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Abstract

Mediation analysis helps uncover how exposures impact outcomes through intermediate
variables. Traditional mean-based total mediation effect measures can suffer from the can-
cellation of opposite component-wise effects and existing methods often lack the power to
capture weak effects in high-dimensional mediators. Additionally, most existing work has
focused on continuous outcomes, with limited attention to binary outcomes, particularly in
case-control studies. To fill in this gap, we propose an R2 total mediation effect measure
under the liability framework, providing a causal interpretation and applicable to various
high-dimensional mediation models. We develop a cross-fitted, modified Haseman-Elston
regression-based estimation procedure tailored for case-control studies, which can also be
applied to cohort studies with reduced efficiency. Our estimator remains consistent with
non-mediators and weak effect sizes in extensive simulations. Theoretical justification on
consistency is provided under mild conditions. In the Women’s Health Initiative of 2150
individuals, we found that 89% (CI: 73% - 91%) of the variation in the underlying liability
for coronary heart disease associated with BMI can be explained by metabolomics.

1 Introduction
Mediation analysis is a statistical tool used to explore how an exposure affects an outcome
through one or more intermediate variables, known as mediators. With recent advances in high-
throughput technologies, high-dimensional mediation analysis has emerged as an area of scien-
tific interest. In this paper, we focus on estimating the total mediation effect, which provides
critical insights for downstream analyses. Specifically, our method is motivated by the Women’s
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Health Initiative (WHI) nested case-control substudy, where we are interested in examining the
relationship between body mass index (BMI) and the risk of incident coronary heart disease
(CHD) through metabolomic profiles in postmenopausal women. The mediation analysis of WHI
dataset poses two main statistical challenges: (1) the preliminary analysis suggested the existence
of many weak mediators with small effect sizes (Figure 4), which cannot be identified individu-
ally and (2) the necessity to adjust ascertainment bias from the case-control design, an issue that
has received less attention in the mediation literature [1, 2]. These challenges highlight the need
for a more robust framework for high-dimensional mediation analysis with weak mediators and
binary outcomes.

The traditional total mediation measures struggle to effectively handle high-dimensional me-
diators, a challenge that arises for both continuous and binary outcomes. Most of these measures
are variants of the mean-based product-of-cofficient (POC) estimand, suffering from cancella-
tion in the presence of bidirectional mediation effects, a frequent scenario in high-dimensional
settings [3]. In addition, many high-dimensional approaches rely on strong sparsity assumptions,
which cannot detect mediators with small and non-sparse effect sizes [4, 5]. Some methods de-
fine mediation effect based on latent variables, relaxing sparsity requirements on the observed
scale but reducing interpretability as a trade-off. [6].

There is growing literature on estimating the total mediation effect under high-dimensional
settings in the presence of bidirectional component-wise mediation effects. Yang et al. ex-
tended the R2 measure originally proposed by Fairchild et al. to accommodate multiple and
high-dimensional mediators under a mixed model framework [3, 7]. This method captures the
non-zero total mediation effect by quantifying the variance in outcome that is attributable to
both the exposure and the mediators, attempting to address bidirectional effects issues in high-
dimensional mediator settings. Subsequently, this measure was extended to binary outcomes
using McFadden’s R2 for its stability and independence from disease prevalence [8]. However,
these R2 measures only capture the associative relationships rather than causality. In another line
of work, Song et al. proposed a L2 norm measure of the mediation effect while naively treating
binary outcomes as continuous [9]. However, both the use of the L2 norm and the treatment of bi-
nary outcomes as continuous lack theoretical support, limiting the interpretability of the method.
Similarly, this L2 norm measure does not have causal interpretation.

In response to these challenges, we propose a novel R2 mediation effect measure that provides
a causal interpretation for binary outcomes. Specifically, we propose a two-stage estimation pro-
cedure to account for ascertainment bias in case-control studies and to address non-mediators
and weak effects. We further modify an heritability estimation method, phenotype-correlation
genotype-correlation (PCGC) regression, to estimate consistent variance-components under case-
control studies [10]. Although our procedure is designed for case-control studies, it remains
applicable to cohort studies. Extensive simulation studies showcased the good performance of
our proposed method under varying disease prevalence, weak effects, and model misspecifica-
tion, consistently outperforming existing high-dimensional mediation models. Furthermore, we
derived the asymptotic properties of the estimation in presence of non-mediators and noises. Ap-
plied to the motivating WHI case-control dataset, our method effectively capture a good amount
of mediation effect of metabolites from BMI to CHD.

The rest of the paper is organized as follows. In Section 2, we review the existing mediation
effect measures and highlight their limitations. We then introduce our proposed R2

med;causal me-
diation measure and discuss its causal interpretation. Section 3 details the estimation procedure
and addresses implementation considerations specific to case-control designs. In Section 4, we
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evaluate the performance of our method through extensive simulation studies, comparing it with
existing approaches. Section 5 presents the application to WHI. In Section 6, we discuss the
broader implications of our work and outline future research directions. The theoretical proper-
ties of the proposed measure in a high-dimensional context are provided in the Supplementary
Materials.

2 Methods
A liability-based mediation model from a single exposure to a single binary outcome consists of
the following structural equations,

M =αX +ΦC+ξ (1)

l = γX +β⊤M +θ⊤C+ ε (2)
Y = 1(l > t), (3)

where M is a p×1 vector representing mediator, X is an exposure variable, C is a q×1 vector
representing covariates, l is the underlying latent variable, Y is the observed binary outcome,
1(·) is the indicator function, t is the threshold that control K, the prevalence of trait in the
population. The coefficient α= (α1,α2, . . . ,αp)

⊤ captures the relationship between the exposure
and mediator, β = (β1,β2, . . . ,βp)

⊤ captures the relationship between mediators and outcome
after conditioning on the exposure variable, γ is the direct effect of exposure variable, and Φ :
p×q and θ : q×1 are the coefficients of covariates in equation 1 and 2. ε , ξ = (ξ1,ξ2, . . . ,ξp)

⊤

are normally distributed residuals.

2.1 Existing Mediation Effect Measures
In a traditional mediation model, the total effect of an exposure on an outcome is decomposed
into a direct effect and an mediation effect mediated through one or more variables based on the
structural equations first proposed in 1986[11]. The mediation effect can be estimated either by
subtracting the direct effect from the total effect or by computing the inner product of α and
β (i.e., POC) when both the outcome and mediators are continuous. For binary outcomes, the
left-hand side of equation 2 is usually replaced with a logit link function [12]. In such cases, the
difference-in-coefficients method may encounter the non-collapsibility problem, making the POC
approach preferable [13, 14]. The POC measure is also used in the high-dimensional mediation
analysis methods, such as HIMA and HDMA [4, 5]. Furthermore, to quantify the fraction of the
total effect of an exposure on the outcome that is transmitted through mediators, the traditional
proportion-mediated measure is given by α⊤β/(γ +α⊤β)[12]. These mean-based measures
have lots of merits. However, it can be misleading at times because bidirectional component-
wise mediation effect may exist under high-dimensional setting, thus leading to cancellation in
the POC and proportion measures.

