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Abstract: Graphene has exceptional electronic properties, such as zero band gap, massless carriers,
and high mobility. These exotic carrier properties enable the design and development of unique
graphene devices. However, traditional semiconductor solvers based on drift-diffusion equations
are not capable of modeling and simulating the charge distribution and transport in graphene,
accurately, to its full extent. The effects of charge inertia, viscosity, collective charge movement,
contact doping, etc., cannot be accounted for by the conventional Poisson-drift-diffusion models, due
to the underlying assumptions and simplifications. Therefore, this article proposes two mathematical
models to analyze and simulate graphene-based devices. The first model is based on a modified
nonlinear Poisson’s equation, which solves for the Fermi level and charge distribution electrostatically
on graphene, by considering gating and contact doping. The second proposed solver focuses on the
transport of the carriers by solving a hydrodynamic model. Furthermore, this model is applied to
a Tesla-valve structure, where the viscosity and collective motion of the carriers play an important
role, giving rise to rectification. These two models allow us to model unique electronic properties of
graphene that could be paramount for the design of future graphene devices.

Keywords: graphene; discontinuous Galerkin; finite element method; nonlinear modeling; hydrodynamic
model; Tesla valve; computational semiconductors

1. Introduction

Graphene has been the focus of various research topics for the last two decades and is
pushing toward the market [1,2], and even new physical effects such as Moiré materials
with superconductivity [3,4] and chiral plasmons [5] are still being discovered. For the fu-
ture of graphene and for the development of graphene-based devices, it is crucial to be able
to understand its many effects and to model the electronic transport in graphene. Thanks
to its 2-D structure, graphene has exceptional electronic transport characteristics such as
zero-mass carriers at the Dirac point and very high charge mobility. These properties
make it challenging to use traditional semiconductor-modeling techniques with graphene.
Additionally, due to the collective behavior of charge carriers and the dominant electron–
electron (e–e) collisions occurring in graphene, considerably high viscosity levels in carriers
of graphene have been observed. The viscosity of electrons in graphene has been shown to
lead to phenomena such as whirlpools and negative local resistance [6], superballistic trans-
port [7], and Poiseuille flow [8,9]. When wisely utilized, these hydrodynamic effects could
also be utilized to implement electronic devices that show rectifying properties. A 2-D Tesla
valve has been implemented [10] that acts like a viscometer and demonstrates rectification.
Graphene is considered as a semi-metal or a zero-gap semiconductor; however, its special
attributes and zero band gap make it unique. Thus, the use of traditional semiconductor
models, based on classical drift-diffusion equations, is challenging. There have been multi-
ple attempts to extend the drift-diffusion solvers to model graphene-based devices [11–15],
and they are valid for a range of applications; however, they lack the ability to fully cap-
ture the aforementioned phenomena, due to viscosity and the many-body interactions
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occurring with the carriers in graphene. Moreover, the existing hydrodynamic models for
charge transport in graphene are limited to the relativistic case at 0 K [16]. Therefore, a
generalized hydrodynamic study is required to model the motion of electrons in graphene
and graphene-based electronic devices accurately. By considering mass, momentum, and
energy conservation of the charge carriers in graphene, the charge-transport dynamics can
be predicted [17–19]. In this work, we aim to demonstrate novel computational solvers
and algorithms to model graphene’s electronic-transport properties, and we report two
separate solvers based on the Finite Element Method (FEM). The first solver is to model
the gating and contact doping in graphene, which solves the arising nonlinear Poisson’s
equation iteratively to determine the Fermi level and charge densities in graphene layer.
The second reported solver models the hydrodynamic charge transport in the time domain,
based on the Discontinuous Galerkin Time Domain (DGTD-FEM) algorithm, and delivers
dynamic charge transport in graphene in the time domain.

This article is structured as follows. Section 2 focuses on the theory and physical
model to cover the nonlinear electrostatic equation to model the electrostatic gating and
contact doping in graphene as well as the hydrodynamic transport. Section 3 shows the
results arising from the nonlinear electrostatic solver, as well as the transient hydrodynamic
transport solver that demonstrates Poiseuille flow and rectification in a graphene-based
Tesla valve. Section 4 discusses the results, possible future work, and concludes the paper.

2. Theory and Methods
2.1. Nonlinear Electrostatic Approach: Modeling Gating and Contact Doping

The transport properties of graphene depend on many internal and external parame-
ters, such as its deposition technique, impurities, type of materials in contact with graphene,
operating temperature, etc. These aspects need to be accurately considered for the design
of next-generation graphene-based electronic devices in order to account for the effects,
such as nonlinear contact doping, due to metals. To exploit the full potential of graphene’s
exotic properties, one should be able to access and manipulate the Fermi level of graphene.
Making use of graphene in electrical devices requires shifting the Fermi level, by gating
and making contacts with metals, which inherently dopes the graphene locally and results
in Fermi level shifts. Both of these effects, gating and contact doping, can already be ana-
lyzed under static conditions where there is no net current flowing through the graphene.
The key relations that determine the electrostatic charge and Fermi level distribution are
the Thomas–Fermi equation and Poisson’s equation. These equations can be written for
the analysis of charge distribution of graphene under electrostatic conditions. Using the
equilibrium Fermi–Dirac function fFD(E− EF), and 2-D density of states in graphene
g2D(E) = 2|E|

