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Abstract

We propose a weighted stochastic block model (WSBM) which extends the
stochastic block model to the important case in which edges are weighted. We
address the parameter estimation of the WSBM by use of maximum likelihood and
variational approaches, and establish the consistency of these estimators. The
problem of choosing the number of classes in a WSBM is addressed. The proposed
model is applied to simulated data and an illustrative data set.

Keywords Weighted stochastic block model - Variational estimators - Maximum
likelihood estimators - Consistency - Model selection

1 Introduction

Networks are used in many scientific disciplines to represent interactions among
objects of interest. For example, in the social sciences, a network typically
represents social ties between actors. In biological sciences, a network can represent
interactions between proteins.

The stochastic block model (SBM) (Holland et al. 1983; Snijders and Nowicki
1997) is a popular generative model which partitions vertices into latent classes.
Conditional on the latent class allocations, the connection probability between two
vertices depends only on the latent classes to which the two vertices belong. Many
extensions of the class SBM have been proposed which include the degree
correlated SBM (Karrer and Newman 2011; Peng and Carvalho 2016), mixed
membership SBM (Airoldi et al. 2008) and overlapping SBM (Latouche et al.
2011).
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The SBM and many of its variants are usually restricted to Bernoulli networks.
However, many binary networks are produced after applying a threshold to a
weighted relationship (Ghasemian et al. 2016) which results in the loss of
potentially valuable information. Although most of the literature has focused on
binary networks, there is a growing interest in weighted graphs (Barrat et al. 2004;
Newman 2004; Peixoto 2018).

In particular, a number of clustering methods have been proposed for weighted
graphs including algorithm based and model based methods. Algorithm based
methods for clustering of weighted graphs can be further divided into two classes:
algorithms which do not explicitly optimize any criteria (Pons and Latapy 2005; von
Luxburg 2007) and those directly optimize a criterion (Clauset et al. 2004; Stouffer
and Bascompte 2011). Model based methods (Mariadassou et al. 2010; Aicher et al.
2013, 2015; Ludkin 2020) attempt to take into account the random variability in the
data. A recent review of graph clustering methods is given by (Leger et al. 2014).

Mariadassou et al. (2010) presents a Poisson mixture random graph model for
integer valued networks and proposes a variational inference approach for
parameter estimation. The model can account for covariates via a regression
model. In Zanghi et al. (2010), a mixture modelling framework is considered for
random graphs with discrete or continuous edges. In particular, the edge distribution
is assumed to follow an exponential family distribution. Aicher et al. (2013)
proposed a general class of weighted stochastic block model for dense graphs where
edge weights are assumed to be generated according to an exponential family
distribution. In particular, their construction produces complete graphs, in which
every pair of vertices is connected by some real-valued weight. Since most real-
world networks are sparse, the constructed model cannot be applied directly. To
address this shortcoming, Aicher et al. (2015) extends the work of Aicher et al.
(2013) and models the edge existence using a Bernoulli distribution and the edge
weights using an exponential family distribution. The contributions of edge-
existence distribution and edge-weight distribution in the likelihood function are
then combined via a simple tuning parameter. However, their construction does not
result in a generative model and it is not obvious how to simulate network
observations from the proposed model. More recently, Ludkin (2020) presents a
generalization of the SBM which allows artbitrary edge weight distributions and
proposes a reversible jump Markov chain Monte Carlo sampler for estimating the
parameters and the number of blocks. However, the use of continuous probability
distribution to model the edge weights implies that the resulting graph is complete
whereby every edge is present. This assumption is unrealistic for many applications
whereby a certain proportion of the real-valued edges is 0. Haj et al. (2020) presents
a binomial SBM for weighted graphs and proposes a variational expectation
maximization algorithm for parameter estimation.

In this paper, we propose a weighted Stochastic Block model (WSBM) with
gamma weights which aims to capture the information of weights directly using a
generative model. Both maximum likelihood estimation and variational methods are
considered for parameter estimation where consistency results are derived. We also
address the problem of choosing the number of classes using the Integrated
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Completed Likelihood (ICL) criteria (Biernacki et al. 2000). The proposed models
and inference methodology are applied to an illustrative data set.

2 Model specification

In this section, we present the weighted stochastic block model in detail and
introduce the main notations and assumptions.

We let Q = (V, X,)) denote the set of directed weighted random graphs where
VY = N is the set of countable vertices, X = {0, 1}NXN is the set of edge-existence
adjacency matrix, and Y = R_’EXN is the set of weighted adjacency matrix. Given a
random adjacency matrix X = {X;}, Jjen» Xij = 1 if an edge exists from vertex i to
vertex j and X;; = O otherwise. The associated weighted random adjacency matrix is
given by: for i # j, if X;; = 1, ¥;; > 0, and Y;; = 0 otherwise. Let [P be a probability
measure on €.

2.1 Generative model

We now describe the procedure of generating a sample of random graph (V, X, Y)
with n vertices from Q.

e Let Zy,) = (Z,...,Z,) be the vector of latent block allocations for the vertices,
and set 0 = (01,...,00) with 30, = 1. For each vertex v;, draw its block label
Z; €{l1,...,0} from a multinomial distribution

Z,'NM(I; 01, . .,HQ).

o letn= (ﬂqz)%:l be a Q x Q matrix with entries in [0, 1]. Conditional on the
block allocations Zj,, the entries Xj; for i # j of the edge-existence adjacency
matrix X[, is generated from independently a Bernoulli distribution

XU‘Zl = q,ZJ = INB(TCq]).

o Let o= (fqu)gz:l and f = (ﬁql)g,:, be O x Q matrices with entries taking
values in the positive reals. Conditional on the latent block allocations Z, and
edge-existence adjacency matrix X, the weighted adjacency matrix Y, is
generated independently from

YlXyj = 1,Zi = q,Z; = I~ Ga (o, ),
Yij|X,:]' =0,Z = CIaZj = lNé{O}’

where Ga (-,-) denotes the gamma distribution and dy, is the Dirac delta
function.

The generative framework described above is a straightforward extension of the
binary stochastic block model whereby a positive weight is generated according to a
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gamma distribution for each edge. In particular, (X, Z) is a realization of the binary
directed SBM. The gamma distribution is chosen due to its flexibility in the sense
that, depending on the value of its shape parameter, it can represent distributions of
different shapes.

The log-likelihood of the observations X}, and Y}, is given by

LZ(Y[n]aX[n]; 67 T, &, ﬁ) = 10g ( Z e£l<YM X2l ,ﬂ,d,ﬁ)p{z[n] = Z["]}) ) (1)

)

where the sum is over all possible latent block allocations, P{Zj, =z} =[], 0.,
is the probability of latent block allocation zj,, and

L (Y[n]aX[n]7 Z[n)» T Oy ﬂ)

= Z |:le{ 10g TCZI'.,Z;' + logf(Ylj7 aZi,Z,'v ﬁz;ﬁzj)} + (1 - le) log(l - TCZ,',Z;'):|
7

2
— 3 {Xylogm, + (1~ Xy log(1 — ...} 2

i#j
+ Xij{ocz,.z,- 10g ﬁz,,zj + (Ocz,.zy- - 1) IOg Yij - ﬁz”zj‘ Yij - log F(az;,q)}

is the complete data log-likelihood, where f(-; a, b) is the gamma probability density
function with shape parameter a and rate parameter b,

2.2 Assumptions

We present several assumptions needed for identifiability and consistency of
maximum likelihood estimates. The following four assumptions were presented in
Celisse et al. (2012) and are needed in this paper.

