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Abstract

Compared to the integer-order modeling, the fractional-order modeling can achieve higher
accuracy for designing and analyzing the DC-DC power converters. However, its applica-
tions in pulse width modulation (PWM) converters are limited due to the computational
complexities. In this paper, a modified fractional-order modeling methodology for DC-DC
converters is proposed, and its effectiveness is verified on the fractional-order positive Luo
converters. Instead of using fractional-order calculus, the proposed methodology analyzes
the harmonic components of the PWM converters by utilizing the non-linear vector differen-
tial equations of the periodically time-variant system. The final solution of the state variables
is composed of two parts: the steady-state solution and the transient solution. The approxi-
mate steady state solution can be obtained by using the equivalent small parameter (ESP)
method and the harmonic balance theory, while the main part of the transient solution can
be obtained according to the explicit Griinwald-Letnikov (GL) approximation. In addition, the
influence of the fractional orders on the performance of the DC-DC converters, and on the
dynamic behaviors of the fractional-orders systems are also discussed in this paper. Com-
pared to the conventional fractional-order numerical models, the proposed model is able to
present the time-domain information more precisely, which helps to better reveal and ana-
lyze the non-linear behaviors of the DC-DC converters. The effectiveness of the work is
demonstrated by the simulation and experimental results of the equivalent circuits built with
fractional-order components.

Introduction

In recent years, the findings, of the fractional-order inductive phenomena, in physics, engi-
neering, biology and other fields, have led to a closer relationship between theory and practice
[1-4]. Numerous mathematical modeling studies on the passive components in [5, 6], i.e.
inductors and capacitors, have shown that, compared to the integer-order modeling, the frac-
tional order modeling methodology can better present the electrical characteristics of the sys-
tem, making it a widespread research topic [7]. In addition, since inductors and capacitors
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play important roles in the power converters, it is more accurate to model the power convert-
ers with the fractional-order modeling method [8-16]. So far, there are only a few commer-
cially available fractional-order passive components. The fractional-order modeling for passive
components are developed from empirical results [17, 18], or equivalent models of the passive
components described by the fractional-order definition [19-24].

Fractional-order models for different DC-DC converters in different modes given in [8-13]
are using fractional calculus and state space averaging techniques. By utilizing the fractional-
order definitions, the mean and ripple values of the steady-state variables can be obtained, but
the transient solutions cannot be derived. Because of the inconsistent definitions of the frac-
tional-order derivative, such modeling technique for the fractional-order converters is not
always valid. Besides, [12, 13] discussed the modified Oustaloup’s approximation in fractional
integral module, which is used to acquire the transient solutions. Without discretizing, this
method is a precise engineering simulation for the transient responses analysis, but is not an
appropriate solution for the non-linear behaviors analysis due to the frequency domain
approximation. [14] offers a fractional means to characterize the non-solid aluminum electro-
lytic capacitors in DC-DC converters. On the other hand, the Predictor-Corrector Adams-
Bashforth-Moulton (PECE-ABM) type numerical method is often used to obtain the solutions
of the fractional systems. Due to the “long memory” characteristics of the fractional-order
modeling, the derivation of the fractional-order calculus is usually not straightforward. The
approach to get the steady-state variables requires processing the whole datapoints between the
initial state and the steady state. Therefore, large amounts of computation efforts are involved
in the solving process. The time-domain modeling proposed in [15, 16] uses the simplified
equivalent small parameter (SESP) method to get the steady state waveforms, instead of using
the fractional-order derivative definitions. It is able to solve the steady state variables without
circuit simulations or multiple iterations. However, its accuracy still needs improvement and
it does not apply to the situation in which the system state variable changes abruptly in one
switching cycle. In addition, the transient solutions of the fractional model are not mentioned.

[12], [13] and [25] studied the dynamic behaviors of the fractional-order PWM converters,
but their results are obtained via the MATLAB/Simulink simulations using the approximation
of the fractional-order components. Furthermore, none of the above-mentioned literatures
have investigated the non-linear behaviors via numerical analysis in time-domain. Ref. [26]
presented extensive experimental results, which exposes the operating mechanism of the limit
cycle behavior in the integer-order boost converters. Nevertheless, its conclusions do not apply
to the Griinwald-Letnikov (a.k.a. Riemann-Liouville and Caputo) definition-based systems.
These fractional-order systems do not have periodic solutions [27-30], but only have the
asymptotically limit cycle behaviors. Considering their impact on the device stress and the sys-
tem efficiency during the switching periods, such asymptotically limit cycle behaviors require
special attention in practical applications.

This paper is focusing on the asymptotically limit cycle behaviors in the fractional-order
converters with the most widely used proportional-integral (PI) voltage compensator. Taking
the positive Luo converter as an example, a modified time-domain modeling and analyzing
methodology for DC-DC converters is proposed. The theoretical foundation of the work pre-
sented here is based on Eq (1) from [31],

Lot
der e (1)

in which, X is the order, and w is the angular frequency of above differential operator. Notice-
ably, A can be either an integer or a fraction.
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Eq (1) indicates that the differential operator only influences the amplitude, but not the
angular frequency in the exponential function. Because of this, the equivalent small parameter
(ESP) method and the harmonic balance theory can be applied to the fractional differential
operation. By extending the conventional ESP method into the fractional domain, a modeling
method and the steady state solutions of the fractional-order DC-DC converters can be
obtained. Therefore, the final approximate analytical solutions of the PWM converters in the
steady state can be represented as the sum of the harmonic contents. Different from basic
DC-DC converters, the voltage across the transfer capacitors in the positive Luo converter
exhibits huge oscillations when the power switch turns off. The filtering property of the posi-
tive Luo converter is not as strong as that in other PWM converters. Since the first three terms,
Xo, X; and x,, in [32], Eq (4) cannot ensure the accuracy of the state variables in positive luo
converters, a modified algorithm by extending the consideration scope to more equations of
the equivalent system is proposed in this paper. Compared with conventional schemes, the
proposed method is able to solve the steady state variables of the positive Luo converter more
accurately. With the explicit Griinwald-Letnikov (GL) approximation, the proposed method
greatly reduces the number of iterations when computing the transient solutions. Therefore,
the speed and the accuracy of the computations can be improved at the same time. Since the
proposed model is developed in the time domain, and the correction coefficients are used in
the case of a homogeneous initial value, it can uncover the nonlinear fractional-order behav-
iors more comprehensively and realistically.

