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The halo portion of a proton therapy dose creates a long tail in proton dose distributions, but so far
study of this phenomenon has been limited. We used statistical methods and mathematical models
to confirm that the long-tailed portion of proton dose distributions exhibits a power-law relationship.
By analyzing 299 measured dose profiles, we found that all proton lateral dose distributions had a
significant power-law scaling correlation with a high correlation coefficient in the tail. We setup a
dual-mechanism model, containing both direct and indirect impact mechanisms. In the direct impact
mechanism, the proximal dose deposition is mainly due to the direct impact of a proton on a particle. In
the indirect mechanism, the impact of a proton on a given particle is considered in terms of the proton’s
impact on a neighboring particle that then impacts the given particle. We found that the indirect impact
mechanism led to a tail in the distribution exhibiting a power-law relationship because the probability
of the indirect impacts was proportional to the distance; i.e., the longer the distance, the larger the
indirect impact probability. Upon analyzing the experimental data, we observed that the power-law
exponent increased with proton energy.

Radiation therapy plays an important role in the treatment of cancer; approximately 50% of all cancer patients
receive radiation therapy during the course of their illness, and radiation therapy contributes to 40% of curative
treatment for cancer'. Since Robert R. Wilson recognized the potential advantage of protons for external radia-
tion therapy?, proton therapy has been considered a more advanced treatment technique because of its superior
physical characteristics. Proton deposit the maximum energy per path length close to the end of range, causing
a ‘Bragg’ peak. Owing to the physical characteristics of proton, the maximum dose can be located in the tumor
and negligible dose downstream of the Bragg peak. For these reasons, proton radiotherapy has more powerful
capabilities to spare the normal tissues and reduce the burden of treatment-related complications compared to
photon radiotherapy. Since 1990, more than 150,000 patients have undergone proton therapy?, and the number
of patients receiving proton therapy has rapidly grown around the world in recent years*. Proton therapy clinical
research®”’ and physical research®!! are currently the most active research areas of radiation therapy.

Protons are charged particles that interact frequently within matter, and these interactions occur through sev-
eral mechanisms: Coulombic interaction with an atomic electron, Coulombic interaction with an atomic nucleus,
nuclear interactions, and Bremsstrahlung'?. Through these interactions, protons deposit energy on the path of
motion, which in proton therapy forms the dose. The measured dose distribution of a proton pencil beam in lig-
uid or solid matter has two parts, the core and the halo'®. The core and halo overlap, but each has distinct spatial
characteristics. The core consists of primary protons that undergo electromagnetic interactions and slow down
through multiple collisions with atomic electrons and multiple Coulomb scattering with nuclei. According to the
Fermi-Eyges theory', the core’s cross section is Gaussian, typically on the order of a centimeter, and increases
with depth. The halo consists of the charged secondary particles and the resulting elastic and nonelastic interac-
tions. The formation of the halo involves very complicated mechanisms, and so far study of halo formation has
been limited®!*!°. Thus, an alternative definition of the halo might be anything arising from charged particles that
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Figure 1. Power-law correlation between lateral distance and dose for 221.8-MeV protons at 5-cm depth,
including all measurement points. The power law applies for values in the tail of the profile. Measurement data
points are shown as dots and best-fit curves as solid lines.

falls outside of the Gaussian pattern of the Fermi-Eyges theory'. The halo creates a long tail in proton lateral dose
distributions. Because most dose distributions have been described on the basis of the Moliére theory'®!”, which
leads to Gaussian distribution, the long-tailed portion of the distribution created by the halo has been fitted with
empirical models such as two Gaussians with Cauchy-Lorentz function® or three Gaussians'®. The empirical mod-
els have shown partial success in fitting the data, but the mechanism leading to the long-tailed dose distribution
remains unclear.