Assumption 1 For every g # ¢, there exists / € {1,...,0} such that

Mgt # My OF Mg 7 Ty .

Assumption 2 There exists { € (0, 1) such that for all (¢,1) € {1,..., 0}
Tl S [C, 1-— G

Assumption 3 There exists 0<y<1/Q such that for all g € {1,...,0},
04 € [y, 1 =]

Assumption 4 There exists 0<y<1/Q and no € N* such that for all
g €{1,...,0}, for all n> ny,
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27,

where Ny(zj,) = {1 <i<n:z = q| and z}, is any realized block allocation under
the WSBM.

(A1) requires that no two classes have the same connectivity probabilities. If this
assumption is violated, the resulting model has too many classes and is non-
identifiable. (A2) requires that the connectivity probability between any two classes
strictly lies within a closed subset of the unit interval. Note that this assumption is
slightly more restrictive compared to assumption 2 of Celisse et al. (2012) in that
we do not consider the boundary cases where m,; € {0,1}. The boundary cases
require special treatment and are not pursued in this paper. (A3) ensures that no
class is empty with high probability while (A4) is the empirical version of (A3). We
note that (A4) is satisfied asymptotically under the generative framework in Sect.
2.1 since the block allocations are generated according to a multinomial
distribution.

In addition to the four assumptions above, we also have the following constraints
on the gamma parameters.

Assumption 5 For every g # ¢, there exists / € {1,...,0} such that

(aq,lvﬁq,l) 7& (OquJ,ﬂq/J) or (O(l,qa ﬂ[‘q) 7é ((leql,ﬁl’q')

(AS) requires that no two classes have the same weight distribution. This
assumption is the exact counterpart of (Al).

The log-likelihood function (1) contains degeneracies that prevent the direct
estimation of parameters 0, 7, o, f. To see this, we note that the probability density
function of a gamma distribution Ga (a, b) is given by

y*~ ! exp(—by)b*

f(y;a>b): F(Cl)

By Stirling’s formula, we have
I'(a) = V2ma® "% exp(—a)(1 + O(a™")).
Setting y = ab,

Flyiab) = Y exp(=a)(a/y)* 1 va
- I'(a) Vary 1+ 00 )
Therefore, letting a — oo while keeping ab = y, we have f(y;a,b) — co. One can
therefore show that the log-likelihood function is unbounded above. To avoid
likelihood degeneracy, we compactify the parameter space. That is, we restrict the
parameter space to a compact subset which contains the true paraemters. Therefore,
we have the following assumption.
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1370 T. L. J. Ng, T. B. Murphy

Assumption 6 There exists 0 <o, <oe<oo and 0<f, < fi-<oo such that for all

(¢,0) € {1,...,0},
e Zog <oc, B <Bu< Be.

With this assumption, it is easy to see that the log-likelihood function is bounded for
any sample size.

2.3 Identifiability

Sufficient conditions for identifiability of binary SBM with two classes have been
first obtained by Allman et al. (2009). Celisse et al. (2012) show that the SBM
parameters are identifiable up to a permutation of class labels under the conditions
that 6 has distinct coordinates and n >2Q. The condition on 70 is mild since the
set of vectors violating this assumption has Lebesgue measure 0. The identifiability
of weighted SBM is more challenging where the only known result (Section 4 of
Allman et al. (2011)) requires all entries of (7, o, ) to be distinct. We note that the
assumptions in the previous section are not necessarily sufficient but are necessary
to ensure that the identifiability of the parameters.

3 Asymptotic recovery of class labels

We study the posterior probability distribution of the class labels Z,) given the
random adjacency matrix X[, and weight matrix Y},, which is denoted by

P(Zy| X}, Yin)- Since X}, and Y[ | are random, P(Z;;|X[,, Y}y)) is also random.

Let P* (X[ 15 Y1) = P(Xp), Yiu | Zp M) be the true condltlonal distribution of
(X[, Y}y)) which depends on the true parameters (07,7, o, f*). We study the
convergence rate of P(Zy;|X[,, Y},)) towards 1 with respect to P*.

The matrices 7, o, § are permutation-invariant if one permutes both its rows and
columns according to some permutation ¢ : {1,...,0} — {1,...,0}. Let n°,a°, °
be the matrices defined by

o1 = To(g)all) Y = %(q)olt)> By = Bolg)

and define the set
2={o:{1,..,0} = {1,..,0}Hn" ==, 0 =0, f° = f}.

Two vectors of class labels z and 7 are equivalent if there exists ¢ € X such that
z; = o(z;), for all i. We let [z] denote the equivalence class of z and will omit the
square-brackets in the equivalence class notation as long as no confusion arises.

The following result extends Theorem 3.1 of Celisse et al. (2012) to the case of
WSBM.

Theorem 1 Under assumptions (Al)—(A6), for every t > 0,
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P Zin)| = [Zm)| X, Y _
p* Z [P)([Z[ ” — [Zi]HX[ ] Y[ ]) >t = O(ne Kn)
[ZM]#Z[*U]] ([ [n]} - [Z n]” [n]» [n])

uniformly with respect to z*, and for some x > 0 depending only on n*,o*, i but
not on z*. Here z* = (z});~, with z} € {1,...,Q}. Furthermore, P* can be replaced

by P under assumptions (Al)—(A3) and (A5)—(A6).

4 Maximum likelihood estimation of WSBM parameters

For the binary SBM, consistency of parameter estimation have been shown for
profile likelihood maximization (Bickel and Chen 2009), spectral clustering method
(Rohe et al. 2011), method of moments approach (Bickel et al. 2011), method based
on empirical degrees (Channarond et al. 2012), and others (Choi et al. 2012).
Consistency of both maximum likelihood estimation and variational approximation
method are established in Celisse et al. (2012) and Bickel et al. (2013) where
asymptotic normality is also established in Bickel et al. (2013). Abbe (2018)
reviews recent development in the stochastic block model and community
detections.

Ambroise and Matias (2012) proposes a general class of sparse and weighted
SBM where the edge distribution may exhibit any parametric form and studies the
consistency and convergence rates of various estimators considered in their paper.
However, their model requires the edge existence parameter to be constant across
the graph, that is, m,; =m, for all ¢, [, or my; can be modelled as m,; =
aily—; + a»l,z; where 1. is the indicator function and a; # a. Furthermore, they also
assume that conditional on the block assignments, the edge weight Y;|X; = ¢, X; = [
is modelled using a parametric distribution with a single parameter 0,,. They further
impose the restriction that

0, ifg=1
9(/1 — { m q )

O if g #1.