This paper is organized as follows: Section 2 introduces the mathematical modeling method
for the fractional-order positive Luo converters operated in CCM, and their equivalent circuit
models based on the ESP method. Section 3 presents the procedure to get the steady state
and transient solutions of the fractional-order positive Luo converter. Section 4 provides the
detailed numerical simulation results, which demonstrate the effectiveness of the proposed
method. Since the fractional orders have great influence on the CCM-operating criterion, the
transfer functions and the harmonic amplitudes of the state variables of the converters, these
order-related phenomena are discussed in detail in Section 5. The asymptotically limit cycle
behavior analysis of the PI controlled fractional-order positive Luo converter is shown in sec-
tion 6. Section 7 carries out circuit simulations and experiments which further demonstrate
the above-mentioned analysis. Section 8 summarizes the conclusion and future work.

Equivalent model of the fractional-order positive Luo converter
using the ESP method
According to the linear capacitor model and the inductor model proposed by Westerlund [33,

34], all real capacitors and inductors are fractional essentially. The voltage across a real induc-
tor v; and the current through a real capacitor ic can be, respectively, described by

A

d*i,
VL:LW7O<7\4<1 (23)
) d"v,
ic=C-gf0<u<l (2b)

where L presents the inductor’s inductance, C is the capacitor’s capacitance, and A, y are the
orders. They have relationships with the “proximity effect” and the kind of the dielectric.

As shown in Fig 1, circuit for the positive output elementary super lift Luo converter con-
sists of the DC supply voltage V,,, the inductor L, the capacitors C, and C,, the power switch S,
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Fig 1. Circuit of the positive Luo converter.

https://doi.org/10.1371/journal.pone.0237169.9001

the diodes D; and D,, and the load resistor R,. During the analysis of the operating process, all
the components are assumed to be ideal and running in CCM mode.

Let n be any integer, T represent the switching period and D denote the duty ratio in the
steady state. Generally speaking, there are two switching states for the positive Luo converter

in CCM mode, identified as:
State 1: t € (nT, (n + D)T], during which S and D; are on, and D, is reversed-biased; the equiv-

alent circuit is shown in Fig 2(a).

State 2: t € ((n + D)T, (n + 1)T], during which S and D, are off, and D, is forward-biased; the
equivalent circuit is presented in Fig 2(b).

In State 1, during the on-time period of the switch S, capacitor C, is charged by the voltage
supply, and the current i; flowing through L increases. In State 2, during the off-time interval
of the switch, the inductor L, is still conducting current, and the capacitor C, and C, are dis-
charged. It is worth mentioning that R;, is the internal resistance of the voltage supply, which
is a very small value but cannot be neglected in the model of this paper [35, 36]. To represent
the switching state of the PWM converter, a periodic scalar function s(¢) is introduced, which

Co=x= Co= R(,gva

(a) (b)

Fig 2. Operating states of the positive Luo converter: (a) State 1; (b) State 2.

https://doi.org/10.1371/journal.pone.0237169.9002
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is denoted as

0 te (nT,(n+D)T]

s(t) = (3)
1 te((n+D)T,(n+1)T]

Select the inductor current iy, the capacitor voltages v, and v, as the state variables. In State
1, the state equations of the positive Luo converter can be described as

&, 1
—Zy. =0 4a
= L (42)

d’y 1
0 - 4b
a Tre 70 (4b)

dv, 1 1 1

Sy v, (4¢)

T
dty Cb t Rian ! Rin Cb
When operating in State 2, the state equations are expressed as

dxiLJrRm, +1 1 1v (5)
pt+-v,—=v, ==V,
de* L t'L Lt L™

d'v, 1

de 7601'L+Ev0:0 (5b)

dv, 1.
a t EblL =0 (5¢)

In order to simplify the equations, we use p to replace d/dt. Correspondingly, d*/dt*, d*/d¢*
and d”/d¢#” are represented by p p” and p, respectively. In this way, the converter in the steady
state can be formulated by the following vector differential equation of the state variable

G, @a’p/i’py)x + G,f(x) = H, + s(t)H, (6)

Here, the vector of the state variables is x = [i; v, v,], and the non-linear vector function is
indicated as f(x) = s(f)x. H; = [V;,/L 00]" and H, = [-V,,/L 0 V,,,/(R;,, C;)]" are the constant
vectors. The matrices G, (p% pP, p”) and G, are denoted by

o R 117
P L L
G.p* ph o — L pf’—|——1 0 (7a)
= e RC
1 .
G R
L h -
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- Rin 1 -
T2
L L
1
0 0 1
L Rincb_

These equations have shown that the fractional orders can only influence the matrix G;, but
not Gz.

In consideration of the ESP method, the equation solution for Eq (6) can be represented by
a series

X=X, + Zsixi (8)
i=1

where the zero order approximate vector X, is called the main wave and i order approximate
vectors x; are called the corrections. Smallness indicator parameter &' is introduced temporar-
ily to supply the order of the magnitude in the terms and to indicate that x; is much smaller
than x,. More accurately speaking, we have x, > x> e x,. Similarly, s(t) can be
expanded into

s(t) =s, + ieisi (9)

Substituting Eqs (8) and (9) into f(x), and merging terms that have the same order £ the
expression of f(x) can be obtained as

f=f,+ ¢f, (10)
i=1

where
f, = s)x, (11a)
f, = s,x, + 5,%, (11b)
f, = s;x, + 5,X, + $,X, (11c)
f, = s,x;, + 5%, + X, + 5,X, (11d)
f, = )X, + 5,X; + 5,X, + ;X + 5,X, (11e)
and so on.

According to Eq (1), the order of the fractional differential operator does not affect the
angular frequency. Similar to the method of [15], the terms in expansion (8) can be repre-
sented as

X = mei =ay + Z[a’""ejmr ™ 5’“"67}%] (12)

meE;
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Here, m is an integer, the normalized time 7 = wt (w = 271/T). The terms ay; are the DC com-
ponents, a,,,; represent the m™ harmonic magnitudes. The spectral content set of {Eo} of the
vector Xo, which is a group of numbers denoting relevant frequencies of harmonics, depends
on the physical phenomena of object. Considering the low-pass filtering properties of the
power converters, the first term x, only has the DC components of the state variables, implying
that x, = agy and {E,} = {0}. Likewise, the spectral content {E;} for each x; in the DC-DC con-
verters is unknown in advance. {E;} can be obtained via the iterated operation, which starts
with x; and moves to higher order corrections.