In recent years, causal mediation analysis in the counterfactual framework has been of great
interest, which generalizes to any mediation model [15, 16, 17]. For a continuous outcome Y , the
natural indirect effect (NIE) and the natural direct effect (NDE) are defined as:

NIE = E[Y (x,M(x))]−E[Y (x,M(x′))],
NDE = E[Y (x,M(x′))]−E[Y (x′,M(x′))],
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where E[Y (x,M(x))] represents the expected outcome when both exposure and mediator take
their natural values under X = x, E[Y (x,M(x′))] represents the expected outcome when the expo-
sure is set to x, but the mediator is fixed at the level it would take under X = x′, and E[Y (x′,M(x′))]
represents the expected outcome when both exposure and mediator take their natural values un-
der X = x′. For continuous outcomes, NIE coincide with the POC measure NIE = POC = α⊤β
if interaction is absent. For the mediation and direct effects to have a causal interpretation, the
following assumptions must be met[18]:

1. No unmeasured confounding of the exposure-mediator effect.

2. No unmeasured confounding of the mediator-outcome effect.

3. No unmeasured confounding of the exposure-outcome effect.

4. No mediator-outcome confounder that is itself affected by the exposure.

For a binary outcome, when the outcome is rare and these assumptions are satisfied, lo-
gistic regression can be used to estimate the causal mediation effect on an odds ratio scale as:
ORNIE = exp(α⊤β)[16]. When the outcome is not rare, log-binomial model is fitted to estimate
the causal mediation effect on a risk ratio (RR) scale RRNIE = exp(α⊤β) [18]. Additionally,
Gaynor, Schewartz, and Lin proposed a new estimator that utilizes a probit approximation to the
logit, relaxing the rare disease assumption when using logistic regression [19]. However, regard-
less of the mediation framework and specific regression models applied, this estimation of the
mediation effect is fundamentally based on the POC calculation, thus suffering from cancellation
of the opposite component-wise effects.

To address these limitations, BAMA extends causal mediation analysis to high-dimensional
scenarios by incorporating continuous shrinkage priors within a Bayesian framework [9]. Rec-
ognizing the potential drawbacks of POC measure, BAMA proposes an alternative L2 norm for
summarizing the component-wise mediation effects: NIEBAMA =∑

p
i=1(αiβi)

2. While this modifi-
cation helps reduce cancellation, it lacks rigorous theoretical support for the causal interpretation.

Another alternative mediation effect measure is the R2 measure, which was first proposed in
a single-mediator model under linear settings by Fairchild[7]. Yang et al. extended this measure-
ment to high-dimensional mediation analysis for a continuous outcome Y and high-dimensional
omics mediator M [3]. The measure is expressed as:

R2
med = R2

Y,X +R2
Y,M −R2

Y,MX ,

where R2
Y,X = [Var(Y )−Var(Y |X)]/Var(Y ), R2

Y,M = [Var(Y )−Var(Y |M)]/Var(Y ), and R2
Y,MX =

[Var(Y )−Var(Y |X ,M)]/Var(Y ). The proposed method provides a robust, interpretable second-
moment based measure that has low bias and variance for continuous outcomes.

2.2 A novel R2 measurement with causal interpretation
The R2 measure for high-dimensional mediators can be extended from a continuous outcome
to a binary outcome under the liability scale. Under the structural equation model specified by
equation 1, 2 and 3, the measure is defined as:

R2
med = R2

l,X +R2
l,M −R2

l,MX .
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However, this definition of R2
med does not inherently take into account the directional relationship

between X and M . Specifically, exchanging X and M will not change the formulas except for
notation difference, even though mediation analysis explicitly assumes a causal pathway from X
to Y and from X to M to Y . To resolve this issue and explicitly incorporate the casual direction,
we introduce a do-operator in our R2 measure within Pearl’s Structural Causal Framework [20].
The new R2 measure is formulated as:

R2
med;causal = R2

l,do(X)+R2
l,do(M)−R2

l,do(MX). (4)

We define

R2
l,do(M) = var

[
E(l|do(M ∼ M′))

Var(l)

]
, (5)

where M ′ is identically distributed as M but independent of all other variables in the model and
the do-operator is a stochastic intervention of M. This definition isolates the causal effect from
M to l by removing the indirect contribution of X via the path that involves M . This ensures that
R2

l,do(M) reflects the direct causal effect of M on l, unlike R2
l,M , which may confound this with

X’s influence. Under no unmeasured confounder assumption, the R2
med;causal can be interpreted

as the variance of outcome causally explained by exposure X through the mediators M .
We similarly define

R2
l,do(X) =

var
(
E
(

l | do(X ∼ X ′)
))

var(l)
,

R2
l,do(X ,M) =

var
(
E
(

l | do((X ,Mk)∼ (X ′′,M′′))
))

var(l)
,

Assumption 1 (Conditional parallel mediator assumption). There exist random variables U that
has a global influence on M , where Mk ⊥⊥ M j|X ,U for any k, j ∈ {1, . . . , p}.

Theorem 1. In Eq. (1) - (3) , if the identifiability conditions and assumption are satisfied, then
we have

R2
med,causal =

(
p

∑
k=1

α
2
k β

2
k

)
var(X)

var(l)
. (6)

As an alternative to the proportion-mediated measure, we propose a new relative Q2
med mea-

sure, which is bounded between 0 and 1:

Q2
med =

R2
med;causal

R2
med;causal + γ2σ2

x /Var(l)
. (7)

This approach offers a more interpretable, variance-based metric for assessing the relative impor-
tance of mediated effects while circumventing the cancellation problem.

2.2.1 Relationship with causal entropy

It can be shown that for a single mediator,

R2
l,do(M) = Em0∼PM ′

[
Var(l)−Var(l|do(M) = m0)

Var(l)

]
, (8)
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where do(M) = m0 implies that we intervene M and set it to be m0, ignoring the dependencies
between M and its parent variables. This notation explicitly accounts for causality (direction) in
our formula. it can be shown that Eq. (8) and Eq. (5) are equivalent for a single mediator. The
connection between our definition and causal entropy [21] can be seen directly through Eq. (8).

2.3 Modeling with non- and weak mediators
In real-world data, the identities of true mediators are usually unknown, necessitating the inclu-
sion of non-mediators in our mediation model. Potential mediators M are partitioned into true
mediators MT , and three types of non-mediators (MI1,MI2 ,MI3) and illustrated in Figure
1:

• MT = {M j|α j ̸= 0 and β j ̸= 0 for j ∈ T ,}

• MI1 = {M j|α j = 0 and β j ̸= 0 for j ∈ I1}

• MI2 = {M j|α j ̸= 0 and β j = 0 for j ∈ I2}

• MI3 = {M j|α j = 0 and β j = 0 for j ∈ I3}

We denote the proportions of MT ,, MI1 , MI2 , and MI3 as π11, π01, π10 and π00 respectively.
The overall proportions of non-zero elements in α and β are then given by πα = π11 +π10 and
πβ = π11 +π01. We develop a working model under the assumptions that

αk ∼ παN(0,σ2
α)+(1−πα)δ0,

βk ∼ π11N(0,
σ2

11
pπ11

)+π01N(0,
σ2

01
pπ01

)+(1−πβ )δ0,

where δ0 denotes a point mass at zero. Furthermore, we assume the correlation between medi-
ators is undirected [6] and is driven by the existence of latent factors U following Assumption
1.