These assumptions are more restrictive than those imposed in this paper. Jog and
Loh (2015) studies the problem of characterizing the boundary between success and
failure of MLE when edge weights are drawn from discrete distributions. More
recently, Brault et al. (2020) studies the consistency and asymptotic normality of the
MLE and variational estimators for the latent block model which is a generalization
of the SBM. However, the model considered in Brault et al. (2020) is restricted to
the dense setting and requires the observations in the data matrix to be modelled by
univariate exponential family distributions.

This section addresses the consistency of the MLE of WSBM. In particular, we
extend the results obtained in the pioneering paper of Celisse et al. (2012) to the
case of weighted graphs. Our proof closely follows the proof of consistency of the
MLE in Celisse et al. (2012). The MLE consistency proof of (=, o, §) and 6 require
different treatments since there are n(n — 1) edges but only n vertices. The
following result established the MLE consistency of (7, o, f3).
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1372 T. L. J. Ng, T. B. Murphy

Theorem 2 Assume that assumptions (Al), (A2), (A3), (A5), (A6) hold. Let us define
the MLE of (0", n*,a*, f*) by

(0,7, 4, ) —arg rnax Ez( ) Xin)3 0, 70, 1, B).
Then for any metric d(-,-) on (m,a, ),

d((7,3, B), (x", 2, b)) = n — 00| PO.

Under additional assumption on the rate of convergence of the estimators
(7,4, ) of (m,a, ), consistency of 6 can be established.

Theorem 3 Let (é,ﬁ,&,ﬁ) denote the MLE of (0,7, u*, ") and assume that
I —n*|| . = or(VIogn/n), |l&—o*||, =op(vIogn/n), and || — B[l =
op(+/logn/n), then

d(0,0%) —[>n — oo]PO

for any metric d in RC.

5 Variational estimators

Direct maximization of the log-likelihood function is intractable except for very
small graphs since it involves a sum over Q" terms. In practice, approximate
algorithms such as Markov Chain Monte Carlo (MCMC) and variational inference
algorithms are often used for parameter inference. For the SBM, both MCMC and
variational inference approaches have been proposed (Snijders and Nowicki 1997,
Daudin et al. 2008). Variational inference algorithms have also been developed for
mixed membership SBM (Airoldi et al. 2008), overlapping SBM (Latouche et al.
2011), and the weighted SBM proposed in Aicher et al. (2013). This section
develops a variational inference algorithm for the WSBM which can be considered a
natural extension of the algorithm proposed in Daudin et al. (2008) for the SBM.

The variational method consists in approximating P(Zj, = -|X},,Y},)) by a
product of » multinomial distributions. Let D,, denote a set of product multlnomlal
distributions

| |
/—'h\

HM (L;Ti1, . Tio)| T ESn}

where
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Sn:{r[n]:(11,...,1,,)E([(),I]Q)”|for all i, 7, = (i1, -, Ti0)s Zr,q—l}

For any D, € D,, the variational log-likelihood is defined by

j(Y[n]aX[n]; Tln) s 63 T, A, ﬁ) = L:Z(Y[n]aX[n]; 63 T, A, ﬁ) - KU—(DT[,,],P('|X[I1]7 Y[n]))

Here [KL(-,-) denotes the Kullback-Leibler divergence between two probability
distributions, which is nonnegative. Therefore, 7 provides a lower bound on the
log-likelihood function. We have that

J(Y [n]7 15 Tn)» 0,7 a,pB) = szzqul(IOg b (Xz],Tqu) + X log f( Uy“qlaﬁgl))
i# gl
— Z Z Tig(log Tjy — log 0,)
i q

where b (-;p) denotes the probability mass function of a Bernoulli distribution with
parameter p, and recall that f(-; o, ﬁq,) denotes the density function of a gamma
distribution Ga (o1, f,).

The variational algorithm works by iteratively maximizing the lower bound J
with respect to the approximating distribution D, and estimating the model
parameters. Maximization of J with respect to D, consists of solving

Ty i = argmaxf[nlj( i) Xin)3 T, 0, 0,2, ),

where 0,7, o, f can be replaced by plug-in estimates. This has a closed-form
solution given by

Tzq X Gq H H b le nql ( ijy gl ﬁql)fﬂxjj' (3)
J# L

Conditional on 7,), the variational estimators of (6, m, o, B) are found by solving,

(éa T, &7 ﬁ) = argmax@,n,x,[ij(y[n]aX[n]; T[n]» 9; T, &, ﬁ)

Closed-form updates for 0 and 7 exist and are given by
=,
= — ‘L'l-
n 2t (4)

Zz;éj quTJleJ

(5)
Zl#j TZ‘JTJZ

Ty =

On the other hand, updates for o and [3 do not have a closed form since the
maximum likelihood estimators of the two parameters of a gamma distribution do
not have closed forms. However, using the fact that a gamma distribution is a
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special case of a generalized gamma distribution, Ye and Chen (2017) derived
simple closed-form estimators for the two parameters of gamma distribution. The
estimators were shown to be strongly consistent and asymptotically normal. For
q,l=1,...,0, let us define the quantities

qu = § TigTjl
i Xy=1
Up= > Tgta¥y
i X=1
Vql = E ‘Eiqu[ IOg Yij
i Xy=1
Su= Y Tgtn¥ylog¥y,
i Xy=1

then the updates for o, 8, are given by

- W, U
Olgl = % (6)
qu gl — Vquql
N w2
B = i (7)

WuSq — VaUy
We obtain the variational estimators (é, T, d, ﬁ) by computing (3), (4), (5), (6), (7)
until convergence.

We now address the consistency of the variational estimators derived above. The
following two propositions are the counterpart of Theorem 2 and 3 for variational
estimators. We omit the proof since they follow similar arguments as the proof of
Corollary 4.3 and Theorem 4.4 of Celisse et al. (2012).

Proposition 1 Assume that assumptions (Al), (A2), (A3), (A5) and (A6), and let
(é7 T, d, [3) be the variational estimators defined above. Then for any distance d(-,-)
on (7,2, ),

(7, B), (x*, o, B*)) — n — o0] PO

Proposition 2 Assume that the variational estimators (7, d, [3) converge at rate 1/n
to (7, a*, f*), respectively, and assumptions (Al), (A2), (A3), (AS5), (A6) hold. We
have

d(0,07) 5 n — o] PO,

where d denotes any distance between vectors in RZ.
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Note a stronger assumption on the convergence rate 1/n of 7T, a, § is assumed for

Proposition 2 compared to y/logn/n in Theorem 3. The same assumption is also
used in Theorem 4.4. of Celisse et al. (2012).

6 Choosing the number of classes

In real world applications, the number of classes is typically unknown and needs to
be estimated from the data. For the SBM, a number of methods have been developed
to determine the number of classes, including log-likelihood ratio statistic (Wang
and Bickel 2017), composite likelihood (Saldana et al. 2017), exact integrated
complete data likelihood (Coéme and Latouche 2015) and Bayesian framework (Yan
2016) based methods. Model selection for variants of SBM have also been
investigated (Latouche et al. 2014).

