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ARTICLE INFO ABSTRACT
Keywords: Shigellosis, a highly contagious bacterial infection causing diarrhea, fever, and abdominal pain,
Memory necessitates a deep understanding of its transmission dynamics to devise effective control mea-
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sures. Our study takes a novel approach, employing a fractional order framework to explore the
influence of memory and control measures on Shigellosis transmission dynamics, thereby making
a unique contribution to the field. The model is presented as a system of Caputo fractional dif-
ferential equations capturing time constant controls. The Caputo derivatives are chosen for their
inherent benefits. The qualitative features of the model, such as the solutions’ existence and
uniqueness, positivity, and boundedness, are thoroughly investigated. Moreover, the equilibria of
the model are derived and analyzed for their stability using suitable theorems. In particular,
local stability was proved through Routh’s criteria, while global stability results were estab-
lished in the Ulam-Hyers sense. The model is then solved numerically with the help of the
predict-evaluate-correct-evaluate method of Adams-Bashforth-Moulton. The numerical results un-
derscore the significant impact of memory on disease evolution, highlighting the novelty of
integrating memory-related aspects into the meticulous planning of effective disease control
strategies. Using fractional-order derivatives is more beneficial for understanding the dynam-
ics of Shigellosis transmission than integral-order models. The advantage of fractional derivatives
is their ability to provide numerous degrees of freedom, allowing for a broader range of analysis
of the system’s dynamic behaviour, including nonlocal solutions. Also, an investigation on the
impacts of control measures via parameter variation is done; the findings show that applying
treatment and sanitation minimizes disease eruption.

1. Introduction

Shigellosis, often known as bacterial dysentery, has a remarkably high incidence in children under five in mid and low-income
nations. It is accountable for an estimated 1.1 million fatalities annually on a global scale. Almost 66% of deaths resulting from the
disease relate to those that fall under the age of five years or less [1,2]. Furthermore, it is widespread among travellers and men
who participate in same-sex relationships (MSM) in countries with higher incomes [3,4]. Shigellosis is a gastrointestinal infectious
illness attributed to the presence of Shigella bacteria. The bacterial strains under consideration may be classified into four distinct
subgroups, specifically S. flexneri, S. dysenteriae 1, and S. boydii [5]. Extreme outbreaks of dysentery are typically attributed to the
presence of S. dysenteriae 1, a strain that generates Shiga toxins. In contrast, the disease’s most prevalent and ongoing cases are
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caused mainly by S. flexneri and S. sonnei [6]. Shigellosis outbreaks commonly strike places with high population density, especially
those with inadequate sanitation facilities. According to the study by [7], the main methods of disease transmission frequently involve
direct contact with other people or the contamination of food and water supplies by the Shigella bacteria. In the early 20th century,
housing, sanitation, and hygiene improvements considerably reduced the incidence of asylum dysentery in the civilian population.
The advent of antibiotics and their application to treating dysentery also contributed to curtailing transmission [8].

The disease is characterized by elevated body temperature, acute stomach spasms, and urgent sensations in the rectal area. The
lack of effective therapies contributes to an increased risk of life-threatening symptoms. Unluckily, the absence of an accessible
vaccination for the disease persists despite numerous and varied approaches to vaccine development [9,10]. Asymptomatic infected
humans present a possible challenge in managing and controlling infectious illnesses, such as Shigellosis. The issue commonly occurs
since asymptomatic infected humans do not exhibit clinical symptoms, inadvertently perpetuating the spread of infection. Given the
absence of symptoms, persons who do not display any signs of the disease are often overlooked in efforts aimed at disease manage-
ment, including treatments and quarantine or isolation measures. Therefore, it is crucial to investigate the roles of asymptomatic
humans in influencing the spread of Shigellosis infections.

A thorough investigation of Shigellosis has been conducted through various studies employing mathematical models, including
noteworthy contributions by researchers such as [11-15]. The work by [11] considered an SIRS (Susceptible-Infectious-Recovered-
Susceptible) model where they assumed the main pathway through which Shigellosis could be contracted was direct transmission, i.e.
human-to-human transmission; they did not consider indirect transmission, such as consuming contaminated food or water. On the
other hand, [12] studied Shigellosis by a SEAIR-B (Susceptible-Exposed-Asymptomatic-Infectious-Recovered-Bacteria) model that also
captured the carrier compartment and dual transmission mechanisms. Also, [13] studied Shigellosis via a SIRB model capturing direct
and indirect transmission routes. In recent work, Shigellosis was investigated by [14] with a focus on dual transmission dynamics
and the incorporation of fixed parameters associated with control strategies such as medical treatment, proper sanitation, and health
promotion programs. Later, [15] modified the work by [14] to capture time-dependent controls and investigated how they could be
used most economically and still reduce the number of infected individuals.

Most studies on Shigellosis available in literature such as [11-15] use integer calculus differential equations, which describe
a Markovian epidemic process. However, surveys show a non-Markovian transmission process [17,18]. Fractional-order models
are increasingly used in scientific and technical fields due to their advantages, such as flexibility, better approximation, improved
memory handling, system identification, anomalous behaviour representation, and stability analysis [16]. Fractional derivatives
capture many systems’ memory and hereditary characteristics, providing an improved modelling approach for examining disease
transmission dynamics in conventional settings. Knowledge about past disease incidence and countermeasures can significantly
impact the present situation.

Fractional calculus has been used to study problems in mathematical biology and epidemiology, including chaotic behaviour,
physics principles, COVID-19 transmission dynamics, Hepatitis C infection, DNA dynamics, cancer modelling, epidemic models,
ethanol concentration, and deforestation effects [20-35]. Recent approaches for generalizing fractional-order differentiation are
available include the Riemann-Liouville, Caputo-fractional derivative [36,51,52], Caputo—Fabrizio fractional derivative [37,54], and
Antagana-Baleanu function approaches [38,53].

