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ABSTRACT

The time-since-infection (TSI) models, which use disease surveillance data to model infectious diseases,
have become increasingly popular due to their flexibility and capacity to address complex disease control
questions. However, a notable limitation of TSI models is their primary reliance on incidence data.
Even when hospitalization data are available, existing TSI models have not been crafted to improve the
estimation of disease transmission or to estimate hospitalization-related parameters—metrics crucial for
understanding a pandemic and planning hospital resources. Moreover, their dependence on reported
infection data makes them vulnerable to variations in data quality. In this study, we advance TSI models
by integrating hospitalization data, marking a significant step forward in modeling with TSI models. We
introduce hospitalization propensity parameters to jointly model incidence and hospitalization data. We use
a composite likelihood function to accommodate complex data structure and a Monte Carlo expectation–
maximization algorithm to estimate model parameters. We analyze COVID-19 data to estimate disease
transmission, assess risk factor impacts, and calculate hospitalization propensity. Our model improves
the accuracy of estimating the instantaneous reproduction number in TSI models, particularly when
hospitalization data is of higher quality than incidence data. It enables the estimation of key infectious
disease parameters without relying on contact tracing data and provides a foundation for integrating TSI
models with other infectious disease models.

KEYWORDS: composite likelihood function; hospitalization propensity; infectious disease transmission;
time between diagnosis and hospitalization.

1. INTRODUCTION
Mathematical modeling is essential for understanding infectious disease transmission, especially
during the early stages of pandemics when vaccines, treatments, and immunity are limited. Policy-
makers rely on key metrics like the instantaneous reproduction number (Rt), projected incidence,
and hospitalization counts to make timely decisions. Various modeling approaches, including
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compartmental models, agent-based simulations, and time-series analyses, help estimate these
metrics. Among these, time-since-infection (TSI) models have gained prominence due to their
ability to estimate Rt directly from incidence data using renewal equation concepts.

The concept of TSI models originated in the 1910s by Ross (1916) and Ross and Hudson
(1917a, b) and was mathematically formalized by Kermack and Ogilvy McKendrick (1927). They
gained further prominence with contributions from Wallinga and Teunis (2004) and Fraser
(2007). Recognition in the statistics community grew after the work of Cori et al. (2013) and
the development of the EpiEstim R package (Cori 2021), which enabled widespread use for real-
time Rt estimation, particularly during the COVID-19 pandemic (Gostic et al. 2020; Pan et al.
2020; Nash et al. 2022). Recent enhancements include regression integrations, addressing delays,
and multi-location analyses (Quick et al. 2021; Shi et al. 2022; Ge et al. 2023). These models are
based on the idea that new infections depend on three factors: recent infection counts, the current
reproduction number, and how transmission evolves over time. They are mathematically linked
to renewal equations, which model new cases as a sum of past infections weighted by infectious
potential, and have similarities with branching processes that describe how each case leads to
secondary infections (Athreya et al. 2004; Lloyd-Smith et al. 2005). Tools like the EpiNow2
package (Abbott et al. 2021) have applied these concepts to estimate time-varying transmission
dynamics, accommodating various infectiousness patterns, and reporting delays.

Compared to other infectious disease models, e.g. compartmental models, TSI models are valued
for their practicality and flexibility. Their statistical foundation enables integration with advanced
methods, making them well-suited for complex modeling challenges. By relying primarily on
empirical data, TSI models require minimal epidemiological knowledge, making them particularly
useful during new infectious disease outbreaks with limited biological insights (Jewell 2021). A
key advantage is their ability to estimate Rt directly from incidence data alone, making them user-
friendly during early pandemic stages when other surveillance data are scarce. However, this reliance
on incidence data can introduce biases from underreporting or reporting delays. Moreover, when
other crucial data, such as hospitalization counts, become available, traditional TSI models are not
equipped to integrate this information. It is because they assume each new infection is linked to
prior cases, a pattern not followed by hospitalization data. This limitation restricts TSI models from
effectively modeling disease-related hospitalizations, an essential metric for assessing pandemic
trajectory and planning healthcare resources.

This study aims to address these limitations by developing an enhanced TSI model that integrates
hospitalization data. We investigate whether incorporating hospitalization data can improve the
precision of Rt estimates and offer insights into disease dynamics and severity in TSI models.
Specifically, our approach aims to: (i) reduce bias in Rt estimation from incidence data inaccuracies,
(ii) estimate hospitalization-related parameters for assessing disease severity, and (iii) combine the
strengths of TSI and compartmental models for pandemic response. To achieve this, we introduce
a new set of parameters, the hospitalization propensity, which quantifies the tendency of infec-
tious individuals being hospitalized over TSI. By incorporating hospitalization data into the TSI
framework, we use a composite likelihood function to jointly model incidence and hospitalization
counts, capturing their interdependent dynamics (Lindsay 1988; Varin et al. 2011). The composite
likelihood approach simplifies the modeling of complex data dependencies, allowing us to retain key
statistical properties while reducing computational challenges. Using a Monte Carlo expectation–
maximization (MCEM) algorithm, which combines stochastic sampling with iterative parameter
estimation to handle missing data, we estimate model parameters and assess their accuracy through
simulations and an analysis of COVID-19 data across U.S. counties. Our results demonstrate the
enhanced precision of Rt estimation and highlight the capability of the proposed framework in
supporting hospital resource planning and evaluating local transmission risks.