Like x, that uses normalized time 7, the switching function s(7) can be depicted in Fourier
series as

00

s(t) = by + Y _(be" +be™) (13)

=1

where b, = ( fUT s(t)dt)/T = D, b= (e - jB)/2, and b, stands for the conjugate complex of b;,
in which

2 [T sin (2DIn)
== = 14
o T/u s(t) cos (lwt)dt I (14a)
and
T —
=2 / S(t) sin (loot)dt = =<2 (2DIm) (14b)
T /o In

The coefficient b; decreases with the increasing of I. According to the definition described
in [15], s;(t) can be chosen as

sy(t) = b, + b, + b (15a)

5,(7) = by e*" + bziﬂej&iﬂ)r + [72;37].2’.1 + B2i+leij(2i+l)r (15b)

If Eqs (8) and (9) are introduced to (10), the spectral content of each term f; gets wider in
comparison with that of x;. Then, f; can be denoted as

f,=1,+ R, (16)

where

£, = mei =8t Z(gmieim +8ue ™) (17a)

meE;

R, = qui = Vo + Z(Vmie/mf +V,.e™) (17b)

mek;

In the above equations, the spectral content of the term fy, has the same harmonics with the
spectral content of the term x,, while the additional harmonics outside the set {Ep} belong to
R;. Generally speaking, the harmonics of R; have magnitudes that are smaller than the magni-
tudes of the harmonics in fy;. As in [15], the set {E;} is determined by the newly generated
harmonics in f,. In another word, the spectral content of the term f} includes the same har-
monics with the spectral content of the correction x;. In the same manner, the spectral con-
tents of the correction x;,, is determined by the spectral contents in R;,, and the term R, is
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considered smaller compared to f;; [37]. Thus, Eq (16) can be rewritten as
f,=1,+eR,, (18)
Introducing Eqs (18) into (10), we can obtain that
f=(fy +efy +&fy + )+ (eR, + &R, + ) (19)

Then substituting Eqs (8) and (19) into (6) and equating the terms with the same £ on the
both sides, we can obtain the following differential equations:

G,(p*,p*,p")x, + G,f,, = H, + s,H, (20a)
G, (p*,p',p")x, + G,(f,, + R,) = s H, (20b)
G,(p*,p’, p")x, + G,(fy, + R,) = s,H, (20c)
G,(p*, P’ p")x, + G,(f,, + R,) = s;H, (20d)
G, (p",p',p")x, + G,(f, +R,) = s,H, (20e)

and so on.

Because the influence of the exponential functions has been eliminated, these equations are
all linear. Using the harmonic balance method, the solutions of Eq (20) in the steady state can
be found. The amplitudes of the main wave x, can be solved by using the Eq (20a). Likewise,
the harmonic amplitudes of the corrections Xx;, Xy, X3, X4,. . ., €tc can be obtained by using Eq
(20b) and the following equations.

When the sufficient components are found, the steady-state solution of x is acquired by a
simple summing of these components, which is approximated by

XX, +X +X+x+x, 4+ (21)

Therefore, the parameter £ was used essentially to point out the order of the equations. The
right side of Eqs (Eq (20a))-(20e) can be adjusted according to the order of the exponent func-
tion in the left side.

Solutions for the state variables of the fractional-order positive Luo
converter

Steady-state solutions

In order to conveniently interpret the low-pass filtering characteristics of the power convert-
ers, X, is selected as

T
X, =ay=[Iy Vo Vil (22)

Of

where Iyo, V00 and Vi are the DC components.

The solutions of X, X;, X, in Eqs (Eq (20a))-(20c) can be found in S1 Appendix. Normally,
considering the low-pass filtering characteristic of the power converters, the magnitudes of
harmonics with order higher than three are quite small. This represents that, for most of
DC-DC converters, the solution of x in the steady state can be approximated by x,, x; and
x,. However, for the positive Luo converter, v, varies greatly when the switch S is on. In
other words, the magnitudes of its high frequency harmonic components are very high
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correspondingly. The high order correction x;(i > 3) can greatly affect the low order harmonic
magnitudes of x, especially for the magnitudes of the DC component and the exponent e 7",
Increasing the order of the correction x; we consider can greatly improve the accuracy of x.
Take x; and x, as examples, their DC components and the first order harmonic magnitudes
are relatively larger. Therefore, these terms cannot be ignored.

According to S1 Appendix, the spectral content set of x5 can be derived as {E;} = {1, 4, 5}.
The correction x; can be assumed to be

— JT a —jt Jjat a —jdt, JoT a —j5T
Xy =ape’ Hage’ age +ageage” +age (23)

in which a3 = [I;3 V13 Viis] - gives the corrections of the first order harmonics in a;;. By
introducing s; and x(i = 0, 1, 2, 3) into f;, the following expressions of f3,, and R, can be con-
cluded.

£, = (b, + b, + l_72a;32)ejT + (byas; + 51353 + byay, + bsén)eﬂ1r

+(bya;, + ba,, + bya,, + byay, + bja; ) +cc

3m

(24a)

R, = (ba,+ ElaIS + 52322 + bya,, + Bsasz +byay,) + (bia; + byag,)e™ (24b)
+(biag + byag, + b,a,)e™ + (biag, + byay, + by, + beay)e” + c.c
Substituting xs, f3,, and R, the following equation can be obtained:

(G, +Gyby)a,;; = —G,(bya,, + EQaSZ +bjay, + Ela22 +b,a,,) (25)

Eq (25) can be overwritten as

. o Rin 1
(o) + I L I L

1
_ o) L
(]CU) + Ro CO

1 Viis

0 (jw)’ 0 0

- - in—~b -

(26)
by, + b,L, + b1, + b1, + b,
=—| & 0 0 b,V + b,V + bV, +b,V,, +b,V,,

1 b? Vh22 + E’_) Vh32 + bl VbOZ + ElVb22 + b2 Vhll

o
o

Thus, a;3 is obtained. From Eq (24b), the spectral content set of x, can be deduced, {E,} =
{0, 2, 3, 6}. Then the correction x4 can be assumed to be

— J2T a —j2t 3T a —j3t ,j61T a —j6t
X, = 2y +a,€" +ae’ tag et +ag et Hage +age (27)

where ag = [Ios Voos Viosl - gives the corrections of the DC components in ay, similarly.
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Introducing s; and x,(i = 0, 1, 2, 3, 4) into £, the following expression of f,,, can be deduced.