π}2v2
F

, the electron density per area n2D
e at a given Fermi Level EF for nonzero

temperature T, is written as

n2D
e (EF) =

∫ ∞

0
g2D(E) fFD(E− EF)dE = − 2

π

(
kBT
}vF

)2
Li2

(
−e

EF
kBT

)
, (1)

where kB is the Boltzmann constant and Lin(x) is the poly-logarithm function of the
n-th order [12]. Electron-hole symmetry in graphene’s band diagram yields a similar
relationship for the hole density n2D

h (EF) = n2D
e (−EF). For devices where the graphene

layer is sandwiched between dielectric layers, as in Figure 1, the following nonlinear
Poisson’s equation can be written [11,14,15]:

∇(ε∇ϕ) = −ρ(ϕ), (2)

ρ(ϕ) =

{
q
[
n2D

h (ϕ)− n2D
e (ϕ)

]
/tgr , within graphene

0 , otherwise
. (3)

where ϕ is the electrostatic potential, ε is permittivity, q denotes elementary charge, and
tgr is the graphene’s thickness, taken as 0.35 nm. Dividing by graphene’s thickness on the
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right-hand side of (3) makes sure that the volumetric charge density is used for the charge
density term in Poisson’s equation. Here, Equation (2) represents the nonlinear Poisson’s
equation (NLP), as the charge distribution in graphene is also a function of the potential.
The obtained potential on the graphene layer shifts the band diagram of graphene based
on E = −qϕ, and the corresponding Fermi level with respect to the Dirac point can be
updated. Therefore, solving this equation would require an iterative approach between (1)
and (2), as in [20]. Gate potentials are applied by enforcing Dirichlet boundary conditions
onto the model. For the other boundaries, a homogeneous Neumann boundary condition
(∇ϕ·n = 0, where n is the outward-pointing unit normal vector), is used. The obtained
solution directly gives the charge distribution in graphene under the gate potential (without
contacts present directly on the graphene), since the scenario describes the electrostatic case
without any current flowing.
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hole, and total) distributions. (d) Scheme with two additional contacts on graphene, which pin the 
Fermi level at 30meV and −10meV, respectively. (e,f) Fermi level and charge distributions on gra-
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Figure 1. Electrostatic analysis of graphene layer with gating and contact doping. (a) Device geometry
(cross-section) with top and bottom gates. Graphene is depicted with the orange layer in the middle,
and the green layers represent dielectrics. (b) Fermi level profile on the graphene layer, when the
top gate is kept at 50 mV and the bottom gate is grounded. Elevated Fermi level profile is obtained
from the nonlinear Poisson’s equation using Thomas–Fermi distribution (1), 0 K case is obtained

by assuming only electrons exist and n2D
e (EF) =

E2
F

π(}vF)
2 , as in [21,22] (discussed further in the

supplementary notes and Figure S1: 2-D device geometry (cross-section) with two gates at the top
and the bottom. Graphene is depicted as orange layer in the middle, the green layers represent
dielectrics, the gate contacts are shown in golden, and Dirichlet conditions are applied to those
boundaries for solving the nonlinear Poisson’s equation.). (c) Corresponding 2-D charge (electron,
hole, and total) distributions. (d) Scheme with two additional contacts on graphene, which pin
the Fermi level at 30meV and −10meV, respectively. (e,f) Fermi level and charge distributions on
graphene layer with the contact doping and gating present together. These profiles were directly
obtained by the iterative solution of a nonlinear Poisson’s equation, together with Thomas–Fermi
equation using the successive under-relaxation method.

In this work, Equation (2) has been discretized using the Finite Element Method (FEM)
with a triangular mesh and with scalar (nodal) shape functions and is solved iteratively
together with Equation (1), by using successive under-relaxation method as in [20,23].
Equation (2) is strongly coupled with Equation (1), where the potential is one coupling
channel, and the concentration of carriers is the other one. In each iteration, for a given
potential ϕ, carrier densities are computed by (1), and then they are transferred into the
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Poisson’s Equation (2) to update the potential distribution again. This iterative scheme
continues until the potential distribution stabilizes. The model in Figure 1a also assumes
that graphene layer is in contact with a source of carrier, which does not affect the Fermi
level position and does not cause doping of the graphene.

In addition to the analysis of gating on graphene, the contact doping and Fermi level
pinning due to the contact of metals on graphene [24] can also be incorporated into this
model, by applying additional Dirichlet boundary conditions as in Figure 1c. Since the
potential ϕ is directly related to the Fermi level energy of graphene (EF), it is possible
to enforce the Fermi level pinning directly, by applying additional Dirichlet boundary
conditions for the potential under equilibrium, and this leads to carrier doping due to the
metal contacts. With these results, it is possible to visualize built-in fields, calculate the
conductance of a device, and, ultimately, design contacts and dielectrics to find the ideal
operation ranges for the gate voltages.

2.2. Hydrodynamic Charge Transport in Graphene
2.2.1. Hydrodynamic Transport Model

The accurate analysis of semiconductor devices requires advanced models for the
charge carrier transport. The traditional drift-diffusion models (DDM) start losing their
validity as the operation frequencies increase [10], and the oscillation periods of the carriers
become comparable with the momentum and energy-relaxation-time constants. There-
fore, hydrodynamic models (HDM) have been employed to solve mass, momentum, and
energy conservation equations for the carriers in the semiconductors, to provide better
accuracy. Especially for reaching THz operation speeds and developing sub-micron devices,
modeling inertia effects and ballistic transport with HDM is vital [17,18,25–30]. Applying
a number of moment-expansion operations on the Boltzmann Transport Equation (BTE)
would lead to transport models with increasing accuracy and complexity. One of the widely
accepted set of equations for HDM are given for unipolar charge transport (assuming only
electrons are present), as in (4)–(6).

