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ARTICLE INFO ABSTRACT
PACS: This study aims to develop a traffic model for heterogeneous vehicle movement, which introduces
89.40.-a (Transportation) the vehicle’s heterogeneity by considering the internal mass effect. We explore the behavioral

87.15. Aa (Theory and modeling

characteristics of the flow field generated by the proposed model and provide a comparative
Computer simulation)

analysis of the conventional model. A linear stability condition is deduced to showcase the
model’s capacity to neutralize flow. Nonlinear analysis is employed to derive the modified
Korteweg-de Vries (mKdV) equation and its corresponding analytical solution, enabling the
Time delay effect observation of traffic flow behavior in proximity to the neutral stability condition. A numerical
Stability condition simulation is then conducted, considering cyclic boundary conditions. The results indicate that
mKdV equation the mass effect tends to absorb traffic jams provided no time delay is imposed.

Traffic jam

Keywords:
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1. Introduction

Modern civilization now has more needs for mass transport networks as a result of the economy’s rapid growth. Many researchers
have proposed various traffic models to reveal the underlying fundamental mechanisms. These models can commonly be categorized
into two distinct types [1]. The first type is known as the macroscopic or continuum model, which likens traffic flow to a compressible
fluid and is investigated using fluid dynamics principles [2,3,4,5,6,7,8,9]. Conversely, the second type is the microscopic or
ultra-discrete model, which delves into the interactions between individual vehicles as well as their relationship with the road
infrastructure [10-13]. In general, microscopic rather than macroscopic models are given more consideration in this field, and the
car-following model is their research hotspot. The car-following model assumes a lead vehicle followed by a subsequent one within a
designated single lane, maintaining a minimum space and time gap between them [14-20]. To better mimic actual traffic flow, several
improved car-following model variants have been proposed, including gas kinetic, hydrodynamic lattice, optimum velocity (OV),
generalized force (GF), and full velocity difference (FVD) models [21-27].

All vehicles are supposed to maintain the same driving behavior in most car-following traffic models, yet the actual situations are
difficult to represent. In actual traffic scenarios, the car-following behaviors exhibit heterogeneity due to varying conditions of drivers
or vehicles [28-38]. One of the most typical examples is that vehicles vary in size. Lighter vehicles, like compact cars, have a low mass,
resulting in low inertia, enabling them to accelerate or decelerate easily. Consequently, drivers of such vehicles frequently alter their
driving behavior to optimize traffic efficiency. In contrast, heavier vehicles, such as trucks, have a greater mass, leading to higher
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inertia and making it difficult to accelerate or decelerate quickly. To maintain safety, drivers of heavy vehicles tend to preserve their
driving behavior. The distinctions in driving behavior are widespread in traffic flow systems and have far-reaching effects, which has
motivated us to improve conventional car-following models by considering this factor.

The driver needs reaction time from receiving environmental stimuli to responding to the actual driving process. It may also take a
mechanical response time for a vehicle to adjust to the expected speed after the driver’s operation. Time delay caused by these two
cases in the traffic flow system has been considered by Chandler et al. [39] and incorporated into the OV model by Bando and her
colleagues [40]. In line with these pioneering studies, many researchers have accounted for the time delay effect in the traffic flow
models. They clarified that this impacts traffic flow systems’ stability [41-45]. Because of this, the proposed model also considers the
time delay effect to explore its impact on heterogeneous traffic flow systems besides the effect of mass as mentioned.

Based on the above, this study improved the conventional car-following model by incorporating the mass effect factor (My) to
account for the vehicle’s mass effect. To achieve this, vehicles are divided into three types according to the My value for simplicity:
heavy mass vehicle (HV), medium mass vehicle (MV), and light mass vehicle (LV). We study the traffic flow by varying the proportions
of these three types of vehicles with or without time delay considerations.

The subsequent sections of this paper are structured as follows: Section 2 presents an overview of conventional traffic flow models.
Section 3 provides a detailed explanation of the proposed model. In Section 4, a linear stability analysis of the model is conducted,
while its nonlinear analysis is discussed in Section 5. The numerical simulation results are presented in Section 6. Finally, Section 7
outlines the main findings obtained from this study.