£, = boay + (byay, + 61334 + 62343 + ba,; + 53353 + b, )" (28)
+ (byay, + bja,, + by + Z’zass)ejST + (byag, + bya,, + ba,, + b, " +cc

Utilizing x4, f,,,, and Ry, we can obtain the following equation:
(G + Gby)ag, = —G,(bay; + 51313 + 52322 + ba,, + E;;as‘z + ba,,) (29)

Eq (29) can be represented in the matrix form as

- R, 1 17 TR 1]
L L L L L I
4
L L 0 L 0 0
CO RGCO + D CU V04
1 0 0 0 0 1 Vi
L G, - L R, G, |
(30)
- Rln _ 1 0 -
I L T . .
b1113 + bIII'S + bQIZZ + b2122 + b3132 + b3I32
1 _ _ _ _ _ _
- 60 0 0 bl V013 + bIVal3 + b? V022 + b2V022 + b3 V032 + b3 V032
0 0 1 bl Vb13 + l;th13 + EQVbZZ + b2vh22 + EJ Vh32 + b3 Vh32
L Rinch -

In this manner, ay, is solved. Furthermore, the approximate steady state solution of x can
be expressed as

X RX,+X +X,+X,+x,+---
= (aoo + Ay + a04) + (an =+ als)eﬁ =+ 3‘2261.2r + a:azej3T +eccH4---

(31)

Components of x are
iy~ (I + I, + L) + 2[real(L; + I,;)coswt — imag (I, + I,,)sinwt
+real(L,,)cos2wt — imag(L,,)sin2wt (32a)
+real(1,,)cos3wt — imag(L,,)sin3wt] + - - -

Vo & (Voo + Vi + Vigu) + 2[real(V,y, + V5 )coswt — imag(V,,, + V,;)sinot
+real(V ,,)cos2mt — imag(V ,,)sin2wt (32b)
+real(V ,,)cos3wt — imag(V ., )sin3wt] + - - -

(Vioo + Vigo + Viu) + 2[real(Vyy, + V,5)cosot — imag(V,,, + V,,)sinot

=
Q

+real(V,,,)cos2mt — imag(V,,,)sin2mt (32¢)
+real(V,,,)cos3wt — imag(V,,,)sin3wt| + - - -

where real(e) and imag(s) stand for the real part and the imaginary part of complex terms,
respectively.

PLOS ONE | https://doi.org/10.1371/journal.pone.0237169  August 14, 2020 10/30


https://doi.org/10.1371/journal.pone.0237169

PLOS ONE A modified modeling and dynamical behavior analysis method for fractional-order positive Luo converter

Transient solutions

As high order oscillation equations have little effect on the transient process, we should focus
on the main expression of the state variables, which can be presented as:

(1—d)R, 1-d 1 (1-d

Py = — L iy — L Voo T+ va() + L Vi, (33a)
(1-4d), 1
PPy = C o — RC Yoo (33b)

d

., 1.
PV = — C iy — R.C, Vi + R.C, Vi (33¢)

Using the explicit Grilnwald-Letnikov (GL) approximation, the numerical solution of Eq
(33) has the following form:

» (A —d)R, . (1—4d) 1 (1—4d)
) == P00 - ST ) + gt + ST
. (34a)
+ZW5“)iLO(tk—i> + rl(cy) i (0)
i=1
1—d) 1 a
vo(t) = hﬁ[( iy (t) — =V (f }4‘ Wi (8,
(8) &)~ g alto)] + o) .
+r1(<ﬁ)voo(0)
Y 1. d 1 - @)
V() = I _Eb’w(tk) _mvbﬂ(tk—l) +mvm +;Wi Voo (tii) (34¢)

Jrrl(cy)"bu (0)

where t; = kh, h represents the step time size. iz o(t;) and v,o(tx) are the main instantaneous
components of the inductor current and the output voltage at time # respectively. The coeffi-
cients can be calculated by the following expressions:

w rig-=a

M TR D) .

1
™ _
e —n (350)

where I'(s) represents the gamma function. 7"’ is necessary to improve the accuracy in the

case of a homogeneous initial value.

To obtain the high order harmonics of the transient solutions, results of Eqs (34a)-(34c)
can replace the main wave agy. And then they will be substituted back to the formulas (Eq
(20a))-(20e) in Section 4. The approximate transient solutions of the state variables can be
expressed as the sum of all the harmonics, the same as Eq (32).
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Comparison and simulation of the conventional schemes and the
proposed method

Comparison of the steady-state solutions

In order to get the analytical solutions of the fractional-order DC-DC converters in the
steady state, there are many methods proposed by previous researchers. Among them, the
predictor-corrector method [38] is the most widely used used numerical scheme based on
the fractional-order definition and the time-domain analysis. It can solve the fractional-
order equations in each operating state. By running the routines programmed in MATLAB,
the numerical analysis of the fractional-order DC-DC converters can be accomplished cycle
by cycle. Through this process, the final results would include the complete contents of the
state variables from the initial state to the stable state. On the other hand, the whole informa-
tion can also be obtained by performing MATLAB/Simulink simulations with the modified
Oustaloup’s approximation method [39]. The fractional integral module in the simulation is
replaced by the approximated equations. As mentioned in the introduction, the modified
Oustaloup’s approximation method is a precise engineering simulation running in the fre-
quency domain. Therefore, a modified Oustaloup’s approximation method proposed in this
section will be used to verify the validity of the proposed method, and be used as the compar-
ison criterion for other methods.

In this subsection, the circuit parameters of the fractional-order positive Luo converter are
listed as follows: the input voltage V;,, = 10 V, the switch frequency f= 20 kHz, the duty ratio
D=0.5,L=1mH, C,=47 uF, C, =10 yF, and R, = 50 Q. This part compares the results of
the modified Oustaloup’s approximation method, the PECE-ABM method and the proposed
scheme. The accuracy of the state variables is the main comparing object. In the modified Ous-
taloup’s method, there are three key parameters: the filter order 2N + 1, the lower limit w, and
the upper limit wj, of the fitting frequency. Normally, w, w;, = 1. We choose wj, = 5 x 10° rad/s,
wp =2 x 107° rad/s and N = 8 for the fractional-order positive Luo converter in this paper. The
results gotten by these three methods are listed in Table 1.

From Table 1, we can see that the DC components of these three schemes keep good consis-
tency. Evidently, both i; and v, are dependent of the orders of the capacitor and the inductor.
No matter which method is selected, the DC components of the state variables decrease with
the decreasing of @, § and y. In order to further compare these three methods, the steady state
ripples are shown in Figs 3 and 4, where the black dash lines, the blue dotted lines and the red
solid lines stand for the results of the PECE-ABM method, the modified Oustaloup’s approxi-
mation method and the proposed scheme, respectively.