Figure 1: Graph representation of a mediation model.
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Under the above assumptions and binary mediation model, it can be shown that

R2
med;causal = σ

2
ασ

2
x σ

2
11/Var(l). (9)

To quantify the fraction of the total effect of an exposure on an outcome that is explained
through the mediators, the traditional proportion-mediated measure is given by α⊤β/(γ+α⊤β)[12].
In the causal mediation analysis framework, assuming a rare binary outcome, the proportion-
mediated measure can be expressed as ORNDE(ORNIE−1)/(ORNDEORNIE−1), where ORNDE =
exp(γ) and ORNIE = exp(α⊤β) represents the NDE and NIE on an odds ratio scale [18]. How-
ever, neither of the measures is guaranteed to range from 0 to 1. Additionally, both rely on
the sum of component-wise effects, suffering from the cancellation problem when effects are in
different directions. For the relative Q2

med measure,

Q2
med =

σ2
ασ2

11
σ2

ασ2
11 + γ2 . (10)

It can be seen that Q2
med is guaranteed to range from 0 and 1 (0 when no mediation effect and 1

when completely mediated) and do not have cancellation problems when effects are in different
directions.

3 Estimation procedure
To estimate the proposed R2 measure, we adapted the cross-fitting framework as described by
[22], to improve the robustness of mediation effect estimation. Cross-fitting mitigates bias in-
troduced by the winner’s curse during the variable screening step. The approach involves a
two-stage procedure where the sample is randomly split into two subsample D (1) and D (2). Me-
diation selection and variance estimation of α is first performed on one subsample D (1) to get
the filtered mediator index set T̂ (1) and variance estimate σ̂α

(1)2. Then estimation of other pa-
rameters is conducted on subsampe D (2) based on the selected mediators T̂ (1). The roles of
the two subsamples are then reversed, allowing the whole sample to be used in the estimation
process. Finally, the R2 estimate is given by the mean of cross-fitted R2 estimates R̂(1)2

med;causal and

R̂(2)2
med;causal . The procedure is visualized in Figure 2 and the mediator selection and parameter

estimation process are detailed in the Subsections 3.1-3.3.
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Sample D

Subsample D(1)

Subsample D(2)

σ̂
(1)2
α

T̂ (1) γ̂(2), σ̂
(2)2
11

R̂
(2)2
med;causal

σ̂
(2)2
α

T̂ (2) γ̂(1), σ̂
(1)2
11

R̂
(1)2
med;causal

Sample Splitting Cross-fitting R̂2
med;causal

Figure 2: Cross-fitted estimation procedure of R2
med;causal

3.1 Estimation of σ2
α and mediator selection

Estimation of α in our mediation analysis framework has been intensively studied as a secondary
outcome analysis problem in case-control studies. We used Inverse Probability Weighting (IPW)
method to estimate σ2

α . IPW method involves weighting each individual’s contribution to the
score or estimating equations from the secondary outcome model by the reciprocal of the their
selection probability [23]. A univariate IPW estimation problem for estimating each element of
α is described:

Let Si denote the inclusion indicator for the i-th individual. wi = 1/P(Si = 1|Yi,Mi,Xi) is the
inverse weighting. The IPW estimating equation for this problem is

n

∑
i=1

UIPW,i(αk) =
n

∑
i=1

Siwih(Xi)[Mi,k −αkXi] = 0,

k = 1, . . . , p, h(Xi) is specified by the user such that E(∂UIPW,i/∂αk) is invertible. Under the
full-ascertainment assumption, wi is 1 for case and P(1−K)

K(1−P) for control[10]. Setting h(Xi) = Xi

simplifies the estimating equation problem into a weighted least square regression problem.
Simultaneously, multiple testing is conducted to identify non-mediators MI1(α = 0, β ̸= 0)

and noise mediators MI3(α = 0, β = 0). Given that Var(α) = πασ2
α , we can derive the estimator

as σ̂2
α = V̂ar(α)/π̂α , where Var(α) is estimated empirically from the IPW results and πα is

estimated by a false discovery rate (FDR) control method with FDR threshold set to be less than
0.01. The filtered mediator set is denoted by MT̂ for later use in cross-fitted variance component
estimation.

3.2 Estimation of γ

The IPW approach can also be applied to estimate γ parameter. By choosing a proper estimating
equation, the IPW problem becomes a weighted probit regression problem with the same weight
as described in section 2.1. However, directly regressing outcome Y on exposure variable X will
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lead to biased result because it ignores the mediated pathway through which X influences Y via
M . To address this, we include the top principal components (PCs) of M , W , as the additional
covariates in the model. By incorporating these components, we can effectively control for the
influence of M that may introduce bias in the estimation of γ .

3.3 Estimation of σ2
11

For the estimation of σ2
11, we propose to use the PCGC regression [10]. PCGC regression is

a method of moments that estimates genetic variance proportion on the liability scale while ac-
counting for the oversampling in case-control designs. This method generalizes Haseman–Elston
regression and models the correlation between phenotypic similarity and genetic similarity, as-
suming independence between genetic and environmental effects, as well as among environmen-
tal effects of individuals. This approach implicitly assumes that genetic factors cannot be strongly
correlated, an assumption that likely to be violated by mediators due to their relationship with the
exposure (equation 1). Therefore, we propose to modify PCGC and estimate σ2

11 following the
steps described below:

1. Identify the non-mediators with α = 0, i.e., MI1 and MI3 with FDR < 0.01 as described
in section 3.1. The remaining mediator set is denoted by T̂ .

2. Estimate standardized residual ξ̂ by regressing scaled M on X , C, W using IPW approach.
Retain only the filtered mediator set T̂ identified in the other subsample.

3. Apply PCGC regression with ξ̂T̂ as the standardized genotypic matrix and X , C and W
as covariates to estimate σ̂2

11.

In presence of covariates, PCGC approach consists of a two-step procedure:

1. Estimate P̂i = P(Yi = 1|Xi,C,Wi) among samples using a logistic regression model by
regressing Y on X , C and W . We can then have

K̂i =

K(1−P)
P(1−K) P̂i

1+ K(1−P)
P(1−K) P̂i − P̂i

t̂i = Φ
−1(1− K̂i),

where Ki and ti represent trait prevalence and threshold conditioned on covariates; K is the
prevalence of trait in the population, which is typically treated as known.

2. Correct the effect of the ascertainment conditioned on covariates and then regress corrected
phenotypic correlations on corrected genotypic correlations.

(a) The refined phenotypic correlation can be expressed as

Zi j =
(yi −Pi)(y j −Pj)√

Pi(1−Pi)
√

Pj(1−Pj)
.

(b) Genetic correlation matrix among individuals can be calculated by standardized resid-
ual: Ĝ = ξ̂T̂ ξ̂⊤

T̂
/p.
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(c) By regressing Zi j on

ϕ(t̂i)ϕ(t̂ j)

[
1− (P̂i + P̂j)

(
P−K

P(1−K)

)
+ P̂iP̂j

(
P−K

P(1−K)

)2
]

Ĝi j√
P̂i(1− P̂i)

√
P̂j(1− P̂j)

(
K̂i +(1− K̂i)

K(1−P)
P(1−K)

)(
K̂ j +(1− K̂ j)

K(1−P)
P(1−K)

)
yields an estimator of σ̂2

11.