Many long-tailed distributions in a variety of natural and man-made phenomena follow a “power-law” distri-
bution. A power-law distribution in empirical data is a striking feature that has attracted considerable attention'.
The power-law can relate microcosmic theory to observed macroscopic phenomena. Although power-law distri-
butions have been reported in areas ranging from ecology and molecular biology to finance and the Internet®2*,
to the best of our knowledge, the power law has not been used to describe the long-tailed proton lateral dose dis-
tributions. In the current study, we sought to determine whether the long-tailed proton lateral dose distribution
follows the power-law, and if so, whether this phenomenon can be explained by similar mechanisms leading to
long-tailed distributions in other research areas. Determining whether the long-tailed proton dose distribution
follows the power law will help elucidate the mechanisms of halo formation and thus improve dose calculation.

Results

Figure 1 plots the distance in log scale and lateral dose for 221.8-MeV protons at 5-cm depth in water. The dots
show all of the measurement points. We defined the distance from the point with maximum R? when fitting to
the power law to the origin as DMO. The straight line in Fig. 1 starting from DMO indicates a strong power-law
relationship with R?=0.994.

Figure 2 shows the results of the power-law correlation between lateral distance and lateral dose for 72.5 MeV,
102.4MeV, 143.2 MeV, and 221.8 MeV at multiple depths, including the measurement points starting from the
maximum R? point. The graph shows that all profiles have significant power-law scaling correlations with a high
correlation coefficient.

We calculated the correlation parameters for all profiles (Table 1). All profiles had significant power-law corre-
lations with P < 0.01. The exponent parameter (slope) was —4.41 4= 0.58 with a 95% confidence interval of —4.64
to —4.19. The square of the correlation coefficient was 0.98 + 0.021, indicating a strong linear correlation between
log-transformed dose and distance. The P value and the square of the correlation coeflicient indicated that the tail
of the profile was strongly consistent with the power-law relationship. These results suggest that the lateral dose
decreased 2%#! times each time the lateral distance doubled, staring from the profile data point with the maximum
correlation coefficient.

As can be seen from Table 1, different energy ranges had different parameters. Figure 3 shows the power-law
exponent plotted against 94 energies and Fig. 4 shows the DMO plotted against the energies. The power-law expo-
nent increased with energy and DMO decreased with increasing energy.

The model was built as described in the Methods. Equation 12 shows our model’s probable prediction for the
impact of a proton, including the direct and indirect mechanisms. Equation 15 indicates that once a particle’s
number of impacts (i) is large enough, further impacts of the particle accelerate growth because there are so many
links that can impact particle A, showing the characteristics of power law. The power-law exponent is —(1+ 1/X).
The tipping point where R;,g;..; Overtakes Ry, occursati = s = n 1)

We fit the parameters of X\ on the basis of the model and exponent obtained from the statistics. Table 2 shows
the fitting parameter values of X for multiple energy ranges. The data shown in Table 2 indicate that X\ increases
with energy. Owing to the physical properties of reaction between the proton and matter, the greater the proton
energy, the greater the number of indirect impacts and the larger the value of X, which is consistent with the trend
of value obtained from the statistical data and model. In addition, the higher the energy, the larger the power-law
exponent (Fig. 3).

As the energy becomes larger, the X value becomes larger and the tipping point becomes smaller according to
equation 8. The tipping point position obtained from the model was consistent with the trend of DMO obtained
from the statistical data (Fig. 4). For the energies between 72.5 and 79.9 MeV, the DMO was about 2.5 cm, whereas
for energies between 210 and 221.8 MeV, the DMO was about 0.96 cm. For lower energies (70.9-72.5 MeV), the
core and halo distribution overlapped at most distances of interest, and the long-tailed section of the distribution
(halo) was not considered important. However, the long tail effect could reach 10 cm even though the DMO
occurs at 0.96 cm for high energies (210-221.8 MeV), and it is important to correctly model long-tail effects.
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Figure 2. Power-law relationship between the lateral distance and lateral dose for (a) 72.5 MeV, (b) 102.4 MeV,
(c) 143.2MeV, and (d) 221.8 MeV, at multiple depths. All proton lateral dose distributions have significant

power-law scaling correlations with a high correlation coefficient in the tail. Measurement data points are
shown as dots and best-fit curves as solid lines.