∂ne

∂t
+∇·(nev) =

(
∂ne

∂t

)
c

, (4)

∂p
∂t

+ v∇·p + p·∇v = −qneE−∇(nekBTn) +

(
∂p
∂t

)
c

, (5)

∂w
∂t

+∇·(vw) = −qnev·E−∇·(vnekBTn) +∇·(κ∇Tn) +

(
∂w
∂t

)
c

, (6)

where the unknowns of the system are electron concentration ne, momentum density of
electrons p, and the energy density of electrons w. Additionally, κ stands for the heat-
conduction coefficient (κ = κ0µn0nk2

BT0 as in the Wiedemann–Franz law), Tn is the carrier
temperature, v stands for the electron velocity, and E is the electric field (E = −∇ϕ) that
exerts electric force on the electrons. A set of additional equations are given to relate the
parameters as p = menv, and w = 3

2 nkBT + 1
2 men|v|2, where me is the effective carrier

mass. The complementary collision terms can be written as
(

∂ne
∂t

)
c
= 0,

(
∂p
∂t

)
c
= − p

τp
, and(

∂w
∂t

)
c
= −w− 3

2 nkBT0
τw

, where τp and τw represent the momentum and energy relaxation
times, respectively, and T0 stands for ambient temperature.

By assuming the geometry is 2-D, and separating the components of the vectorial
quantities, this set of HDM equations can be written in a more compact way:

∂u
∂t

+∇· F(u) = R(u), (7)

F(u) = ax

(
vxu + [0, nekBTn, 0, vxnekBTn]

T
)
+ ay

(
vyu +

[
0, 0, nekBTn, vynekBTn

]T
)

, (8)
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R(u) =

[
0,−eneEx −

px

τp
,−eneEy −

py

τp
,−enev·E−

w− 3
2 nekBT0

τw
+∇·(κ∇Tn)

]T

, (9)

for the unknown vector u =
[
ne, px, py, w

]T . Solutions of this set for conventional
semiconductors have already been demonstrated by the use of DGTD-FEM in 1-D [25]
and 2-D [18]. However, due to the exotic properties of graphene, direct application of this
model on graphene is challenging.

2.2.2. Graphene Properties and Parameters

The hydrodynamic properties of charge transport in graphene have been demon-
strated multiple times, such as its viscosity effects [8,10], Poiseuille flow [9], etc. Moreover,
macroscopic models based on the Boltzmann equation are developed for the analysis of
dynamic effects in graphene, such as thermal transport [31]. However, a generalized HDM
solver to model charge-carrier transport has been missing. The HDM-transport solver
would also complete the charge-transport analysis in graphene under non-equilibrium
conditions, when it is coupled with the nonlinear Poisson’s solver described in the previous
section. In other words, the full HDM solver, as described in (7)–(9), can be coupled with (2)
and (3) to provide full analysis. Another approach could also be solving (2) and (3) initially
to obtain the Fermi level in the graphene sheet, due to contact doping and gating, and (7)–(9)
can be solved together with Poisson’s equation for the transport analysis, assuming contact
doping stays steady. However, the introduced set of HDM Equations (7)–(9) are derived
for traditional semiconductors with well-defined effective carrier mass. Additionally, for
traditional semiconductors, the momentum and energy-relaxation mechanisms are well
understood, and the corresponding time constants can be found in the literature. Therefore,
in order for HDM transport to be applied on graphene, material specific parameters, carrier
effective mass, saturation velocity, momentum, and energy-relaxation-time constants need
to be known. As is widely known, one of graphene’s extreme properties is its exceptional
carrier mass, due to its conical Dirac band structure. This massless characteristic of electrons
and holes also results in very high mobility and electrical conductivity, making graphene
a unique material. In this work, we follow the classical approach given in [32], without
invoking the Dirac equation to obtain an average effective electron (and also hole) mass in
graphene:

m∗ =
2EF

v2
F

, (10)

where vF denotes Fermi velocity (= 8.96× 104 m/s). For EF = 0, average effective carrier
mass is also given with the following formula:

m∗ =
(4 ln 2)kBT

v2
F

, (11)

Another very important parameter for hydrodynamic transport is the momentum-
relaxation-time constant that reveals itself in the right-hand-side collision term of the
momentum-conservation Equation (5). This parameter is primarily dependent on the scat-
tering mechanisms taking place, and for high-temperature applications, phonon scattering
would be the primary scattering mechanism. The momentum-relaxation-time constant for
phonon scattering in graphene as a function of Fermi level, phonon velocities, mass density,
and acoustic deformation potential can be obtained by following the formalism in [33,34].
For T = 300 K and EF = 100 meV, τp corresponds to 0.27 ps, while it can potentially reach
up to 2 ps for the undoped graphene with a Fermi level near the Dirac point.

Moreover, carrier-saturation velocity also plays a significant role for the transport and
can be written as [35,36]:

vsat = vF
}ωOP

EF
, (12)
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where }ωOP ∼= 200 meV is the inelastic optical phonon (OP) scattering rate, observed when
SiO2 is used as the gate-insulator material.