3.4 Theoretical results on consistency
In this section, we present the theoretical properties of the proposed method. Theorem 2 estab-
lished the consistency of our proposed total mediation effect estimator R̂2

med;causal and relative
measurement estimator Q̂2

med under mild regularity conditions.

Theorem 2. Under Assumptions 1-9, and assume there exists c0 > 0 that TP
p > c0, then for any

ε > 0, there exists δ > 0, such that if TP
TP+FP > 1−δ for p,n large enough, we have

lim
p→∞,n→∞

P(|R̂2
med;causal −R2

med;causal|< ε) = 1.

and

lim
p→∞,n→∞

P(|Q̂2
med −Q2

med|< ε) = 1.

Let A= {α ̸= 0, α̂ ̸= 0} and B= {α = 0, α̂ ̸= 0}. Herein, TP and FP correspond to |A| and |B|
in the initial filtering step of α (Section 3.1). A key assumption underlying this result is that the
proportion of true mediators and non-mediators type MI2 among all potential mediators remains
above a positive threshold as p → ∞. This assumption ensures a sufficiently large number of
mediators contribute to the total mediation effect. Another important assumption is the control of
FDR when identifying non-mediators type MI1 and noise mediators MI3 . We assume that the
FDR for selecting variables impacted by exposure is stringent enough to minimize the inclusion
of spurious mediators. In practice, our simulations suggest that a reasonable choice, such as
FDR ≤ 0.01, yields robust performance across various sample sizes and mediator sparsity levels
(Section 4). Notably, the proposed estimator is shown to be consistent without requiring mediator
selection consistency on β and α but only sufficiently low FDR in testing p marginal association
(i.e., α = 0). This is especially desirable in high-dimensional situations, as exact selection is
rarely achieved.

4 Simulation studies

4.1 Simulation Settings
In this section we evaluated the performance of R2

med;causal and Q2
med estimators in comparison

with existing high-dimensional mediation models: HIMA, HDMA and BAMA. Simulation was
conducted with different combination of non-mediators to evaluate our proposed measure and
estimation procedure under the following 4 scenarios:

10

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted February 2, 2025. ; https://doi.org/10.1101/2025.01.28.635396doi: bioRxiv preprint 

https://doi.org/10.1101/2025.01.28.635396
http://creativecommons.org/licenses/by-nc-nd/4.0/


1. Scenario 1 (S1): 180 Mτ , 420 MI1 , 420 MI2 , 980 MI3;

2. Scenario 2 (S2): 360 Mτ , 240 MI1 , 840 MI2 , 560 MI3;

3. Scenario 3 (S3): 360 Mτ , 840 MI1 , 240 MI2 , 560 MI3;

4. Scenario 4 (S4): 720 Mτ , 480 MI1 , 480 MI2 , 320 MI3 .

The population prevalence of disease K was set at 0.05 and disease prevalence in the study P was
set at 0.5. Mediators were generated with dimension fixed at p = 2000, sample size N varying
from 500 to 2000 with a step size of 500. We set the single exposure variable X ∼ N(0,1) and its
direct effect parameter γ = 0.5. The beta variance of true mediators was set to be σ2

11 = 0.5, and
that of type-1 non-mediators was set to be σ2

01 = 0.3. The error term was then generated from
ε ∼ N(0,1−σ2

11 −σ2
01). To ensure Assumptions 1 and 2 hold, we let ξk = α0U +N(0,1) where

U ∼ N(0,1) and α0 ∼ N(0,0.3). For each scenario, we run 100 replications across different
sample size N. The mean absolute bias, standard deviation and mean square error were reported
for both measures.

For scenario 1, we also compared our methods to other competing methods: HIMA, HDMA
and BAMA in terms of total mediation effect estimate and proportion-mediated estimate. Preva-
lence of disease K varied from 0.5 (cohort study) to 0.05 (case control study) and sample size
varied from 500 to 2000. For the competing methods, we calculated our proposed measurement
(R2

med;causal and Q2
med) empirically from the component-wise estimates α̂, β̂ and γ̂ . We also cal-

culated measurements of mediation effect and proportion-mediated as outlined in their paper. For
method HIMA and HDMA, their IE measure is the inner product of α̂ and β̂. Their proportion
mediated, following the definition in traditional analysis, is α̂⊤β̂/(γ̂ + α̂⊤β̂). While for BAMA,
the mediation effect measure is given by NIEBAMA = ∑

p
i=1(α̂iβ̂i)

2. The results are summarized
in the following section. Relative bias ( Bias

True Measure ) were calculated to better compare different
types of measurements.

4.2 Simulation Results
In this section, we discuss the performance of our proposed measures under varying sample sizes,
number of different types of non-mediators, and disease prevalence scenarios, and compare them
with competing methods, i.e., HIMA, HDMA and BAMA.

Figure 3 and Table 1 summarize the estimation performance of two proposed measurements in
terms of absolute bias, standard deviation, and mean square error. Overall, the proposed measure-
ments performed well across all scenarios, with minimal bias and error observed across different
sample sizes and number of non-mediators. As expected, the performance metrics improved
with larger sample sizes. Furthermore, the violin plots indicate the consistency of the proposed
estimation methods as well as their robustness under various conditions.

Tables 2 and 3 present a comparison of our method with HIMA, HDMA, and BAMA in terms
of absolute bias, standard deviation, and mean square error for estimating IE and proportion-
mediated, respectively. Our proposed method consistently outperformed competing methods
across all simulation scenarios. HIMA and HDMA frequently identified only a small number
of mediators (typically fewer than 10), which indicated their limited ability to capture mediators
with small effect sizes, resulting in higher bias and less reliable estimates. BAMA, on the other
hand, explicitly assumes that mediator effects follow a normal distribution with either large or
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small variance, which may explain its improved performance over HIMA and HDMA in some
simulation scenarios. However, the amount of bias was still higher than desired. As the preva-
lence of disease K increased, our method showed reduced efficiency in small sample sizes, as
reflected by the higher estimation variance. However, with larger sample sizes, the method’s
performance became more stable, showing comparable results across different K values.

Table 4 summarizes their computation speed in both case-control and cohort study. No sig-
nificant difference in running time was observed between cohort (K = 0.5) and case-control
(K = 0.05) studies across all methods. However, the growth of running time with increasing
sample size for other methods was notable. Under a Bayesian sampling estimation framework,
the running time for BAMA exhibited approximately linear growth as N increased, making it the
slowest approach. While HDMA was faster than BAMA, it remained slower than HIMA and
the proposed method. Overall, the proposed method and HIMA demonstrated the most efficient
performance, with the slowest growth with running time.
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(a) Bias for R2
med;causal estimation

(b) Bias for Q2
med estimation

Figure 3: Violin plots of bias in a case-control study (K = 0.05) under varying sample sizes and
proportions of non-mediators across four scenarios. The black dots represent the average bias,
while the vertical lines correspond to the range of one standard deviation centered at the mean
bias.
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Table 1: Performance of proposed estimators under different scenarios. |Bias| represents average
absolute bias. SD represents standard deviation of estimators based on 100 repetitions. MSE
stands for mean square error of estimators.