This work contributes to the field by unlocking the potential of TSI models through data
augmentation of incidence and hospitalization data, which refines real-time estimation of Rt ,
enables the estimation of hospitalization-related parameters previously accessible primarily through
contact tracing, and facilitates analysis of associations between risk factors and disease transmission
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dynamics. The sections that follow outline the methodology, implementation strategy, and broader
implications for infectious disease modeling.

2. METHODS
We first provide a brief overview of the fundamentals of TSI models, and then describe the proposed
approach to integrate incidence data with hospitalization data based on the TSI framework.

2.1. Model and notations
We use subscripts t to denote calendar time and s to indicate time since infection. Consider
a discrete-time setting where It represents the number of new infections on day t. Given the
infection history up to day t − 1, the expected new infections on day t can be expressed as
E(It|I0, . . . , It−1)= Rt3t , where 3t =

∑t
s= 1 It−sωs represents the infection potential on day t.

This potential is shaped by the current number of infectious individuals and the infectiousness
functionωs, which describes how infectious an individual is s days after infection, with

∑
+∞

s= 0 ωs =
1. Typically, ωs is set to zero for s = 0 and for s> η, where η is the time between infection
and recovery. This function is often approximated using the distribution of the serial interval or
generation time (Svensson 2007), and estimating Rt involves assuming a distribution for It and
applying methods like maximum likelihood or Bayesian approaches with predefined values of ωs
(Cori et al. 2013; WHO Aylward et al. 2014; Quick et al. 2021).

By “hospitalization,” we refer to hospital admission due to the infectious disease. Let Ht denote
the number of new hospitalizations on day t. We define the filtrations Ft = σ({Ir, 0≤ r ≤ t}) and
Gt = σ({Ir, Hr, 0≤ r ≤ t}) which represent the information on past infections and the combined
information on both past infections and hospitalizations, respectively. In line with the original TSI
models, we assume the number of new infections at time t, given the number of previously infected
individuals, follows a Poisson distribution:

It|Ft−1 ∼ Poisson(Rt3t), (2.1)

Next, we introduce a new set of parameters, the hospitalization propensity of an infected individual,
ω̃s, which describes the tendency that an infected individual will be hospitalized s days after
infection, independent of the calendar time t. For each infected individual, ω̃s represents the
probability that hospitalization occurs s days after infection. For the entire infected population, it
represents the proportion of individuals hospitalized s days post-infection. Similar to {ωs}, the set
{ω̃s} satisfies the conditions ω̃s ≥ 0 and

∑
s ω̃s = 1.

We denote ht,s as the number of patients infected at calendar time t and admitted at calendar time
t + s, i.e. time s since infection, with E(ht,s|Ft)= ω̃sIt . If hospitalization does not occur within
a certain period η̃, we assume ht,s = 0 and ω̃s = 0 for s> η̃ for all t, where the positive integer
η̃ represents the duration from infection to the time after which the likelihood of hospitalization
becomes negligible. Patients infected at time t and never hospitalized are denoted by ht,−1 with the
tendency ω̃−1 = 1−

∑η̃
s= 0 ω̃s. Thus, total incidence It and total hospitalizations Ht at time t are

connected through

It = ht,−1 +
∑
s≥0

ht,s, and Ht =

t∑
s=0

ht−s,s, for t = 0, 1, 2, · · · . (2.2)

Based on the above setup, we further assume

(ht,−1, ht,0, · · · , ht,η̃)|It ∼ Multinomial(It , ω̃−1, ω̃0, · · · , ω̃η̃). (2.3)
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Fig. 1. The relationship between incidence data It and hospitalization data Ht . The left panel illustrates
the relationship between calendar time 0 and 2 and TSI from 0 to 2. The right panel illustrates the
relationship between calendar time i and i + 2 and TSI from j to j + 2.

From (2.2) and (2.3), we can see the time-series infection and hospitalization data are deeply
interconnected and overlapping (Fig. 1). To model Rt in relation to risk factors, we assume a
regression structure inspired by Shi et al. (2022) and Quick et al. (2021):

flink(Rt)= XT
t β +

q∑
i=1

θifi(D1,t , D2,t , D3,t), (2.4)

where t ≥ q > 0 and Xt is a p-dimensional vector that includes a constant 1 and a vector of risk
factors of disease transmission, Zt , such as temperature, social distancing measures, and population
density. Here, β represents the effect size of these exogenous variables on transmission. The link
function flink(·) transforms Rt , allowing it to be expressed as a linear combination of predictors, e.g.
the log link function is one of the most commonly used link functions for non-negative outcomes,
while fi(·) represent a functions of past outcomes. Additionally, we define

D1,t = {Xr}0≤r≤t , D2,t = {Ir,E(Hr)}0≤r≤t−1, D3,t = {Rr}0≤r≤t−1. (2.5)

With D1,t being observed, (2.4) ensures that Rt ∈ Ft . Therefore, the second term in (2.4) captures
the temporal structure of disease transmission, while the θi’s characterize the level of temporal
dependency and continuity in the time series of {Rt}t≥0. By combining (2.1) to (2.5), we build
a TSI model for hospitalization and incidence data. Indeed, the terms {E(Hr)}1≤r≤t−1 in D2,t can
be expressed as functions of the hospitalization propensity and the Rt according to our model. This
implies D2,t ⊂ σ({Ir, Rr}0≤r≤t−1) and hospitalization data are linked with the disease transmission
through the hospitalization propensity. In a broader context, one could substituteD2,t in (2.5) with
{Ir, Hr}0≤r≤t−1. We have reserved this general setting to the Supplementary Materials, focusing
here on the model shown in (2.5).