We apply the integrated classification likelihood (ICL) criterion developed by
Biernacki et al. (2000) to choose the number of classes for the WSBM. The ICL is
an approximation of the complete-date integrated likelihood. The ICL criterion for
SBM have been derived by Daudin et al. (2008) under the assumptions that the prior
distribution of (0, 7) factorizes and a non-informative Dirichlet prior on 0. Here we
follow the approach of Daudin et al. (2008) to derive an approximate ICL for the
WSBM.

Let mg denote the model with Q blocks, the ICL criterion is an approximation of
the complete-data integrated likelihood:

LYy}, Xpa], Zipi | mo)

= / ‘C(Y[n]7X[n] ; Z[n]; 95 T, o, ﬁ7 mQ)g(ea T, o, ﬁ)d@dﬂd(}(dﬂ
0,708

where g(0,7,a,[5) is the prior distribution of the parameters. Assuming a non-
informative Jeffreys prior on 0, a Stirling approximation to the gamma function, and
finally a BIC approximation to the conditional log-likelihood function, the
approximate ICL can be derived. For a model m¢ with Q blocks, and assuming a
non-informative Jeffreys prior Dir(0.5,...,0.5) on 6, the approximate ICL criterion
is:

ICL(mg) = max, 1og L(Y ), X Zin; 0, 0, 01, B, mg)

-2 0@+ 1) logn(n—1) - £

logn

where Z~[n] is the estimate of Z,). The derivation of above follows exactly the same
lines as the proof of Proposition § of Daudin et al. (2008).
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7 Simulation

We validate the theoretical results developed in previous sections by conducting
simulation studies. In particular, we investigate how fast parameter estimates of
WSBM converge to their true values and the accuracy of posterior block allocations.
Additionally, we investigate the performance of ICL in choosing the number of
blocks.

7.1 Experiment 1 (two-class model)

For each fixed number of nodes n, 50 realizations of WSBM are generated based on
the fixed parameter setting given in (8 and 9). The variational inference algorithm
derived in Sect. 5 is then applied to estimate the model parameters and class
allocations.

We can see from Table 1 that the estimated model parameters converge to their
true values as the number of nodes increases while the posterior class assignment is
accurate across any number of nodes. Table 2 shows the ICL criterion tends to select
the correct number of classes, especially when the number of nodes is large.

0= (0.7,0.3), (8)
0.8 0.2 10.L0 0.3 20 1.0
T = o= P = . 9)
03 0.9 30 0.5 02 1.0
7.2 Experiment 2 (three-class model)

50 network realizations are obtained under the three-class model with parameter
values given in (10 and 11) for a range of values n.

0 =(05,03,0.2) (10)
0.60 0.20 0.30 0.50 2.00 1.00 5.00 0.40 5.00
n=10.30 0.90 0.10 |,a=[ 0.30 0.02 6.00 |,f=| 3.00 12.00 0.70 |. (11)
0.60 0.50 0.20 2.00 0.05 3.00 6.00 0.20 0.60

We can see from Table 3 that the estimated parameters converge to their true values
quickly as the number of nodes increases. The ICL criterion tends to overestimate
the number of classes when the number of nodes is small, but consistently selects
the correct model when the number of nodes is large (Table 4).

7.3 Computational complexity
The computational complexity of the variational estimators derived in Sect. 5 scales

as O(n?), which has the same complexity as the variational algorithm developed by
Daudin et al. (2008). Therefore, the algorithm may be prohibitively expensive for
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Table 1 Convergence analysis of posterior class allocations and parameter estimates under the two-class
model

n St L= /n 110 -0l Il — 7| o = o7 B =Bl
25 1 0.031 0.057 0.855 0.434
50 1 0.029 0.035 0.654 0322
100 1 0.027 0.012 0.256 0.070
200 1 0.025 0.006 0.116 0.046
500 1 0.021 0.002 0.053 0.024

Table 2 Frequency of choosing

Q blocks by ICL under different 10 ! 2 3 4 >
number of nodes n under the 25 0 a4 3 3 0
two-class model
50 0 48 2 0 0
100 0 50 0 0 0
200 0 50 0 0 0
500 0 50 0 0 0

networks with more than 1000 nodes. The estimated computational time for the
two-class model in Sect. 7.1 and for the three-class model in Sect. 7.2 for various
values of n are shown in Fig. 1. The estimated computing time at each n is the
average running time of the variational algorithm over 20 replications.

8 Application: Washington bike data set

We apply the WSBM to analyse the Washington bike sharing scheme data set.’
Information with respect to start stations and end stations of trips as well as length
(travel time) of trips are available in the data set. We select a time window of one
week staring from January 10th, 2016 and construct the adjacency matrix X and
weight matrix Y as follows:

e X;; = 1 if there is trip starting from station i and finishing at station j.
e Yj; is the total length of trips (in minutes) from station i to station j.

The resulting network consists of 370 nodes with an average out-degree of 36.14.
The average total length of trips between any pair of stations is 42.15 minutes. We
apply the ICL criterion to select the number of classes for the WSBM. For each
number of classes Q, the variational inference algorithm is fitted to the network 20
times with 20 random initializations and the highest value of ICL is recorded, and
the six-class model is chosen (Table 5). Each bike station is plotted on the map in

! Historical data available at https://www.capitalbikeshare.com/.
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Table 3 Convergence analysis of posterior class allocations and parameter estimates under the three-class
model

n it L= /n 116 — 6711, Il — [ llo — o[ B =Bl
25 0.961 0.116 0.178 7.86 136.72

50 1 0.039 0.039 1.256 7.866
100 1 0.033 0.026 0.481 1.426
200 1 0.014 0.024 0.228 1.011
500 1 0.003 0.006 0.197 0.222

Table 4 Frequency of choosing
Q blocks by ICL under different nQ ! 2 3 4 >
number of nodes n under the

three-block model 25 0 3 37 8 2
50 0 0 43 7 0
100 0 0 50 0 0
200 0 0 49 1 0
500 0 0 50 0 0

Fig. 2 where its colour represents the estimated class assignment. We observe that
bike stations in class 6 (colored in brown) tend to be concentrated in the central area
of Washington wheraas stations in class 3 (colored in red) tend to be located further
from the center. Figure 2 shows some spatial effect in the class assignment of bike
stations whereby stations that are close in distance tend to be in the same cluster,
with the exception of class 3 (colored in red). One potential extension of the model
is to take into account the spatial locations of the bike stations as covariates.

The estimated class proportions 0 shown in 12 indicate that class 3 has the largest
number of stations whereas class 4 has the smallest number of stations. The
estimated 7 shows that within class connectivity is generally higher compared to
between class connectivity. We further observe that the connection probabilities

1400
600
1200
500 —_
a & 1000
< 400 c
S S s
3 300 3
~ ~ 600
[ [
§ 200 .g 400
[= =
100 200
o o
100 200 300 400 500 100 200 300 400 500
No of nodes No of nodes
(a) Estimated computing time for the (b) Estimated computing time for the
two-class model three-class model

Fig. 1 Estimated computing time for the two-class and three-class models

@ Springer



Weighted stochastic block model 1379

between bike stations in class 1, 4, and 6 are substantially higher. Interestingly, we
observe a near symmetry in the matrix 7 indicating that the probability of having a
trip from a station in class k to another station in class / is similar with the
probability of having a trip from class / to class k.