R2
Med Q2

med

Scenario N |Bias| SD MSE |Bias| SD MSE

S1

500 0.0297 0.0415 0.0017 0.1007 0.1297 0.0167

1000 0.0183 0.0229 0.0005 0.0714 0.0864 0.0075

1500 0.0139 0.0168 0.0003 0.0592 0.0735 0.0054

2000 0.0115 0.0128 0.0002 0.0469 0.0543 0.0034

S2

500 0.0387 0.0464 0.0021 0.1028 0.1315 0.0177

1000 0.0189 0.0232 0.0005 0.0592 0.0734 0.0055

1500 0.0116 0.015 0.0002 0.0469 0.0583 0.0034

2000 0.0111 0.014 0.0002 0.047 0.0603 0.0036

S3

500 0.0302 0.0377 0.0014 0.1035 0.1282 0.0175

1000 0.0168 0.0201 0.0004 0.0666 0.0813 0.0066

1500 0.0125 0.0147 0.0003 0.0492 0.0579 0.0037

2000 0.0124 0.0139 0.0003 0.0469 0.054 0.0035

S4

500 0.0359 0.0471 0.0023 0.1079 0.1617 0.0259

1000 0.0188 0.0248 0.0006 0.0771 0.1051 0.0114

1500 0.013 0.0162 0.0003 0.0505 0.0618 0.0041

2000 0.0098 0.0118 0.0001 0.0371 0.0466 0.0022
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Table 2: Comparison of relative performance of IE estimators. Each cell reports the average
absolute relative bias, with the standard deviation of the relative bias shown in parentheses.

R2 Measure Original mean-based Measure
K N Proposed HIMA HDMA BAMA HIMA HDMA BAMA

0.05

500
0.08

(0.09)
1.45

(1.74)
1.74

(1.71)
0.91

(0.01)
1.17

(0.61)
2.85

(2.34)
0.92

(0.01)

1000
0.14

(0.18)
1

(1.12)
1.77

(1.14)
0.92

(0.01)
1.36

(0.53)
3.67

(2.27)
0.93

(0.01)

1500
0.1

(0.12)
0.89

(0.99)
1.77
(0.8)

0.92
(0.01)

1.38
(0.4)

3.58
(2.38)

0.92
(0.01)

2000
0.08

(0.09)
0.68

(0.77)
1.76
(0.7)

0.92
(0.01)

1.49
(0.37)

3.88
(2.33)

0.92
(0.01)

0.2

500
0.32

(0.39)
1.17

(1.32)
1.34

(1.45)
0.9

(0.01)
0.71

(0.58)
1.84

(2.06)
0.92

(0.01)

1000
0.17

(0.22)
0.83

(0.98)
1.18

(0.79)
0.92

(0.01)
0.78

(0.41)
2.65

(2.18)
0.93

(0.01)

1500
0.12

(0.15)
0.65

(0.77)
1.07

(0.75)
0.92

(0.01)
0.78

(0.34)
2.48

(1.89)
0.93

(0.01)

2000
0.1

(0.12)
0.54

(0.66)
1.12

(0.59)
0.92

(0.01)
0.78

(0.28)
2.67

(1.74)
0.93

(0.01)

0.5

500
0.4

(0.49)
1.14

(1.27)
1.31

(1.44)
0.9

(0.01)
0.54

(0.51)
1.67

(1.89)
0.92

(0.01)

1000
0.18

(0.23)
0.78

(0.95)
1.03

(0.85)
0.92

(0.01)
0.57

(0.38)
2.22

(1.91)
0.93

(0.01)

1500
0.14

(0.17)
0.65

(0.79)
0.96

(0.69)
0.92

(0.01)
0.52

(0.31)
2.16

(1.73)
0.93

(0.01)

2000
0.11

(0.13)
0.45

(0.58)
0.83

(0.59)
0.93

(0.01)
0.59

(0.29)
2.17

(1.97)
0.93

(0.01)
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Table 3: Comparison of relative performance of proportion-mediated estimators. Each cell re-
ports the average absolute relative bias, with the standard deviation of the relative bias shown in
parentheses.

Q2
med Measure Proportion mediated

K N Proposed HIMA HDMA BAMA HIMA HDMA

0.05

500
0.11

(0.13)
0.82

(0.76)
0.9

(0.98)
0.27

(0.16)
0.27

(0.33)
1.17

(1.19)

1000
0.16
(0.2)

0.5
(0.56)

0.94
(0.78)

0.24
(0.13)

0.25
(0.27)

1.48
(1.18)

1500
0.12

(0.14)
0.47

(0.51)
0.86

(0.68)
0.26

(0.09)
0.24

(0.23)
1.41

(1.19)

2000
0.11

(0.13)
0.37
(0.4)

0.96
(0.69)

0.27
(0.09)

0.27
(0.21)

1.55
(1.16)

0.2

500
0.3

(0.35)
0.82

(0.65)
0.81

(0.92)
0.2

(0.2)
0.29

(0.37)
1.05
(1.3)

1000
0.18

(0.23)
0.52

(0.54)
0.8

(0.73)
0.24

(0.14)
0.21

(0.26)
1.37

(1.31)

1500
0.15

(0.18)
0.46

(0.46)
0.78

(0.74)
0.27

(0.11)
0.19

(0.22)
1.24

(1.17)

2000
0.12

(0.14)
0.48

(0.41)
0.86

(0.71)
0.28

(0.09)
0.17

(0.19)
1.34

(1.09)

0.5

500
0.33

(0.42)
0.81

(0.65)
0.84

(0.97)
0.2

(0.2)
0.29

(0.35)
1.04
(1.3)

1000
0.21

(0.25)
0.61

(0.57)
0.76

(0.78)
0.24

(0.16)
0.22

(0.28)
1.25

(1.28)

1500
0.14

(0.16)
0.52

(0.48)
0.79

(0.74)
0.28
(0.1)

0.17
(0.21)

1.21
(1.18)

2000
0.13

(0.15)
0.48

(0.38)
0.75

(0.74)
0.29
(0.1)

0.17
(0.21)

1.24
(1.3)
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Table 4: Computation speed for different approaches (in seconds). Each cell presents the average
running time, with the standard deviation of the running time provided in parentheses.

Proposed HIMA HDMA BAMA
N, K 0.05 0.5 0.05 0.5 0.05 0.5 0.05 0.5

500
12.92
(0.21)

25.74
(0.74)

2.44
(0.12)

2.64
(0.35)

4.78
(0.1)

5.02
(0.56)

19.03
(2.72)

18.92
(3.15)

1000
15.79
(0.25)

16.8
(0.67)

3.46
(0.17)

4.58
(1.48)

9.67
(0.23)

12.28
(4.2)

37.44
(6.62)

39.29
(7.35)

1500
19.62
(0.28)

21
(0.75)

4.75
(0.31)

5.23
(0.63)

17.73
(0.38)

18.79
(1.26)

57.06
(10.25)

58.56
(10.54)

2000
23.85
(0.27)

25.59
(0.72)

6.33
(0.49)

8.19
(2.55)

30.87
(0.71)

36.82
(8.77)

78.71
(13.65)

81.34
(14.07)

5 Application to the Women’s Health Initiative Study
This study utilizes data from the WHI nested case-control substudy (dbGaP accession number:
phs001334), which examines the relationship between metabolomic profiles and incident CHD
in postmenopausal women. The substudy is consisted of subjects from both the WHI Obser-
vational Study (WHI-OS) and the WHI Hormone Therapy Trials (WHI-HT). A total of 2,306
samples (681 case-control pairs from WHI-HT and 472 case-control pairs from WHI-OS) were
analyzed for metabolomic profiling, representing 2,151 unique consented participants in the anal-
ysis. Baseline targeted metabolomic profiles were measured using liquid chromatography–mass
spectrometry, yielding 371 metabolites after initial quality control. Cases were defined as post-
menopausal women who experienced incident myocardial infarction (MI) or CHD death during
follow-up. In WHI-HT, cases were those who developed MI or CHD death during the hormone
therapy intervention period. In WHI-OS, cases were selected from previously identified incident
CHD cases in the prior biomarker study (BAA 22), excluding those who experienced a stroke
before MI or CHD death. Controls were matched by age, race/ethnicity, enrollment period, and
hysterectomy status, excluding those with prior cardiovascular diseases.