2.2. Composite likelihood function
Specifying the full likelihood function for the proposed model is challenging. Specifically, the
joint distribution of (Ir, Hr) given Gr−1 for 0≤ r ≤ t is difficult to retrieve due to the convolution
structure outlined in (2.2), the irregular boundaries and range restrictions applied to {Ir, Hr}0≤r≤t ,
and the fact that ht,s are often unobserved in practice. Therefore, we adopt a composite likelihood

https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
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approach to estimate the model parameters. Specifically, we use joint distribution of (Ir, Hr) given
Fr−1 instead of Gr−1 to construct a composite log-likelihood function

ℓC =
∑
0≤r≤t

logP(Hr, Ir|Fr−1). (2.6)

We derive (2.6) by summing over all possible values of {hr−s,s}1≤s≤η̃ in the joint distribution
of (Hr, Ir) and {hr−s,s}1≤s≤η̃ conditioning on Fr−1. To achieve this, we first demonstrate in
the following lemma that ht,s given Ft−1 follows a Poisson distribution and that ht,u1 and ht,u2
are independent given Ft−1 when u1 ̸= u2. Then we derive the form of individual component
P(Hr, Ir|Fr−1) based on this lemma.

Lemma 1 For arbitrary t > 0,−1≤ u1, u2 ≤min{t, η̃} and u1 ̸= u2, we have

ht,u1 |Ft−1 ∼ Poisson(ω̃u1Rt3t), ht,u2 |Ft−1 ∼ Poisson(ω̃u2Rt3t), (2.7)

and ht,u1 |Ft−1 ⊥ ht,u2 |Ft−1. Moreover, (ht,u1 , ht,u2)|Gt−1 = (ht,u1 , ht,u2)|Ft−1, and
ht,u1 |Gt−1 ⊥ ht,u2 |Gt−1.

According to (2.3) and Lemma 1, if we use 1(·) to denote the indicator function, which equals
1 when its condition is true and 0 otherwise, the joint distribution of (Hr, Ir) and {hr−s,s}1≤s≤η̃
conditioning onFr−1 can be expressed as the product of the probability density functions of several
binomial distributions and two Poisson distributions as follows:

P(Hr, Ir, hr−η̃,η̃, · · · , hr−1,1|Fr−1)

= P(hr−η̃,η̃, · · · , hr−1,1, hr,0 = Hr −

η̃∑
s=1

hr−s,s,
∑

s=−1,1,··· ,η̃

hr,s = Ir − Hr +

η̃∑
s=1

hr−s,s|Fr−1)

=

η̃∏
s=1

P(Binomial(Ir−s, ω̃s)= hr−s,s)1(Hr − Ir ≤
η̃∑

s=1
hr−s,s ≤ Hr)

· P(Poisson(ω̃0Rr3r)= Hr −

η̃∑
s=1

hr−s,s)

· P(Poisson((1− ω̃0)Rr3r)= Ir − Hr +

η̃∑
s=1

hr−s,s) (2.8)

Therefore, the joint distribution of (Hr, Ir) conditioning on Fr−1 can be calculated by summing
over all possible values of {hr−s,s}1≤s≤η̃,

P(Hr, Ir|Fr−1)=
∑

hr−η̃,η̃ ,··· ,hr−1,1

P(Hr, Ir, hr−η̃,η̃, · · · , hr−1,1|Fr−1). (2.9)

3. INFERENCE
3.1. Estimation

In this section, we describe the procedures for estimating model parameters using MCEM algo-
rithms, where the missing data {hr−s,s}1≤s≤η̃ are unobserved tracing information and the observed
disease data consist of daily incidence and hospitalization counts. Let γ = (β , θ ,ω, ω̃) ∈ 0 denote
the model parameters, whereβ and θ define a time series model for the instantaneous reproduction
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number {Rt}t≥1, as described in (2.4). The terms {Rt}t≥1 are integrated into the composite likeli-
hood function (2.6) through (2.8) and (2.9), introducing β and θ as parameters to be estimated.
We use notations like Pγ to indicate that the probability is associated with the parameter value γ .
We use γ0 to denote the parameter values corresponding to the underlying true data-generating
mechanism, and γ̂ denote the maximum composite likelihood estimator. The composite likelihood
function integrates information from both the observed data and the modeled structure of {Rt}t≥1,
and the EM algorithm addresses the missing data, enabling the joint estimation of all parameters γ .
To improve the efficiency of sampling the missing data hr−η̃,η̃, · · · , hr−1,1 in the algorithm, we
incorporate an acceptance-rejection sampling method.