The last missing parameter for the HDM of graphene is energy-relaxation time that ap-
pears in the collision term of the energy conservation Equation (6). For this work, it is taken
as 1 ps for high-temperature operation [37,38]. Having obtained all the material-related
transport parameters for graphene, the HDM set can be solved, and the hydrodynamic
transport effects can be observed with the appropriate set of boundary conditions.

3. Results

In order to test and analyze the developed 2-D hydrodynamic solver for graphene,
a 2-D device geometry, as in Figure 2, is chosen. The orange part in Figure 2 denotes the
graphene-based device as well as the full computation domain for the HDM simulation.
The geometry is inspired from a mechanical device designed by Nikola Tesla, also referred
to as a Tesla valve [39]. The main purpose and advantage of this device is that when a
fluid flows through this device, it encounters different resistances depending on the flow
direction. In other words, in one direction, (from a to b in Figure 2) the fluid is divided
into two branches, and they recombine again with a large angle (opposing the main flow
direction) creating whirlpools, loss of energy, and higher resistance for the flow. However,
for the other direction (fluid flow from b to a), the flow again is divided into two branches,
but it recombines later with a smoother angle without causing too much loss of energy.
The authors of [10] have fabricated a similar Tesla-valve-like graphene device operating
at low temperature, based on this phenomenon, where electron flow is more resistive in
one direction with diode-like electrical rectification. Since a commercial hydrodynamic
carrier transport solver for graphene is not available, the authors of [10] have performed
simulations using fluid-dynamics solvers to show the effects qualitatively and also to verify
their experimental findings. In this work, we also choose a similar structure with smaller
dimensions to model the hydrodynamic charge transport in graphene at room temperature.
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Figure 2. Geometry of 2-D graphene Tesla valve. The orange area is the full 2-D computation domain.
Ohmic contacts are depicted with “a” and “b”, the charge carriers flow depending on the applied
potential, either from “a” to “b” or from “b” to “a”. The boundaries are insulating, except for the
ohmic-metallic contacts. Hard and easy flow directions are given by the arrows.

3.1. Rectification: Tesla Valve

The developed HDM solver for graphene is applied for the device geometry given in
Figure 2, which represents the fluidic device, called a Tesla valve, in nanoscale for electron
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transport in graphene. In order to observe the pure viscosity effects and the working
principles of a Tesla valve, a homogeneous Fermi level distribution is assumed on the
graphene, which can be provided by gating from underneath. Moreover, ideal ohmic
contacts without contact doping effects are employed for the boundary conditions at the “a”
and “b” boundaries in Figure 2. Assuming homogeneous EF = 100 meV on the graphene
layer, a unipolar HDM solver (assuming only electrons exist) is employed, together with the
Poisson’s equation to simulate the structure. The electric field (driving force for the carriers)
between the ideal ohmic contacts are obtained by solving the Poisson’s equation, with
respective Dirichlet boundary conditions. In other words, the model (7)–(9) is coupled with
a Poisson’s equation solver in lateral dimensions, for the computation of the hydrodynamic
charge carrier transport in graphene. This analysis is done independently of the transverse
potential computation, thanks to the homogeneous Fermi level assumption. For a more
accurate analysis, Poisson’s equation can be considered in 3-D, to account for both lateral
and transverse variations at the same time.

The narrow width, in the order of 10 nm, of the graphene device in Figure 2, might
also lead to edge effects and confinement effects, which could potentially change the
electron velocities [31,40,41]. In this work, we focus on macroscopic carrier transport and
collective carrier motion, and the mentioned effects are omitted by using average values.
However, thanks to the flexible nature of HDM equations, the varying carrier velocity and
different phonon-scattering times can also be incorporated into the model for more accurate
graphene-nanoribbon simulations.

There are two types of boundary conditions used in this structure, the first one is
the ohmic contact condition on the boundaries ‘a’ and ‘b’, to make sure the potential is
applied on electrons, so they can enter and leave the structure without resistance. The other
boundary condition is applied on the edges of the Tesla valve structure. For that purpose,
an isolation boundary is used to eliminate the possible flow outside of the computational
domain. This isolation condition is implemented weakly, by assuming zero velocity just
outside of the graphene device. In other words, usage of the DGTD method allowed us to
assign zero velocity for the carriers on the “ghost elements”, just outside the device domain,
and their presence is felt through the numerical-flux term in the DGTD-FEM formalism [18].
For the numerical flux, local Lax Friedrichs flux has been utilized [42], and time steps
as small as 0.01 fs are needed to provide the stability, due to high carrier velocities and
concentrations. The developed solver takes around 290 ms CPU time for the computation
of each time step on an Intel i7-7700, requiring less than 100 MB memory for the device
geometry in Figure 2, with triangular mesh consisting of 21,000 triangular elements. To
sum up, for simulating 1 ps of dynamic transport, usually there is a required duration
for the steady state to be formed: the solver computes 100,000 time steps. Thanks to the
discontinuous nature of the employed DGTD method, a parallel approach can be developed
for the next-generation implementation, and the resulting computation cost and required
CPU time can be relieved. This would also lead to acceptable computation durations for
the simulations of bigger structures and devices made out of graphene.