72.5-79.9 20 25.4016.64 —4.71+0.73 —5.00 to —4.42 0.98+0.010 | 0.00
80-89.9 33 24.214+6.49 —4.64+0.68 —4.89 to —4.39 0.9940.009 | 0.00
90-99.9 32 19.95+2.77 —4.6140.58 —4.90 to —4.32 0.984+0.025 | 0.00
100-109.9 25 20.1245.09 —4.69+0.57 —4.94to —4.43 0.9940.007 | 0.00
110-119.9 27 19.144+3.26 —4.6540.33 —4.88 to —4.41 0.9940.007 | 0.00
120-129.9 23 16.81+2.08 —4.4510.41 —4.66 to —4.24 0.9940.005 | 0.00
130-139.9 19 15.414+3.79 —4.52+0.40 —4.74to —4.29 0.9840.031 0.00
140-149.9 15 15.87+3.10 —4.5240.39 —4.71to —4.33 0.9940.003 | 0.00
150-159.9 12 12.93+3.36 —4.56+£0.34 —4.73 to —4.39 0.994+0.010 | 0.00
160-169.9 12 12.66 1 3.82 —4.414+0.44 —4.61 to —4.20 0.984+0.017 | 0.00
170-179.9 12 10.70+3.15 —4.27+0.36 —4.50 to —4.05 0.9840.011 0.00
180-189.9 16 10.88+4.77 —4.2540.58 —4.50 to —4.00 0.961+0.038 | 0.00
190-199.9 16 9.57+4.28 —3.97+0.44 —4.21to —3.72 0.961+0.047 | 0.00
200-209.9 16 9.5613.30 —3.7440.30 —3.85t0 —3.62 0.9940.009 | 0.00
210-221.8 21 9.60+3.19 —3.731+0.34 —3.84to —3.60 0.9940.007 | 0.00
ALL 299 16.63+6.68 —4.41+0.58 —4.64to —4.19 0.984+0.021 0.00

Table 1. Parameters of the power-law correlation for lateral distance and dose, using the ordinary least squares
line-fitting method. DMO: distance from the point with maximum R? to the origin; SD: standard deviation; a
slope.

Methods and Materials
A power-law relationship usually means that some physical properties or probability distributions satisfy the
following formula:

y = cx"

(1)

The constant « is called the exponent or scaling parameter (slope of the log-log regression line) of the power law.
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Figure 3. Power-law exponent plotted against energies for profiles. The power-law exponent increases with
energy.
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Figure 4. DMO (distance from the point with maximum R? to the origin) plotted against energies for profiles.
DMO decreases with increasing energy.

72.5-99.9 0.2840.05
100-129.9 0.2840.03
130-159.9 0.2940.03
160-199.9 0.3240.05
200-221.8 0.3740.04

Table 2. Fitting parameters of X for multiple energy ranges.

In the current study, we measured the proton lateral dose distribution (the core and halo) using an ionization
chamber in a water tank. In the clinical application of proton therapy, the lateral dose distribution is defined as
the “profile” We used the lateral distance (r) in the profile as the independent variable (x) and the lateral dose (d)
as the dependent variable (y). Because profile data on the positive and negative sides of the x-axis are symmetric,
the positive axis is used for testing. The following sections describe the data collection and statistical methods
used to establish our model.

Profile measurement. All profiles were measured at The University of Texas MD Anderson Cancer Center
Proton Therapy Center using the spot scanning delivery system, which has been used to treat patients since May
2008%*. The proton therapy system uses a synchrotron and the Hitachi ProBeat delivery System (Hitachi, Ltd.,
Tokyo, Japan) with three gantries and two fixed beamlines. The spot scanning beam delivery system offers 94
selectable energies ranging from 72.5 to 221.8 MeV, corresponding to penetrations ranging from 4.0 to 30.6 cm
in depth.

We used an ionization chamber to measure the profiles, as described by Sawakuchi et al.?> and Anand et al.?.
Profiles were measured using a small cylindrical ionization chamber (type 31014, PTW-Freiburg, Freiburg,
Germany) in an automated water tank (MP3 Phantom Tank, type L981010, PTW-Freiburg) for all scanning
proton energies. The ionization chamber has a sensitive volume with a 0.1-cm radius and 0.5-cm height. The
measuring range included extended lateral distances from the central axis at multiple depths, covering low-dose
halo regions, which are a factor of 10* lower than the central axis dose.
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In the current study, all profile measurements were determined in terms of relative dose. A total of 299 pro-
files were measured. Two other methods (optically stimulate luminescent detector and Gafchromic EBT film) of
measurement were used to verify the reliability of the ionization chamber measurements.