Let Dataobs,r = {Xj, Ij}0≤j≤r ∪ {Hr} denote the observed data and Datamiss,r = {hr−s,s}1≤s≤η̃
denote the missing data at time r. In the MCEM algorithm, N0 denotes the Monte-Carlo sample
size, and Data(m,k)

miss,r, 1≤ m≤ N0 denotes the m-th Monte-Carlo sample in the k-th iteration of the
EM algorithm. Throughout the following, (k) denotes the k-th EM iteration. For example, γ (k)

represents the current estimate of γ after the k-th EM iteration, with R(k)r and 3(k)r representing
estimates of Rr and 3r based on (2.1) and (2.4), using parameter values γ (k). The estimation
procedure is outlined below, with a pseudo-code provided in Algorithm 1:

E step At the (k + 1)-th iteration, given the current estimate γ (k) = (β(k), θ (k),ω(k), ω̃(k)), this
step computes the expected complete data composite log-likelihood, or the Q-function:

Q (γ |γ (k)) def=
∑
0≤r≤t

Eγ (k)(logPγ (Hr, Ir, Datamiss,r|Fr−1)|Dataobs,r), (3.10)

where the expectation is taken over the distribution of Datamiss,r conditional on (Dataobs,r, γ (k)).
Due to computational complexity, the Q-function is approximated using Monte Carlo
sampling of Datamiss,r from Pγ (k)(Datamiss,r|Dataobs,r), and is calculated as

Q̂ (γ |γ (k)) def=
∑
0≤r≤t

1
N0

N0∑
m=1

logPγ (Hr, Ir, Data(m,k)
miss,r|Fr−1).

Mstep This step is to compute γ (k+ 1)
= arg maxγ∈0 Q̂ (γ |γ (k)). If arg maxγ∈0 Q̂ (γ |γ (k)) is not

unique, we randomly choose one as γ (k+ 1). When Q̂ (γ (k)|γ (k))=maxγ∈0 Q̂ (γ |γ (k)),
we choose γ (k+ 1)

= γ (k).

Notably, drawing samples from Pγ (k)
(
Datamiss,r|Dataobs,r

)
is equivalent to sampling from

Pγ (k)
(
Hr, Ir, Datamiss,r|Fr−1

)
, as Pγ (k)(Hr, Ir|Fr−1) in (2.9) is constant for a given γ (k). To im-

prove sampling efficiency, we use an acceptance-rejection method in Algorithm 1. Specifically,
samples are first drawn from Pγ (k)

(
Datamiss,r|Fr−1

)
and accepted with probability pacceptance,

proportional to Pγ (k)
(
Hr, Ir|Datamiss,r,Fr−1

)
, where maxHr ,Ir pacceptance ≤ 1. To further enhance

efficiency, particularly when infections and hospitalizations are large (Ht ≥ 25) in later pandemic
stages, pacceptance in Algorithm 1 can be adjusted using Stirling’s approximation:

pacceptance-adj = 2πR(k)r 3(k)r

√
ω̃
(k)
0 (1− ω̃(k)0 )pacceptance.

In Algorithm 1, the parameters of the infectiousness function,ωs, and hospitalization propensity,
ω̃s, are assumed to be unknown. This scenario is often encountered in the early stages of novel
pandemics when little is known about the infectious pathogens. However, prior knowledge about
ωs and ω̃s may sometimes be available from multiple biomedical or contact tracing studies. In
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Algorithm 1 An MCEM algorithm to estimate model parameters with unknown ωs and ω̃s.

Require: initial parameter value γ (0), k← 0, breakpoint critical value10.
while ||γ (k+ 1)

− γ (k)||∞ >10, set r← 0, m← 1, do
while 0≤ r ≤ t, 1≤ m≤ N0, do

Sample hr−s,s independently from Binomial(Ir−s, ω̃(k)s ), for 1≤ s≤ η̃.
Sampleψ from Bernoulli distribution with probability pacceptance, where
pacceptance = P(Poisson(ω̃(k)0 R(k)r 3

(k)
r )= Hr −

∑η̃
s= 1 hr−s,s)

×P(Poisson((1− ω̃(k)0 )R(k)r 3
(k)
r )= Ir − Hr +

∑η̃
s= 1 hr−s,s)

if ψ = 1, then
let Data(m,k)

miss,r = {hr−s,s}1≤s≤η̃ , m← m + 1.
end if
if m > N0, then

let r← r + 1, m← 1.
end if

end while
Calculate the Monte Carlo Q-function Q̂ (γ |γ (k)) and γ (k+ 1)

= arg maxγ∈0 Q̂ (γ |γ (k)).
Let k← k + 1, γ̂ ← γ (k+ 1).

end while
Output γ̂ .

such scenarios, we may consider these estimates from other studies as prior knowledge. In the
Supplementary Materials, we provide another MCEM algorithm, Algorithm 2, to estimate the
model parameters when prior knowledge about ωs and ω̃s is available.