While numerous fractional derivatives exist in the literature; the Caputo fractional derivative is one of the most widely used
techniques in fractional calculus. By employing such techniques, we can gain deeper insights into the complex behaviours of nat-
ural systems, which can help us better understand and predict their behaviour. Utilizing the Caputo fractional derivative offers a
significant benefit in maintaining the same initial conditions as traditional derivatives [39].

Compared with previous studies such as [11-15], the main contributions of this work are to extend the findings by [14] to the
Caputo fractional order derivative model that will capture treatment, sanitation, and screening control measures and evaluate the
role of memory in the transmission dynamics of shigellosis infection. Precisely, the main contributions are:

« Development of the Caputo framework for shigellosis transmission dynamics.
« Ulam-Hyers stability for the proposed model has been presented.

« PECE algorithm for numerical solution has been proposed.

« Memory effect has been investigated.

The remaining parts of the article comply with the following organizational setup: Section 2 explores key concepts associated with
the fractional operator and Laplace transform. Section 3 presents a fractional mathematical model based on Caputo’s sense. Section 4
focuses on analyzing the fractional differential equation (FDE) model built in section 3. Section 5 provides a numerical scheme that
employs the predict-evaluate-correct-evaluate (PECE) method of Adams-Bashforth-Moulton (ABM) to solve the FDE developed.
Section 6 presents numerical simulations, and Section 7 concludes the article by giving closing remarks.

2. Preliminaries

This section will present some necessary definitions and notations related to fractional calculus. The Riemann-Liouville and
Caputo definitions are the most often employed.

Remark 1. A real function f is said to be of class C, if f is piecewise continuous on [a, b] and integrable on any finite subinterval of
[a, b].
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Definition 1. The left and right Riemann-Liouville fractional (R-LF) integrals /7, f and I * f of order « € C(Re(a)) > 0 are, respec-
tively, defined by [36]

a 1 a—
LSO=r5 / (t—5)*" f(s)ds, 1)

and

LLI0=55 / (t— )" f(s)ds, @

where I'(.) is the Euler gamma function.

Definition 2. [36] The left and right Riemann-Liouville fractional derivatives D} i and DZ_ of order @« € C(Re(a)) > 0 are, respec-
tively, defined by

(D2, O = (U )0, @)
and
(DO =y ), @)

where n =[Re(@)] + 1 and Re(a) is the greatest integer less than or equal to Re(a).

Definition 3. [36] The left and right Caputo-fractional derivatives CDz S and CDZ_ f of order @« € C(Re(a)) > 0 are, respectively,
defined by

(n)
(OGN0 = U ™0 = a)/ ; = ©)

t— S)a n+1
and

b
n (n)
Cpa £ — (=1 I (n) (=1) S(s) '
“D_f® =D 0 = oo (t—s)“"”’lds (6)
t

Theorem 1. [41] (Generalized Mean Value Theorem) Suppose that f(t) € C|a, b] and OCD;’ f(@) € Cla,b] for 0 < a < 1. Then, we have

fO=fla+ m(cD”f(e))(t -a),

where a <e <t,V, €[a,b].

Definition 4. [40] For a, f, z € C with Re(a) > 0, the classical Mittag-Leffler functions are defined by

[se] k
z

E =y = 7
e k§=0 T @)

for f =1, it is written that

(s k
E,(2)2E = E 27.

A= Ea@ & D(ak +1) ®

Definition 5. [36] Let F(s) be the Laplace transform of the function f(¢). Then, the Laplace transform of the Caputo derivative is
given by

-1

(LEDE, (1)) = "L O)s) = Y, dys*I7, ©
j=0
where | — 1 <a <1,/ €N and with

d;=fP0)=0,1,...1-1).
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Table 1

A complete list of detailed parameters and their corresponding baseline values.
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Parameter  Explanation Value Source

A The enrollment rate of persons into the vulnerable compartment. 469 Humans/year [13]

a, Transmission rate for symptomatic infectious population. 0.4/year [13]

a, Transmission rates for asymptomatic infectious humans. 0.6/year [13]

as Rate at which humans ingest contaminated fecal matter. 0.4465/year [11]

) Rate of latency (period for which the latent humans, E(?) start to portray 0.35/day [12]
signs of infections).

" Natural human mortality rate. 1/50/year [44]

d, Disease-induced mortality rate for symptomatic infectious humans. 0.02 /year Assumed

d, Disease-induced mortality rate for asymptomatic infectious humans. 0.03 /year Assumed

" Rate of healing for the symptomatic infectious individuals. 0.14/day [43]

1y Asymptomatic humans’ recovery rate. 0.026/day [12]

€ The rate of pathogen discharge into the water supply by persons who are 80 cells/mL/day Assumed
infected and portray symptoms.

€ The rate of pathogen discharge into the water supply by infected persons 70 cells/mL/day Assumed
who show no symptoms.

Hy Depletion rate for Shigella. 0.83/day Assumed

) Loss of temporal disease-induced immunity. 0.25 /year [43]

X Sanitation-induced death rate of Shigella. 1.6/year [14]

y Rate of (/) becoming asymptomatic infectious (C). 0.4/year Assumed

¢ Treatment rate for symptomatic infectious individuals. 0.4/year Assumed

f Proportion of latently infected humans who proceed to symptomatic 0.9 [12]
infectious humans.