The estimated densities of travel time between each pair of classes are shown in
Fig. 3. We observe that the majority of the estimated densities have mode and mean
close to 0, particularly for the estimated densities in the diagonal of Fig. 3. This
implies that the total travel times between stations in the same class are quite short.
In comparison, the total travel time between stations in different classes tend to be
longer. This is reasonable as the distance between bike stations in different classes
tend to be longer which in turn requires longer travel time.

0 = (0.1985,0.0975,0.3256,0.0270,0.1377,0.2136) (12)

0.2847 0.0539 0.0036 0.4268 0.0125 0.2811
0.0594 0.0630 0.0172 0.1254 0.0156 0.0791
0.0049 0.0156 0.0185 0.0079 0.0092 0.0029
04113 0.1140 0.0136 0.8438 0.0532 0.4494
0.0187 0.0318 0.0120 0.0910 0.2159 0.0241
0.2715 0.0514 0.0017 0.4965 0.0159 0.7268

9 Discussion

This paper proposes a weighted stochastic block model (WSBM) for networks. The
proposed model is an extension of the stochastic block model. A variational
inference strategy is developed for parameter estimation. Asymptotic properties of
maximum likelihood estimators and variational estimators are derived, and the
problem of choosing the number of classes is addressed by using an ICL criteria.
Simulation studies are conducted to evaluate the performance of variational
estimators and the use of ICL to determine the number of classes. The proposed
model and inference methods are an illustrative data set.

It is straightforward to extend the WSBM to allow node covariates. Let w; € RY
be the covariates for each node i = 1,...,n, and let w;; be the covariates for each
pair of nodes, i,j = 1,...,n,i # j. The edge probability p;; between a pair of nodes
i, j with node i in block g and node j in block / can be modelled as
l_)u p = 5q1,0 + éZZ,1Wij + éz;lﬁzwi + 55173"‘/1‘7

log

1

where ;0 € R and &y 1,840,803 € R?. Conditional on block assignments and
existence of an edge between a pair of nodes i, j, ¥;; can be modelled as a Gamma
random variable with mean y; and variance g;; where
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Table 5 Model selection for the

Washington Bike dataset using Q ICL

ICL criterion 1 10715704
2 — 93505.61
3 — 91688.33
4 — 90813.17
5 — 90300.90
6 — 89061.38
7 — 89326.35

39.10 4
39.05 4
39.00
38.95 {e—m
38.90
38.85 |

38.80 -

[

-77.3

Fig. 2 Bike stations. Class 1: blue. Class 2: green. Class 3: red. Class 4: cyan. Class 5: black. Class 6:
brown (color figure online)

i =E(YylZi = q,2; = 1,X; = 1) = exp (g0 + ¢1§l-,1w’7 T ¢‘1TL2W" + ¢§l’3wj)’
oj=Var(Zi=q,Z; =1, X; = 1) = vy

where qﬁqm € R and qbq,’],(,/)q,,z, ¢ql,3 € R4

Many possible future extensions are possible. First, it is desirable to investigate
further theoretical properties of maximum likelihood and variational estimators of
WSBM parameters such as asymptotic normality of the estimators. Furthermore,
some of the assumptions imposed in this work in order to ensure consistency of the
estimators maybe relaxed. Moreover, the number of blocks is assumed to be fixed in
the asymptotic analysis of the estimators. It would be interesting to allow the
number of blocks to grows as the number of nodes grows.
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3] J 3] q 3]
glr g] g ]
S BN g1
gl g g gl 2
o s w0 18 20 o s w0 1m0 20 o s w0 1m0 20 o = w0 1m0 20 o s 10 150 20 o s w0 18 20
o s w0 1w 20 o s w0 1 20 o s w0 1 20 o s w0 1w 20 o s w0 150 20 o s w0 150 20
el T~— 21 N N sl— |21 /\ <1
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Fig. 3 Estimated densities of total travel time between stations

Auxiliary results

Definition 1 A random variable X with mean u = E(X) is sub-exponential if there
are non-negative parameters (v, b) such that

V2 1
E(¢*1) < &F for all |t < .

The following lemma is a straight forward consequence of the definition.

Lemma 1 If the independent random variables {X;}!_, are sub-exponential with
parameters (vi,b;), i=1,...,n, then > ;| X; is sub-exponential with parameters

(v Z?:1 Vi27 maxj_ b;).

The following results show that for a Gamma random variable Y and a Bernoulli
random variable X, both XY and X log Y are sub-exponential random variables. They
are useful for the proof of the main theorems.

Proposition 3 If Y ~Ga(a,b) and X ~ Ber(n), YX is a sub-exponential random
variable.

Proof The expectation of YX is given by
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and thus
E(e™) = exp (zn%).
The moment generating function of YX is given by

E(e™) = (1 - ) + (1 —é)_a

which is defined for r <b. Taylor series expansion of (1 —£)“ around ¢ = 0 gives

that

n a ala+1)7
(175) =1+t =5 +O()

Similary, Taylor series expansion of exp( t$m) around O gives that

)
1 2
exp(—tb ) =1 —Ent—k%n%—k(’)(ﬁ).

Thus, we have

ala+1) 7

E(e )—1—n+7r+bnt+b7n§+(9(t3)
B a ala+1) ¢ 5
—1+bnt+ 2 n2+(’)(t).

This leads to

H(YX—p) a (a+]) ﬁ 3 _E Cl(a+]) ﬁ 3
E(e/ 1)) = (1+b mi+ S nz—l—(’)(t))(l o n2+(’)(t))

(a*+2a)n
=1 +T[2 +O(l3).

Hence, we can choose suitable v,b such that

(YX—p) V22 1
E("" ) < exp (T) for all |t|<Z'

Proposition 4 If Y ~ Ga(a,b) and X ~ Ber(n), XlogY is a sub-exponential random
variable.
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Proof The proof is analogous to the proof of Proposition 3. It is straightforward to
show that

E(etXlogY) _ (1 _ 7[) +TEF(OC+I)

r(o)p

and

p=E(XlogY) = n(¥(x) — log(p))

where () is the digamma function. The rest of the proof follows the same line as
the proof of Proposition 3 by considering the Taylor series expansion of ¢ * and
E(e™'¢Y) around t = 0. O

The following lemma provides an upper bound for the tail probability of a sub-
exponential random variable.

Lemma 2 (Sub-exponential tail bound)Suppose that X with mean p is sub-
exponential with parameters (v,b). Then

Pt
PX>p+1)<exp {—mln(z—vz,%)]

The following inequality for suprema of random processes is needed for the proof
of Theorem 2.