Regression line fitting.  To simplify the process of estimating the relationship, we used log transformation.
The x and y variables are log-transformed, so equation (1) can be expressed as:

Y=C+H oX (2)

where Y =log(y), X =log(x), and C=log(c). We can determine whether variables fit to equation (1) by checking
whether the log-transformed variables are linearly related. There are two different types of reported power laws:
power-law probability distributions* and bivariate power law?’. For the power-law probability distributions, the
regression line fitting method should not be used because regression between x and p(x) (probability density)
does not produce a well-defined probability model of x?%. For the bivariate power law, the least-squares linear
regression method is suitable to fit the power-law distribution.

Ordinary least squares (OLS), major axis, and standardized major axis*’ are the most common methods used
to define a line of best fit for a bivariate relationship. The fitting method used for the line differs depending on
whether the measurement error is considered. OLS frequently requires the assumption that X is measured with-
out error, whereas the major axis and standardized major axis methods assume that X contains measurement
error?. The major axis method is also symmetric, meaning that a single line defines the bivariate relationship
regardless of which variable is X and which is Y, whereas the OLS method is asymmetric. Because the dose profile
data are noise-free in the x-axis and given that the relationship between distance and dose is asymmetric, OLS
was used.

In the OLS regression technique, the line is fitted to minimize the sum of squares of residuals from the line.
The basic formula is ZlN: (Y — Y)?, where Y is the fitted value of Y. This allows us to test for an association
between X and Y. The key statistical parameter is the p value. The strength of the relationship between X and Y
also needs to be determined. A suitable statistic to answer this question is the square of the correlation coefficient,
R% We used an R package (SMATR) and in-house script to fit the profile data. Details about the use of these sta-
tistics and about the underlying formulas and their validation can be found in Warton et al.?’.

In our previous observation, we test all measurement points of the profiles. We found that the power-law rela-
tionship applied only to values in the long tail of the profiles. In statistical analysis, we focused on the data in the
long-tailed section of the profiles (representing the halo). We applied an algorithm to select the profile data. First,
we tested each x as the first value of the dataset to find the maximum R? value and recorded the distance from the
point with the maximum R? to the origin. Then, the dataset was made up from the x value with the maximum R?
value. Thus, we found the dataset that best matched the power-law relationship in the profiles.

Model building. We developed a model (focused on the power-law relationship observed in the long-tailed
portion of the profiles) aiming to address two points of interest to us. First, we examined proton dose deposition
to identify the mechanism behind the power-law phenomenon that occurred in the profiles. Second, we wanted
to explain why the power-law parameters for profiles non-universal constants were, varying from one energy to
another.

We established a two-mechanism model, comprising the direct mechanism of impact and indirect mechanism
of impact. This two-mechanism model is similar to the scientific citation model described in Peterson et al.*.
Figure 5 shows a schematic drawing of the two mechanisms model for Proton depositing dose in the materials.
Considering a particle A in the material, if the particle is in the range © as shown in the circle, the main interac-
tion of the particle A to the proton is the direct impact. This mechanism is shown at the left panel of the Fig. 5.
However, if the particle is outside of the range ©, the indirect interaction mechanism will be dominant.

As shown in the right panel of the Fig. 5, the proton first impact a particle in the range, the particle B than
impact particle A located at position r. As shown by the wiggle line of Fig. 5, the indirect impact from B to A is
through a chain reaction. This chain reaction is important for us to understand the power law behavior. If we
compare the probability of receiving indirect impacts for the particle in position at r+ 1 and r, the particle at posi-
tion r+ 1 (longer distance) will have larger probability of receiving indirect impact than the particle at position
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r (shorter distance). Once the particle at position r receiving an indirect impact, it will trigger an indirect impact
to particle at position r 4 1. This means that particle at longer distance will receive more indirect impacts simply
because there are more indirect reaction channels. This mechanism is essentially “Richer (longer distance) get
richer (more indirect impacts)”.