2. Background of car-following models

In 1995, a groundbreaking model called the OV model was proposed by Bando et al. [46], bringing about a remarkable
advancement in the field of traffic flow analysis. The OV model’s dynamic equation can be described in Eq. (1):
dv, (1)
dt

= a[V[Ax, (1)] — v, (2)] ¢3)

The velocity of vehicle n at time ¢ is denoted as v,(t), while its position is represented by x,(t). The sensitivity effect factor of the
driver is indicated by a. The headway between vehicle n + 1 and vehicle n at time ¢ is calculated as Ax, = x,.1 — X,. The optimal
velocity function, denoted as V(e), is adopted in the following manner:

V(Ax, (1) = V’;“ [tanh(Ax, (1) — h.) + tanh(h,)], %)

While the OV model successfully simulates certain aspects of traffic flow, such as the propagation of traffic jams and stop-and-go
waves, it falls short of accurately replicating realistic acceleration and deceleration. To address this limitation, Helbing and Tilch [47]
introduced the GF model, an improved car-following model that takes into account negative speed differences. The GF model’s
governing equation is presented in Eq. (3):

dv, (1)
dt

=a[V[Ax,(6)] = va ()] + AAv, () H(—v, (1)), 3

The GF model incorporates the Heaviside function H, where A represents the sensitivity effect factor (distinct from a). At time ¢, the
velocity difference Av,(t) between vehicle n + 1 and vehicle n is defined as the disparity between their velocities, v,,; and v,. The
results indicate that the GF model demonstrates a closer alignment with the observed field data compared to the OV model.

Based on the GF model, Jiang et al. [48] conducted a study in 2001 and revealed the significant impact of both positive and negative
velocity differences on traffic flow stability. Furthermore, they proposed the Full Velocity Difference (FVD) model to address this issue:

dv, (1)
dt

=a[V[Ax,(1)] = va(£)] + AAv, (1), 4)

The FVD model described in Eq. (4) has been considered the standard form of the car-following model because of its conciseness
and practicality. We also consider it a benchmark, and the next section will discuss the details.

3. Proposed model

Following the FVD model, we proposed a heterogeneous vehicular mass (HVM) model by considering the vehicle’s mass and time
delay effects. Its dynamics equation is as follows:

dv, (1)
dt

= a[V[Ax, (1 = 7)] = va(1)] + 44w, (1), 5)

The dynamics equation incorporates a time delay factor, denoted as 7, which encompasses the time delay effect originating from the
response time of vehicles’ mechanical operation and drivers’ reaction to stimuli. The mass effect of the vehicle is manifested through
the adoption of the optimal velocity function, represented as follows:

V(Ax, (1)) :VT [tanh (M; (Ax, (1) — h.)) + tanh(k)], ©)
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where My denotes the mass effect factor, vy represents the maximum velocity, and h. denotes the safety distance. Due to the non-
existence of a vehicle with negative or no mass in real life, the value of My should be positive. Vehicles have heavy mass when 0 <
My < 1, limiting them to changing their driving behavior frequently. When My > 1, the vehicles’ light mass allows them to accelerate
or decelerate quickly. When My = 1, Eq. (6) conforms to the optimal velocity function Eq. (2) adopted the OV model, which means only
medium mass vehicles are considered. To simplify the analysis, we assign fixed values of 0.75, 1.00, and 1.50 to My for HV, MV, and LV,
respectively. A comparison between their respective OV function diagrams and the conventional OV model illustrated in Fig. 1.

One notable observation from Fig. 1 is that the velocity curve of LV exhibits the steepest slope when the headway falls within a
reasonable range. In comparison, MV demonstrates a relatively smaller slope, while HV exhibits the smallest slope. The result indicates
that under the same headway from the preceding vehicle, the lighter LV can adjust its velocity to the expected value more quickly due
to its smaller inertia, while the heavier MV and HV require more time to adjust their velocities due to their larger inertia. This phe-
nomenon is consistent with our assumptions and also conforms to reality.

It should be mentioned that although our model deals with heterogeneous traffic flow systems, in which heavy mass, medium mass,
and light mass vehicles coexist simultaneously. But for theoretical analysis, we restrict our model to a homogeneous microscopic
perspective in the following Linear Stability Analysis and Nonlinear Analysis sections. In the Numerical Simulations section, we return to
the heterogeneous microscopic model and investigate several typical mixed traffic flows composed of different mass vehicles.