Proposition 5 (Baraud 2010, Theorem 2.1) Let (S(g)),cg be a family of real valued

and centered random variables. Fix some gy in G.
Suppose the following two conditions hold:

1. There exist two arbitrary norms || - ||, and || ||
constant ¢ such that for all g1, g, € G(g1 # g2),

t2 2
[E[er<s<gl)fs<gz>>} < exp ( 181 — &|l> )

« on G and a nonnegative

2(1 = zellgr — gall)

1
ﬁwaﬂte[Qa@QaE)'

2. Let S be a linear space with finite dimension D endowed with the two norms
- ||, defined above, we assume that for constants u > 0 and b >0,

- Moo

GC{geS:|lg—goll <uicllg —goll, <uz}.

we have for all x > 0,
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P|sup IS(8) — S(g0)] = k(v (D +) + b(D +x))| <2¢™

geg

where k = 18.

Proof

In this section, we prove Theorems 1, 2, 3 for the special case o,; = oy for all
(¢,1) € {1,...,0}. The more general case can be proved similary by using the fact
that X;;log Y; is a sub-exponential random variable.

Proof of Theorem 1

Proof Our proof is adapted from Celisse et al. (2012). Using the fact that for every
Z/[n] S [Z[n]], P(Z/[n] |X[,,], Y[n]) = ( |X[,, ) we have that

P(Z = (2] X i) = D>, P2y Xu Yio)

z'[n] €z
= [z 1P (2 [ X[ Yin))

where |[zp,]| is the cardinality of the equivalence class [z}].
By applying a similar approach as in ( Celisse et al. (2012); “Appendix B2”), one

can derive an upper bound for P* lz[z 14 Bz
[n] n] n

P (2] X i)
p* L T ([zpa]| Yin ]
[s

2] 72, P([Z[n
y (2] | X Y[,,) t ]
<Z Z [
a r+1 _ T
=1 2l L2 lo=r P(z, |Xn]’Y[n) (0 — 1)

where ||z,) — zj,||o is the number of difference between zj, and zj,.
To simplify notation, we write z := Z)s X = X and Y = Y- We have that
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P(X.Y) ~ wi(Q—1)
PIYX PP 1 ]

P(zX,Y) - t ]

%

P(Y[X,z)P(X[z)P(z7) ~ nt1(Q—1)"

P(X|Z)P(z) t
Y|x TR mmﬂ(g—l)’]

P(Y|X, P(Y|X
| Z [EZ z* (10g ( ‘ 7Z) )
P(YX,2") PYIX.2)

_p [
( o (1o P(Y|X,2) )7 (1og PP(X|Z)P(Z) M

Ewio—1y P(YIX,2") X[z)P(z")

‘ PX[D)P(z)  rz—z PX[z)P(z)
P 10glP’(X|z*)lP’(z*)_[E (IOgP(Xz*)P(Z*))”
1 t 7 P(Y|X,z) Z—r (X|z)P(2)
-3 (s & (oepig) = (i)

=1L+

Consider the first term on the RHS of the last inequality,

o POTD g (100 PUINLS) )
P(Y|X,z") P(Y|X,z")
i * * * OC* *
=3 (=, g B )y = )+ (B — B0) (Y — ﬁn)
7 bes | T

The summand in the summation above vanishes when ﬁ;_ .. = P ... For two vectors
i< i 0%

z and 7z, we define
D(e,2) ={())li # . B # B2 o}

and let N,(z) = |D(z,z*)| denote the number of terms in the summation. Set

- P(Y|X,z)
—F (k’g P(Y|X, z*))

IR SN S
S_N,(z)z{ognr+1(Q 1y
P(z

()

one can show by Lemma B.3 of Celisse et al. (2012) that there exists some positive
constant ¢* such that s > c¢* > 0. We have that
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P(Y|X,z") P(Y[X,z")

g

a*

(ﬁ** - P )(YX T”*f ’.‘)
%j: 33 i1z ﬂzj.,zj* s

. ler(Z) log P(Y|X,z) _ = (logw>' > 2S]

1 B .
B vy o log o= (X — 7. )
Nr( ) ; 11 ﬁ 7 % %

*
3 «Zj

1

+ P ——
N, (2)

g

Assumption (A6) implies that the random variable a7, (log . 5 / [3 )X is bounded
for all i, j. An application of Hoeffding’s inequality yields that

N,(z)s?
>s} gexp<—ﬂ> (14)
L
for some constant L; > 0.

By Proposition 3, the random variable Y;;X;; is sub-exponential and the tail bound
for sub-exponential random variables (Lemma 2) implies that

1 oy
N (D E (ﬁ** * _ﬁ )(YX —n*’f ”f)
Nr (Z) l;éj Z ’Z/ izj ﬁz/* 72; Z ’Z/

< max Lonp () np (02 )

for some constants L, L3 > 0. Proposition B.4 of Celisse et al. (2012) shows that
N,(z) is bounded below by

Z oy log ﬁZ' = — T zj)
i#j

£

>s]
(15

2
Y %
No(2) 2 Sl = Zi o (16

Combining inequalities (14), (15), (16), it is straight forward to show that
I, =0(exp(—A;n)).

By Theorem 3.1 of Celisse et al. (2012), we have
I, =O(exp(—A;n))

for some constant A, > 0. Therefore, with A := min{A;,A,}
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as n — oo. Since the upper bound does not depend on z*, P* can be replaced
by P. O

Proof of Theorem 2

Proof As the first step of the proof, we define the normalized complete data log-
likelihood function

1
n(n—1)
[ {Xylogm, + (1 - Xy) log(1 - 7., }

i#j
+ Xij{ocz,',zl' log ﬁzi,zj + (“z,‘,@ - 1) IOg Ylj - ﬁzi,zj Ylj - IOg F(“Z/,Zj)}] ’

G2, 0, B) =

1
nn—1)

L1(Xpu)s Yl 2pa) 70, 0, )

and its expectation
djn(Z[,,], T, &, ﬁ) =t [¢n (Z[n]a T, o, ﬁ) ‘Z[n] = an]}

1

- 1 St (1—n )1 1—__}

n(n — 1) [%}: {nzﬁz, og nzr«@ +( nz,u,zj) Og( nznzf)

e Lo tog g + (s — DlIog B +000.)
oc}z*

P LA F(O‘W)H'

Zis% ¥
Py

The following proposition shows that ¢, (zj,, 7, ) uniformly converges to
@n(Z[n],n, o, f). This result is an extension of Proposition 3.5 of Celisse et al.
(2012).

Proposition 6 Under assumptions (Al), (A2), (AS), (A6), we have
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[
SUP\%( )y T 0, B) — Pu(2p), 7, 2, B)| — n — 0] PO

where P := {(z,, 7, o, p) : (A1), (A2), (A5), (A6)}.