3.2. Asymptotic properties
The basic TSI model (2.1), which describes the generative nature of an infectious pathogen, shares
similarities with a branching process. Since branching process degenerates on an extinction set with
no asymptotic properties, we similarly define an extinction set E for the TSI model,

E def
=

{
Ir = 0, for r greater than some K

}
=

⋃
r≥1

{∂ logP(Ir, Hr | Fr−1)

∂γ
= 0

}
, (3.11)

and defineEnone = E c. Often, no consistent estimator γ̂ exists inE . Thus, we set aside the extinction
probability

P(E)= P

⋃
r≥1

{
∂ logP(Ir, Hr|Fr−1)

∂γ
= 0

}
and focus on the asymptotic behavior of γ̂ on the non-extinction set Enone.

In the following theorems, we show that the proposed MCEM algorithm preserves the ascent
property of the composite likelihood function and converges for our model. We then establish
the consistency of the maximum composite likelihood estimator and present it in the practical
form of (2.4), under certain regularity conditions. Proof details are provided in the Supplementary
Materials.

Theorem 1 (Ascent property of the composite likelihood) For k≥ 0, we have
ℓC(γ

(k+ 1))≥ ℓC(γ
(k)).

Theorem 2 (Convergence of the MCEM algorithm) Assume 0 is a compact set, then with
k→∞, the MCEM-estimator γ (k) at the k-th iteration converges to one of the stationary point
γs induced by M(·)= arg maxγ∈0 Q (γ |·), and ℓC(γ (k)) converges monotonically to ℓC(γs).

https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
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To establish the consistency of the maximum composite likelihood estimator, we impose regu-
larity conditions on the observed time series. Inspired by work on counting processes (Zeger and
Qaqish 1988; Davis et al. 1999, 2000, 2003), we assume:

Condition 1 (Series ergodicity) There exist t0 > 0, such that,

lim
t→∞

t0
t

t∑
s=1

Rs3s→a.s.

t0∑
s=1

ERs3s, lim
t→∞

t0
t

t∑
s=1

Is log(Rs)→a.s.

t0∑
s=1

EIs log(Rs).

We also assume the time series regression in (2.4) uses a log link function and follows an
autoregressive model of order 1, such that log(Rt)= ZT

t β + θ0 + θ1 log(Rt−1), where θ0 is an
intercept term extracted from both the exogenous terms and the autoregressive terms and θ1
serves as the autoregressive parameter, capturing the dependence of Rt on its previous value. We
then establish the consistency of the maximum composite likelihood estimator for the time series
regression coefficients when the infectiousness function and hospitalization propensity, (ωs, ω̃s),
are known. We denote the parameters of interest as γ |ω = (β , θ). The consistency of the maximum
composite likelihood estimator, γ̂ |ω = (β̂ , θ̂ ), is shown as follows.

Theorem 3 (Strong consistency of the estimators) Under condition 1 and assuming that 0 is a
compact set, we have γ̂ |ω

a.s.
−→ γ0|ω as the length of the observational days t→∞, where γ0|ω

is the parameter value corresponding to the true data generating mechanism.

Furthermore, with the following conditions from the theorem 3 of Kaufmann (1987), i.e.

Condition 2 (Non-singularity) For each 1≤ r ≤ t, define

ξr(γ |ω)=
∂Rr

∂γ |ω
· R−1r · (Ir − Rr3r).

There exists some nonrandom and non-singular normalizing matrix At , such that the
normalized conditional variance converges to an almost surely positive definite random matrix
ζTζ , i.e.

A−1t

[ t∑
r=1

Cov(ξr(γ0|ω)|Fr−1)

]
(A−1t )T

P
−→ ζTζ .

Condition 3 (Uniformly integrability) For 1≤ r ≤ t, E[ξ2r (γ0)|Fr−1] is termwise uniformly
integrable.

Condition 4 (The conditional Lindeberg condition) For arbitrary ϵ > 0,

t∑
r=1

E[ξTr (γ0|ω)(A
T
t At)

−1ξr(γ0|ω) · 1(|ξTr (γ0|ω)(A
T
t At)

−1ξr(γ0|ω)|> ϵ
2)|Fr−1]

P
−→ 0.

Condition 5 (The smoothness condition) For arbitrary δ > 0, and δ−neighborhood ball
Bt(δ) defined as Bt(δ)= {γ̃ |ω : ||AT

t (γ̃ |ω − γ0|ω)|| ≤ δ},

sup
γ̃ |ω∈Bt(δ)

||A−1t

t∑
r=1
(
∂ξr(γ̃ |ω)

∂γ
+ Cov(ξr(γ0|ω)|Fr−1))(A−1t )T||

P
−→ 0.

the maximum composite likelihood estimator converges to a normal distribution as shown
below.
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Theorem 4 (Asymptotic normality) Under condition 1-5, and assume 0 is a compact set, then
on the non-extinction set defined in (3.11), with t→∞,

[

t∑
r=1

Cov (ξr(γ0|ω)|Fr−1)]
1/2(γ̂ |ω − γ0|ω)

d
−→ N(0, I), (3.12)

where I is the identity matrix.