Electron flow directions and velocities can be seen in Figure 3, for the cases where the
contact on the right is grounded, and 50 mV is applied to the left contact, and vice versa.
As it can be seen from Figure 3a, electrons meet again without too much resistance, when
they flow in the easy direction, whereas electrons with opposing flow directions cause loss
of energy in the hard-flow direction, as can be seen from Figure 3b. This different resistance
experienced by the electrons, depending on the flow direction, also shows itself in the total
current flowing through the device. Figure 4 depicts the transient current vs. time and the
transient potential on the left and right contacts. When the left contact is kept at 50 mV,
electrons flow toward the left, and they generate a higher absolute current, compared to
the case where the right contact is kept at 50 mV and the left one is grounded. The diodicity
parameter can be defined for this device similar to [10] as

D =
Rhard
Reasy

=

∣∣∣∣ ieasy

ihard

∣∣∣∣, (13)
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Figure 3. Hydrodynamic electron flow demonstrated in graphene Tesla valve. (a) Electron flow from
right contact to the left, due to higher (50 mV) potential on the left; easy and less-resistive direction
for the hydrodynamic flow. (b) Electron flow toward the right contact, harder and more resistive path
for electrons, due to viscosity effects and momentum-loss, due to the large angle at the connection
of the branches. The small difference in velocities causes the rectification effect (see the diodicity
analysis below in the text).
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Figure 4. Transient voltage and current profiles of the Tesla valve during “easy” and “hard” flow
modes. Between 1–2 ps, a bias in the ‘hard’ flow direction is applied, i.e., the right contact is biased to
50 mV while the left contact is kept grounded. Between 3–4 ps, the biased is reversed to facilitate
current in ‘easy’ direction. The computed current level between 3–4 ps is higher than the current
levels observed in the ‘hard’ flow direction between 1–2 ps.

For the same level of bias applied from the contacts in both the easy- and hard-flow
cases, the diodicity yields to D = 1.0655. Higher diodicities can be easily achieved by
cascading several of these Tesla valves elements.

3.2. Poiseuille Flow

The classical Poiseuille flow is a well-known phenomenon, due to hydrodynamic
effects and the collective motion that occurs when fluids flow in a long duct, such as a
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pipe. It has also been shown that under certain circumstances, the electrons in graphene
also demonstrate the Poiseuille flow, while carrying a current [8,9]. In order to account
for this effect, modified isolation boundary conditions have been used in the HDM solver,
by enforcing the velocity of carriers to be zero, just outside the computational domain (in
the ‘ghost’ elements). Therefore, the velocity profiles in the narrow channels, as in Figure 5,
can be obtained; this ensures that the current is the maximum in the middle of the narrow
graphene channels, and the electron flow tries to avoid the edges. Moreover, the current
levels are higher when the electrons are flowing in the easier direction, which is labeled as
‘forward’, and maximum of the current is less in the ‘backward’ or harder-flow direction.
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Figure 5. Velocity profile of electrons: (a) computed on the straight part of the Tesla valve geometry
in Figure 2 near the right contact “b”. The electrons demonstrate Poiseuille flow as their velocity is
maximum in the middle of the narrow channel and approach to zero near isolation-boundary condi-
tion of HDM. Moreover, the ‘easy’ flow direction predicts higher current values, as expected. (b) A
schematic showing local-current-density profiles in a narrow channel (of width W) for conventional
ohmic transport (green) and viscous Poiseuille flow (blue).

4. Discussion

Two separate solvers to model and simulate the charge behavior in graphene have
been developed. The first simulator combines the nonlinear Poisson’s equation with the
Thomas–Fermi equation in graphene, for the computation of the Fermi level and carrier
distribution under the gate potential and contact doping, due to the metal layers. An
example scenario is given in Figure 1 that analyzes the static fields in the transverse
direction. The second solver considers the dynamic behavior of electrons and holes in
graphene, by solving mass, momentum, and energy-conservation equations together.
The proposed transport solver reveals the hydrodynamic charge transport in the lateral
dimension and is qualitatively validated by simulating a graphene Tesla valve device. The
modified HDM in graphene can account for the viscosity effects and collective carrier
motion, and this enables modeling the hydrodynamic effects occurring in graphene-based
devices, together with the Poisson’s solver. Thanks to the modified isolation boundary
condition, the Poiseuille flow can also be modeled, which is effective especially for the
narrow carrier flow channels. Finally, the results obtained by the proposed models match,
qualitatively, with the experimental findings of the literature for both the electrostatic case
with contact doping and the hydrodynamic transport seen in the Tesla valve.

The developed solvers can be adopted for the development of next-generation graphene
devices, especially for THz applications, by modeling and making use of the carrier inertia
effects, viscosity effects, and possible ballistic charge transport. Furthermore, graphene
nanoribbons (GNR) can also be modeled with this approach, by using appropriate carrier
velocity and phonon-scattering times, emerging due to edge effects. Moreover, a parallel
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solver for the HDM can be implemented in the next generation, thanks to the employed
DGTD algorithm.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/ma15124141/s1, Figure S1: 2-D device geometry (cross-section) with two
gates at the top and the bottom. Graphene is depicted as orange layer in the middle, the green layers
represent dielectrics, the gate contacts are shown in golden, and Dirichlet conditions are applied to
those boundaries for solving the nonlinear Poisson’s equation; Figure S2. Fermi level and charge
carrier profile on graphene layer with respect to changing top gate potentials while the bottom gate is
kept grounded. (a,c,e,g,i) show the Fermi level profile for the varying gate potentials (50 mV, 100 mV,
500 mV, 1 V, 5 V respectively) computed by using Equations (S1) and (S4). The full Thomas-Fermi
dynamics in (S1) considers temperature dependence (black curves) while (S4) assumes 0 K (purple
curves). (b,d,f,h,j) depict the carrier distribution on the graphene layer for the varying gate potentials.
Blue, orange and dashed black curves are obtained from the full model (1)–(3), the purple curve for
the electron concentration assumes 0 K based on (S4). As the gate potential, and the Fermi level,
increases the computed distributions from both approaches come closer to each other, moreover
hole concentration becomes negligible implying the 0 K approach could be used and poly-logarithm
function can be avoided.