Assuming that the proton enters the medium (water) from the zero point, the dose is generated by the impact
of the proton on particles. At a given time point, a certain number of particles is already at each position on the
x-axis. The number of particles is m, which is large. Let n be the average number of impacts per particle with other
particles. Hence the total number of impacts is mn. Let i be the number of impacts that a particle has received. For
example, a particle that has received no impacts from other particles has i = 0. Some particles have received many
impacts, until the particle energy is converted into dose.

At each time step, an incident proton enters. Now we focus on an particle A and discuss the effect of the inci-
dent proton on A. The probability that this new proton will randomly impact A is

Rdirect =1m (3)

Equation 3 is called the direct impact mechanism. Particle A can also be subject to an indirect impact mech-
anism, in which the incident proton impacts other particles, which then impact A. Given the physical properties
of the reaction between the proton and the particle, any particle having a direct impact on A must be within a
certain range O around A. If a particle A is outside the range ©, the particles B in O are first impacted, then B
impact A. Of course, a particle can pass through multiple impacts before impacting A. This process is called the
indirect impact mechanism.

Let particle B € O; in the indirect impact mechanism, the incident proton impacts B (either directly or indi-
rectly) and B then impacts A. If the probability that the new proton impacts B is 1/m and the probability that
Bimpacts A is (1/m) x (1/n), then the probability that the incident proton impacts A with the indirect impact
mechanism is

Rindirect(i) = (1/m) x (1/n) x i (4)

Given that this proton has impacted A, let \ be the indirect impact probability; the direct impact probability
is then 1 — X. Assuming that A has now received i impacts, then the number of impacts on particle A from an
incident proton is I(7). I(i) can be computed as follows through either the direct or indirect impact mechanism:

n(l —N\) ix
m o m )

Next, we calculate the impact distribution p(i), the fraction of the particles that receive i incoming impacts.
The number of particles having i impacts is m x p(i) and the number of particles with i — 1 impacts is m x p(i — 1).
The number of particles with i impacts increases every time a particle with i — 1 impacts receives another impact
and decreases every time a particle with i impacts receives another impact.

When a proton inters,

p(i) = m[I(i — Dp(i — 1) = I@p(D)] = [n(1 —N) + NG — DIp(i — 1) — [n(1 — X) + iX]p(i) (6)

I(l) = n[XRindirect(i) + (1 - >\)Rdirect] =

we get
. s—1+41i .
)=——" xp@i—1
Pl s+ 1N+ pi—D 7)
where we define
s= n[l - 1]
X (8)
There is no inflow from a lesser bin for p(0). We define 1 as the inflow coming from a incident proton at each time
step. So,
p(0) =1 — n(1 — Np(0), 9
rearranges to
1
)= —
p(O) n—nx+1 (10)

Per equations 7 and 10, we can get

1 y (s — 1+ D)!(s+ I/N)!
SN+ 1 (s —DI(s+ 1/N+ i) (11)

p(i) =

The general form of the Stirling approximation formula is x! ~ (E)X, and we apply it to equation 11, which
yields
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p(i)

Ss+1
] X (s— 14y x (s+ /N + i)y

T+l (s— 17" s+ 1N+ (12)
When i is large enough (>>s), we have
[ s—1+1i ]W ~ e (1FIN
s+ LN+ (13)
and
(s— 14 x (s+ 1N+ i)y i 0N (14)
So equation 14 becomes, when i is large enough,
p(i) ~ 1 G+ 1) o e+ —+1N)
SN+ 1 (s— 1! (15)

Next, we explain the relationship between i and distance (r), p(i), and dose [d(r)]. Considering that the dose
at position r is determined by the number of impacts which particle at position r receives and energy transfer
per impacts. In this work, we approximate the same energy will be deposited at position r whenever there is an
indirect impact at position r. This is an approximation. We only approximate same energy transfer for the indirect
impacts. By using this approximation, we can derive the probability distribution of indirect impacts following the
similar method used by Peterson et al. Therefore, i and r are proportional and the dose [d(r)] is proportional to
p®.