4. SIMULATION STUDIES
4.1. Simulation setups

To evaluate the performance of the proposed method, we conducted simulation studies under
two sets of scenarios. In the first, reported new infections represent the true counts, meaning
the TSI model is correctly specified (correctly specified model). In the second, reported counts
include errors (e.g. under-reporting or limited testing), implying the TSI model is misspecified
(misspecified model). In both scenarios, hospitalization data were assumed accurate. Each scenario
was repeated 1,000 times to assess bias and coverage probability of the estimator.

Daily infections, hospitalizations, and covariates were generated from the proposed model (2.1)-
(2.5), with a simplified form of (2.4): log(Rr)= ZT

r β + θ0 + θ1 log(Rr−1), for r ≥ 1, which means
that the logarithm of the instantaneous reproduction number {Rr}1≤r≤t follows an AR(1) structure
with exogenous terms. Following Li et al. (2020), the infectiousness function, approximated by the
serial interval, was reported to follow a Gamma distribution with a mean of 7.5 d (95% CI: [5.3, 19]),
corresponding to a standard deviation ranging from approximately 1.12 to 5.86. Our simulations
used a Gamma distribution for the infectiousness function, with shape and scale parameters ad-
justed to mirror these results. Similarly, hospitalization propensity was set to a Gamma distribution
to mimic the delay between disease onset and hospitalization reported in the same study:

ωs = P(0(k1,µ1) ∈ [s− 1, s)), s= 1, · · · , 24, and ω25 = P(0(k1,µ1)≥ 24),

2ω̃s = P(0(k2,µ2) ∈ [s, s+ 1)), s= 0, · · · , 4, 2ω̃5 = P(0(k2,µ2)≥ 5), and ω̃−1 = 0.5,

where0(·, ·) had shape parameters ǩ1 = 2.5, ǩ2 = 1.6, and scale parametersµ1 = 3,µ2 = 1.5. We
set the study duration T = 120 and fixed p = 2. Parameter values were assigned as (θ0, θ1,βT)=
(0.7, 0.5,−.02,−.125). We independently simulated two =covariates {Zr,1, Zr,2}1≤r≤t to mimic
real data on temperature in Philadelphia and social distancing trends obtained from daily cellular
telephone movements, as provided by Unacast (Unacast, July 1st). This data represented the
percentage change in visits to non-essential businesses, such as restaurants and hair salons, between
March 1st and June 30th, 2020.

4.2. Simulation results with correctly specified model
In this set of scenarios, we explored three circumstances and compared the proposed method to the
reference approach by Cori et al. (2013). In the first circumstance, we assumed the infectiousness
function ωs and hospitalization propensity ω̃s were known. The model parameters reduced to
γ = (θT ,βT). For the reference approach, a 3-d sliding window was chosen by minimizing the
L2-distance between the estimated and oracle {Rr}1≤r≤t . Additional results for 1-d and 7-d win-
dows are in the Supplementary Materials. For the proposed method, we selected the initial γ (0)
randomly and away from the oracle value. Figure 2 shows both methods captured the trend of
{Rr}1≤r≤t well with very small estimation biases, but the proposed method performed better than
the baseline method with a smaller bias. Moreover, when ωs and ω̃s were known, we found the
proposed MCEM algorithm converged very fast, and the estimation bias for {Rr}1≤r≤t reached its
limit after only two iterations of running the algorithm. In the second circumstance, we assumed

https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
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Fig. 2. Comparison of the estimation bias in the daily instantaneous reproduction number, Rt , between
the proposed method, Cori’s method that reports Rt at the endpoint of the sliding window (Cori et al.
2013), and Cori’s method that reports Rt at the midpoint of the sliding window (Gostic et al. 2020;
Gressani et al. 2022), when the reported number of daily new infections was accurate, and both the
infectiousness function ωs and hospitalization propensity ω̃s were known. For the reference approach,
a 3 d sliding window is selected by minimizing the L2-distance of the estimated and oracle sequence of
{Rr}1≤r≤t , and a comparison to reference approach with different sliding window is left to the
supplementary. The estimation bias was calculated as the difference between the estimated daily Rt and
the oracle Rt that generates the data. The bias is plotted starting from day 60, as Cori et al. (2013)
demonstrated substantial bias and unstable estimation during the early stages of the simulated period
when the incident cases It were small (≤ 2× 103).

ωs and ω̃s were unknown but prior knowledge aboutωs was available. We used the estimated infec-
tiousness functions from previous studies as the prior knowledge (ALi et al. 2020; Wu et al. 2020;
Deng et al. 2021; Chen et al. 2022), set the true function according to the results in Li et al. (2020),
and used Algorithm 2 to estimate the parameters. Results were similar to those observed in the
first circumstance, except for a small increase in estimation bias for both methods. In the third
circumstance, we assumed ωs and ω̃s were unknown and no prior knowledge was available. In
this situation, we only estimated the parameters using the proposed method, since the reference
approach either requires user-specified values to constrain the overall shape of the infectiousness
function or needs user-provided contact tracking data to estimate the infectiousness function.
Using the proposed method, we estimated the regression coefficients as well as the infectiousness
function and hospitalization propensity. As shown in Table 1, the proposed method produced
accurate estimates for parameters with small bias and good coverage probability. It also consistently
estimated the instantaneous reproduction numbers (Fig. S7). Overall, when the TSI model was cor-
rectly specified, the proposed composite likelihood MCEM algorithm benefited from incorporating
hospital admission data, outperforming the reference approach.