Proof We have that
|2y, s 00, B) — ( nwraﬁ)I
Spn‘Z(Xu T )(logl —

+ ot log B — log ') )|

i#j Mg
L % 17
+ Py, Z (XIJYU - TCZ;;’Z; ﬁf—z)[))zi,z, ( )
i#j pageas
| 2o (Xylog ¥y — 7 log B — 7 (3 ) (o — 1)
i#j
where p, = 1/n(n — 1). Notice that under Assumption (A2) and (A6),
‘Dn(z[n]7 T, o, ﬁ) <+ o0.
Therefore, by Proposition 3.5 of Celisse et al. (2012),
[
supp, > (Xy—w )(log1 T Toslogg ~logl (i) ’—>n—>0<>]ﬂ3’0
i#f

To bound the second term on the RHS of the inequality 17, we apply Proposition 5
(Theorem 2.1 of Baraud (2010)). We first define

OCZ’
Sa(B) = Z <Xinij - Z ﬁ‘ - )ﬁznzj'

i#j

Now, for two parameters /3(1) and ﬂ(z)
1) @ o %5\ g0 _ g0)
Sa(B) = Su(B) = Z XYy — Ty ﬁ— (ﬁZi-,Zj o ﬁZth)

i %
7 .4

af’f.zf
=5 ¥ (X Y= ﬁl’”’*>(ﬁf,}) — B,

q,l i#j,zi=q,z=l 353

Since X;;Y; is sub-exponential with parameters (v,b), >, —— 0.9 is sub-
exponential ~ with  parameters  (,/figv,b) by Lemma 3,  where

ng = |{(i,j) : z = ¢,z = l}|. Therefore, define the norms
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1B = 2N = v 3 (8 — By )
q,l

1B = B2 = S8 — B

q,!

we have

E[ exp(r(,(8") = 5,(8™)]
Tleleon (-1 ¥ (- 55))

i#j zi=q.5=1 15

vt (1) _ p(2)\2
< HeXp{ ql (ﬁqé ﬂql ) }
q,l

{n2v2r2<ﬁ§? ~ BV }

< exp 2

_ 2118 - 513
e

x| 20 — g2 \
= PN e - 5O

for all

0 ! )
Te|| g — @)/

IE[

where c is some negative constant. Therefore, the first condition of Proposition 5 is
satisfied.

Fix some f, (A6) implies that there exist u; = O(n) and u, = O(1) such that
1p = B9, <uy, and || — ||, <uy. Therefore the second condition of Propo-
sition 5 is also satisfied with D = Q* . Now, we have

P*(p, sup 1Sa(B)| > n) < P*(p, sup 1Su(B) — Su(BO)| > g)

+ P (pulSu(B)] > D).

(18)

Since >, ; X,'J-Yl-jﬁigl] is a sub-exponential random variable with parameters (nv, b),
the second term on the RHS of inequality 18 can be bounded by

P (p,|,(B”)] > 3) = Olexp(—n?). (19)

To bound the first term on the RHS of inequality 18, we introduce the set Pz, =
{(m, 0, ) : (2, 7, ¢, B) € P} for every zj,, and define the event
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Q(30) = { sup p,15,(8) — S.(B) < pye/iB(Q7 F ) + p,b(Q° +30)

P(z)

P*(‘Qn(z[n])c) =2 (20)

by Proposition 5. Combining 18, 19, and 20,

o
P* [,0,, z (Xinij - n; = ﬁi' 7 )ﬁz,'.,Zj > n]
7 72
[ n * n
<SP [{sup pulSu(8) = S (B > 2]+ [pulsiBo) > 1]
) - Pla)
« [ n _ —n
< 2P [{ s 2l (8) =, (81> T ()] + 226 + 0 ™)
Zn) B Zn] ) 2
<y P kU2 (D + %) + pob(D + 3,) > g] +3 2e 4> 0(e™)
2] ) 2y %)

Since zj,) belongs to a set of cardinality at most 0", by choosing x, = nlog(n), the
three sums converge to 0.

By using the fact that XjlogY is a sub-exponential random variable, we can
similarly show that

P* [Sl;p Pn Z(X,-j log ¥; — n;f‘l,* log ﬁ;‘,zj - nz’,r‘,;l,b(a;zx)) (o7, — 1)‘ > 17] Ln — 00]PO.
i# '

Since the convergence is uniform with respect to an]’ P* can be replaced by P and
the proof is completed. O

Proposition 6 allows us to establish the following result concerning the
convergence of the normalized log-likelihood function. Proposition 7 is an
extension of Theorem 3.6 of Celisse et al. (2012) and allows us to establish the
consistency of MLE of (7, a, f).

Proposition 7 We assume that assumptions (Al), (A2), (A3), (AS5), (A6) hold. For
every (8, m, o, ), set

M, (0, 7,0, ) = (n(n — 1))~ La(Yi) X3 0, 7, 01, B),

and
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M(m, o, f, A) = Z 0297 Zaq,q’az,z’ {n;l logm, ; + (1-— ”;z) log(1 — nqur)
q,! q.0

+ nzlEa;,/s’;l (Ing(-§ %y 1 ﬂq’,l’ ))}
where

0

A={A= (aq,l)lgq,1§Q|aq,lZ()vzakl =1}
=1

Then for any n > 0,

Sup M(n’a’ﬁ><M(n*’a*7ﬁ*)’
d((n‘“!ﬂ>l(n*7a*7ﬁ¥>> >n

sup M, (0, 7,0, B) — M(r, o, B)| —n — 00]PO.
0,70,

Proof We define the following:
ZA[ ](7'57 %, ﬁ) = argmaxz¢n(z[n]7 T, o, ﬁ)s

Zin) (0,0, B) = argmax, @, (z,), 7, o, f),

Ay p = argmax, ,M(m, o, f, A),
M(ﬂ:, a, ﬁ) = M(na o, B»Zn,a,ﬁ)-

By a similar reasoning as in the proof of Theorem 3.6 of Celisse et al. (2012), we
can show that Zn*,a*,[;* =1Ip and is unique. To show that for all 5 >0,
SUPG () () = M (7T, 0, B) <M(m*, 0%, B), we let (@), denote coefficients
of Ay, 5. We have that

M(TE; o, ﬁ) - M(T[*? a*a :B*)
- Z 0207 Zaq,q’al,l’ {K”-B(n;l» nq’,l’) + n;lKﬂ-G((“;l’ ﬂ;z)a (“q’,l’ ﬂq’.l’))}’
q.l q.0

where KLg(p, q) denotes the Kullback-Leibler divergence between two bernoulli
distributions Ber (p) and Ber (g), and KLg((a,b1), (a2, b)) denotes the Kullback-
Leibler divergence between two gamma distributions Ga (a;,b;) and Ga (az,by).
Since the set {(m,a, B)|d((%, o, B), (7%, o, f*)) >#)} is compact by assumptions,
there exists

(n°, a0, f%) # (n*,a*, ) such that
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sup M(m, o, f) — M(", o, %)
d((m0,B), (0" ) >

= M(n°7a0,ﬁ0) - M(n*,fl*,ﬁ*)<0-

Next we show that

sup [M, (0, 7,2, ) — M(x, 2, f)] —=n — oc]PO.
0,708

We first have the following bound:
M, (0, 7,0, B) — M(m, o, B)| < [M, (0, 7, 0, B) — b, (2, m, 00, B)]