BMI is a well-established risk factor for CHD [24], however, how BMI impacts CHD through
metabolites is less studied. Metabolites with more than 50% missing values were excluded from
the analysis. For the remaining metabolites, missing values were imputed by assigning half of the
lowest observed value [25]. Metabolomic profiles were log-transformed. We further remove an
outlier by inspecting a plot of the top two principal components of metabolomic profiles. Smok-
ing status, alcohol consumption, and education level were included in the model as covariates,
with missing values imputed using multiple imputation by chained equations[26]. After these
steps, the final dataset contained 2,150 samples with 366 metabolite variables. The prevalence
of disease in the population was estimated as a weighted sum of disease prevalence across ethnic
groups, using data from the American Heart Association’s Heart Disease and Stroke Statistics
report [27].
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Table 5: Total mediation effect of metabolites from BMI to CHD in WHI nested case-control
study. 95% confidence interval is present in parenthesis.

R̂2
med;causal α̂⊤β̂ ∑i(α̂iβ̂i)

2 Q̂2
med

α̂⊤β̂
α̂⊤β̂+γ̂

Proposed
0.0072

(0.065, 0.0093)
0.8935

(0.7335, 0.9114)

HIMA
0.0033

(0.0021, 0.0041)
0.09

(0.0677, 0.0914)
0.0031

(0.003, 0.0043)
0.8962

(0.4909, 0.9352)
0.821

(0.5472, 0.8469)

HDMA
0.0172

(0.0098, 0.021)
0.0088

(-0.068, 0.095)
0.016

(0.0085, 0.0221)
0.4449

(0.2315, 0.9883)
0.0558

(-0.3326, 0.8911)

BAMA
0.0002

(0.0001, 0.0002)
0.0231

(0.0122, 0.0344)
0.0002

(0.0001, 0.0002)
0.4954

(0.0873, 0.9947)
0.7361

(0.02538, 2.0473)

Figure 4: Heatmap of Counts Across P-value Intervals for α
and β

Table 5 summarizes the to-
tal mediation estimates of BMI
on CHD through metabolites ob-
tained from different methods. For
HIMA, HDMA, and BAMA, em-
pirical R2

med;causal values were cal-
culated based on the component-
wise mediation estimates. The con-
fidence intervals (CIs) for the es-
timates were calculated using the
jackknife method, where each iter-
ation involved omitting one individ-
ual from the dataset and recomput-
ing the estimates. The CI bounds
were determined by the 2.5th and
97.5th percentiles of the distribution

of all jackknife estimates.
Figure 4 visualizes the distribution of mediator counts based on the marginal P-values of α

and β. While over 100 metabolites exhibit small p values for their marginal effects in both the
mediator and outcome models, only a few were identified by HIMA and HDMA, showing the
prevalence of potential weak mediators. In addition, evidence of opposing component-wise me-
diation effect estimates was observed across methods. For example, HDMA method produced
the smallest traditional mediation effect estimate α̂⊤β̂. Among the 13 significant mediators
identified by HDMA, 7 showed positive effect, while 6 showed negative effect. In contrast, the
HIMA method identified 9 significant mediators, 8 of which had positive effects, resulting in a
similar total mediation effect estimate despite a much smaller R2 value. Our proposed method
produced the second largest R2 estimate, demonstrating its capability to capture the total media-
tion effect that other methods may miss. While HDMA had the largest R2 estimate by including
three mediators filtered out by our screening step. In other words, HDMA inadvertently included
non-mediators due to inflated type I error in estimating α , which arose from not accounting for
selection effects.
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6 Discussion
We have developed a novel mediation analysis framework tailored for case-control studies to es-
timate the total mediation effect under high-dimensional settings. The key contributions of our
method include a new R2 measure designed for binary outcomes, which addresses the challenge
of opposite direction effects and provides a clear causal interpretation. Furthermore, we intro-
duced an efficient estimation procedure that accounts for ascertainment bias, which is compu-
tationally scalable, and effectively handles non-mediators while capturing mediators with weak
effects. We further prove that under mild conditions, our estimator is consistent (Appendix).
Through simulation studies, we demonstrated its robustness in estimating mediation effects un-
der varying scenarios, and its applicability was further validated in the WHI study.
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A Proof of consistency of R2
med;causal and Q2

med estimators
In this section, we prove the theoretical result in the main text.

A.1 Technical Conditions for the consistency of R̂2
med;causal and Q̂2

med

Assumption 2. Let X̃i = (Ip ⊗Xi, Ip ⊗C⊤
i ), there exists a positive constant R such that

0 <
1
R
< λmin(

1
n

n

∑
i=1

X̃⊤
i X̃i)≤ λmax(

1
n

n

∑
i=1

X̃⊤
i X̃i)< R < ∞

and

0 <
1
R
< πασ

2
α < R < ∞

and for all i,

0 <
1
R
< wi < R < ∞

Assumption 3. We have E[ξ 4
i j]< ∞ and sup jk E[(ξi jξik)

4]< ∞ for i = 1, . . . ,n and j,k = 1, . . . , p.
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Assumptions 2 and 3 are standard conditions in case-control study, see Conditions (C2),(C3)
and (C9) in [28] for an example.

Assumption 4. The variance of X explained by M is strictly less than 1.

Assumption 5. Let ci = (Xi,Ci,Wi)
⊤ and ĉi = (Xi,Ci,Ŵi)

⊤. Assume that there exists a con-
stant C > 0, such that max(∥ci∥2,∥ĉi∥2)<C and 1

n ∑
n
i=1 ∥ĉi −ci∥2 = op(1).

In the factor model literature, Assumption 2 corresponds to the standard eigenvalue condition
and Assumption 5 is very mild, with Theorem 4 in [29] as an example.