6 Screening rate for asymptomatic infectious humans. 0.3/year Assumed

3. Model formulation

The primary goal of this work is to construct a mathematical model that characterizes the dynamics of Shigellosis with the help

of fractional order calculus in the Caputo sense. The model is built upon the research conducted by [14] and [42], and it has
been upgraded by including the Caputo derivative notion. This includes hereditary traits, notably memory effects, that can modify
the qualitative dynamics of Shigellosis infection. The model also includes two crucial control interventions: medical treatment and
sanitation, which depict actual scenarios where managing infectious diseases typically entails a hybrid of medical treatment and
sanitation measures. The total populace is sub-divided into five epidemiological groups: the at-risk, symptomatic (infectious and
display symptoms), asymptomatic (infectious but do not show symptoms), and healed individuals denoted by S(t), E(1), I1(t), A(t),
and R(t) respectively. The S E I R model is improved by introducing an asymptomatic group and including an extra group, B(t), which
denotes the pool of Shigellosis pathogens in the surroundings. A proportion f of the individuals who have been exposed proceed to
the symptomatic infectious compartment at a rate of . In contrast, the remaining individuals progress to the asymptomatic infectious
class similarly. Shigellosis is a lethal disease, causing those who are infected symptomatically and asymptomatically to have mortality
rates of d; and d, accordingly. Symptomatic and asymptomatic persons discharge pathogens into the surroundings, with each
group contributing at rates €; and e, accordingly. The parameter y, indicates the natural decline of pathogens, and y defines the
clearing away of pathogens due to sanitary activities. A complete, detailed list of parameters values employed in the compartmental
framework is depicted in Table 1. The following assumptions are made in the model development:

All the parameter values are assumed positive, while the variables are assumed non-negative.

There is a constant influx of individuals into susceptible populations at a rate A.

The exposed group can be split into two groups, namely symptomatic and asymptomatic infectious humans.

Susceptible humans may acquire Shigellosis infections through personal contact or by consuming contaminated fecal matter from
the surroundings. The force infection

M) = oy 1) + ay A(D) + a3 B(1), (10)

is designated to capture the overall transmission. Here, parameters «;, for i = 1,2, 3, represent transmission rates concerning
symptomatic humans, asymptomatic humans, and the pathogens’ density, respectively.

Shigellosis confers temporal immunity that depreciates at the rate ¢.

Each individual in a population may experience natural mortality at the are u.

Symptomatic infectious individuals can be healed through treatment or natural immunity at the rate { and #,, respectively.
There is a possibility of symptomatic transmission to asymptomatic infectious individuals at some rate y.

Asymptomatic infectious individuals depend only on natural healing #,.

Screening helps to detect asymptomatic humans at the rate 6.

Symptomatic infectious humans shed more pathogens into the environment than asymptomatic humans.
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Fig. 1. The flow chart illustrates the transmission dynamics of Shigellosis, incorporating some control strategies.

From the above model details and assumptions, and with the aid of the flowchart given as Fig. 1, the deterministic model is presented
as follows:

% = A+ GR() — (@ (1) + ay A(t) + a3 B() + 1) S(1),

L2 — @ IO+ A0 + 6 BOISO - (1 + HED),
% =fOEM+0AW) —(u+d; +n +y+OIQ),

d an

9L — (= PBED +710) = G+ dy 1y + 0)AW)
LR — o+ 01O+ mA® - e+ HRO),
dB

PTEEA I(1) + e, A() — (up + 1) BQ).

The initial conditions (ICs) for the model system (11) are

S(0)> 0, E)>0,1(0)>0,A(0)> 0, R(0)> 0, B(0) > 0. 12)
Hence, the fractional order Shigellosis system with the same order is depicted as follows:

SDIS(t) = A+ pR() — () I(1) + ay AQD) + a3 B(1) + 1) S (1),

OCD;’E(t) =(a 1)+ a A(t) + a3 B(1))S(t) — (u + 6)E(1),

gD;'I(t) =fSE(W)+0AW) —(u+d;+n +y+OI®),

OCDf’A(t) =1 =fE®O+yI{t)—(u+dy+n+0)A®), (13)

SDIR() = (n; + OI(1) + mA(t) — (u + P)R(),

§ DEB() = e I(1) + €, A1) — (uy + 1)B()

with the ICs as given in equation (12), where ng’ means the Caputo FDE with a € (0, 1).

The left-hand side (LHS) of the system (13) exhibits dimensions of (time)~*, which differs from the dimensions of the first-order
ordinary system (13) whose RHS has a dimension (time)~!. To ensure that the dimensions of both sides are equal, all non-negative
parameters must be adjusted. The resulting version of the fractional system is provided as:

5
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OCDf’S(t) =A%+ ¢*R(t) — (a‘f I+ agA(t) + ag‘B(t) +u®S®),
SDYE() = (af I(1) + a§ A1) + a§ B()S(1) — (u* + 6*)E(1),
SDII(1)= f6“E(@) + 0“A(t) — (4" +df +nf + 7" + L),

ng‘A(t) =1 = ISEM +y 1) — (" +dj +n5 +07)A®), 14)

SDIR() = (nf + I +nS A®) — (U + $)RQ),

SDYB(t) =" I1(t) + €S A(t) — (uf + x*)B(1).

where the ICs are as given in equation (12).
4. Analysis of fractional order model
4.1. Positivity and boundedness of solutions

Now, to establish this main property (i.e. positivity of the solution), whenever the ICs and all parameters are assumed to be
positive, we introduce the following Theorem and corollary (see [41]).

Corollary 2. Let f(t) € C[ty,T] and ngf(t) € C[ty,T] for 0 < a < 1. It is obvious from Theorem 1 that if%Df‘f(t) >0, V, €(ty,T) then
f(¢) is non-decreasing V, € (t,,T) and if%Df‘f(l) <0, V, €(ty,T) then f(t) is non-increasing V, € (ty,T].

Therefore, we can now state the following main theorem:

Theorem 3. The region

A (6‘11+€g)/\a
n,=(S,E,I,ALRB>0: S+E+I+A+R< —a,B<
1"

. 15
T out gy + x®) (15

is positive invariant set for the FOM (14).