As shown in Figs 3 and 4, the waveforms from these three schemes are consistent with
each other, and the steady state ripples are influenced by the fractional orders. Specifically, the
steady state ripples of i; and v, increase with the decreasing of @ and f respectively. In general,
the steady state ripples gotten by the proposed scheme are more closely resemble to the simula-
tion results obtained by the modified Oustaloup’s method, especially with smaller values of ¢
and . For the PECE-ABM method, the rangeabilities of both the DC components and the AC
components are all undersized when « and 8 changes. This proves that the proposed method
can track the dramatic changes more closely compared to the PECE-ABM method. Reducing
the step size can improve the accuracy of the PECE-ABM, but the number of iterative compu-
tations will be greatly increased at the same time. For the modified Oustaloup’s method,
although it is more accurate, complex fractional-order component approximation and circuit
simulation should be used to obtain the steady state solutions.

In order to show that the proposed method can obtain more accurate state variables, of
the positive Luo converters, compared to the simplified equivalent small parameter (SESP)
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Table 1. The DC parts of I; and V, acquired by using different schemes.

(a,B,7) Proposed Method (ago@p2a04) PECE Method Oustaloup’s Method
I, (A) V, (V) I, (A) V, (V) I, (A) V, (V)
(1,1, 1) 1.1696 29.2919 1.1585 29.2847 1.1784 29.5141
(1, 1,0.95) 1.1618 29.1003 1.1585 29.0356 1.1677 29.2579
(1,09,1) 1.1545 28.9929 1.1622 29.0623 1.1647 29.2449
(1,0.9,0.95) 1.1467 28.8024 1.1519 28.8151 1.1541 28.9926
(1,0.8,1) 1.0873 27.4978 1.1107 27.9653 1.1012 27.8534
(1,0.8,0.95) 1.0799 27.3154 1.1012 27.7348 1.0916 27.6223
(0.95,1,1) 1.1760 29.2553 1.1703 29.2268 1.1829 29.4770
(0.95, 1, 0.95) 1.1681 29.0621 1.1591 28.9665 1.1716 29.2138
(0.95,0.9, 1) 1.1568 28.9126 1.1631 28.9278 1.1650 29.1632
(0.95, 0.9, 0.95) 1.1489 28.7200 1.1520 28.6693 1.1539 28.9040
(0.95,0.8,1) 1.0799 27.2967 1.1043 27.6246 1.0911 27.6438
(0.95, 0.8, 0.95) 1.0724 27.1108 1.0941 27.3836 1.0809 27.4064
(09,1,1) 1.1951 29.1875 1.1781 29.1446 1.1973 29.4103
(0.9,1,0.95) 1.1872 28.9923 1.1656 28.8689 1.1849 29.1343
(0.9,0.9,1) 1.1692 28.7659 1.1708 28.7388 1.1724 29.0157
(0.9, 0.9, 0.95) 1.1613 28.5703 1.1585 28.4638 1.1602 28.7440
(0.9,0.8,1) 1.0774 26.9268 1.1031 27.1367 1.0815 27.2600
(0.9, 0.8, 0.95) 1.0698 26.7354 1.0919 26.8795 1.0705 27.0108
https://doi.org/10.1371/journal.pone.0237169.t001
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Fig 3. Comparison of the steady state ripples in i; under different fractional orders: (a) (&, 8, 7) = (1, 1, 0.95); (b) (a,
ﬁ) 7) = (1) 0.8, 0-95); (C) (a’ ﬁ’ 7) = (0-95; 1, 0-95)5 (d) (a’ ﬁ’ 7) = (0-95) 0.8, 0-95); (e) (a’ ﬂ) 7) = (0-9: 1, 0-95); (f) (a) ﬂ’ 7)

=(0.9, 0.8, 0.95).

https://doi.org/10.1371/journal.pone.0237169.9003
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Fig 4. Comparison of the steady state ripples in v, under different fractional orders: (a) (e, §, y) = (1, 1, 0.95); (b)
(a, B,7) = (1,0.9,0.95); (c) (&, B, 7) = (1, 0.8, 0.95); (d) (&, B, ¥) = (0.9, 1, 0.95); (e) (e, B, 7) = (0.9, 0.9, 0.95); (f) (a,
B,7v) =(0.9,0.8,0.95).

https://doi.org/10.1371/journal.pone.0237169.9004

method in [15, 16], the tolerance error index [40] is used to indicate the end of the iteration
process. This index is the ratio of the matrix-norm of a,,;; (m" harmonic magnitude of X;) to
that of agy. Thus, the tolerance of a,,,; is denoted as

Tami = 12ll o 1009 (36)
[l

The 1% tolerance error index is utilized to control the iteration process of x;. The correcting
process ends once the tolerance error index is smaller than 1%. For most DC-DC converters, x
in the steady state approximating by x,, x; and x, is accurate enough. However, for the positive
Luo converter, with the decreasing of §, the tolerance error index of a3, can reach 1% or even
larger, as represented in Fig 5, implying that the harmonic magnitudes in the high order cor-
rection x,(i > 3) are correspondingly high compared to the DC component. Thus, the iteration
process of x; should be continued. Fig 5 also shows the tolerance error index of a,; and ag,.
This index of a;5 is inversely proportional to & and 3, and can be close to 1%. Because the
computational efforts for calculating the amplitude of the first three order harmonic amplitude
are relatively small, this paper only computes a3 and ag,. As depicted in Fig 5, the tolerance
error index of ay, with different fractional orders keeps below 0.6%. Therefore, the approxi-
mate solution of x calculated by the proposed method is precise enough for the positive Luo
converter shown in Fig 1. And the tolerance error index at the end of the iteration process
decreases from larger than 1.3% to 0.6%.

In order to comprehensively compare the steady state solutions obtained by the SESP
method, the Oustaloup’s approximation method and the proposed scheme, we consider the
case in which (¢, 3, ) = (0.9, 0.8, 0.95). Fig 6 shows the comparison of these three schemes,
which obviously shows that the steady state solutions obtained by the proposed method can
be more closely resemble to the results gotten by the Oustaloup’s approximation method,
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Fig 5. The tolerance error index of m™ harmonic magnitude in X; (a3;, a;3 and ag,).

https://doi.org/10.1371/journal.pone.0237169.g005

compared to the SESP method, especially for v;,. When the power switch turns off, the gap
between the results gotten by the SESP method and the proposed scheme can be greater than
3%. Similar to the tolerance error index of a,,;, the tolerance error indexes of each state variable
are calculated. It can be obtain that Tal3 = [Tiy5 Tve1s Tvpis]® = [1.81% 0.88% 0.76%]” and
Ta04 = [Tiz0q4 Tvoos TVioa] | = [0.02% 0.01% 0.67%] . For v,, the lack of significant decrease in
tolerance error index indicates that the number of iterations for SESP method is not enough.
Thus, the corrections of DC value and main wave proposed in this paper are necessary.