Following derivation of heritability estimation with known fixed effects in [10], we have

E
[
Zi j | S = 1;Gi j, ti, t j

]
=

A′ (0; ti, t j
)

B
(
0; ti, t j

) Gi j +bi j(Gi j; ti, t j)G2
i j

where

A
(
Gi j; ti, t j

)
=

(1−Pi)
(
1−Pj

)√
Pi (1−Pi)

√
Pj
(
1−Pj

)P(yi = y j = 1;Gi j, ti, t j
)
+

K(1−P)
P(1−K)

−Pi
(
1−Pj

)√
Pi (1−Pi)

√
Pj
(
1−Pj

)P(yi = 0,y j = 1;Gi j, ti, t j
)
+

K(1−P)
P(1−K)

−Pj (1−Pi)√
Pi (1−Pi)

√
Pj
(
1−Pj

)P(yi = 1,y j = 0;Gi j, ti, t j
)
+

(
K(1−P)
P(1−K)

)2 PiPj√
Pi (1−Pi)

√
Pj
(
1−Pj

)P(yi = 0,y j = 0;Gi j, ti, t j
)
.

and

B
(
ρ; ti, t j

)
= P(S = 1;ρ, ti, t j)

Denote ∆i j =
A′(0;ti,t j)

B(0;ti,t j)σ2
11
=

ϕ(ti)ϕ(t j)

[
1−(Pi+Pj)

(
P−K

P(1−K)

)
+PiPj

(
P−K

P(1−K)

)2
]

√
Pi(1−Pi)

√
Pj(1−Pj)

(
Ki+(1−Ki)

K(1−P)
P(1−K)

)(
K j+(1−K j)

K(1−P)
P(1−K)

)
Assumption 6. Let ei j = Zi j −E

[
Zi j | S = 1;Gi j, ti, t j

]
, we assume that

∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

→ 0

and
∑i< j ∆i jGi jei j

∑i< j ∆2
i jG

2
i j

→ 0

as n → ∞.

The consistency of the PCGC estimator without fixed effects when p
n converges to a positive

constant was established in [30]. Under their assumptions, the first part of Assumption 6 is
implied by their Lemma 1 and Lemma 2, and the second part of Assumption 6 is implied by their
Lemma 4.
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Assumption 7. We have that

max(∑
i< j

|∆i jGi j − ∆̂i jĜi j|, |∑
i< j

(∆̂2
i jĜ

2
i j −∆

2
i jG

2
i j)|) = op(n(n−1))

Assumption 8. There exists a positive constant 0 < r < 0.5 such that

0 < r < P < 1− r < 1,0 < r < K < 1− r < 1

and for all i,
0 < r < Pi < 1− r < 1,0 < r < Ki < 1− r < 1

For σ > 0, let

Ln(σ) =
1

n(n−1) ∑
i< j

(
Zi j −σ

2
∆̂i jĜi j

)2

and

Gn(σ) =
1

n(n−1) ∑
i< j

(
Z̃i j −σ

2
∆i jGi j

)2

where Z̃i j = Zi j − ∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

∆i jGi j.

Assumption 9. There exists a function G(σ) possessing a unique minimizer such that ∀σ > 0,
Gn(σ)→ G(σ) in probability as n → ∞.

The Assumption 9 is an assumption of convenience and a relaxation could be employed by
studying sub-sequences of Gn(·), see Theorem 10.8 and 10.9 in [31]. A similar condition was
adopted in Condition (C1) of [32] to prove the consistency of estimator in logistic regression with
measurement error.

A.2 Proof of Theorem 2
This is a direct result of Lemma 1 and the Bolzano-Weierstrass theorem.

A.3 Technical lemmas
Suppose the confusion matrix is given, the variance to be estimated by the PCGC model is the
variance of random effect:

TP1× σ2
11

pπ11
+FP1× σ2

01
pπ01

,

where TP1 and FP1 represent the number of Mτ and MI1 that are not filtered out, respectively.
Furthermore, we let FN1 and TN1 represent the numbers of Mτ and MI1 that are filtered out,
respectively.

Assumption 10. There exists constants cTP,cTN > 0 and cFP,cFN ≥ 0 such that cTP+cFP+cTN+
cFN = 1 and

lim
p→∞,n→∞

TP : FP : TN : FN = cTP : cFP : cTN : cFN
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Lemma 1. Under Assumptions in Lemma 2, Lemma 3 and Lemma 4, for any ε > 0, there exists
δ > 0, such that if cTP

cTP+cFP
> 1−δ , we have

lim
p→∞,n→∞

P(|R̂2
med;causal −R2

med;causal|< ε) = 1.

and

lim
p→∞,n→∞

P(|Q̂2
med −Q2

med|< ε) = 1.

Proof. By law of large number, under Assumption 10, we have

lim
p→∞,n→∞

TP1
TP1+FN1

=
cTP

cTP + cFN
lim

p→∞,n→∞

FP1
FP1+TN1

=
cFP

cFP + cTN

Regarding the estimate of σ2
α , we have Var(α) = πασ2

α , where πα = cTP + cFN. Given that
π̂α = cTP + cFP we can have the estimate

σ̂
2
α =

V̂ar(α)

π̂α

=
V̂ar(α)

cTP + cFP
=

V̂ar(α)

cTP + cFN

cTP + cFN

cTP + cFP
= σ

2
α

V̂ar(α)

Var(α)

cTP + cFN

cTP + cFP

By Lemma 2 and Lemma 4, we have:

σ̂
2
α ∗ σ̂

2
11 → σ

2
α

cTP + cFN

cTP + cFP
×
(

cTP

cTP + cFN
σ

2
11 +

cFP

cFP + cTN
σ

2
01

)
= σ

2
α ×

(
cTP

cTP + cFP
σ

2
11 +

cFP

cTP + cFP

πα

1−πα

σ
2
01

)
as p,n → ∞. The above arguments along with Assumption 2 and Lemma 3 complete the proof.

Lemma 2. Under Assumption 1, 2 and 3, we have

|V̂ar(α)−Var(α)|= Op(
1√
p
+

1√
n
)

Proof. Let α̃ = (Vec(α)⊤,Vec(Φ⊤)
⊤ and D(u) = Q(α̃∗+u)−Q(α̃∗) = J1(u)+ J2(u), where

Q is the quadratic loss and

J1(u) =−2

(
n

∑
i=1

wiξ
⊤
i X̃i

)
u

J2(u) = uT

(
n

∑
i=1

wiX̃⊤
i X̃i

)
u

Let W̃ = diag(w11⊤p , . . . ,wn1⊤p ), ξ̃ = (ξ⊤1 , . . . ,ξ
⊤
n )

⊤ and X̃ = (X̃⊤
1 , . . . , X̃

⊤
n )

⊤
.

By Lemma 5, we have

|J1(u)|= 2
〈

X̃⊤W̃ξ̃,u
〉
≤ 2∥X̃⊤W̃ξ̃∥∥u∥= 2Op(

√
np)∥u∥
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By Assumption 2, we have

J2(u)≥ n∥u∥2R−2

Then for any 0 < c < 1, we can choose sufficiently large M such that

P( inf
∥u∥=1

Q(α̃∗+Mp/
√

nu)−Q(α̃∗)> 0)≥ 1− c

for n sufficiently large. Thus ∥̂̃α∗− α̃∗∥= Op(
p√
n). Then we have

|1
p
∥α̂∥2 − 1

p
∥α∗∥2|= Op(

1√
n
)

By the fact that |Var(α)− 1
p∥α∗∥2|= Op(

1√
p), we have

|V̂ar(α)−Var(α)|= Op(
1√
p
+

1√
n
)

Lemma 3. Under Assumption 1, 2, 4 and 5, we have ∥ν̂−ν0∥2 = op(1), where ν corresponds
to (Xi,Ci,Wi).