Proof. The work by [45] guarantees the existence and uniqueness of the solution to the Fractional Order Model (FOM) (14) on the
interval (0, c0). We shall now demonstrate that the region I1, for the FOM remains positive over time since

$DES(1)] 52 = A" >0,
S DEE(®)| g =0,

DM I(1)| =9 =0,
(16)
6 DA =0 =0,

$ DY R(1)| g =0,

§ DEB()| gy =0.
Next, the boundedness of the solution is deduced by adding up individual equations of the system (14), yielding

SDIN (1) =A" — u* N (1) — d*I(r) — d§ A(1)
17)
<A% — “NQ@).
One can obtain

N() < ’;— + (—% + NO)Ey(—ut), 18)
where
el k
_ z
Eq(2)= gg) Tak+1)

is the Mittag-Leffler function of parameter « (see Definition 4 at equation (8)). Therefore, by asymptotic behaviour of the Mittag—
Leffler function [36,46], we obtain
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AlX
N@) < e (19)

e e Aa
Similarly, it can be verified from model (14) that get B(t) < %
b

(14). The result implies that the proposed model can be deemed epidemiologically valid, as it is mathematically well-defined and
guarantees that all solutions of the Shigellosis model, when initialized, stay within the feasible zone I1,. []

. Hence, the set I1, is a positive invariant region for the model

4.2. Existence and uniqueness of solutions

The proof for the existence and uniqueness of solutions for fractional order IVPS is customarily established via the fixed point
theorems such as Picard’s, Schauder and the Banach contraction mapping principle [60,62]. The current study will employ the
Banach contraction principle to establish the main results. Let the FOM (14) in Caputo sense be written in the form:

§ D u(t) =Q(t,u().for 1 >0,with u(0)=uy € R, where Q:R, xR >R, (20)

Lemma 1. Suppose Q(t,u(t)) holds for the conditions:

1. Qis a continuous function with respect to t for every u(t) € R",
2. Qand % are continuous functions with respect to u(t) € R”",
3. 1Rl £ ¢y + ¢, ||u|| for all u(t) € R", and all q;,q, > 0.

Therefore, FOM (14) has a unique solution on the interval [0, +o0).

Proof. Let FOM (14) be reformulated as
§ D u(t) =Q(t,u(t).for t>0,with u(0)=uy € R, , where Q:R, xR’ >R,
Q(t,u(t)) =0, + Qu(t) + SO B(tu(t), u(r) = (S(1), E), 1(t), A1), R(t), B®)" 21
ug =(A,0,0,0,0,0)T,

where
[ — e 0 0 0 P 0 ]
0 —wg 0 0 0 0
0 fé* —w‘f 0% 0 0
Q= o Gper g —wt 00 |
0 0 ;1‘1” +¢“ ng —w3”* 0
| 0 0 6‘1’ eg 0 —wg |
and
[0 0 —a‘l’ —ag 0 —a‘3” ]
00 of af O ag‘
00 O 0O 0 O
©2%50 0 0 0 o
00 O 0O 0 O
(00 0 0 0 0 |
with
wy = p* +8°%,
wi=p"+df +nf +y*+¢%,
wy = p* +dy +ny +0°, (22)
wy = pu + ¢,
wy =py + 1%

It may be noted that the vector function u(f) also satisfies the initial and secondary conditions specified in Lemma 1. Now, it is
necessary to check the third criterion. Following consideration of system (21), one may deduce the following:

7
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12 < g + a5 llull, (23)

where ¢, = ||Q,|| and g, = ||Q;|| + [IS|| | Bl|. Therefore, the third criterion for Lemma 1 is verified. Hence, the system (21) has a
unique solution on [0, +0). The theorem implies that the governing fractional order model possesses some feasible solutions, which
are also unique. []

4.3. Equilibrium solutions

This part intends to determine the presence of equilibria within the system. The equilibria will shed light on the presence or
absence of the disease in the community. To figure out these equilibrium points, begin by setting the right-hand side (RHS) of the
system (14) equal to zero, then solve the subsequent system:

C _C _C _C _C _C _
Epr =5 DYE() =S DX I(t) =5 DFA(t) =5 DIR(t)=§ DIB(t)=0. (24)

Thus, the endemic equilibrium points are

E*=hiI*,

A* = h3T,

R* = hiT*,

CAY [OFRS (WA (25)
s (G-

e + e*h?
B* = < 1 a2 2 > I*,
wy

w?wg—euy“

1T s + (1 £)su0%”
[8 4+ (1= fHuts®

27 Foruwt + (1- [)5905°

o MHETHmhy

37 fetwd +(1— )54

It can be noted that

A =alI"+af A" + o B* = hiI", (26)
where
ag’ (e‘l" + eé‘ hg)

o
4

a_ o apa
hy=af +ajh) +

After some algebraic manipulations on equation (26), one can obtain

a ¢ah(l (”a +6(1)h(1
her* (A—a ( - ——al>l*>:(;ﬂ+6"‘)h‘]"1*. (27)
U U U

Equation (27) has two solutions:

I*=0,

. A% (]ﬁahg 1 _ 1 hZ(/\a + ¢ahg) 1) = 1 R ! (28)
—”a+5a Ha+5a_h_z_h_z< Ma+5a - )_h_i( e )
where
hg (A + (;b"‘h‘;)
R=—2_ 3 (29)

ﬂa + oY
The findings suggest that whenever I* = 0, there is a presence of disease-free equilibrium, but when I* = hia(Re — 1), it signifies the
4

presence of an endemic equilibrium point, which is only valid provided R, > 1.