4. Linear stability analysis

To determine the stability of the steady flow state in the HVM model outlined in Eq. (5) along with Eq. (6), a linear stability analysis
is performed. In this analysis, we make the assumption that all vehicles move in a linear formation, maintaining a consistent headway
represented as b, while adhering to the optimal velocity denoted as V(b). Consequently, in the case of uniform traffic flow, the solution
for Eq. (5) can be expressed as follows:

x(f)=ben-+V(b)et and b=L/N, @

where N represents the number of vehicles and L corresponds to the road length.
Let us present a perturbed solution for the case of y,(t), which is a slight deviation from the steady-state solution x9(t):

X, (£) =x2(1) + ya (1), 8)
By substituting Eqgs. (7) and (8) into Eq. (5), we derive the linearized form of the model as follows:
dv,(t) , dy, (1) dAy,(t)
i alV (b)Ay,(t—1) i + 4 i 9
Where Ay, (t) = Yni1(t) — ya(t) and V' (b) = d‘g(AAxx“) . By expanding y, (t)xexp(ikn + zt), the following equation of z is obtained from
N
Eq. (9).
Z=a[V (b)e ™ (¥ — 1) — 2] +Az(e® — 1), (10)

Suppose that z = 2 (ik) + 2,(ik)> + ---. Substituting this expression into Eq. (10), we can determine the first- and second-order
components of ik are as in Eq. (11):

, L —HV
e\
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1.5 | —ov
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S
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Fig. 1. The optimal velocity profiles for different vehicle types are determined based on their mass effect factors My: 0.75 for heavy mass vehicles
(HV), 1.00 for medium mass vehicles (MV), and 1.50 for light mass vehicles (LV), along with the conventional OV function.
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Fig. 2. Headway-sensitivity phase diagrams (b, a) with 2 = 0.1. In Panel (a), a comparison is made between the results obtained from the FVD
model and the HVM model. The mass effect factor My is held constant at 1.00, while the time delay effect 7 varies across values of 0.0, 0.1, 0.2, and
0.5. Panels (b) to (e) illustrate the comparison of results obtained from the HVM model with different values of My, while the time delay effect 7 is
fixed at 0.0, 0.1, 0.2, and 0.3, respectively.
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=V (b),=V(b) l+LV’(17) - (11)
1= ;2= 2"y a)l’

Assume the condition presented in Eq. (12) is met, in such case, even a minor disturbance input will cause the traffic flow to become
unstable.

2[V'(b) — 4]
-2tV (b)’ (12)
Therefore, the proposed model’s linear stability condition can be stated as follows:

T1-2tV(b)’

It is worth pointing out that although the linear stability condition of our proposed model given by Eq. (6) is formally consistent
with the previous time-delay models, the V' () in them are completely different because we have adopted a different optimal velocity
function V(e).

Fig. 2 illustrates the proposed model’s flow stability states per the neutral stability condition described in Eq. (13). Fig. 2 (a)
confirms that increasing time delay would destroy stability. At the limit, the proposed model fully recovers the conventional FVD
model assuming 7 = 0. It is conceivable that any delay, be it due to the response time of a vehicle’s mechanical operation or the driver’s
reaction, ultimately contributes to undesirable disturbances to the overall dynamic traffic flow system. The comparison of panels (b) to
(e) in Fig. 2 supports this observation, where a more significant time delay leads to a substantial increase in unstable regions. Referring
to Fig. 2 (b), it can be seen that the stability region expands as My decreases. This is due to the infrequency of acceleration or
deceleration in vehicles with heavier mass, thus a smaller M; value promotes flow field stabilization.

5. Nonlinear analysis

We utilize the reductive perturbation method outlined in Refs. [49,50] to obtain the modified Korteweg-de Vries (mKdV) equation,
capable of representing the density wave of kink-antikink near the critical point in the HVM model.
Firstly, we rewrite Eq. (5) into the form of headway:

d*(Ax, (1)) dAxn(t)} +;{dAx”“(t) _ dAx,(1)

i =a|{V[Axs1 (t —7)] = V[Ax, (t —7)]} — = 7 7 ,

(14)

In the unstable traffic flow region, we introduced a small positive parameter ¢ in proximity to the critical point (a.,h.), defining the
slow-scale variables X and T [51,52]. Consequently, these variables undergo the following transformation:

X=e(n+bt)and T=€twith0<e < 1, (15)

where b represents a predetermined constant, the expression for the headway can be stated as follows:
Ax,(t) =h. + eR(X,T), (16)
The nonlinear partial differential equation, which arises from the expansion of Eq. (14) to the fifth order of ¢ with the inclusion of

Eq. (15) and Eq. (16), can be expressed as follows:

2 - - /
b (1-21),
a

Eb—V (h.)|0xR + & { 5 (h(.)] R+ &

3 - 3 2 "
OrR — <Wv’ (he) +’1b> AR — lV (hc)axR{l
a

2
4 4 3 a7
(/1 %, (hc)>6f(R+ ((br) ~( b, )2 )a;R+ (267~ 1) (hc)af(R-*} o,

+é

a 24 a 4

and ‘/” (hc) _ EV(Axy(t-7))

dV(Axy(t—
where V' (h;) = Yax(1) Stlerimb daa(t-1)7

dAxy (t—7)

Axy(t—7)=b

Table 1
The effect factors g; of the proposed model.
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Suppose a. = a(1 +¢2) and b = V' near the critical point (a., h.) , if we neglect the second- and third-order terms of ¢ in Eq. (17), we
obtain Eq. (18) in the following manner:

€*(0rR — g10yR + g20xR*) + & (8303 R + g0y R® + gs0yR) =0, (18)

The values of g can be found in Table 1.
We obtain the modified Korteweg-de Vries (mKdV) equation with higher-order correction through the application of the subse-
quent transformations:

1., ,
T=—T7 and R= /5K, (19)
81 82

Therefore, we derive the standard mKdV equation incorporating additional terms of higher-order corrections.

0 R — R +oxR’ + eM[R | =0, (20)

. . . /3
where MR] = ;- [ggd?(R + g40%R + %&iR ]

By neglecting the perturbed term O(e) from Eq. (20), the kink-antikink wave solution of the mKdV equation is obtained, given by
the following expression:

Ry(X, T’):\/Etanh[\/g(Xch’)], (21)

The amplitude, c, of the kink-antikink solutions of the mKdV equation in Eq. (21) is a free parameter. The condition for choosing a
particular member of the continuous family of mKdV solitons [51,52] is provided by the perturbed term O(¢) in Eq. (20). For the
kink-antikink solutions, by applying the solvability condition described in Eq. (22), we can determine the value of c:

(R, MIR]) = / " axR, MIR,] =0, 22)

where M[R;] = M[R']. Thus, the propagation velocity c for the kink-antikink soliton solution is determined as shown in Eq. (23):

58283

c=— 28288 (23)
28284 — 38185

Therefore, by inserting Eq. (19) into Eq. (21), we derived the expression for the kink-antikink wave solution of the mKdV equation,
which can be written as presented in Eq. (24):

R(X,T)= \/%tanh {\é (X —cg T)] 24

Hence, the ordinary form for the kink-antikink wave solution of the headway outlined in Eq. (14) can be expressed as shown in Eq.

(25):
=[5 (% s[5 (%= 1) o (1= (%= 1)) 25)

Thus, we derived the amplitude A of the kink-antikink soliton solution as presented in Eq. (26):

A:J%(%—l). (26)

The presence of the coexisting flow phase is characterized by the kink-antikink wave solution. In the scenario of low traffic density,
the free-flow phase can be represented by Ax, = h. + A, while the congested flow phase is indicated by Ax, = h. — A under higher
traffic density.

6. Numerical simulations

In a real traffic flow system, vehicles are heterogeneous, unlike previous models, which presume that a vehicle’s car-following
behavior is the same. The most advantageous point of the present model is that each of the vehicles has one of three different mass
effects, which implies that the proposed model can reproduce a mixed flow situation if HV, MV, and LV coexist.

We conduct several numerical simulations with the initial perturbations under periodic (cyclic) boundary conditions as shown in
Eq. (27) to validate the theoretical results [53]:
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Fig. 3. Comparison of the spatiotemporal diagrams between the FVD and HVM models without a time delay effect. Panel (a) refers to the posi-
tion—time spatiotemporal diagrams of FVD, and panels (b)-(d) refer to that of the HVM model in which the proportions of heavy mass vehicles (HV),
medium mass vehicles (MV), and light mass vehicles (LV) are (b) 25%, 50%, 25%; (c) 35%, 30%, 35%; (d) 50%, 0%, 50%, respectively. Panels (e)
and (f) refer to the spatiotemporal structure of velocity using the FVD and HVM models. The HVM model presumes that the proportions of HV, MV,

and LV are 35%, 30%, and 35%.
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Fig. 4. Comparison of the spatiotemporal diagrams between the FVD and HVM models with the time delay effect 7. Panels (a)—(f) compare the
position-time spatiotemporal diagrams of the FVD and HVM model, in which the proportions of HV, MV, and LV are 35%, 30%, and 35%. The time
delay effect 7 varies with 0.1 ((a) and (b)), 0.2((c) and (d)) and 0.5 ((e) and (f)). Panels (g) and (h) refer to the spatiotemporal velocity structure
using the FVD and HVM models with a time delay effect 7 of 0.2. The HVM model presumes that the proportions of HV, MV, and LV are 35%, 30%,
and 35%.