+ ‘d)n(f?ﬂ:v O(,ﬁ) - @n(f’ T, o, ﬁ)| (21)
+ ‘¢n(z~7 7[,0(,,[))) - M(ﬂ?, , ﬂ)|

We first consider the first term on the RHS of inequality (21):

sup |Mn(0a ﬂT,OC,ﬁ) - d)n(ZA?n?‘x)ﬁ”

0,70,
E Yn7X11;977T7“7ﬁ 7£ Yﬂ7Xn;ZAn7n7a7ﬂ
— qup V2T X ) = L1y Xpajs & )l 22)
0,70, n(n - 1)
SM—[Wl—mx}]O.
n—

Consider the second term on the RHS of inequality (21), if
(t)n(i T, &, :B) < ¢n(Z~7 T, o, ﬂ)’ we have

‘(;bn(fa T, o, ﬂ) - ¢n(2~; T, a, ﬁ)| = ¢n(Z~, T, a, B) - ¢n(ZAv T, o, ﬁ)
< @W(ZN? T, &, ﬁ) - ¢n(z~7 T, o, B)
On the other hand, if ¢, (Z, 7, o, ) > @, (2, 7, o, B),
‘(rbn(fa T, o, ﬂ) - ¢ﬂ(z~a T, &, ﬁ)| = d)n(f’ T, o, ﬁ) - ¢11(ZAv T, &, ﬁ)
< (l)n(ZAa T, &, ﬁ) - @11(27 T, O, :B)
Therefore, Proposition 6 implies that
sup |6, (2,7, B) — (2,7, )| —n — oc]PO. (23)
o,

Last, we notice that under our assumptions (A2) and (A6), and using the strong law
of large number,

Sup |, (2, 7, 2, ) — M(, 2, B)| - n — oc]PO. (24)
0,8
Combining (22), (23) and (24), we have the desired result. O
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The consistency of (7,4, §) follows from Proposition 7 and Theorem 3.4 of
Celisse et al. (2012). U

Proof of Thereom 3

Proof We denote P( ] = Zn]| X[, Y}n) as the conditional distribution of Z,] under
the parameters (é, 7, d, ﬁ) The following result is an extension of Proposition 3.8 of
Celisse et al. (2012) and is needed to establish the consistency of 0.

Proposition 8 Assume that assumptions (Al)-(A6) hold, and there exists estimators
7,3, B such that || —7ll,, = 0p(va). g — all.. = 0p(va). 18— Bll.e = 0n(v).
with v, = o(y/logn/n). Let also 0 denote any estimator of 0*. Then for every € > 0,

(log rz)z

AZn =2 Xn n —K2
Z PlZin) = 2 D 3 ol <rone + P& — || > va]
2 (Z[n = ]|Xn n)

P*

+Pll[& — ol > vl
+PlIB = Bl > vl

for n large enough, and for some constants i1, Kk, > 0 and

1 (p(z[n = [ |X ))
og | =
P(Z[” = n] |X )

(ﬁ%l 1 X1s Zin) = 2)) >

+ Z { e = log ﬁz E “Z}‘vzf log ﬁz,.*,zj’f) + (&z",z,' - ozz,’f,z/:* )Xijlog Y,

+ leYij(Bz,*~Zf - ﬁz,,zj) +Xij(10g F(&Z?7Z;f) - log F(OA(Z”ZI.))}

= TQ+T1
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Proof We can write

o . B
_ * 2% % % * * 253
el {” g Bog —Bug) + 7 g log g }

D* zf.,zj* z; 7
O : .
Yk * Lk * i53)
+ E (th Yj; B ”zy ,z;f) (Bz‘ Z ﬁz, z,) + (X’ nz?,z}‘) i:3j B
D* .z 7%
07 .
2 : Y% * i x
+ ﬁ* nz?‘,zjf (ﬁz % ﬁz* zj*) + ﬁ* Gl el (BZ, Zj ﬁz, z,)
DUD* z} ,z; pa ,z;
A BZth * ﬂ:uZi
+ A logB - log 5
-
z ,Zf 2%
P k
* Zir%j * Zir%j
DUD* %2 o
*,
+ XYy — gt (B = Bl )
gty ,B* ¥ Z!* s z ,z;
DUD* st

*2r ~
+ Xz]Yl - ﬁ*’*_jx TEZ*?) (ﬂ:hzf - ﬁzi,;;)}
%%

=T +Ti2+Tig+Tia+Tis
where
D= {(0) i A £ )
D:={(i,j)i#)j A # Ao}
By the proof of Proposition 3.8 of Celisse et al. (2012), we have

Iszn = Zju)|X[u]s Yn
P*[{ 3 i) = 240lXi [])>6}an
o) Gl = 20X Y1)

n

< Z P*

ﬁzn: a1 Xn)s Y
{log i = 2 X H)> 5r10gn}ﬁQn

=1 2 €[z LIz =2, lo=r

:Z Z P'{Ty+ T, > —5rlogn} NQ,).

n
=1 2 €[z, Ll =2, llo=r

We have that
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P{Ty+T, > —5rlogn} NQ,| <P [{To > — 10rlogn} N Q,}
+ P*[{Ty > 5rlogn} N Q,].

The proof of Proposition 3.8 of Celisse et al. (2012) shows that

1 2 r
P[{Top > — 10rlogn} N Q,} < Cl{exp (8n10gn -G ( (:1gv’21) )} . (25)

We have that

2 . ﬂ*l
TII_ZTCZZ ﬁ _ﬁznz/')—’_n alllogﬁz =
o 3.
<|D*| max —K[I_ o B (e 2 By
<! |<qﬁz>¢<q’,z’> 6 (g o)l 1 By )
- DK’

Since X;;Y;; is a sub-exponential random variable and Xj; is bounded for all 7, j, one
can show that

1 t+|D*|K*)?
P*[T112+§T17] >t]gmax{exp{—Cl%},exp{—Cz(t+|D*|K*}}.

(26)

Using similar techniques as in the proof of Proposition 3.8 of Celisse et al. (2012),
one can show that

P*[{|T1"3| >l}ﬂQn]§P*(Vn > g), (27)

nr

2
P{T14>1}NQ)< Z Z 0 CXP< ﬁ), (28)

k D,|Dl=k

1
P*[T 5 +§T1,| > 1]

< Z Z szax{exp {CS(I+(DV:|JF/<)K*)}7 9)

kD, D|=k

exp {_ Co(t + (D7 +k)K*)2]}

(ID*| + kv,

Combining inequalities 25, 26, 27, 28, 29, and letting v, = o(y/logn/n), we have
for some By, B,,B3 > 0,
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P Py X, Yi) e

where u, = exp |Banlogn — B; (](;gv;’)z]. Since (1+(Q— 1)u,)" — 1 as n — oo,

and the proof is completed. U

The proof of the consistency of Oisa consequence of the proposition above and
follows the same lines as the proof of Theorem 3.9 of Celisse et al. (2012). O
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