Shigellosis-Free Equilibrium Point (SFE)
In the absence of Shigellosis in the community, the infected class are considered to take no value (i.e. I* = A* = E* = 0). Thus, the
SFE is given by
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a
Ey= (A—a,o,o,o,o,o>. (30)
u

Shigellosis-endemic equilibrium Point
If Shigellosis prevails in the community, the equilibrium associated with its prevalence is known as the Shigellosis-endemic equilibrium
point. It occurs when S*, E*, I*, A* R*, B* are all positive. To get the endemic equilibrium point in the current scenario, we
substitute the value of I* = hl—4(Re — 1) into equation (25). It is clear that the endemic equilibrium persists provided R, > 1.

4.4. The reproductive threshold and stability of equilibria

The effective reproduction number, typically referred to as R,, is a fundamental metric in epidemiology. It quantifies the mean
number of additional infections a particular person generates across the entire duration of their infectious period [47]. It plays a
crucial role in forecasting and managing epidemics. The disease’s chance of survivability or eradication inside a population depends
on the value of R,. This quantity also aids in the analysis of equilibrium stability.

If the value of R, is less than 1, each infected individual causes fewer than one further infection, eventually eradicating the illness.
On the other hand, if the reproductive number (R,) is more than 1, each infected person spreads the disease to multiple individuals,
spreading the infection across the community. A massive value of reproductive number (R,) might suggest the likelihood of a
substantial disease epidemic.

The calculation of R, entails utilizing the next-generation matrix method, as delineated by [48]. The computation relies on
identifying the maximum (dominant) eigenvalue, sometimes known as the spectral radius, of a matrix

0F (Ep)] [07, (Ep)]™"
Fv-l= M & . 31
axj axj
From system (14), one can deduce F and V as:
r 0 0 0]
0 %N
F=
0 0 0 o I
| 0 0 0 0
wg 00 0]
—fé* wi -0 0
V= s
f=1 —y* wg 0
[ 0 —ef —e wy]
then, the effective reproduction number is given by
R,=p(FV")=R, + Ry + R, (32)
where
(f6%w} +(1 - f)6%) af S°
R, = ,
(wng -y« 9") wg
(w1 = f)+y" %) as SO
2T (waT—y“@“) wg

(e 6 wh + ey 6+ (1= ) (ef0" + efwy) ) o S°

(wiws -y 67) wiwg

3=

>

with wg, w‘l’, wg, and wZ defined in equation (22), whilst the expression for SO is given in equation (30). Furthermore, R, R, and
R; represent the contribution of infections by symptomatic, asymptomatic infectives, and environmental pathogens, respectively.

4.5. Local stability of Shigellosis-free equilibrium

This entails the capability of the Shigellosis infection to return to its equilibrium after experiencing a small perturbation. This is
done to ascertain long-term viability for SFE derived from equation (30). The next theorem clarifies this concept in a precise manner:

Theorem 4. Consider the initial value problem (IVP)

OCD;"u(t) =Q(t,u(t)),for t>0,with u(0)=uy€R,, where Q:R, X Ri >R,0<a<l, (33)
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where ng‘ represents the time FDE in the Caputo sense, Q : R, X RS — R stands for a vector field. The DFE is locally asymptotically stable
if all eigenvalues, A;, of the Jacobian matrix of Q(t,u(t)) at E satisfy |Arg(4;)| > ”2—”, for i=1,2,3,4,5,6.

Proof. The Jacobian Matrix, denoted as J, is obtained by calculating the partial derivatives of the system (11) with respect to the
state variables (S(), E(¢), I(t), A(t), R(?), B(1)) evaluated at E,.

—u" 0 —alS, —alS, ¢* —aisS, |
0 —wy afSy a3 0 a3 Sy
0 & —ut 0 0 0
J(Ey) = (34)
0 0 r® —wi 0 0
0 0 nf+¢* nf WS 0
| 0 0 €r €l 0 -—wj |

with wg, w‘f s wg , w%, and wZ defined in equation (22).
Expression (34) yields the following eigenvalues: 4 = —u and 4 = —w$ which are always negative.

To work with the rest of the eigenvalues, it is vital to consider the remnant matrix denoted by J,
—Zuy Zp Zyz Zy
J1(Ep) = “r 0 ° , (35)
0 Zy -Zym O
0 Zyp Zy —Zy
where Z| = wj, Z1y = a Sy, Z3 = @) S, Z14 = 8003, Zy; = 8% Zyy =wi, Z3 =%, Zyz3 = w5, Zy =€}, Zy3 = €, Zyy = wy. From
which, one can derive a polynomial of the form:
LB+ LA+ A+1,=0, (36)
where
ly=Zy +Zyn+Zy3+ Zy.
ly=(ZuZss + ZasZog + ZinZyy + Ziz Zop + Z33Z1y + Zn Z11 (1= Ry))
11 =Z11Z0Z44s (1= (Ry+ Ry)) + Z11 Zpp Z33 (1 = (R + Ry))
+ZnZy3Zyy+ 22332y,
lo=ZuZ33ZnZ (1-R,).

Note that R, can be partitioned into four terms:

R,=R,+R,+R.+Ry, 37)
where

. ZpyZpZy Zyy
C ZyZnZnZy’

R = ZpZyZ14Z33
S S o o
ZpyZ33ZypZyy
_ZauZlnZnZy
R AYVASVASYAY

_ ZyZy3ZyZyy
d - - = = -
ZaZ33ZnZy,
The Routh-Hurwitz stability criterion [49,50]) guarantees negativity of all the roots of equation (36) provided

R

I3>0,1,>0,1, >0,1,>0, (38)

and

10
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D, =13>0,
Iy 1

D2: 21312—11>0,
L
Iy 1 0

Dy=|1; Iy Iy|=1l5—1F—1)l5>0,
0 Iy I
;b 1.0

py=|lt b =1y (11413 = 12 = 1412) > 0.