L N N
Ax,(0) = Ax, (1) = Axo :N,forn 5‘6375*1

Ax,(0) = Axg +0.5,forn = % (27)

N
Ax,(0) = Axy — 0.5, forn = 5+ 1

where Ax( denotes the average headway. Other parameters are assumed as follows: the total number of vehicles was N = 100, the
road length was L = 200, the sensitivity was a =1 and b = L/N. The vehicles’ order, either HV, MV, or LV, is presumed random,
whereas the fractions of those three classes are systematically varied in a series of simulations.

Without considering the time delay effect, panels (a) to (d) in Fig. 3 compare the spatiotemporal diagrams between the conven-
tional FVD model and the proposed model. To make the figure as representative as possible, the diagrams are taken between the time
steps of t = 99,000 to t = 100,000, where the whole traffic system is inclined to stabilize after sufficient time evolution. The proportions
of HV, MV, and LV in the proposed model are fixed as (25%, 50%, 25%), (35%, 30%, 35%), and (50%, 0%, 50%) in Fig. 3 (b) to (d),
respectively. Note that the fraction of HV is kept the same as that of LV to compare it with a homogeneous traffic flow system using the
conventional FVD. Fig. 3 (a), produced using the FVD, exhibits several heavy traffic jam areas. However, the phenomenon predicted by
the HVM model is entirely different. As shown in panels (b) to (d) in Fig. 3, although the vehicle’s trajectories oscillate, the traffic jam
areas disappear. The spatiotemporal velocity structures using those two models show this difference more explicitly. One can observe
that the FVD model was agitated with stop-and-go waves in Fig. 3 (e), whereas in Fig. 3 (f), the HVM model yields a stable and middle-
velocity extent.

Fig. 4 presents the comparisons concerning the spatiotemporal diagrams between the conventional FVD model and the proposed
model, where the time delay effect is further implemented to the mass effect. The fractions of the HV, MV, and LV in the HVM model
were fixed at (35%, 30%, 35%), whereas the time delay factor: 7, was varied as 0.1 (top row), 0.2 (second row), and 0.5 (bottom row),
respectively. The other parameters are set similar to those in Fig. 3. Note that the HVM model with a time delay would inevitably suffer
from traffic jams, unlike that without a time delay (Fig. 3). With time delay increase, especially in the case of 7 = 0.5, the HVM model
produces spatially-frequent stop-and-go waves (panel (f) in Fig. 4) vis-a-vis what the FVD model predict (panel (e) in Fig. 4). Inter-
estingly, amid two neighboring stop-and-go waves, the HVM model shows slight meandering trajectories of freely running vehicles
(panels (b), (d), and (f) in Fig. 4). Whereas the FVD (panels (a), (c), and (e) in Fig. 4) does not show such a tendency. The such visual
difference is attributed to whether heterogeneity or homogeneity is considered in a traffic flow field.

7. Conclusion and discussion

Based on the FVD model, this paper proposed an improved car-following model called the HVM model, which can highlight the
mass and time delay effects. We introduced the mass effect factor (M) into an OV function and divided vehicles into three classes
according to their mass effect factor value to reproduce a mixed flow system that might be more realistic than the predictions of
conventional homogeneous models.

According to the linear stability analysis, it was confirmed that the stability of the proposed model is positively correlated with the
magnitude of the mass effect and inversely correlated with the impact of time delay. The nonlinear analysis drew the analytical so-
lution as a soliton wave using the KdV-Burgers equation. The numerical results illustrate the difference between the HVM and the
predictions of the conventional FVD model. This implies that the HVM could reproduce a more realistic traffic flow field because a
mixed heterogeneous flow is implemented, unlike the FVD.

It is worth noting that although our numerical simulation reproduces a heterogeneous traffic flow composed of different mass
vehicles, our linear stability analysis and nonlinear analysis are still based on a homogeneous microscopic model. If we extend it to the
heterogeneous macroscopic model, we will be able to theoretically analyze the heterogeneous traffic flow composed of different mass
vehicles, which is one of our subsequent works.
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