4.3. Simulation results with misspecified model
In the second set of scenarios, we assumed the reported daily new infections were inaccurate due
to underreporting, with the proportion of reported cases varying daily. This reflects real-world
challenges during the pandemic, where case reporting was influenced by testing availability, public
compliance, and at-home testing. In contrast, hospitalization data were assumed accurate, as hospi-
tals report admissions in standardized formats. Additional simulations involving underreporting of
hospitalizations are included in the Supplementary Materials.

Daily underreporting percentage was generated from a normal distribution with a mean of 15%
and standard deviation of 5%. This allowed the daily under-reporting percentage to vary from 0% to
30%, resulting in poor data quality for the reported infection numbers. However, we assumed the

https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
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Table 1. Performance of the proposed method when the reported number of daily new infections was
accurate, the infectiousness function ωs and hospitalization propensity ω̃s were unknown and no prior
knowledge was available.a

θ0 θ1 β1 β2 ω5 ω6 ω̃0

Empirical bias (×10−3) −0.15 2.10 0.08 0.15 −0.45 −0.40 −0.04
Relative bias (×10−3) −0.22 4.20 −3.79 −1.23 −4.40 −4.01 −0.32
Standard error (×10−3) 6.29 3.34 0.23 0.39 2.23 2.29 0.60
95% Coverage probability 94.6% 92.0% 94.2% 96.2% 96.2% 97.0% 94.4%
aForωs and ω̃s, only estimates of selected parameters are presented, due to the large number of parameters. Estimates of the other
parameters not shown here yield similar results.

Fig. 3. Estimation of the instantaneous reproduction number when the daily new infections were reported
with 0% to 30% under-reporting rates. The dotted line stands for the oracle instantaneous reproduction
number. The solid line and the shaded area stand for the estimates and its corresponding Bootstrapping
confidence interval (90% confidence level) using the proposed method. The dashed line stands for the
estimates using a comparison method (Shi et al. 2022).

daily hospital admission data were accurate, ensuring that all hospitalized patients were reported
and documented in a timely manner. Using the oracle reproduction number, we simulated true
infections, underreporting percentages, and hospitalizations for each replication. The proposed
method produced results similar to the correctly specified model. For example, the mean point
estimates for β in the mis-specified model (−0.0206, −0.1239) were nearly identical to those
in the correctly specified model (−0.02, −0.125), though the standard errors were higher in the
mis-specified scenario (0.003, 0.009) compared to the correctly specified model (0.0003, 0.0004).
Compared to a recent measurement error model (Shi et al. 2022), the proposed method performed
slightly better, providing more accurate estimates of the reproduction number (Fig. 3).

5. APPLICATION TO COVID-19 DATA
We applied the proposed method to COVID-19 data from January 1 to June 30, 2021, for four
major metropolitan counties: Miami-Dade, FL; New York, NY; Cook (Chicago), IL; and Wayne
(Detroit), MI. These counties represent four major metropolitan areas in the Southeast coast,
Tri-State area, and Great Lakes region of the United States. County-level data on daily new
infections and hospitalizations due to COVID-19 were obtained from the National Healthcare
Safety Network (NHSN) database. Additionally, two county-level risk factors were sourced: daily
social distancing practices, indicated by the percentage change in visits to nonessential businesses
(from Unacast), and wet-bulb temperature (from the National Oceanic and Atmospheric Admin-
istration). These risk factors were selected based on a thorough review of the literature that has
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extensively examined local factors influencing COVID-19 transmission (Rubin et al. 2020; Talic
et al. 2021; Weaver et al. 2022). Our objectives were to estimate the daily reproduction number Rt ,
infectiousness functionωs, and hospitalization propensity ω̃s, and to assess the association between
county-level factors and disease transmission. These findings aim to inform public health policies
and resource allocation.

When fitting the proposed model, we allowed hospitalization propensity to vary by county to
account for differences in healthcare resources and access. Due to limitations in US COVID-19
surveillance data, which recorded incidence at the time of disease diagnosis rather than actual
infection, and considering that the exact infection times are rarely known, we interpreted the infec-
tiousness function and hospitalization propensity estimated from this data based on diagnosis time
rather than infection time. Specifically, ω̃−1, c and ω̃s, c represent the probabilities of never being
hospitalized and being hospitalized on the s-th day after diagnosis, respectively, for each county
c ∈ 1, 2, 3, 4. This approach captures county-level heterogeneity, whileωs reflects infectiousness on
the s-th day post-diagnosis. Bootstrap confidence intervals (CIs) were computed using the block
approach (Bühlmann and Künsch 1999). The time series structure (2.4) was selected via AIC
from a family of autoregressive models with exogenous terms, and the lengths of the infectiousness
function and hospitalization propensity (η and η̃) were determined by maximizing the composite
likelihood.