Thus, d can be expressed as the following, with a coefficient (a) according to equation 15:

) ~ (S (s + 1N o (HIN (1Y)
S\ + 1 (s — 1! (16)

Data availability. Data are fully available through the corresponding author.

Discussion

The power law has special mathematical properties and can be the result of interesting endogenous processes
such as network effects, multiple reactions effects, or feedback loops. A power-law distribution is often considered
evidence of the underlying processes constructing the dynamics for these systems®*2. Many studies across disci-
plines have examined the power law, but so far none have used the power law to explain the halo phenomenon in
proton dose deposition. In the current study, we used statistical methods to test the measurement data and estab-
lish a mechanistic model to describe the power-law relationship between proton lateral dose distribution and the
lateral distance, especially at the long tail of the profile. The high correlation coeflicient uncovered in our analysis
indicates that the relationship between the lateral distance and dose in the halo area follows the power law.

The derivation of our model has some similarities with that of Peterson et al., who examined power-law rela-
tionships in scientific citations®®. One key difference is that we applied power law to a natural physical phenom-
enon. Our model shows that most particles impact at short distances and are converted into dose, but some
particles always have more impact and move a longer distance. After the particles move to a certain tipping
point, the indirect impact mechanism rapidly increases, causing the particles to move a longer distance to deposit
energy, forming the halo.

Our observation that the long-tailed section of a proton dose distribution explained through a simple indirect
reaction mechanism, rather than through the first principle, is a novel finding. As we know, the halo consists of
charged secondary particles, many but not all of them protons, from elastic interactions with H, elastic and ine-
lastic interactions with O, and non-elastic interactions with O'°. Our findings suggest that the net effects of these
complex physical reactions lead to a very simple power-law distribution. The power-law interpretation of physics
data can also bring some insight of the social phenomena such as scientific paper citation. One interesting result
in this work is that high-energy proton will have a longer tail compared to low-energy proton. The “high-energy
proton” in the current study is analogous to Peterson et al’s*® “highly cited group” of scientific citations, which also
exhibited a longer tail than the group with a lower H-index.

In all proton dose calculation models, the functions describing the off-axis lateral distribution are Gaussian.
Some studies have used one Gaussian and some studies have used two or more to handle large-angle scatters®.
For example, the pencil beam distribution was modeled using three Gaussian functions in our treatment plan-
ning system (Eclipse 8.9; Varian Medical Systems, Alta Palo, CA)'8. During the clinical commissioning of the
scanning beam, we previously observed that the measured dose of the treatment planning system at multiple
depths in the square field cannot be accurately predicted as a function of field size. The difference was found at the
medium depth of the high-energy beam®. In fact, despite the use of multiple Gaussian functions, or the addition
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Figure 6. The lateral profiles of individual scanning spots modeled at various depths using the double-Gaussian
functions and power-law function (solid lines) and double-Gaussian functions only (dashed lines). The
measured lateral profiles of 221.8 MeV at different depths are indicated by the brown circle (depths: 2 cm), blue
square (depths: 10 cm) and red triangle (depths: 20 cm) markers, respectively.

of various correction factors, the halo phenomenon was not described very well. The power-law relationship may
provide a novel and accurate alternative model of proton dose distribution. Figure 6 show that low-dose halos in
single-spot profiles of 221.8 MeV could be adequately modeled with the addition of the power-law function to a
double-Gaussian function. This figure shows the lateral profiles of individual scanning spots modeled at various
depths using the double-Gaussian functions and power-law function (solid lines) and double-Gaussian functions
only (dashed lines). The measured lateral profiles at different depths are indicated by the brown circle (depths:
2cm), blue square (depths: 10 cm) and red triangle (depths: 20 cm) markers, respectively. The lateral profiles mod-
eled with the two Gaussian components and power-law component showed better agreement with the measured
results compared with the model using the two Gaussian components only. However, this model with power-law
function needs further study.

