
reduction relates to the bundles in which bars are arranged radially (the biggest value of
lcell). However, the above mentioned arrangements of bars are idealized as they are difficult
to realize in industrial conditions. The real bundles of bars, as presented in the model
in Figure 1, are characterized by an irregular arrangement, which is similar to a mixed
arrangement. The data in Table 2 show that for a charge with such a geometry reduction
in the thermal contact resistance within the analysed limits can lead to a shortening in
the heating time at the level of approximately 10 to 30%. At the same time, the observed
reduction becomes bigger with the decreasing bar dimensions.

Table 3 presents analogical results; however, this time the results have been obtained
for the final furnace temperature equal to 800 ◦C. For this case, there is no heating diagram.
Since the higher furnace temperature contributes to the intensification of heat transfer,
times τmin and τmax are correspondingly shorter in this situation. The percentage reduction
of the heating time ∆τ is also lower in this situation. However, the reduction of ∆τ in
comparison with the previous case does not exceed 3%.
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Table 3. Heating times of individual samples in a furnace with the temperature of 800 ◦C.

Sample τmin, min τmax, min ∆τ, %

5 × 20 H 177 280 36.8
5 × 20 V 117 155 24.5
5 × 20 M 103 126 18.3
10 × 40 H 125 175 28.6
10 × 40 M 105 116 9.5

4. Conclusions

On the basis of the model calculations, it has been shown that reducing the thermal
contact resistance in a bundle of rectangular steel bars can decrease the heating time of
such a charge from 5% to 40%. Thermal contact resistance can be reduced by a careful
bar arrangement, which consists of avoiding the crossing of bars. Another factor that
contributes to this phenomenon is using adequately increased forces while preparing the
bundles. However, the precise description of this problem from a quantitative point of
view requires further investigation and will be the next stage of works realized by the
authors in this area.
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