Author Contributions: Conceptualization, A.C.G. and J.S.; methodology, A.C.G. and J.S.; software,
A.C.G.; validation, A.C.G., H.I. and J.S.; formal analysis, A.C.G., S.M.K., M.B. and J.S.; investigation,
A.C.G.; resources, A.C.G., S.M.K. and M.B.; data curation, A.C.G.; writing—original draft preparation,
A.C.G., S.M.K. and M.B.; writing—review and editing, A.C.G., S.M.K., M.B., H.I., J.S. and J.L.; visual-
ization, A.C.G.; supervision, J.S. and J.L.; project administration, J.S. and J.L.; funding acquisition, J.S.
and J.L. All authors have read and agreed to the published version of the manuscript.

Funding: The work presented in this paper is funded partially from the European Union’s Horizon
2020 rEuropean Union’s Horizon 2020 (H2020-NMBP-07-2017) under grant agreement MMAMA
n◦761036.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Kong, W.; Kum, H.; Bae, S.-H.; Shim, J.; Kim, H.; Kong, L.; Meng, Y.; Wang, K.; Kim, C.; Kim, J. Path towards graphene

commercialization from lab to market. Nat. Nanotechnol. 2019, 14, 927–938. [CrossRef]
2. Akinwande, D.; Huyghebaert, C.; Wang, C.-H.; Serna, M.I.; Goossens, S.; Li, L.-J.; Wong, H.-S.P.; Koppens, F.H. Graphene and

two-dimensional materials for silicon technology. Nature 2019, 573, 507–518. [CrossRef]
3. Cao, Y.; Fatemi, V.; Fang, S.; Watanabe, K.; Taniguchi, T.; Kaxiras, E.; Jarillo-Herrero, P. Unconventional superconductivity in

magic-angle graphene superlattices. Nature 2018, 556, 43–50. [CrossRef]
4. Hao, Z.; Zimmerman, A.; Ledwith, P.; Khalaf, E.; Najafabadi, D.H.; Watanabe, K.; Taniguchi, T.; Vishwanath, A.; Kim, P. Electric

field–tunable superconductivity in alternating-twist magic-angle trilayer graphene. Science 2021, 371, 1133–1138. [CrossRef]
[PubMed]

5. Huang, T.; Tu, X.; Shen, C.; Zheng, B.; Wang, J.; Wang, H.; Khaliji, K.; Park, S.H.; Liu, Z.; Yang, T.; et al. Observation of chiral and
slow plasmons in twisted bilayer graphene. Nature 2022, 605, 63–68. [CrossRef] [PubMed]

6. Bandurin, D.; Torre, I.; Kumar, R.K.; Shalom, M.B.; Tomadin, A.; Principi, A.; Auton, G.; Khestanova, E.; Novoselov, K.; Grigorieva,
I.; et al. Negative local resistance caused by viscous electron backflow in graphene. Science 2016, 351, 1055–1058. [CrossRef]
[PubMed]

7. Kumar, R.K.; Bandurin, D.; Pellegrino, F.; Cao, Y.; Principi, A.; Guo, H.; Auton, G.; Shalom, M.B.; Ponomarenko, L.A.; Falkovich,
G.; et al. Superballistic flow of viscous electron fluid through graphene constrictions. Nat. Phys. 2017, 13, 1182–1185. [CrossRef]

8. Ku, M.J.H.; Zhou, T.X.; Li, Q.; Shin, Y.J.; Shi, J.K.; Burch, C.; Anderson, L.E.; Pierce, A.T.; Xie, Y.; Hamo, A.; et al. Imaging viscous
flow of the Dirac fluid in graphene. Nature 2020, 583, 537–541. [CrossRef]

9. Sulpizio, J.A.; Ella, L.; Rozen, A.; Birkbeck, J.; Perello, D.J.; Dutta, D.; Ben-Shalom, M.; Taniguchi, T.; Watanabe, K.; Holder, T.; et al.
Visualizing Poiseuille flow of hydrodynamic electrons. Nature 2019, 576, 75–79. [CrossRef]

10. Geurs, J.; Kim, Y.; Watanabe, K.; Taniguchi, T.; Moon, P.; Smet, J.H. Rectification by hydrodynamic flow in an encapsulated
graphene Tesla valve. arXiv 2020, arXiv:2008.04862.