References
1. Baskar, R,, Lee, K. A., Yeo, R. & Yeoh, K. W. Cancer and radiation therapy: current advances and future directions. Int ] Med Sci. 9,
193-199 (2012).
. Wilson, R. R. Radiological use of fast protons. Radiology. 47, 487-491 (1946).
. Paganetti, H. Proton therapy physics. (CRC Press, 2016).
. Bortfeld, T. R. & Loeffler, J. S. Three ways to make proton therapy affordable. Nature News. 549, 451-453 (2017).
. Chang, J. Y. et al. Proton Beam Radiotherapy and Concurrent Chemotherapy for Unresectable Stage IIT Non-Small Cell Lung
Cancer: Final Results of a Phase 2 Study. JAMA oncology. 3, e172032-e172032 (2017).
6. Zhang, W. et al. Intensity-modulated proton therapy and osteoradionecrosis in oropharyngeal cancer. Radiotherapy and Oncology.
123, 401-405 (2017).
7. Chang, ]. Y. et al. Consensus guidelines for implementing pencil beam scanning proton therapy for thoracic malignancies on behalf
of PTCOG thoracic and lymphoma subcommittee. International Journal of Radiation Oncology* Biology* Physics. 99, 41-50 (2017).
8. Wang, X. et al. Multiple-CT optimization of intensity-modulated proton therapy-Is it possible to eliminate adaptive planning?
Radiotherapy and Oncology, https://doi.org/10.1016/j.radonc.2017.09.032 (2017).
9. Li, Y, Zhuy, R. X,, Sahoo, N., Anand, A. & Zhang, X. Beyond Gaussians: a study of single-spot modeling for scanning proton dose
calculation. Physics in medicine and biology. 57, 983-997 (2012).
10. Zhang, X. et al. Parameterization of multiple Bragg curves for scanning proton beams using simultaneous fitting of multiple curves.
Physics in medicine and biology. 56, 7725-7735 (2011).
11. Li, Y. et al. On the interplay effects with proton scanning beams in stage III lung cancer. Medical physics. 41, 021721 (2014).
12. Newhauser, W. D. & Zhang, R. The physics of proton therapy. Phys Med Biol. 60, R155-209 (2015).
13. Gottschalk, B., Cascio, E. W,, Daartz, ]. & Wagner, M. S. Nuclear halo of a 177 MeV proton beam in water: theory, measurement and
parameterization. arXiv preprint arXiv:1409.1938 (2014).
14. Gottschalk, B. Techniques of proton radiotherapy: transport theory. arXiv preprint arXiv:1204.4470 (2012).
15. Pedroni, E. et al. Experimental characterization and physical modelling of the dose distribution of scanned proton pencil beams.
Physics in medicine and biology. 50, 541-561 (2005).
16. Moliere, G. Theorie der streuung schneller geladener teilchen i. einzelstrenung am abgeschirmten coulomb-feld. Zeitschrift fiir
Naturforschung A. 2, 133-145 (1947).
17. Moliere, G. Theorie der streuung schneller geladener teilchen ii mehrfach-und vielfachstreuung. Zeitschrift fiir Naturforschung A. 3,
78-97 (1948).
18. Ulmer, W. & Schaffner, B. Foundation of an analytical proton beamlet model for inclusion in a general proton dose calculation
system. Radiation physics and chemistry. 80, 378-389 (2011).
19. Stumpf, M. P. & Porter, M. A. Critical truths about power laws. Science 335, 665-666 (2012).
20. West, G. B, Brown, J. H. & Enquist, B. J. A general model for the origin of allometric scaling laws in biology. Science. 276, 122-126
(1997).
21. Qian, J., Luscombe, N. M. & Gerstein, M. Protein family and fold occurrence in genomes: power-law behaviour and evolutionary
model. Journal of molecular biology. 313, 673-681 (2001).
22. Andriani, P. & McKelvey, B. Beyond Gaussian averages: redirecting international business and management research toward
extreme events and power laws. Journal of International Business Studies. 38, 1212-1230 (2007).
23. Albert, R. & Barabisi, A.-L. Statistical mechanics of complex networks. Reviews of modern physics. 74, 47-97 (2002).
24. Gillin, M. T. et al. Commissioning of the discrete spot scanning proton beam delivery system at the University of Texas MD
Anderson Cancer Center, Proton Therapy Center, Houston. Medical physics. 37, 154-163 (2010).
25. Sawakuchi, G. O. et al. Experimental characterization of the low-dose envelope of spot scanning proton beams. Physics in medicine
and biology. 55, 3467-3478 (2010).