4 0 IO 11 12 0\*1°2°3 1 0°3

0 0 0 I

It is clear that D; =I5 > 0. Additionally, if R, <1, then R,, R;, R.,R; <1 and hence [, 1,1, > 0.
Also, D, can be established positive as follows:

Dy=(Z\ 1+ Zy+Z3+ ZyuNZ\\ L33+ 2| Zas + Zp L33 + Zip Zyy + Z33 Zyy + Z11 Zyp(1 — Ry))

_211233244 - 222233244 - 211222244(1 - Ra - Rd) - ZHZ2ZZ33(1 - Rc - Rd)'

The rest of the condition is to verify that

Dy =1,(yl5 = 1)) = 1yl5 > 0.

In order to prove the validity of the inequality (40), it is enough to show the following set of inequalities:

l1yl3> 213,
111513 > 2113,
In order prove (41), express /,/3 — 2/, as a combined total of the subsequent portions:
Lly =21, =Z\\Z3, + Z}, Zy + Z1 Zyy + Z0n Z3, + Z] HA4
+Z2 Zyy+ Zyp HA4? + ZE HA4 + Zyy HANY + Z2 HA4 + 7, Zy Z33 + 21, 29y Zy
‘21| Z33Zyy+ ZnZ33Z44+ 2, Z3,(1 = Rd) + Z2, Zy(1 = R)
+22\\ ZpZiy Ry +221 Zn Z33 R + 211 Zn Z33 Ry + 211 2 Zyy Ry

To prove equation (42), express /;/, —2/y/; the summation of terms:

2 72 2 2 2 72 2 72 2 2 2 72
Iy =2gly =Z )\ ZHZ2, + 22 233 22+ 22 22 Zgy + Zp ZH 22 + 22, 233 22 + 22 72 74

+Z,2522,(1 =R, = R+ Z} Zn Z2,(1- R, — R))
+Z7,23,Z,y(1 - R, = 2Ry + R,Ry + R) + Z,, Z3,Z3.(1 - R,)

+Z},Z0nZ5(1 = R, = Ry)) + Z}, Z3, Z35(1 = R, = 2R, + RS + R R,)

+Z21, 25,250 = R, = R) + 211 Zn 233 23, + 21, Zn 23, Zoy + 21\ Z0n Z33. Z3, R,
221200 253 ZisRo + 211 25, Z33 Zuy Ry + 27, Z0n Z33 Zyu R,

V22, ZpZ33 Z5 Ry + 22, Zn 25, Zay Ry + 221, 23, Z33 Z 1y R,,

Y222 20 Z33 Zyy Ry + 22 20y Z33 Z3 R+ 21\ Zp 23, Ziy R + 2, 25, Z33 Z 4y R,
+Z0 ZnZ33 ZigRe + Z11 Zn Z33 Zyy Ry + Z11 Zn 233, Zug Ry

2112252332340 = Ry) + Z2, Z0y Z33Z44(1 = Ry) + Z2, Z2, Zyy R, Ry.

Heliyon 10 (2024) e31242

(39)

(40)

(41)

(42)

One can note that /;/, —2/y/3 > 0 and /,/3 —2/; > 0 so long R, <1 and each R,,R;,R.,R; < 1. Using the above results one
can deduce that (41) and (42) are valid, the same applies for (40). Furthermore, the verification for condition D, may be derived
from the equation D, =/, Dj5. It has been established before that D; > 0, thus D, = [;D3 > 0. Therefore, all the requirements of the
Routh-Hurwitz criterion apply to this particular scenario (equations (38) and (39)), then the Shigellosis-free equilibrium E| is locally

asymptotically stable whenever R, <1. []

11
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4.6. Hyers—Ulam stability of Fractional Caputo FDEs

In this part, we establish the global stability of the Fractional Caputo FDEs (14) in the Hyers-Ulam stability sense. Before going
further, consider some basic definitions needed to establish the main results. Consider the compact version of the FOM (14) in Caputo
sense to be written as

§ Dfu(t) =Q(t,u(),for 1 >0,with u(0)=uy € R,,where Q:R, xR’ >R, (43)

where ug, u(t), Q(t,u(t)) have been defined in equation (21). Consider the inequality:

|€ g, ur - @@t u|| <e. vrero.T (44)

Definition 6. Now, y € E is a solution of equation (43) if and only if there is a 4 € E such that:
|h(t)| < e,where h= max(hj)T,j =1,..6,Vt€[0,T], (45)

and

CDg+y(t) =Q(t, y(@)) + h(1),Vt € [0,T]. (46)

Now, applying the fractional R-LF integral to both sides of (46) gives

t t
y(t) =y + ﬁ / (-0 'Q(z, y(2))dT + ﬁ / (t —0)* 'h(z)dr. (47)
0 0
Consider the expression
t
¥ = yo - ﬁ / -0 Qr, y(x))dr| . (48)
0 1

Substitute the expression for y(f) from equation (47) into equation (48) and applying condition (45) gives

t
(0= yo — ﬁ / (t = %1 Q(r, y(o))d
0

t
= L _ el
=t /(1 ) h(r)dt|,
0

1

t
1 / a—1
=—— [ (-0 |h(»)|dz,
T 49)
t
_€ — el
< ) /(t )% dr,
0
< eT” .
“T@+1)
Therefore, we have
t
y(t) =y — L /(t -0, y(o)dr|| < _ert vte[0,T]. (50)
°" T(a) ’ T T(a+1) ’
0 1

Definition 7. The Shigellosis model fractional model (43) is Ulam-Hyers stable on [0, T] if there exists a constant M > 0, such that
for every € > 0 and a solution y € E satisfying (44) there exists a unique solution in u € E of equation (43), with

Iy —u@ll; < Me, Vt€[0,T],where M =max(M,)". (51)

Theorem 5. Suppose the assumptions in equations (45) and (46) of definition (6) hold. Then, the Shigellosis fractional model (43) is
Ulam-Hyers stable on [0,T7] if

I(a+1)>«T* (52)
hold.