11. Nastasi, G.; Romano, V. A full coupled drift-diffusion-Poisson simulation of a GFET. Commun. Nonlinear Sci. Numer. Simul. 2020,
87, 105300. [CrossRef]

https://www.mdpi.com/article/10.3390/ma15124141/s1
https://www.mdpi.com/article/10.3390/ma15124141/s1
http://doi.org/10.1038/s41565-019-0555-2
http://doi.org/10.1038/s41586-019-1573-9
http://doi.org/10.1038/nature26160
http://doi.org/10.1126/science.abg0399
http://www.ncbi.nlm.nih.gov/pubmed/33542148
http://doi.org/10.1038/s41586-022-04520-8
http://www.ncbi.nlm.nih.gov/pubmed/35508778
http://doi.org/10.1126/science.aad0201
http://www.ncbi.nlm.nih.gov/pubmed/26912363
http://doi.org/10.1038/nphys4240
http://doi.org/10.1038/s41586-020-2507-2
http://doi.org/10.1038/s41586-019-1788-9
http://doi.org/10.1016/j.cnsns.2020.105300


Materials 2022, 15, 4141 11 of 12

12. Zebrev, G. Graphene field effect transistors: Diffusion-drift theory. In Physics and Applications of Graphene-Theory; Sergey, M., Ed.;
IntechOpen: London, UK, 2011; pp. 475–498.

13. Ancona, M.G. Electron transport in graphene from a diffusion-drift perspective. IEEE Trans. Electron. Devices. 2010, 57, 681–689.
[CrossRef]

14. Champlain, J.G. A first principles theoretical examination of graphene-based field effect transistors. J. Appl. Phys. 2011, 109,
084515. [CrossRef]

15. Nastasi, G.; Romano, V. An efficient GFET structure. IEEE Trans. Electron. Devices 2021, 68, 4729–4734. [CrossRef]
16. Mendoza, M.; Herrmann, H.J.; Succi, S. Hydrodynamic model for conductivity in graphene. Sci. Rep. 2013, 3, 1052. [CrossRef]

[PubMed]
17. Chen, Z.; Cockburn, B.; Jerome, J.W.; Shu, C.-W. Mixed-RKDG finite element methods for the 2-D hydrodynamic model for

semiconductor device simulation. VLSI Des. 1995, 3, 145–158. [CrossRef]
18. Gungor, A.C.; Ehrengruber, T.; Smajic, J.; Leuthold, J. Coupled Electromagnetic and Hydrodynamic Modeling for Semiconductors

Using DGTD. IEEE Trans. Magn. 2021, 57, 1–5. [CrossRef]
19. Luca, L.; Romano, V. Quantum corrected hydrodynamic models for charge transport in graphene. Ann. Phys. 2019, 406, 30–53.

[CrossRef]
20. Andrijauskas, T.; Shylau, A.A.; Zozoulenko, I. Thomas–Fermi and Poisson modeling of gate electrostatics in graphene nanoribbon.

Lith. J. Phys. 2012, 52, 63–69. [CrossRef]
21. Liu, M.-H. Gate-induced carrier density modulation in bulk graphene: Theories and electrostatic simulation using Matlab pdetool.

J. Comput. Electron. 2013, 12, 188–202. [CrossRef]
22. Yu, Y.-J.; Zhao, Y.; Ryu, S.; Brus, L.E.; Kim, K.S.; Kim, P. Tuning the graphene work function by electric field effect. Nano Lett. 2009,

9, 3430–3434. [CrossRef] [PubMed]
23. Gungor, A.; Smajic, J.; Moro, F.; Leuthold, J. Time-domain coupled full Maxwell-and drift-diffusion-solver for simulating scanning

microwave microscopy of semiconductors. In Proceedings of the 2019 PhotonIcs & Electromagnetics Research Symposium-Spring
(PIERS-Spring), Rome, Italy, 17–20 June 2019; pp. 4071–4077.

24. Giovannetti, G.; Khomyakov, P.A.; Brocks, G.; Karpan, V.M.; van den Brink, J.; Kelly, P.J. Doping graphene with metal contacts.
Phys. Rev. Lett. 2008, 101, 026803. [CrossRef] [PubMed]

25. Ehrengruber, T.; Gungor, A.C.; Jentner, K.; Smajic, J.; Leuthold, J. Frequency limit of the drift-diffusion-model for semiconductor
simulations and its transition to the Boltzmann model. In Proceedings of the 19th Biennial IEEE Conference on Electromagnetic
Field Computation (CEFC 2020), Pisa, Italy, 16–18 November 2020; p. 178.

26. Blotekjaer, K. Transport equations for electrons in two-valley semiconductors. IEEE Trans. Electron Devices 1970, 17, 38–47.
[CrossRef]

27. Aste, A.; Vahldieck, R. Time-domain simulation of the full hydrodynamic model. Int. J. Numer. Model. Electron. Netw. Devices
Fields 2003, 16, 161–174. [CrossRef]

28. Gardner, C.L. Hydrodynamic and Monte Carlo simulation of an electron shock wave in a 1-mu mn/sup+/-nn/sup+/diode. IEEE
Trans. Electron. Devices 1993, 40, 455–457. [CrossRef]

29. Jiang, Z.; Wang, Y.; Chen, L.; Yu, Y.; Yuan, S.; Deng, W.; Wang, R.; Wang, Z.; Yan, Q.; Wu, X.; et al. Antenna-integrated
silicon–plasmonic graphene sub-terahertz emitter. APL Photonics 2021, 6, 066102. [CrossRef]

30. Koepfli, S.M.; Baumann, M.; Giger, S.; Keller, K.; Horst, Y.; Salamin, Y.; Fedoryshyn, Y.; Leuthold, J. High-Speed Graphene
Photodetection: 300 GHz is not the Limit. In Proceedings of the 2021 Conference on Lasers and Electro-Optics Europe & European
Quantum Electronics Conference (CLEO/Europe-EQEC), Munich, Germany, 21–25 June 2021; p. 1.