Proof. Let

Ln(ν) =
1
n

n

∑
1

wi

{
yi logΦ

(
ĉ⊤i ν

)
+(1− yi) logΦ

(
−ĉ⊤i ν

)}
and ν̂ = argmaxν Ln(ν). Let

Gn(ν) =
1
n

n

∑
1

wi

{
Φ

(
c⊤i ν0

)
logΦ

(
c⊤i ν

)
+Φ

(
−c⊤i ν0

)
logΦ

(
−c⊤i ν

)}
Then

Ln(ν)−Gn(ν) = Rn,1(ν)+Rn,2(ν)

where

Rn,1(ν) =
1
n

n

∑
1

wi

{(
yi −Φ

(
c⊤i ν0

))
logΦ

(
ĉ⊤i ν

)
+
(

1− yi −Φ

(
−c⊤i ν0

))
logΦ

(
−ĉ⊤i ν

)}
and

Rn,2(ν) =
1
n

n

∑
1

wi{Φ

(
c⊤i ν0

)(
logΦ

(
c⊤i ν

)
− logΦ

(
ĉ⊤i ν

))
+Φ

(
−c⊤i ν0

)(
logΦ

(
−c⊤i ν

)
− logΦ

(
−ĉ⊤i ν

))
}

For any fixed ν, under Assumption 2 and 5, Rn,1(ν) has mean zero and asymptotically negligible
variance, and

|Rn,2(ν)| ≤ 2R
1
n

n

∑
i=1

∥ĉi −ci∥2∥ν∥2√
2πΦ(−C∥ν∥2)

= op(1)

Note Gn(ν) converges in probability to E[Gn(ν)] for any fixed ν and E[Gn(ν)] has a unique
maximum at ν0 under Assumption 4. We have that Ln(ν) converges in probability to E[Gn(ν)]
for any fixed ν. This completes the proof by Theorem 2.2 in [33].
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We define σ2
11(ad j) =

cTP
cTP+cFN

σ2
11 +

cFP
cFP+cTN

σ2
01 and introduce the following lemma.

Lemma 4. Under Assumption 1, 6, 7, 8, 9 and 10

|σ̂2
11 −σ

2
11(ad j)|= op(1)

Proof. Note that

Ln(σ)−Gn(σ) =
2σ2

n(n−1) ∑
i< j

(∆i jGi j − ∆̂i jĜi j)Zi j

+
σ4

n(n−1) ∑
i< j

(∆̂2
i jĜ

2
i j −∆

2
i jG

2
i j)

− 2σ2

n(n−1)
∑i< j ∆i jbi j(Gi j)G3

i j

∑i< j ∆2
i jG

2
i j

∑
i< j

∆
2
i jG

2
i j

+
1

n(n−1)
∑i< j ∆i jbi j(Gi j)G3

i j

∑i< j ∆2
i jG

2
i j

∑
i< j

(
2Zi j −

∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

∆i jGi j

)
Gi j

By Assumption 8, there exists a constant M1 > 0, such that |Zi j|< M1. Then for any fixed σ > 0,
we have ∣∣∣∣∣ 2σ2

n(n−1) ∑
i< j

(∆i jGi j − ∆̂i jĜi j)Zi j

∣∣∣∣∣≤ 2M1σ2

n(n−1) ∑
i< j

∣∣∣∆i jGi j − ∆̂i jĜi j

∣∣∣= op(1)

and ∣∣∣∣∣ σ4

n(n−1) ∑
i< j

(∆̂2
i jĜ

2
i j −∆

2
i jG

2
i j)

∣∣∣∣∣= op(1)

by Assumption 7. There exists a constant M2 > 0, such that |∆i j|< M2 by Assumption 8 and∣∣∣∣∣2Zi j −
∑i< j ∆i jbi j(Gi j)G3

i j

∑i< j ∆2
i jG

2
i j

∆i jGi j

∣∣∣∣∣= Op(1)

by Assumption 6. Then for any fixed σ > 0, we have that∣∣∣∣∣ 2σ2

n(n−1)
∑i< j ∆i jbi j(Gi j)G3

i j

∑i< j ∆2
i jG

2
i j

∑
i< j

∆
2
i jG

2
i j

∣∣∣∣∣≤ 2M2
2σ

2

∣∣∣∣∣∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

∣∣∣∣∣= op(1)

and ∣∣∣∣∣ 1
n(n−1)

∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

∑
i< j

(
2Zi j −

∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

∆i jGi j

)
Gi j

∣∣∣∣∣= op(1)

Thus we have |Ln(σ)−Gn(σ)|= op(1) for any fixed σ > 0.
Denote σ̂Ln = argmaxσ>0 Ln(σ) and σ̂Gn = argmaxσ>0 Gn(σ). By Assumption 9, both Ln(σ)

and Gn(σ) converge to G(σ) in probability for any σ > 0. Denote the unique minimizer as σ∗,
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by Theorem 2.2 in [33], we have |σ̂2
Ln
−σ2

∗ |= op(1) and |σ̂2
Gn

−σ2
∗ |= op(1). Thus it remains to

compute limn→∞ σ̂2
Gn

.

σ̂
2
Gn

=
∑i< j Z̃i j∆i jGi j

∑i< j ∆2
i jG

2
i j

=
∑i< j Zi j∆i jGi j

∑i< j ∆2
i jG

2
i j

− ∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

=
∑i< jE

[
Zi j | S = 1;Gi j, ti, t j

]
∆i jGi j

∑i< j ∆2
i jG

2
i j

+
∑i< j ei j∆i jGi j

∑i< j ∆2
i jG

2
i j

− ∑i< j ∆i jbi j(Gi j)G3
i j

∑i< j ∆2
i jG

2
i j

=σ
2
11(ad j)+

∑i< j ei j∆i jGi j

∑i< j ∆2
i jG

2
i j

→ σ
2
11(ad j).

This completes the proof.

Lemma 5. Let Assumption 1, 2 and 3 holds. Then

∥1
n

X̃⊤W̃ξ̃∥= Op(
p√
n
)

Proof. Note that

∥1
n

X̃⊤W̃ξ̃∥ ≤
(
(q+1)p sup

j=1,...,(q+1)p

(
1
n

X̃⊤
·, jW̃ξ̃

)2
)1/2

≤
√
(q+1)p

(
sup

j=1,...,(q+1)p
∥1

n
W̃X̃·, j∥2 sup

∥u∥=1
|u⊤ξ̃|2

)1/2

For any j = 1, . . . ,(q+1)p, by Assumption 2, we have

∥1
n

W̃X̃·, j∥2 ≤ 1
n

R3

This leads to

∥1
n

X̃⊤W̃ξ̃∥ ≤
√

(q+1)p
n

R3/2( sup
∥u∥=1

|u⊤ξ̃|2)1/2

For sequences ln such that ln/
(q+1)p√

n → ∞, there exists K > 0 such that

P(∥1
n

X̃⊤W̃ξ̃∥> ln)≤ P([
√

(q+1)p
n

R3/2]4( sup
∥u∥=1

|u⊤ξ̃|2)2 > l4
n)

≤
(q+1)2 p2R6E(sup∥u∥=1 |u⊤ξ̃|2)2

n2l4
n

≤ KR6 (q+1)4 p4

n2l4
n

→ 0

where the last inequality follows the same proof of Lemma 3 in [28] by setting δ = 2. This
completes the proof.
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