i(A)
1.6

«(s) x10™ 1(s) x 10" «s) x 10
(a) (b) (c)

Fig 6. The steady state solutions obtained by using the SESP method (black dash lines), the proposed method (red solid lines) and the Oustaloup’s
approximation method (blue solid lines): (a) iz; (b) v,; (c) vp.

https://doi.org/10.1371/journal.pone.0237169.9006
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Fig 7. Transient waveforms comparison of solutions obtained by the SESP method (black dash lines), the proposed method (red solid lines) and the Oustaloup’s
approximation method (blue solid lines): (a) i (b) v, () vp.

https://doi.org/10.1371/journal.pone.0237169.9007

Transient solutions comparison

To verify the transient solutions obtained with the proposed method, a comparison is made
between them and other simulation results obtained by using the SESP method and the modi-
fied Oustaloup’s method. Circuit parameters in this subsection are listed as follows: V;, =10V,
f=20kHz, D=04,L=1mH, Cy = 47 uF, C, = 10 uF, R, = 50 Q, (@, , 7) = (0.9, 0.8, 0.95).

The comparison of the state variables versus #n (n = (1000]‘)’1 t), between the SESP method,
the Oustaloup’s approximation method and the proposed scheme, is depicted in Fig 7. It can
be seen that, the transient solutions of the proposed method are in good accordance with those
from the Oustaloup’s approximation method. Based on the analysis of the previous subsection,
using the proposed method, the numerical solution of each cycle is more accurate than SESP
method. Because the explicit Griinwald-Letnikov (GL) approximation is used in the transient
solution calculation, this error will accumulate with the increase of iterations, and be more
apparent in the steady state. Therefore, the steady state solutions obtained by the proposed
method are more accurate compared to the SESP method, especially for v,. When the power
switch turns on, the gap between the SESP method and the proposed method is more obvious
than that shown in Fig 6. The error between the maximum values of v, obtained by the two
methods can exceed 1%. Moreover, the v, waveform obtained by the SESP method during the
switching on conduction appears obvious distortion, which does not conform to the actual sit-
uation. Expect for the increased accuracy, the number of iterations is greatly reduced using
proposed method, since the step size is not required to be smaller than the switching cycle.

Analysis of fractional order related phenomena
CCM operating boundary

According to the operating criterion of the positive Luo converter, when the circuit of Fig 1
operates in continuous-conduction mode (CCM), the current i; must be continuous, meaning
that the inductor current is always greater or equal to zero. The CCM operating criterion ccan
be obtained from two parameters, namely I, and Ai;, which denote the average value of the
inductor current and the peak-peak ripple, respectively. I, can be approximated by the combi-
nation of Iy, Iy, and Ips. Aiz can be computed using the inductor volt-second balance principle
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Fig 8. Operating criterion of fractional-order positive Luo converter.
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B

and the definition of fractional-order derivative given by Caputo. As R;,, is a very small value,
vy, is very close to the input voltage V;, during the ON-state of the switch. Due to this and Eq
(4a), the CCM operating formula of the positive Luo converter with the fractional order can be
concluded as

Vin (D T)a

Aip = I+ 1, + 1, ————=—+~ (37)

V=1 -
t 2Ll (o)

N | =

where I'(s) represents the gamma function. The fractional-order positive Luo converter is
operating in CCM mode when ¥ > 0. In other words, the converter goes to discontinuous
conduction mode (DCM) when ¥ < 0.

According to the calculation method derived in the previous Section, the 3D plot of the
CCM operating criterion can be found in Fig 8 utilizing the circuit parameters in subsection A
of Section 4. The space beneath the surface in Fig 8 indicate the DCM mode, while the above
part represents the CCM mode. As shown in this figure, the CCM operating criterion is mainly
determined by the order ¢, while § partly affects it, and the impact of  on the boundary can be
neglected.

Transfer functions of the converter

The transfer functions of the converter can be obtained by the small-signal perturbation analy-
sis based on Eq (6). Perturbed values can be represented as

x=X+x (38a)
d=D+d (38b)
1~/in = Vin + f/in (38C)

where X, d and 7, represent three perturbations. And X, D and V;, are the DC parts
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corresponding to the perturbed values. Substituting Eqs (382)-(38c¢) into (6) gives expression
[Gl(pz,pﬁvpy) + GQa]i = (Hl + &HZ)i;in (39)
Neglecting the infinitely small 2™ perturbation can yield the following equation

Gl@lapﬂ’p?)i + GQ(D)A( + aX) = Hlf/in + H?(D{/in + glv'm) (40)

In order to get the transfer functions from ¥,, to X, d = 0 should be assumed. Hence, Eq
(40) can be changed into

[G,(p",p",p") + G,DJ% = (H, + H,D),, (41)
Then, X is depicted as

x =[G,(p"p’,p") + G,D] ' (H, + H,D)¥,

r y__’_(l—D)Rm 1-D 1 } _ _
p L L L (1 — D)Vm
L
1-D 1 (42)
= —T pﬂ +ﬁ 0 -1 0 171-"
) DV,
~ 0 4 RinC
L G, r R, C, | ) b

Similarly, by letting ,, = 0, the transfer functions from d to % can be obtained. Thus, Eq
(40) can be rewritten as

G,(p".p".p))% + G,(DS + dX) = H,dV, (43)

where X = ay. In this case, X is denoted by

x= [G1(Paapﬁvpy) + G2D]_1(H2avin - G2aX)

-“+u—mm 1-D 1 1
P L L L
1-D 1
— E— by _— 0
n CG + Rﬂ CD
1 0 D
L G, Prre /| (44)
- R 1 .
[ 1] -7 1 "
-: I
1 .
X 0 (V-] ¢ 0 0 Vv, | |d
1
1 Vbo
Rinc 0 0
B " L Rincb -

In this way, the final transfer functions are equal to the results gotten with the state-space
averaging model. However, the derivation is much simpler. From the Fig 9(a) and 9(c), it can
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be seen that a significantly affects G, , (s) and G;.d (s) with the same fractional order. With
the decrease of @, the open loop amplitude margin increases. In Fig 9(b) and 9(d), both &
and B can affect G, , (s) and G,od (s). While, the order y has very little influence on the bode
diagrams.