U W N

SCIENTIFICREPORTS| (2018) 8:10413 | DOI:10.1038/s41598-018-28683-5 8


http://dx.doi.org/10.1016/j.radonc.2017.09.032

www.nature.com/scientificreports/

26. Anand, A. et al. TH-C-BRB-10: Scanned Proton Pencil Beam’s Lateral Profile Library to Describe the Spot Dose Characteristics.
Medical Physics. 38, 3855-3855 (2011).

27. Warton, D. I, Wright, I. J., Falster, D. S. & Westoby, M. Bivariate line-fitting methods for allometry. Biological Reviews. 81, 259-291
(2006).

28. Clauset, A., Shalizi, C. R. & Newman, M. E. Power-law distributions in empirical data. SIAM review. 51, 661-703 (2009).

29. Smith, R. J. Use and misuse of the reduced major axis for line-fitting. American journal of physical anthropology. 140, 476-486
(2009).

30. Peterson, G. J., Pressé, S. & Dill, K. A. Nonuniversal power law scaling in the probability distribution of scientific citations.
Proceedings of the National Academy of Sciences. 107, 16023-16027 (2010).

31. Brown, J. H. et al. The fractal nature of nature: power laws, ecological complexity and biodiversity. Philosophical Transactions of the
Royal Society of London B: Biological Sciences. 357, 619-626 (2002).

32. Newman, M. E. Power laws, Pareto distributions and Zipf’s law. Contemporary physics. 46, 323-351 (2005).

33. Zhu, X. et al. Commissioning dose computation models for spot scanning proton beams in water for a commercially available
treatment planning system. Medical physics. 40, 041723 (2013).

Acknowledgements
We thank Aaron Clauset for helpful discussions of with curve-fitting methods. We thank Erica Goodoft from
Department of Scientific Publications of MD Anderson for editing the manuscript.

Author Contributions

Xiaodong Zhang and Bo Jiang conception; Yang Zhang, Fada Guan, Yupeng Li, Xianliang Wang collected the
data; Bo Jiang, Xiaodong Zhang, Xiaochun Wang, designed, performed the experiment and analyzed the data; Bo
Jiang, Xiaodong Zhang, Ronald X. Zhu wrote the paper.

Additional Information

Competing Interests: This work is supported by the NIH Cancer Center Support Grant (CCSG) (XZ), and
by the National Natural Science Foundation of China (No. 81201753), and the Foundation of Science and
Technology Development Strategy Research Program of Tianjin (No. 16ZLZXZF00010).

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
CE | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFICREPORTS| (2018) 8:10413 | DOI:10.1038/s41598-018-28683-5 9


http://creativecommons.org/licenses/by/4.0/

	Power-law relationship in the long-tailed sections of proton dose distributions
	Results

	Methods and Materials

	Profile measurement. 
	Regression line fitting. 
	Model building. 
	Data availability. 

	Discussion

	Acknowledgements

	Figure 1 Power-law correlation between lateral distance and dose for 221.
	Figure 2 Power-law relationship between the lateral distance and lateral dose for (a) 72.
	Figure 3 Power-law exponent plotted against energies for profiles.
	Figure 4 DMO (distance from the point with maximum R2 to the origin) plotted against energies for profiles.
	Figure 5 Schematic drawing of the two mechanisms model.
	Figure 6 The lateral profiles of individual scanning spots modeled at various depths using the double-Gaussian functions and power-law function (solid lines) and double-Gaussian functions only (dashed lines).
	Table 1 Parameters of the power-law correlation for lateral distance and dose, using the ordinary least squares line-fitting method.
	Table 2 Fitting parameters of λ for multiple energy ranges.