12
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Proof. Recall Lemma 1, let u be a unique solution of the Shigellosis fractional model (43), take the R-LF integral to both sides of (46),
we get

u(t) = uy + / (t =) 'Q(r, u(r))dr. (53)

1
I(a)
0
Now, suppose y, = u, using equations (50) and (53), we compute ||y(t) — u(?)||; as follows:
150 =0l = |30 =3 = s [ 6= 0 e (54)
0

1

By adding and subtracting the term ﬁ fot(t — 1) 1Q(z, y())dz and applying the triangle inequality, we have

t
ly@ —u)l, < |y(0) - yo - ﬁ / (t - 1z, y(x))d
0

(55)
+5e 7 / (t =)' Q(r, y(r))dr - — o) / (1 = ' Qr, u(r))dr| .
Using (50) and the norm properties, one can get
_ eT” L _ a—1 _
10 =4Ol < 5o + e / (1= 0| (e, () - Q(r. ()| . (56)
0
Applying the Contraction Mapping Principle [62] as also used in [63] (Theorem 3.2), yields
eT*
ly@® —u®ll; < ly@® = u®ll; - (57)

Ta+D) F((x+l)

Algebraic manipulation gives |[y(t) — u(?)||; < M e where M = F(JW Following Definition 7, M > 0, provided I'(a+1)—«T* > 0,

which implies I'(e + 1) > kT“. Hence, fractional model (43) is Hyers-Ulam is stable at [0,7"]. []
5. Adam-Bashforth-Moulton predictor—corrector scheme for the SEIAR-B model

The ABM method is the predominant numerical approach for solving fractional-order initial value problems (IVPs). The preference
for the Adams PECE method is owing to the benefits they offer: they require least functions evaluations, making it more efficient and
reliable than the other methods, such as extrapolation methods. Using the Corrector Predictor technique, the double-step approach
addresses error estimation limitations in one-step methods (e.g., Runge-Kutta). The Adams-Moulton technique, a key component of
the Adams method, adjusts step sizes and method ordering to accommodate error control. This method outperforms one-step methods
like the Milne method by reducing unnecessary computations and time, resulting in significant improvements in computational tasks
compared to multi-step approaches (see [57,58] for details).

Now, let us examine the FDE:

§ Dfuy (1) =Q;(tu; (1), for 120, with u(0)=uy €R,,r=0,1,2,...a,j EN, (58)

where the differential operator CDf’ is identical to the well-known Volterra integral equation in the Caputo sense. Thus, we have

a—1

U; (t)—Z ]O—’ F(a) /(t )"~ 1Q(e U; (e))de jeN. (59)

Using the ABM-PECE scheme, we explore the numerical solution of a fractional order SEICR-B model with sanitation and treat-
ment. The algorithm is described in the following manner.
Let h= 2,1, =nh,n=0,1,2, ..

13
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Define the Corrector formulae by:

Sn+l= S +

P P P P P
F(a+2) (Aa +¢ R — (@, + GG +as B )+ )Sn+l)
h[x
L z;zoaj,m(/\uqs“}zj — (@1, + a3 Cy + a3 B+ 47)S, ),

(a1 +a“Cp

a pP _ o o P
11 w1 T B S, — (W +6 )En+l>+

1= Eo+ F(a+2)<

hﬂ
2;.;0 & i1 ((afzj +aiC; +atB))S; — (U + 5“)E,),

T(a+2)
L= lo+ 7 F(a+2) (f‘sa wet FOUCo = (W +dT iy 7"+ %) n+1>+
D aj,,,ﬂ(f&“E, +0°C; — (U + d 0+ 7+ L) ) o
Conr= Co+ i (L= NS ED,, +7712,, = (u* + a5 + 05 +60C, )
F(Z—L)Z, 0 @net (L= PIOTE, + 77T, = (u + d§ 405 +09C, ),
Ri1= Ro+ oy r(a+2) <("1 +CO + 0y Gy — (W + ¢a)Rp+1>
s B @t (014 €O, +EC — (u® + R, ),
Bui= Byt F(a+2)< T +65C,,, — g +1‘1)Bn+1>
1"(:—:2) Z;’=0 “j,n+1<€(111j +e5C; — (uy +;(“)Bj).
Predictor formulae:
S= Sp+ r(l 0 E et (ATH TR, — (@01, +aCy + B+ %) S, ),
B, = E+=3 j,,H((a I, +a%C; +a"Bj)Sj—(;4"+6“)Ej>
2= I+ s Y 1,,+1(f6"E F6°C) — (Ut dE 4+ H D), o

C5+1: Co +r(a) =0 Bt 1- f)5"’E +VaI —(u* +da+i12+0a)C)

R, = R +m) 0y (014 EOL +5C, = + 4R, ),

14 —
B = B F(a) j oSl € 1j+egcj—(yg+){a)3j>’

where
H_(n—a)n+ 1)%,if j=0,
@y == j+ 2" + (= T =20 - j+ DI 0<j<n,
Lif j=1,

and

- h*

Bjar1 = (1 1= = (= j)"),0<j <.
6. Numerical results and discussions

The fractional order model (11) was numerically solved in this part using the PECE approach of Adams-Bashforth-Moulton.
The implementation was done in MATLAB. Multiple graphical representations (refer to Figs. 2 (a)-(f)) are provided and analyzed to
confirm the previously stated analytical findings. The baseline values of parameters from Table 1 are utilized to facilitate simulations.
The starting values for sub-populations were as follows: S(0) = 60, E(0) = 40, I(0) = 20, A(0) = 90, R(0) = 20, B(0) = 500 as given by
Mwaijande and Mpogolo (2022, Preprint) [61]. This model system’s fractional order « is selected from 0.75 to 1, inclusive.