Harmonics of the state variables

Based on the results gotten by the proposed scheme, we further analyze the harmonics of the
inductor current i; and the output voltage v, with different orders. In a word, with the decreas-
ing of o, B and ¥, the RMS values of the harmonics increase as displayed in Fig 10. This directly
results in the increasing of the inductor current ripples and the output voltage ripples, which
are generally undesired in the DC-DC converters design. Separately, « has a significant impact
on the first and third harmonics of i;, while § exerts considerable influence on the first and
third harmonics of v,. However, their effects on the second harmonic are reversed. The order
o decreases with the increasing of the second harmonic amplitude in v,. Similarly, § decreases
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Fig 10. RMS values of harmonics in i; and v, with different fractional orders: (a) ir; (b) v,.

https://doi.org/10.1371/journal.pone.0237169.g010

PLOS ONE | https://doi.org/10.1371/journal.pone.0237169  August 14, 2020 19/30


https://doi.org/10.1371/journal.pone.0237169.g009
https://doi.org/10.1371/journal.pone.0237169.g010
https://doi.org/10.1371/journal.pone.0237169

PLOS ONE

A modified modeling and dynamical behavior analysis method for fractional-order positive Luo converter

when the second harmonic amplitude of i; increases. Normally, the order y has very little
influence on i; and v,, relatively speaking. It mainly affects i; by influencing the value of v,

Dynamical behavior analysis of the Pl controlled fractional-order
positive Luo converter

In this section, whether the non-existence isolated period oscillations can be observed in frac-
tional-order model is used to establish the validity of proposed model in analyzing dynamical
behavior.

In order to analyze dynamical behaviors in the fractional-order model, the block diagram
of the positive Luo converter with PI voltage compensator are described in Fig 11. The control
voltage v,¢can be expressed as

va = kp(vref - kvvo) + kI f(vref - kvvu)dt (45)

The integral coefficient k; of the controller is treated as the bifurcation parameter, which is
critical in the practical design. The component values and the control parameters of the test
bench, as shown in Fig 11, are chosen as: V;,, =10 V, f=20 kHz, L =4 mH, C, =47 uF, C, = 10
UF, R, =50Q, V=18 V, k, = 1, k, = 0.01.

With the parameter k; varying from 10 to 110, the bifurcation graphs of the integer-order
and the fractional-order circuits are depicted in Fig 12, which are only constructed with the
steady state data at the beginning of each switching cycle. Take the integer-order system as an
example. As presented in Fig 12(a), the converter remains stable in period-1 orbit when k; var-
ies from 10 to 34. Once k;reaches to 34, the Hopf bifurcation appears, forming the bifurcation
points. Fig 12(a)-12(d) have shown that the bifurcation points are shifting backward with the
decreasing fractional order « of converters, given a fixed § value. In other words, with the
same parameters, the bifurcation occurs in the integer-order circuit, while the fractional-order
converter remains asymptotically stable. Similarly, the value of k; at the time of bifurcation
increases when f decreases, which effect is dominating. The analysis discussed above shows
that the fractional-order converter is easier to keep stable.

D:

T "2

Driver

Vr Vref
T PI <—®<+—f
_ Vramp AM

Fig 11. Block diagram showing the positive Luo converter with PI voltage compensator.

https://doi.org/10.1371/journal.pone.0237169.g011
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Fig 12. Bifurcation diagrams (v, vs. k) of the integer-order and the fractional-order converters: (a) (a, 8, 7) = (1, 1, 1); (b) (&, B, 7) = (0.95, 1, 1);

(©) (@ B, 7) = (1,0.95, 1); (d) (@, B, 7) = (0.95, 0.95, 1).
https://doi.org/10.1371/journal.pone.0237169.g012

To observe the causes of the asymptotically limit cycle behavior, we keep k; = 105. To reveal
the differences of the non-linear behaviors between the fractional and the integer order con-
verters, the phase portraits, the harmonic spectrums and the time-domain curves are utilized.
The simulation results can be found in Figs 13-15. Because the steady state solutions in the
proposed model are acquired without using the definitions of fractional calculus, the vital dif-
ference between the essence of regular oscillations in the integer and the fractional order sys-
tems can be evinced. Unlike their integer order corresponding systems under the same
condition, the limit cycle behaviors do not exist in the fractional-order converters. Take the
fractional-order converter with (a, 3, ) = (0.95, 0.95, 1) as an example. Fig 15(b) illustrates the
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harmonic spectrum.

https://doi.org/10.1371/journal.pone.0237169.9013

10502 io(A)

(a)

Fig 14. Simulation results of asymptotically limit cycle behavior with (a, 8, 7)

spectrum.

https://doi.org/10.1371/journal.pone.0237169.9014
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Lin

time-domain waveforms of the output voltage v,, the inductor current 7;, the control voltage
vyrand the triangular wave v,,,,,,. It can be seen that in the steady state, the control signal v,
(red line) reaches the lower limit of v,,,,,, (blue line) several times, but the inductor current i,
remains continuous all the time. The phase graph (Fig 15(a)) seems to be a trajectory of the
periodic oscillation (solar to the limit cycle), while actually this oscillation is not perfectly peri-
odic but is generating non-periodic items obviously. If the approximation of the fractional-
order components in [13] is used, the phase graph will be a closed curve like Fig 13(a), which
does not satisfy the well-known fact that the fractional-order systems cannot have any periodic
solutions. Fig 15(c) shows the most significant harmonic component occurs at a frequency of
1159 Hz, indicating the frequency of the asymptotically limit cycle f;,. under this condition. It
is lower than the switching frequency. From above analysis and the plots in Figs 13-15, it can
be revealed that f,, increases with the decreasing of the fractional order. Besides, the influence
of B is more obvious. In addition, since the transient solutions are obtained using the explicit
Griinwald-Letnikov (GL) approximation, the limit cycle behaviors, which normally appear in
the time-domain analysis, do not exist in the converters when using the proposed method.

The only existence of the asymptotically period oscillation can further demonstrate the validity
of the proposed modeling of the non-linear behaviors.

Circuit simulation and experimental results

As there are no commercially available fractional-order components, many schemes are
designed to build the equivalent circuit of the fractional-order components. In order to further
analyze the simulation results listed in previous section, according to the method in [41], the
approximation circuits of the inductor and the capacitor with fractional-order properties are
built by using the resistor/inductor or resistor/capacitor networks (as shown in Fig 16(a) and
16(b) respectively). The parameters in the approximation circuit of the fractional-order com-
ponents are deduced in S2 Appendix. And the circuit parameters are the same with the simula-
tion in subsection A of Section 4.

Circuit simulation results

Let L, C, and C, in Fig 1 be replaced by the fractional-order inductor and capacitor units
shown in Fig 16(a) and 16(b) correspondingly, the circuit simulation results can be found in
Figs 17 and 18. All these simulations are accomplished by PLECS Standalone.