The final model selected was the same AR(1) structure used in the simulation study, with η
and η̃ estimated at 22 and 4, respectively. The estimated effect sizes were 0.1539 (95% CI: 0.1537
to 0.1541) for social distancing and −7.3× 10−4 (95% CI: −8.3× 10−4 to −6.4× 10−4)) for
temperature, respectively. These results suggested that lack of social distancing was a strong risk
factor for elevated disease transmission during the study period. For example, a 50% reduction
in the frequency of visiting non-essential businesses was estimated to reduce Rt by an average
of 7.4%. On the contrary, temperature exerted only a minor effect on disease transmission. The
estimated county-level Rt exhibited a similar trend during the study period among all four counties,
as depicted in Fig. S8. A decrease in disease transmission was observed since April 2021, which, in
this dataset, was largely attributed to a reduction in social distancing value. Figure S9 illustrates the
estimated infectiousness function. Its shape resembled the probability density function of either a
Gamma or Weibull distribution (Fig. S9a), with nearly two-thirds of secondary infections being
diagnosed within the first week after the diagnosis of the infectors (Fig. S9b). If we assume that
the duration between infection and diagnosis is roughly the same for both infectors and secondary
infections, our finding suggests that timely testing and a subsequent week-long quarantine of
infected individuals can significantly mitigate disease transmission. The estimated hospitalization
propensity for each county is presented in Fig. 4. Given the varied access to healthcare, hospi-
talization propensity diverged across locations. New York exhibited the highest propensity for
hospitalization post-diagnosis (just under 20%), compared to about 10% in Miami. Hospitalization
on the first day of diagnosis was also highest in New York (15.5%) but below 5% in Miami and Cook
(Fig. 4a). Across counties, most hospitalizations occurred within 4 d of diagnosis, with an average
of 1 d from diagnosis to admission. Assuming a 48-h delay from symptom onset to diagnosis,
most hospitalizations occurred within 6 d of symptom onset, with a mean time to admission of
approximately 3 d. These findings align with prior studies. For example, a CDC report estimated
that 20.9% of U.S. COVID-19 patients were hospitalized before March 28, 2020 (Chow et al.
2020). Zhang et al. (2020) found a decrease in mean time from symptom onset to admission in
Hubei, China, from 4.4 d (Dec 24–Jan 27, 2019) to 2.6 d ( Jan 28–Feb 17, 2020). Traditionally,
studying such durations requires epidemiological studies with contact tracing data, which poses a
high requirement for the US disease surveillance system. Our results demonstrate that, even without
extensive contact tracing, U.S. surveillance data can be effectively leveraged to estimate critical
parameters for hospital planning and outbreak response.

https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
https://academic.oup.com/biostatistics/article-lookup/doi/10.1093/biostatistics/kxae054#supplementary-data
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Fig. 4. Visualization of the estimated hospitalization propensity, ω̃s, for COVID-19 in the four studied
counties during February to May 2021. In panel a), the bar plot shows the estimated value of ω̃s 1≤ s≤ 4,
at the four studied counties, while the solid lines represent the estimated propensity after fitting a cubic
smoothing spline. In panel b), the estimated ω̃s values at New York County are visualized using a Voronoi
diagram to compare the magnitude of each ω̃s. Most of the hospitalized patients were admitted to a
hospital on the day of infection.

6. DISCUSSION
This study introduces a new model and estimation procedure that extends traditional TSI models
by incorporating data augmentation for both incidence and hospitalization data, enabling more
accurate estimation of the instantaneous reproduction number, especially when hospitalization data
is more reliable than incidence data. Our model also facilitates estimating hospitalization propen-
sity, previously achievable only through contact tracing, and assessing the association between risk
factors and transmission dynamics. The model is broadly applicable where both incidence and
hospitalization data are available, particularly when incidence data quality is low.

The proposed method offers several extension opportunities. First, it can incorporate additional
data, such as daily death counts, PCR tests, and serological data, to improve parameter accuracy and
model death counts. Second, spatial correlations in disease transmission could be added using traffic
data to enhance model efficiency. Third, the model can accommodate evolving pathogen dynamics
and immunity changes, enabling analysis of new virus variants and immunity impacts. Fourth, it
could be adjusted to handle overdispersion in infection counts by using distributions like the nega-
tive binomial, as illustrated in the Supplementary Materials. Finally, while the algorithm’s runtime is
manageable [1.7 to 6.5 min compared to 0.06 min in Cori et al. (2013)], further optimization could
improve efficiency.

In addition to these extensions, the selection of appropriate risk factors is critical for applying our
method effectively. In our study, we identified relevant factors through a systematic literature review
and consultations with domain experts, focusing on those that significantly influence COVID-
19 transmission dynamics. This approach ensured that the model captures local variations in
transmission and improves the accuracy of Rt estimation. Including irrelevant variables could
introduce noise and bias, undermining the model’s performance. To assist users in selecting relevant
factors in practice, we propose the following practical guidelines: 1) conduct a comprehensive
literature review and consult with domain experts to identify strong candidate risk factors; 2)ensure
the availability of reliable data and assess the correlation between potential risk factors and Rt;
3)void multicollinearity and focus on variables that are most relevant to Rt .
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Supplementary material is available online at Biostatistics Journal online.
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