6.1. Effects of memory on epidemic classes

To get a clear picture of the notion of memory effect, it is better to spell out this concept in terms of order of derivative « in the
interval 0 < a < 1. If the choice of order of the derivative is @ = 1, then there is no memory in the system (memoryless); the referred
case is the classical calculus (integer order calculus). However, as a decreases from 1 through O exclusive, the level of memory
increases. Therefore, the memory effect becomes negligible as « is so close to the unit. However, the memory effect increases as
a diverges from the unit. Now, Fig. 2 (a)-(f) depicts the dynamics of all compartments as the fractional order « varies from 0.75

14
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Fig. 2. (a)-(f) Show the impact of variation of memory parameter (« = 0.75,a =0.85, and a = 1) on different epidemiological classes (.S, E, I,C, R, B).
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through 1. In particular, Fig. 2(a) shows that the susceptible population increases with an increase in memory from 1 to 0.75. Fig. 2
(b) shows that with an increase in memory, there is a decrease in the exposed population. Also, Fig. 2 (c) shows that the population
of symptomatic decreases with an increase in memory. The same applies to Fig. 2 (d), where the asymptomatic population decreases
with similar reasoning. Also, Fig. 2 (e) shows that the population of recovered individuals increases with an increase in memory.
Lastly, Fig. 2 (f) depicts that the population of Shigellosis pathogens increase when memory is deficient. The above findings imply that
incorporating the memory effect (a) significantly reduces the size of disease cases. This has been witnessed in all disease classes see
Figs. 2 (b)-(e). Nevertheless, when there is no memory (a« = 1) under the same circumstances, a high number of cases are observed
because individuals are unaware of the previous strategies to contain an epidemic. Our findings also agree with other scholars such
as [19,56,59].

6.2. Effects of control measures at a fixed fractional order

Fig. 3 (a)-(f) demonstrates the dynamical behaviour of all compartments, i.e. S, E,I, A, R and B when the treatment rate ¢ is
varied at the fixed fractional order a = 0.75. This means eliminating the disease outbreak is more likely when the infected cases
receive medical care. On the other hand, Fig. 4 (a)-(b) shows the impact of variation of sanitation measures () on the dynamics of
symptomatic humans and pathogens population. The numerical findings show a neglible effect on symptomatic humans as it is for
the other classes not shown here for the purpose of being concise, but the effect is so evident in the pathogens population.

6.3. Impact of variation of contact rates and control measure parameters on the effective reproduction number (R,)

It can be visualized from Fig. 5 (a)-(c) that the contact rates «;, a,, and a5 influence the effective reproduction number R,. An
increase or decrease in contact rate, say a;, a,, a3 or their combinations tend to increase or decrease R,. Thus, the disease growth
or decline of the outbreak depends on the nature of contact between the susceptible and infected populations and contact with
contaminated food or water. This implies that it is imperative to minimize unnecessary contact with infected individuals to manage
Shigellosis in the community. Furthermore, Fig. 5 (d) shows that an increase in sanitation parameter (y) or treatment parameter
(¢) tends to decrease the effective reproduction number R,. This implies that these control parameters are reasonably chosen for
mitigating Shigellosis epidemic. Thus, to control Shigellosis, the government must increase the rate of treating already infected humans
and ensure that the populace acquires services such as safe drinking water supply, sanitation and hygiene facilities.

7. Conclusions

This paper presents a unique and innovative approach to studying Shigellosis dynamics. It does so by introducing a fractional-
order differential equation in the Caputo sense, a method that has not been widely explored in this context. Fundamental concepts of
fractional calculus were presented to build a solid foundation for the findings. The relevant theorems concerning the Shigellosis model
were established and proved. Qualitative features such as solutions’ existence, uniqueness, and boundedness were thoroughly inves-
tigated. Moreover, stability analyses were conducted, encompassing both local stability, assessed through Routh’s and global stability
investigated through the Ulam-Hyers stability criteria. Numerical results were obtained using the predict-evaluate-correct-evaluate
method of Adams-Bashforth—-Moulton. The findings underscored the efficacy of routine therapies and sanitation practices for slowing
the transmission of Shigellosis and decreasing the number of patients. The study also explored the influence of memory on Shigellosis
dynamics by varying the fractional order within the range of 0.75 to 1. Results suggested that the increased memory effect led to
a significant decline in disease incidence. These findings have significant practical implications. They highlight how understanding
past disease prevalence and the effectiveness of countermeasures can profoundly influence our approach to the current situation.
Future studies on Shigellosis might explore other fractional calculus derivatives such as Antagana-Baleanu, Riemann-Liouville, and
Caputo-Fabrizio fractional, considering the limitations of Caputo derivatives in demanding higher conditions of regularity for differ-
entiability as pointed out by [55]. One of our study’s limitations is the lack of data to validate our conclusions. For this case, we
utilized simulated data obtained from prior research. Undoubtedly, acquiring authentic data would enable us to get more exciting
results than our current findings. Another aspect where future work could be directed is the incorporation of optimal control and
cost-effectiveness in the present work. Despite the pitfalls, this work is an improvement of the classical models presented in literature
regarding Shigellosis dynamics, where nonlocal features and memory effects were ignored. Eventually, the current work could still be
helpful as it offers valuable insights for policymakers on successful strategies for controlling Shigellosis in the community.
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Fig. 5. (a)-(c) Depicts the impact contact rates (a;, a,, a;3) on the effective reproductive number R,. Fig. 5(d) Shows the impacts of variation of y and ¢ on R,.
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