31. Mascali, G.; Romano, V. A hierarchy of macroscopic models for phonon transport in graphene. Phys. A: Stat. Mech. Its Appl. 2020,
548, 124489. [CrossRef]

32. Ullal, C.K.; Shi, J.; Sundararaman, R. Electron mobility in graphene without invoking the Dirac equation. Am. J. Phys. 2019, 87,
291–295. [CrossRef]

33. Stauber, T.; Peres, N.M.R.; Guinea, F. Electronic transport in graphene: A semiclassical approach including midgap states. Phys.
Rev. B 2007, 76, 205423. [CrossRef]

34. Berdebes, D.; Low, T.; Lundstrom, M.; Center, B.N. Low bias transport in graphene: An introduction. NCN@ Purdue Summer
School: Electronics from the Bottom Up 2009. Available online: https://www.researchgate.net/profile/Ms-Lundstrom/
publication/242088422_Low_Bias_Transport_in_Graphene_An_Introduction/links/00b4953b4ad625d391000000/Low-Bias-
Transport-in-Graphene-An-Introduction.pdf (accessed on 1 September 2021).

35. Meric, I.; Han, M.Y.; Young, A.F.; Ozyilmaz, B.; Kim, P.; Shepard, K.L. Current saturation in zero-bandgap, top-gated graphene
field-effect transistors. Nat. Nanotechnol. 2008, 3, 654–659. [CrossRef]

36. Chauhan, J.; Guo, J. High-field transport and velocity saturation in graphene. Appl. Phys. Lett. 2009, 95, 023120. [CrossRef]
37. Baker, A.M.R.; Alexander-Webber, J.A.; Altebaeumer, T.; Nicholas, R.J. Energy relaxation for hot Dirac fermions in graphene and

breakdown of the quantum Hall effect. Phys. Rev. B 2012, 85, 115403. [CrossRef]
38. Dong, H.; Xu, W.; Tan, R. Temperature relaxation and energy loss of hot carriers in graphene. Solid State Commun. 2010, 150,

1770–1773. [CrossRef]
39. Tesla, N. Valvular Conduit. U.S. Patent 1329559A, 3 February 1920.
40. Han, M.Y.; Kim, P. Graphene nanoribbon devices at high bias. Nano Converg. 2014, 1, 1–11. [CrossRef] [PubMed]

http://doi.org/10.1109/TED.2009.2038644
http://doi.org/10.1063/1.3573517
http://doi.org/10.1109/TED.2021.3096492
http://doi.org/10.1038/srep01052
http://www.ncbi.nlm.nih.gov/pubmed/23316277
http://doi.org/10.1155/1995/47065
http://doi.org/10.1109/TMAG.2021.3058578
http://doi.org/10.1016/j.aop.2019.03.018
http://doi.org/10.3952/physics.v52i1.2270
http://doi.org/10.1007/s10825-013-0456-9
http://doi.org/10.1021/nl901572a
http://www.ncbi.nlm.nih.gov/pubmed/19719145
http://doi.org/10.1103/PhysRevLett.101.026803
http://www.ncbi.nlm.nih.gov/pubmed/18764212
http://doi.org/10.1109/T-ED.1970.16921
http://doi.org/10.1002/jnm.491
http://doi.org/10.1109/16.182528
http://doi.org/10.1063/5.0047070
http://doi.org/10.1016/j.physa.2020.124489
http://doi.org/10.1119/1.5092453
http://doi.org/10.1103/PhysRevB.76.205423
https://www.researchgate.net/profile/Ms-Lundstrom/publication/242088422_Low_Bias_Transport_in_Graphene_An_Introduction/links/00b4953b4ad625d391000000/Low-Bias-Transport-in-Graphene-An-Introduction.pdf
https://www.researchgate.net/profile/Ms-Lundstrom/publication/242088422_Low_Bias_Transport_in_Graphene_An_Introduction/links/00b4953b4ad625d391000000/Low-Bias-Transport-in-Graphene-An-Introduction.pdf
https://www.researchgate.net/profile/Ms-Lundstrom/publication/242088422_Low_Bias_Transport_in_Graphene_An_Introduction/links/00b4953b4ad625d391000000/Low-Bias-Transport-in-Graphene-An-Introduction.pdf
http://doi.org/10.1038/nnano.2008.268
http://doi.org/10.1063/1.3182740
http://doi.org/10.1103/PhysRevB.85.115403
http://doi.org/10.1016/j.ssc.2010.07.016
http://doi.org/10.1186/s40580-014-0001-y
http://www.ncbi.nlm.nih.gov/pubmed/28191387


Materials 2022, 15, 4141 12 of 12

41. Maffucci, A.; Miano, G. Number of conducting channels for armchair and zig-zag graphene nanoribbon interconnects. IEEE
Trans. Nanotechnol. 2013, 12, 817–823. [CrossRef]

42. Cockburn, B.; Shu, C.-W. Runge–Kutta discontinuous Galerkin methods for convection-dominated problems. J. Sci. Comput. 2001,
16, 173–261. [CrossRef]

http://doi.org/10.1109/TNANO.2013.2274901
http://doi.org/10.1023/A:1012873910884

	Introduction 
	Theory and Methods 
	Nonlinear Electrostatic Approach: Modeling Gating and Contact Doping 
	Hydrodynamic Charge Transport in Graphene 
	Hydrodynamic Transport Model 
	Graphene Properties and Parameters 


	Results 
	Rectification: Tesla Valve 
	Poiseuille Flow 

	Discussion 
	References