For example, the bode diagrams of G, , (s) and G,,d (s) with (o, B, 7) = (0.9, 0.9, 0.95) and
(o, B, 7) = (0.9, 0.8, 0.95) respectively are shown in Fig 17. These curves are obtained by the
theoretical analysis in Section 3 and the PLECS circuit simulation separately. The theoretical

Ly, 53y, 23L 013k

'L.n—-3 L,n-2 L,n—1

L,n— Ln

Fig 16. The approximate circuit of components with fractional-order property: (a) fractional-order inductor; (b) fractional-
order capacitor.

https://doi.org/10.1371/journal.pone.0237169.9016
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equations of G, , (s) and G,,d (s) gotten by the proposed fractional-order model have been
expressed by (42) and (44). As depicted in Fig 17, the circuit simulation results are basically
like the theoretical analysis. The discrepancies are mainly caused by the approximation of cir-
cuit for the fractional-order inductor and capacitor.

As shown in the steady state waveforms in Fig 18, with decreasing of the fractional-order «
and p, the ripple of i; and v, increase significantly, which is consistent with the results of the
theoretical analysis and the numerical simulation in the previous sections.

Especially, as shown in Fig 18(c), when a = 0.8, the converter enters into the DCM mode, in
which v, changes greatly. All of these phenomena agree very well with the analysis of the CCM
operating criterion,as shown in Fig 8.

To verify the mechanism of the asymptotically limit cycle behavior, a circuit simulation of
the positive Luo converter with the PI voltage compensator (schematically presented in Fig 11)
has been performed. The simulation setup has the same parameters as listed in Section 6. Fig
19 shows the time-domain waveforms of the inductor current and the output voltage when
k;=105. The green and the red curves present the simulation results of the converters with
(o, B,y) =(1,1,1) and (o, B, ¥) = (0.95, 0.95, 1) respectively. As shown in Fig 19, the waveforms
have a good agreement with the numerical simulation results described in Section 6.

Experimental results

In order to further verify the effectiveness of the proposed method and to realize the practical
performance of fractional-order components, a positive Luo converter prototype is built. Fig
20 shows the photograph of the positive Luo converter. In this prototype, power switch and
diode in Fig 1 choose STB18N20 and MURI160 respectively. To reduce the interference of
inductors in the equivalent implementation circuit of fractional-order inductor, some shielded
techniques, such as shielded power inductors are utilized.

Fig 21 shows the steady-state wave forms of i; and v,, which is obtained by experimental
test with different fractional orders. Experimental measurements of these state variables are
listed in Table 2. From Fig 21(a)-21(d) and Table 2, it can be seen that the RMS and peak-peak
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value of i; and v, are basically consistent with the simulation analysis. Considering the influ-
ence of parasitic parameters and electromagnetic interference, the error between them can be

ignored.

Conclusion

A modified fractional-order modeling and asymptotically limit cycle behavior analysis

method for the positive Luo converters is proposed in this paper. With the proposed method,
the approximate steady state solutions can be obtained without utilizing the definitions of
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Table 2. Experimental results under different fractional orders.

(& B,7) ir rMs Air pp Vo RMS AV, pp

(1,1,1) 1.112 0.062 29.42 1.83
0.9,1,1) 1.131 0.098 29.23 1.87
(1,09, 1) 1.096 0.196 29.16 4.79
(0.9,09,1) 1.097 0.198 28.95 4.84

https://doi.org/10.1371/journal.pone.0237169.1002
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fractional calculus. In addition, it eliminates the needs for the circuit simulations or multiple
iterations. Based on the particularity of the positive Luo converter, the improved algorithm
can ensure the accuracy without adding more harmonics in the approximate expression,
compared to [32]. The final transient solution can be acquired by replacing the DC part by
the primary transient components. Therefore, the proposed modeling methodology provides
a more convenient and faster approach to the optimal design of the fractional-order positive
Luo converters. Furthermore, the proposed method, with the time-domain model using the
explicit Griinwald-Letnikov (GL) approximation, can analyze the nonlinear behaviors via
the numerical analysis more accurately. The analysis of the dynamic behaviors in this paper
confirms that nonexistence of the periodic solutions in continuous-time fractional-order

is a remarkable difference between the integer-order converters and the fractional-order
converters.

As the DC parts and the harmonics of the state variables in the converters are directly
related to the fractional orders, changing orders influences the characteristics in the steady
state. The most obvious phenomenon is that the ripples of the state variables are markedly
depended on the fractional orders. More specifically, as presented in the simulation results, the
steady state ripples of i; and v, increase with the decreasing of & and S, respectively. Moreover,
the CCM-operating criterion is also order-dependent, and is mainly determined by the order
o of the inductor. At the meantime, the line-to-output and duty cycle-to-output transfer func-
tions of the DC-DC converters can be obtained from the analysis discussed in this paper,
which both show a close relationship to the fractional orders. The generation condition of the
asymptotically limit cycle behaviors, in the PI controlled fractional-order positive Luo convert-
ers, are also affected by the fractional orders. A smaller a or f3, can help the converter to keep
stability, and to increase the frequency of the asymptotically limit cycle f,,.. In this paper, all
the phenomena discussed above have been analyzed by the proposed method, of which the
effectiveness has been verified by simulations and experiments.

In recent years, study results of the mathematical modeling of the passive components have
shown that both the inductors and the capacitors are essentially of the fractional order. The
modeling of the fractional-order converters has received widespread acceptance in engineering
applications. Due to the great influence of the fractional orders to the properties of the power
converters and their nonlinear dynamical behaviors, there is a big room for development and
improvement in this research area. Based on the fact that the equivalent small parameter
method and the principle of the harmonic balance are suitable for all DC-DC converters, the
modified method proposed in this paper can be expanded to and cope with other fractional-
order DC-DC converters. Moreover, with more precise equivalent circuit models of the elec-
trolytic capacitors and the coil inductors, the benefits of using fractional-order modeling
methodology can be further explored in the future.

Supporting information

S1 Appendix. The derivation of the solutions in Eqs (Eq (20a))-(20c). The solutions of x,
X, X, in Eqs (Eq (20a))-(20c) can be obtained by the derivation.
(PDF)

S$2 Appendix. The approximation circuits of the fractional-order components. The parame-
ters in the approximation circuit of the fractional-order components are deduced.
(PDF)

S1 File. Matlab c-script file to get the steady state variables using the proposed method.
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Oustaloup’s method.
(MDL)
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ulated using PLECS Blockset.
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